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Cauchy Problems for Mixed-Type Operators

By

Keisuke UcHikosHI*

Abstract

We give a general theory of the Cauchy problems for various types of operators, containing
hyperbolic operators, elliptic operators, and mixed-type operators. We will give a necessary and
sufficient condition for the Cauchy problems to be well-posed.

§1. Introduction

The aim of this paper is to give a general theory for Cauchy problems,
applicable for hyperbolic operators, elliptic operators, and mixed-type operators.
For example, it will turn out that we can consider Cauchy problems for

(1) P=(D}—x1D?)(D? — x}D?) (D} + xID?) + (fifth-order operator).

The general theory is as follows. Let P(x,D) be a microdifferential
operator defined at x* = (0;0,...,0,v/—1) e V—1T*R" of order m > 2, written
in the form

(2) P(x,D)=D"+ >  Pi(x,D')D], ordP;<m-—j.

0<j<m-1

Here we have written D = 0/0x, and D' = (D,,...,D,). We also write as
D" = (Dy,...,Dn_1), D" =(Dy,...,Ds_1). Let 0,(P)(x,&) be the principal
symbol of P(x,D). We assume that

if x; =0, then g,(P) =¢&
(3) if x; #0, then the equation ¢,,(P) =0 has m distinctive roots
‘fl = ¢1(X, él)’ s 7¢m(x’ é,)
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We denote by @ the sheaf of holomorphic functions, and we define O; =

3 xf‘/j 0 for jeN. Without loss of generality, we may assume that
O<k<j-1
for 3g; e N/m', 3a;(x,&') € Oy, x we have g;(x,&") = x{a;(x, &), aj(x*) #0
(1 <j<m). Here each (oj(x,é') is homogeneous in &’ of degree 1. We also
assume that

4) 1 # = (gnai(x)) # (g, 4(x7)).

We denote by % (resp. &) the sheaf of microfunctions (resp. micro-
differential operators). Let us consider the Cauchy problem

5 Pu=0,
®) D{_lu(o’xl) = v;(x'), 1 <j<m,

where u € €g x- and v; € €gr1 . (X7 = (0;0,...,0, V—1)eV-1T*R" Y. If
P(x, D) is microhyperbolic, (5) is well-posed for arbitrary initial values, as is
well-known (See [5]). Otherwise (5) may be solvable for some initial values
(e.g., for vy =---=v, =0), but may be unsolvable for other initial values.
Therefore there arises a problem to know for which initial values (5) becomes
solvable.

To give the main theorem we need to give some preliminaries.
Let A(x',D’) be a both-side invertible m x m matrix whose components
Ay (x',D") e &% are independent of (xi,D;). Here we denote by &® the
sheaf of holomorphic microlocal operators (c.f. [2,9]). We choose r rows of this
matrix in an arbitrary way. To be clear, let 1 < j, < j, <---<j, <m and
choose the j,, ..., j,-th rows of 4. Then we obtain an r x m matrix 4'(x’,D’)
of holomorphic microlocal operators. Let us choose some r rows of some A.
We say that v1(x'),...,vm(x") € Ggn .. satisfy an r-relation (defined by 4’) if
A'(x',D")8(x') = 0. Here ¥ denotes ‘(vi,...,un), and we denote the set of such
vectors by (@i .)". We have A: (€1 )" = (€gr1 )", and an r-
relation means that r of the components of ¥ disappear when it is sent to right-
hand side. We note that even if v;(x’),...,vn(x’") satisfy an r-relation and
another s-relation, it does not necessarily mean an (r + s)-relation.

We next define a classification of the characteristic roots. Let 8 € {0,n}.
Let w cR"x+/—1R"! be a small neighborhood of x*, and let wy=
{(x,&") ew; x; #0,argx; = 0}. We define

M=1{1,2,...,m},
My g = {Ae M;Re(x10,(x,&")) =0, if (x,¢&") € wg},
My o= {le M; +Re(x10,(x, ") >0, if (x,¢") € wg},
Mg = M\Mo o\M. ¢\M_ .
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To give another expression of this definition, we consider the solutions
YA (x, &) of the following phase equation:

(6) By — g, (x, & + Ay = 0,
- Yy ER0,x', &) =0,

and define (Y (x,¢') by

(6) M + 0,0, %" + 8y P, &) =0,
- Yy (0,x, & = 0.

Then it is easy to see that
Moo= {Ae M;Rey ™ (x,&') =0},
= {4 e M;Rey "/ (x,&") =0},
My g={deM; tRey ™ (x,&') > 0},
= {ie M; +Rey " (x, &) < 0}.

Let mg g,m4 g be the numbers of the elements belonging to Mg g, M4 g, re-
spectively. We always assume that

(7) My =M, = &.

Example. If we have

91(x, &) = x1&,,
0,(x, &) = V—1x1&,,
03(x, &) = —V=1x1&,,
] 0u(x,&) = x1%,,
¢5(x»f/) = —xll/zfm
L 06(x,&") = X3 (1 + V-1x2)&,,

then the above classification is as follows. We have (x,¢') e R" x v—1R""!,
Imé&, >0, and argx; =6, argé, = n/2. Therefore we have Re(x;p,(x,¢&"))
=0, and 1 € My p. Similarly we have 2 e M_ 4, 3 € M, 4 (for each 6 € {0, n}).
We next note that arg(xjps(x,¢’)) =360/2+n/2. It follows that 4 € Moo,
4e M, ,. Similarly we have 5€ My, 5e M_ ,. Finally we have

Re(x106(x, &) = Re(x3 (1 + V—1x2)&,) = —Re(x3x;) Im &,

and it follows that 6 € M. This means that the types of g4(x,¢&"), @s(x,&")
change from elliptic to hyperbolic as x; varies, but that of gg(x,¢") changes
as xj,x; vary. Our assumption (7) means that we do not consider such a
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complicated characteristic root as g¢q(x,¢’). Let us summarize the above
calculation.

0 | Moy M,y M_, M,

0| {145} {3 {2} (&}
= | {1} (3.4} {25} {6}

Now we give the main result.

Theorem 1. We assume (2),(3),(4), and (7). Then there exist an m. (-
relation and an m_. ,-relation (which are defined only by P), such that the Cauchy
problem (S) has a solution u € €gr - if, and only if, vi(x'), ..., U;m(x") € Cgrt 4
satisfy both these relations.

We give some examples. At first we remind the reader of the well-known
result for the operators of principal type.

Example (Lewy-Mizohata operators). If P, = D; + v/—1x,D,, then we
have My 9g={1} (=M), Mz p= . This means that P_u=0, u(0,x') =
v(x’) is solvable for any v € €1 .., without any relations, which coincides with
the well-known result. On the other hand, Pu =0, u(0,x’) = v(x’) is solvable
only for the case when v(x’) satisfies a one-relation. This means v =0, and
u=0. It follows that P,u =0=u =0, i.e., P, is hypo-elliptic (See [9]).

Lewy-Mizohata operators are the simplest case of our theory, and our
theorem gives a similar result even for more complicated operators. The
characteristic roots belonging to M. ¢ cause obstruction, and correspondingly
the Cauchy data must satisfy suitable relations. Let us see the case m = 2.

Example (microhyperbolic ~ operators). Let P(x,D) = D? — x}D? +
P'(x,D), ord P’ <1 (Without loss of generality, we may assume that P’ is a
polynomial in D; of degree 1). In this case we have ¢, (x,&’) = x1&,, 0,(x, &)
= —xi1,. It follows that My g = {1,2}, M, ¢ = & for § € {0,z}. This means
that (5) is solvable for an arbitrary v;(x'), v2(x') € @g»1 . without any relations
(See [1,7,8,10,13]).

Example (Tricomi operators). Let P(x,D)= D?—x;D? + P'(x, D),
ord P’ < 1. We have ¢,(x,&') = \/x1&,, ¢2(x,&') = —/x1&,. It follows that
Moo ={1,2}, myo=0, and that M,,={1}, M_,={2}, my,=1.
Therefore there exists a 1-relation, and (5) is solvable if, and only if, the Cauchy
data satisfy this relation. This case was investigated by [7].

Example (hypoelliptic operators). Let P(x,D) = D? + x?D2 + P'(x, D),
ord P’ < 1. Since ¢;(x,¢&") = V—1x1&,, 0,(x, &) = —V/—1x1&,, it is easy to see
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that M_ o= {1}, M, p={2}, mip=1 for e {0,n}. It follows that (5) is
solvable if, and only if, v;,v; satisfy a 1-relation and another 1-relation. If
these two l-relations mean a 2-relation, (5) is solvable only in the case v =
v, =0, and we have u = 0. In other words, Pu= 0 does not have non-trivial
solutions. It is well-known that this is true if the principal symbol a;(P’) of the

lower order term satisfies &, 'a)(P') ¢ {v—1,3v—1,5V/—1,...} (See [4]).

Of course our result applies for higher order operators. For instance, let
us consider the Cauchy problem (5) for the sixth-order operator (1). Then the
Cauchy data vi,...,v¢ must satisfy a l-relation and a 2-relation. Roughly
speaking, we can give three microfunctions arbitrarily among vy,...,vs.

In order to prove Theorem 1, we shall show that fixing arg x;, we can give
a canonical representation of the elementary solution of P(x,D). This result
has its own interest. But to give its precise statement, we need to prepare a
symbol theory. Therefore in the next section we shall give such a symbol
theory, and we postpone the discussion of the canonical form until Section 3.

§2. An Operator Theory

In this section we give an operator theory, which is necessary for the proof
of Theorem 1. We may assume that ¢; < --- <g,,, and we define g =

max(ql, ce J]m) (: Qm)-

§2.1. A Theory of Formal Operators
Let C>0,ieZ, ={0,1,2,...}. We define
Q(C) ={(x,&YeC"x C" L. C|x| < 1,
ClE"| < Imé,, C|Reé,| < Imé&,, C*™ < Im¢&,},
Qi(C) = {(x,&) e Q(C); C*™(i + 1) < Im¢&,}.
Assume that for 3C >0, 3Re (0,1), Ve >0, I3C, >0 a formal series f =
> fi(x, &' satisfies f; € 0(€2;(C)) and

ieZ,

(8) (&) < GR exp((Cla| ™) + C(IRe | /Im&,)* + ) Im¢,)

on 2,(C). We denote by 7 (2(C)) the set of such formal series. If /=5 f,
we define a formal series f7# = fo# by fF= fj» and A(Q(C)) by

0<j<i

M(Q(C)) ={f e T(Q(C)): [ e T(2(C))}.
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Finally we define

7 = lim 7(2(C)), N = lim #(2(C)).
c>0 >0

Remark. (i) According to the useful method of Aoki [2], we can neglect
the elements of A", as we shall see.

(i) We write ) f; => g; if, and only if, f; =g; for any i. Since this
does not merely mean that the sums of these two series are the same, we
sometimes write as Y fi= Y g

(i) We identify a ‘function fo with a formal series f,+0+0+---€
7 (2(C)), if it satisfies (8) for i = 0. A function f; belongs to A" (2(C)) if, and
only if, it is exponentially decreasing.

(iv) For a formal series f = f; we define 0y, f = > 0x, f:-

Let f=> f,e 7(Q2(C)). We next define
F()(x.5') = @aV/=I) " 3 [ £

and show that it defines a formal operator. To be precise, we use an analytic
partition of the unity. Let C’>» C. We consider the following linear
transformation:

Ejz_cléj+6nv ZSan_l,
Ejzcl(§2+"'+§n—l)+ém J=n.

Then v—IR" e &' — & e /=IR"! is an isomorphism, and the first octant
A={&¢ C"_I;Imfj > C’'|Re £j|,2 < j <n} corresponds to a small neighbor-
hood of ¢ =(0,...,0,+/—1) e C""!. We define the central region 4% and
the boundary region 4™ of 4 by A% = {¢' € A;n?Imé&; > Im &, V), ¥k} and
AP = {¢ € 4;C'Im Ej < Im¢&,,3j, 3k}, respectively. There exists e(&') € O(A)
such that for Ve > 0,3C, > 0

(9) le(€")| < C.exp((C'|Re &> (ImE,) 2 + &) ImE,)  on 4,
(10) le(E') — 1] < C'exp(—C' ' Imé&,)  on A%,
le(E)] < C'exp(=C"'Imé&,)  on A®

(See [11]).

Let £ =3 fi(x,&') e 7(2(C)). From (9) it follows that ef =3 e(&’)-
fi(x,&) e 7(2(C")) for some C”. From (10) we have e(&') =1, ef = f in
TIN.

We define #(f)(x,y") by
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1) F()xy) = @av=1) “Zj ST (&) [, E)dE

C//

where 4;(C") = {¢&' e V-IR" L& > C"(j+1),2 < j<n}.
We define {'° = (0,...,0,1)eR"™!, Z' ={{'eR";|{'| =1,-1< ¢, <0}
and

W(C.r)={(xy)eC"x C" 5 Cl(x, ) <1,
Im(x, — y,) + C~'Re(x’ = y)[* > r[Im(x" — y")| + Cpxr| T/},

W(C,&C’): {(x y)eC" < C" 1. C!(X y)l <1 Im(x __y)| > CIX ll+ l/m

m(x’ — y') = O + (1= 0)L")

1
I
lllm(X’ — ) 10¢"° + (1 - 6)'|

<5,0339S1}

for C,r,0 >0,{' € Z'. Then we have the following

Lemma 1. (i) Let f =) fi(x,&") e T(Q(C)). F(f) is holomorphic on
W(C",r) for 3C" >0 and Ir > 0.

(i) Let C" < C". If we replace A;(C") by 4;(C") in (11), we obtain a
different F (f). Let % (f) be the function thus obtained. ~Then we have % (f)—
F(f)= X 3E(x,y"), where Fi(x,y") e O(W(C",8,{'Y)) with some C" >0,

j:ﬁnite
5>0, ('Y ez for each j.
(i) If fe N (R(C)), then F(f) is holomorphic in a neighborhood of the
origin.

We can prove this lemma by an elementary calculation. Now let # =
lim O(W(C,r)), let #7 be the set holomorphic functions defined on W(C,r)U
C,r
W(C,6,¢") with some C,r,5,{', and let #; be the set of finite sums of the
elements of #7. We have defined a map & : 7/A4 — #/#5. Similarly to
[11], we can prove that this is an isomorphism. We next define a ring structure
of #/#>5. Let ui(x,y"),u2(x,y")e O(W(C,r)). Let C'>» C and let

A(C'e)={z' eR" 2 x C;[Rez| <2C" 2<k<n),
Imz, = max(—C' >, (—=C' ' [Rez'|? + C'|xy| "™ 4 &)}
where 7, = max(0,7). Then we have the following

Lemma 2. (i) Let 0< C< C'«C", 0<e<C"". If (x,2/) e W(C",r)
and x' — y' € A(C',¢), then we have (x,y'),(x1,)',2") e W(C,r).
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(1) If wi(x, "), ua(x,y’) e O(W(C,r)), then
up xuy(x,z') = J ( )ul(x, Yup(x1,y',2)d(x" — y') e O(W(C”,r))
A(C'e

is well-defined. Here u) * up does not depend on ¢. Furthermore, if we replace
C' by C', then the difference is holomorphic in a neighborhood of the origin.

(iii) If at least one of ui(x,y’), ua(x,y') belongs to O(W(C,5,(")), then
uy * up belongs to (Q(W(C,(if’)) for some 5>0and {'eZ'.

Therefore we obtain a map #/ W5 x W/ W23 (u1,uz) — uy xuy € W/ W>,
and we can endow #7/#3 with a ring structure with the unit element % (1).
Furthermore, we can easily prove the following

Lemma 3. Let ) f;,>.9;€ 7 (Q(C)). We define h=73 hj(x,¢") by
J
1 oy
(12) hj = Z Faf’fkax’gf-
ktlHall=

Then we have )" h;j € 7 (2(C')) for C' » C, and as an element of W|W> we have
F(h)=F(f)«F(g). (We denote Y h; also by fog).
J

Let us define formal operands corresponding to these operators. We define
V(C,r)={xeC" Clx| < 1,Imx, > r[Imx"| + C|xl|1+(1/m’)}’
V(c,o,0) = {x € C"; Clx| < 1, Imx'| > Clxy| /™),

, 1

1 /0 '
e a0 080 <8

0<30< 1}
Let 0< Cx C'« C". If u(x,y") e O(W(C,r)), f(x)e OV (C,r)), then

wx f(x) = j u(x, y')f (x1, y)A(X — ¥') € O(V(C". 7))

A(C'¢)
is well-defined. Let ¥~ =1i_m) O(V(C,r)), let 71,77 be defined similarly to

Wi, ;. We obtain a map W/%; x ¥ /%35 (u, f) — ux f €¥/¥. In this
way we can endow ¥/, with the structure of a left #7/#5-module. If
a(x,&"Ye T)N, then u= F(a) defines an integral operator ¥ /%33 f —
ux f e v /v,, which we denote by a(x,D’).
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Remark. (i) Let u(x,y")e O(W(C,r)UW(C,5,(")), f(x)eO(V(C,r"))
with 0 <r' <r. Then ux fe ¥, and this means fA(c',e) u(x, y" f(x1, ) -
d(x' = y") € Uppnie O(V(3C",36,30'®)).  However in the following special
case this function is holomorphic in a full neighborhood of the origin. Assume
that #' satisfies £ + r/ > |fj(k)| < 0 for every k (This is the case when r' is

2<j<n—-1
small enough). Let A'(C’,e) =4y x --- x 4,, where A is the union of line
segments joining —2C'~' — V=16, ,C' >, =2C'™' + V=1R(y, 2C'~" + V=1R(,,
and 2C'™' — V=18, ,C' >, successively (0 < R « 1). We can easily prove that

j ufd(x' — y') = j ufd(x’' — y').
A(C'¢) A'(C'Le)

Furthermore, if xe C", |x|« 1, x'—y' e A'(C',¢), then we have (x,)')e
W(C,r)UW(C,5,{"), (x1,y") e V(C,r"). This means

J ufd(x' - y') € Ocno,
A'(Ce)

and therefore we have ux* f € Ocn .

(i) As we have said 7°/7, is a left #/#3-module. Therefore if
u,upe W and f e, then we have (u; *xuy) * f = u; x (up * ) modulo 75.
Furthermore, by an elementary calculation we can prove (u; xuy) * f = u *
(uz * ) modulo Ocr .

All the above discussions are formal. However, if u(x, y’) e # (resp.
f(x)e?), then u(0,x',y’) (resp. f(0,x’)) defines a microfunction, and
restricting to {x; =0}, the above calculations are valid in the sense of
microfunctions.

Remark. We sometimes consider functions with fractional powers in
x1. In this case we replace O by O,). We can generalize all the above
arguments to this situation with trivial changes. For example let J,) =

xf/m T, and Ny, Wimy, Wamys Vimr)ys ¥ 2wy be defined similarly.
0<k<m'-1
Then #{uy/ W2, my is @ ring, and ¥ () / V3 () 18 @ left Wiy /W3, (m)-module.
We sometimes differentiate f = x{‘/ " fx € Oy, - by x1, where f; € O-
0<k<m'—1
(0<k<m'—1). Since we do not necessarily have 0, f € O x-, We must

assume fi|, _o=0 for k # 0, in this case.

§2.2. A Theory of Real Operators

We next consider how we can make the above discussions valid in the sense
of microfunctions on the half space {x;=20}. This is a special case of the
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theory of mild microfunctions studied by [6]. Let C >0,ieZ, ={0,1,2,...}.
Let 8e {0,n}. We define

Qo(C) = {(x,&'") € C" x C"'; C|x| < 1,Re(e’""x;) > 0,
C|E") < Imé&,, C[Reé,| < Imé,, C*™ < Im¢,},
Q6,i(C) = {(x,&") € Q9(C); C*™(i + 1) < Im¢,}.

Assume that for 3C > 0,3Re(0,1),Ye > 0,3C, >0, a formal series f =
3 fi(x, &) e T(Q(C)) satisfies
ieZ
(13)  1fi(x,&)] < GR exp((Clxi| ™ [Im x| + Clxi| /™ [Re&'|/Im &,
+ C([Re&'|/Im¢,)* +¢) Im&,)

on 2y ;(C) (Note that f; € 0(2;(C)) satisfies (8) on 2;(C), and (13) on Qg ;(C)).
We denote by #(€2(C)) the set of such formal series, and ¥y = lim %(2(C)).
- C>0
If f=3fi(x,&') e #5(Q(C)), we have ef = e(C') fi(x,¢') € Sp(Q(C"))
for some C”, and Z(f) is holomorphic on W(C",r)U Wp(C",r), where

Wy(C",r) = {(x,y") e C" x C"; C"|(x, y')| < 1,Re(eVx;) > 0,
Im(x, = y,) + € (Re(x’ = y)| = C"[xi] ™))
> Cllllxlll/m’|1mx| +r]Im(x/// _ y///)l}

with 3C",3r. Replacing the sheaf ¢ by 0, we can define %,y similarly.
If f=5 fix,&)e S9,m)(2(C)), then we have F(f) € Opy(Wy(C",1)).

It is easy to see that if u(x, y') € O,y (W(C,r)U Wy(C,r)), then it defines a
microfunction spu on {Re(e‘/‘_lgxl) > 0}. Note that sp(u(0,x’,y’)) is also
well-defined, and it is a microlocal operator.

Let us define the corresponding operands. We define

Vo(C,r) = {x e C";C|x| < 1,Re(e”""x;) > 0,Imx, > r|Imx"|},

where C,r > 0. If O, (V(C,r)U Vp(C,r)), then f defines a microfunction sp f
on {Re(e‘/‘—”’xl) > 0}. Moreover sp f is a mild microfunction in the sense of
[6], and sp(f(0,x")) is well-defined.

If u(x, y') € Oy (W(C,r) U Wp(C, 1)), f(x) € Opury(V(C,r)U Vp(C,r)), then

(14) wef )= [ ulx ),y - )

A(C'¢)

€ @(mr)(V(C”, 7') U Vg(C”, r))



MixED-TYPE OPERATORS 201

is well-defined (C” > C’ » C). (14) coincides with the integration in the sense

of microfunction on {Re(e‘/‘_”’xl) > 0}. Moreover, we can also restrict (14) to
{x1 =0} in the sense of microfunction.

§2.3. A Theory of Annihilating Operators
Let e {0,z}. Assume that for 3C > 0,3Re (0,1), V¢ >0,3C, >0, a
formal series f = Y fi(x,&") e 7(R2(C)) satisfies
ieZ,
(%, < CaRexp((Clxa| "™ [Im x| + Claa| ™ [Re &'l /Im ¢,
+ C(IRe¢'|/Im&,)* — | 1™) 4 6) Im,)

on £ ;(C). Then #(f) is holomorphic on W(C",r)UWy(C",r) with
3C",3r, where

Wé(C”’,r) _ {(x’y/) e C" x Cn—l; C"’I(x,y')l < I,Re(e‘/_—wxl) >0,

Im(x,, _ yn) + CIII—1|x1|1+(1/m') > C/Hlx1|1/m"Imx| + r|Im(x'" _ ym)l}.

Let
Vo(C,r) = {xeC";Clx| < 1, Re(e‘/_—wxl) >0,
Imx, + C ' |7 > p|Im x|}

If ue O(Wy(C,r)) (resp. feO(Vy(C,r))), then spu=0 (resp. spf =0) on

{Re(e‘/‘_wxl) >0} If ue lim O(Wy(C,r)) or fe 1i_m)(9(Vé(C,r)), then we
C,r C,r

have ux* f € lim O(V4(C,r)). Of course we can consider the case of fractional

. C,r
powers in xj.

§2.4. Other Symbol Classes

Sometimes it is important to consider a formal series defined only for the
case when x; belongs to a sector. Let §€[0,2n] = {teR;0 < ¢ < 2=z}, and let

Q(C,0) = {(x,¢") € 2(C);x; # 0, Clargx; — 6| < 1},
Qi(C,0) = (C,0) N Q:(C)

(Here we do not restrict § to {0,7}). We define 7%Q(C,0)) (resp.
£9Q(C,0))) as the set of formal series f = Y. fi(x,¢&’) satisfying (8) (resp.

ieZ,

(13)) on Q;(C, 0), instead of 2;(C). We define 2°(2(C, 0)) as the set of formal
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series Y f; € 7%(Q(C)) such that for IR (0,1), Ve >0, 3C. >0 we have

|fi(x, &) < C;R exp(eIm¢&,) on £;(C,0). We define ﬂgzli_rn)ﬂe(Q(C,H)),
>0
and similarly we define &%, 7. -
Lemma 4. Let 0e{0,n}. We have 7NS? %y and T,yNF°
y@,(m’)-

Proof. Let 3. f,e 7N¥Y% Let ¢ be an arbitrary number. If (x,&') €
Qg ;(C) satisfies |Im x;| « |Rex;|, we have
1£(x,&")] < ICIR exp{C(|x:|"/™ [tm x| + Clx; /™ |Re&'| Im &, |~
+ C[Re&'||Im&,| > + V) Im &, }.
If (x,¢') € Qg,(C) does not satisfy |Imx;| « |[Rex;|, we have
1£(x,&")] < ICAR exp((Clx; | ™) + C(IRe&’|/Im&,)? + ) Im &)
< C,R exp(3C'|x1|"/™ Im x| + C(|Re&’|/Im &,)? + &) Im &,).

This means ) f; € . The proof of the latter statement is the same. Q.E.D.

§3. Transformation by Holomorphic Microlocal Operators

In this section, we given a canonical representation of the elementary
solution of the Cauchy problem (5). We first rewrite the equation using
matrices. Let L(x,D) be an m x m matrix defined by L(x,D)= DI, +
L(x,D'), where I, is the unit matrix and L is defined by

0, 1, 0

™~
Il

0 Oa —13
Py(x,D"), Py(x,D), ..., Pu_1(x,D’)

Let  #(x)="(u,Diu,..., D" 'u) € (Gr- )" and B(x')="'(v1,...,0m) €
(€gr-1 o). Then (5) is equivalent to

-

Li =0, 4(0,x") = 9(x").
We grade the complete symbol of L as follows. If A(x,D) = Y A;(x, D) € &-
j<t
is a microdifferential operator of order at most /€ Z, and each 4; is ho-
mogeneous in D of degree j, we denote A4;(x,&) by o;(4) (This notation depends
on the choice of the symplectic coordinate system, except for the principal
symbol). Now we define
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03 —5}'07 0
’ 0 01 —'5j07
Gln—j(PO)a am—j—l(Pl)a ey Ul—j(Pm—l)

for jeZ,. If Y is a ring, we denote by Y™ the ring of m x m matrices
whose components belong to Y. It is easy to see that we can inductively define
(x,&) e (O(Q(C)™™, ieZ,, C>1, by

(15) {‘%EH( &)+ L(x&)oEW =0,  ED0x,&)=1,

0, EO)(x,&) = ED o L(x,&") =0, ED(0,x,¢)=
where E(*) = ZEi(i). In fact, if Ei,— are already calculated for 0 <i’' <

i—1, (15) is an ordinary differential equation for E,-(i) , which is easy to solve.
For each number 4 € {1,...,m}, let X(*:4)(x, D') be a Fourier integral operator
(maybe with a complex phase function) satisfying

O XA (x,E) = 9y(x, &) 0 XA (x, ) =0, XHA(0,x',¢) =1
and

I X (x,8) + XCH(x, &) ogy(x, &) =0,  XTH(0,x,¢) =
respectively.

Remark. Here we are considering holomorphic functions in (xl/ " ,EN.
/= Y x™ fi €Opmx with fi € Ox-, then we define f], o = fo

0<k<m’'-1
We consider the above equations in this sense.
In fact we can calculate the complete symbol X (*:4(x,¢&') of the cor-
responding operator in the form X (+:9(x, &) = exp(y = (x,&") = X/ (x, &)

x1=0"

n(+£,4)

modulo A, (2(C)) with some elliptic amplitude function ZX,. of

order 0. Here we denote by y/(*'%(x,&’) the phase function defined by (6) +
Let X(#)(x,¢&’) be the matrix defined by
X (£ 0
+ no_ . mxm
X( )(x,ﬁ)— T, 69-(”1/) :
O X(j,r11)

Now we have the following

Theorem 2. We assume (2), (3), (4), and (7). We have E(F)(x,¢')e
T"™m  and for each 0¢€|0,2n] there exist F(*9(x, &), GEIX &) e
(T oy NRO)™™ such that
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ECO(x,&) = FHO(x,&) 0 XD(x,&') 0 G0 (', &),
ECO(x, &) = GHO(x', ) 0 X (x, &) 0 FO (x, &),
F&EO(x, &Y o FFO(x & = I,
GENx' &Y o GFN(x' &) = I,
F(i*(’)(O,x’,é') - G(J_r,e)(x',é’)
(68 e(C.0)

Remark. (i) Note that 0 is an arbitrary real number belonging to [0, 27]
this time.

(i) F*9 is defined in a full neighborhood of x; = 0, belongs to 7™
there, and belongs to (#%)"™ in a sector around x; =0. Therefore
F(£:9(0,x', &) is well-defined.

(iii) Since G(+:9 = Y G(+:9 does not depend on x;, it follows that its
i>0
(u, v)-element Gl(zrﬂgv) is holomorphic on 0(;(C)), and IRe (0,1), Ve >0,

3C, > 0 we have |G(Jr 6)( & < C.R'exp(eIm¢,) on ©;(C). According to

[2], it is a symbol of G(;vf)(x ,D') € &%, and we have G+ (x', D")G(F:9 (x', D")
=1I,.

(iv) EF)(x,D"), XF)(x,D"), F(+:9(x,D"), G*9(x' D') are operators
acting on (¥ /72,m)". Some of these operators (and their composites) do
not contain fractional powers in x;.

(v) Let 6e{0,n}. Then F(*9(x,D’) is a map of (Op(V(C,r)U
Vo(C,r)))™ into (O (V(C',r)U Ve(C',r)))™ with C'>» C.

(vi) Let 06{0 n} If peMygUM_g (resp. pe MygUM, g), then
X(:ﬂ) (resp. X((# ”)) is a map of O,)(V(C,r)UVy(C,r)) into Oy (V(C',r)U
Vo(C’,r)) with C’'>» C. This operator is well-defined in the sense of micro-
functions on {eV~1x; > 0}.

(vii) Let §e{0,n}. If ue M_ g (resp. u € M, p), then X((;L) (resp. X((ﬂ )
is a map of O(V(C,r)UVy(C,r)) into Oy (V(C',r)UVy4(C',r)) with C’'>» C.
This operator annihilates all the microfunctions on {e¥~1%x; > 0}.

Admitting Theorem 2, we can prove Theorem 1 as follows. We want to
prove that the Cauchy problem is solvable if, and only if, v;(x’),...,v.(x") €
@rr1 - satisfy the following m. o-relation:

(16), (GO, D"i(x"), =0,  peM,y,
and the following m. ,-relation:

(16), (G, Di(x"), =0, pueM, .
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Let us prove the sufficiency. We want to show that if ¥ satisfies (16), and
(16),, then E®)(x,D")% is well-defined as a microfunction and its first com-
ponent (E™)(x,D")), satisfies (5).

Let 0e{0,z}, and let w® =G (x' D")5(x'). We assume (16),.
Therefore we have w9 =0 for ue M+ 9, and #(x') = GHI(x', D)W (x’). We
have

(E("')(x’é’) o G(+,8)(x/’él))(#’v) c ynyﬁ = %,

vV ¢ M_,_,g =
{ (F(ED 0 GH)) ) (x, y") € O(W(C,r)UWy(C,r)),  3C,3r.
Let 7~ be the defining function of . We may assume that supp ¥ is small, and
therefore we have 5~ € O(V(C,r))™, where r is small enough. We can define
i~ ="'uy,...,u;)e¥"™ by i~ = F(EM)x5~. Then we have
w;(x) = (FED) x77),= Y (FIED) « F(GHD) 0 x W~ (x)

1<k<m
(X(+))) )*W,(CH)N(x’) modulo Oc¢n o
K¢M+0

for any u. It follows that i~ (x) € O(V(C,r)U Vo(C,r)U V5(C,r))™. We have
FL)xd~(x) = F (L) F(ED) x5~ (x') = F(ED) » (D7~ (x')) =0 modulo
0% ,. This means ii € (€rx-)", L(x,D)ii =0, #(0,x") = 6(x'), and u; satisfies
(5).

We next prove the necessity. Let 6e {0,z}. We want to show that if
UE M, g, then (G("")(x’,D’)E(‘)(x,D’)z';')/4 is a microfunction which does not
depend on xi, coincides with (G(—9 (x’, D")?) u if x; = 0, and vanishes if e‘/‘_mxl
>0 (Note that this means (16),, (16),).

We assume that u is a solution of (5). We define # = ‘(ui,...,uy) by u; =
D{_lu, and therefore # satisfies L(x,D)i =0, #(0,x") = 3(x') = ‘(v1,-..,Vm).
We define

i, |xX'|<R/|Im¢&"| < RIm¢&,
U={0, |Im¢&"|>RImé,
0, |x'|>R,

where R>0 is small enough. Let V(x’)=U(0,x)). Then we have
supp(L(x, D)U) < {(x,&"); |x'| = RyU{|Im¢&"”| = RIm¢,}, and V(x') = B(x")
on {(x',&);|x'| < R,|Im¢&"”| < RIm¢&,}, and supp V(x') = {(x/,&);|x'] <R,
lIm E"| < RIm¢,}. Let K = (K(# y) € C™™ be the diagonal matrix defined by
K(ﬂﬂ =0 if u¢ M.y, and K y=11if pe M. y. We may assumeqthat U
has a defining function U~ e ( (V(C,r))™ with 0 <r« 1. Let WO~ =

(KGO« EC))« U~, and let V~(x') = U~(0,x'). We have
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DO~ (x) = D|(KGTD « EO) « U™)
= (KGO« EQ)x (F(L)« U™) modulo O .

Here the right-hand side belongs to ¥;”. Furthermore, it defines a hyper-
function, which is microanalytic at dx,co on {e\/‘_mxl > 0}. We also have

WO~ 0,x) = KG9« U~(0,x') = KG9« V~(x')  modulo O .
It follows that W@~ (x) = W©~(0,x’) modulo ;. We have KG9 x EC) e
O(W,(C',r"))™™ with some 3C’' >0, I’ >0, and WO~ e O(V,(C",r"))"
with some 3C” >0, 3" > 0. If X is a constant satisfying eV=19%, > 0, then
WO~ (x;,x') is analytic at x' =0, and we obtain W®~(0,x’) € ¥;™. Taking
the singularity spectrum we obtain (16),.

Therefore we next need to prove Theorem 2, and the plan is as follows.
We define M(x,¢") by

—01(x, &) 0

M(x, &) =

O _wm(xa f/)

It suffices to find F(+9(x,&") € (T NR%)™™ satisfying
0 F*0 4+ Lo FH0 _ F-0 6 if = 0,
0 FOD 4+ MoF=9 —FEO oL = 0,
F(£:0 o p(¥.0) — L.

For this purpose we need to consider the case |x;&,| > 1 and the contrary case
separately. Precisely speaking, let C > 1, € [0,2n], and we define

Z(C) ={(x,&) e C" x C" 1, C|x| < 1, C|E"| < Im¢,,
C|Reé,| < Im¢&,, C*@) < Im¢,},

Z'(C) = {(x,&") € 5(C); C(Im &,) "/ matm) < |x,1,
) ,&") e Z'(C); Clargx; — 0] < 1},

Note that £/(C)UZE"(C) = E(C).

At first we shall calculate F(*:% on Z'(C). This part is divided into
several steps. Section 4 is an auxiliary step. The most important part is
Section 6, and in Section 5 we shall prepare an estimate of the phase functions,
which will be necessary in Section 6. Since such a phase calculation is valid
when x; belongs to a sector with its vertex at the origin, we shall discuss on
E'(C,0).
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After that we shall calculate F(+:9 on Z”(C) in Section 7, and also on the
whole Z(C) (We do not divide £”(C) into sectors). Let us illustrate our plan
by a special case without proof.

Example. For the sake of simplicity we assume that m =2 and let L =
DL, + L(x1,D,), where

_ 0 -1
n) = ) 7b
L(x1, D) (—quD,f +aD, b ) abeC

We need to solve

{6xlE(+) + L(x1,&)EM = 0, EW| =D,

0x, EC) — ECVL(x,&,) = EO| =5
Let
_ 1 q+1
exp| + x{ 0
¥ = g+1
1
0 exp(iq+1 qun)

We can proceed as follows:

(i) Neglecting the initial value for the moment, we have solutions E(+¢) =
FHOx®) and EGC0 = xOF&0 of the above equations on ='(C,0).
Here F(+9(x;&,) are infra-exponential functions of ¢, and we have
FEOFEF.O =,

(ii) We next extend F(¥:9 to Z"(C). We can extend F(*:%) to a infra-
exponential function on this region.

(i) We finally adjust the initial value. Let =(C,0) = =(C)N{x; = 0}.
Z"(C) is not a usual conical neighborhood of Z(C,0), but it is a neighborhood
of Z(C,0) in the topological sense. Therefore we can define G(*:9 =
F9| _on Z(C,0). Then we have G(+-9G(+:9) = I, and we define H(*:9
by

)
=E~'+0(xl,én)G ( )
FOO (1, &) X P (x1,6) 60 (&),
HEO(x1,8,) = GHOE)X O (xr, &) F 0 (31, &,).-

This means that H(*% are the solutions of the above Cauchy problem,
therefore we have H(*:%) = E(+) After that, we can study these symbols on
the whole =(C).
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§4. Diagonalization of the Principal Symbol
We assume (2), (3), (4), and (7). Let C>» 1. We define
Q°(C) ={(x,¢&") € 2(C); x1 # 0}.

We will diagonalize L(x,&) in several steps. Let us consider the following
Vandermonde’s matrix on 2°(C):

1 1 1
, 01 (x’ é/) (Pz(X, é,) e ¢m(xa f/)
A(x,8) = | | |
(@16, EN™ (@, EN™ s (@, E)) !

It is easy to see that the (u,v)-component A(‘ﬂl y) of the inverse matrix A7 (in

the sense of the usual multiplication, and not in the sense of the previous
composition 4o 47!) satisfies

|A(‘#1‘V)| < 3 constant(|x;|% Im &,) .

Now let us calculate the inverse 47 (x,¢") of 47 (x,&") = A(x,¢') in the sense of

our composition this time. Let f= )  f; be a formal sum. We write
0<j<i

f=gor f?jg if f;;=gi; for every i and j. On the other hand, if %:fi,j =
>_gi; for every i, we write f =g. Note that }_ f;; is a finite sum for each
J ' J
i. Finally we define fog=> h;; by

ij

Uy o
h,',j = Z ﬁagrﬁ“j,ax,g,-u,ju.
il |=i
J'i"=

Lemma 5. Let C»a>» 1. We define A7;(x,&') = 6idpd(x,¢).  Then
there exist A;;(x,&") € (0(Q°(C)™ ™, 0<j<i, which satisfy AE) (x, &) o

AF) (x, &) = I,, and we have

1

47 (8] < a(Im&,)* ",

455, 06, €N < @1 (6 = )t 7DD (im g ) =1
on Q°(C).
Proof. Let A'=4047". In other words we define 4/, ) = > %-
<k<m™¥* *
ag,’Aa;‘,A—‘. Then we have 4= I,,, and lo’I=i

4] (o (6, )] < 3a™ ity | 107 (Im &) 4
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We define
4 5j0A(/)7 i=0,
o end),  ix1,
and Alf”j =0wdjolm — > 8"‘,4', j,ai‘,A '» .« by induction on i. By a direct
z+t”+|a’1—z !
i'#0

i J'H"=j
calculation we can prove

102547 (1) (6 EN| < 3@ G — j 4 fa )y |9V (Im &, )+

Defining 4~ = 47! 0 4” we obtain Lemma 5. Q.E.D.
Let us define L'(x,&) = &1, + L'(x,¢&'), where

L'(x, &)= 4" (x,&)Yo L(x,&") o At + 47 (x,E") 0 05, 47

Therefore we have L(x,D)A"(x,D') = A" (x,D')L(x,D) formally. Here we
remind the reader that we have defined L= L;= ). L;;, where L;; =

0<j<i

1
dj0L;. Therefore we have L'= 3 L/ naturally. We have obtained the
0<j<i
following

Lemma 6. If C>»a> 1, then we have
0t +Lod™ — AT o L' =0,
II_J(')‘(,”) +0wp,(x, &) < a|xl|—q(m—1)—1’
|L!

Ll @G = DU me,) T i

on Q°.

§5. Miscellanea
§5.1. Formal Norms

The next step is the most important part, and will be discussed in the next
section. Here we give some preliminaries. At first we define formal norms
similar to [3]. Let w = C" x C"! be an open set. Let f = > fi(x,&) be a

Jj

formal sum where f(x,¢') € O(w). We define N(f,w) = N(f,»,1,x,&') b

_ 2(2m) 7 jt o ﬁ | (£ THIB' 2+ o+
o plezr!
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where (x,&') ew. This is a formal series in z. In place of |6 6ﬂ Silx LEN-
|é’|j+'ﬂ 'in the above definition, [3] considered its supremum. This means that
our formal norm (resp. the formal norm of [3]) is a formal series in ¢, whose
coefficients are continuous functions on @ (resp. constants). Let f(x,D’)e
&R(w). Let £¢>0 be an arbitrary number. Shrinking w if necessary, we
can choose its formal symbol f(x,¢’) such that N(f,w) is convergent and
N(f,w) < 3C.exp(eIm¢,) for 0 < t« 1, (x,&') ew. Conversely, such a for-
mal series defines a holomorphic microlocal operator on w.

If f=3f(x¢") satisfies f;=0 for 0<j<jo—1, then we define

J
Njo(f.a)) = ]Vjo(fawwtvxvél) by

2(2”)_]]' "B , , .+|ﬁ,‘ Vit lo' B’
Ny (f, @) = . : 0402 £, (x, &) &) e+
o /§VUHWW+WW e (5 NI
o flez!

If f=3 fi(x¢) and ho(x,¢') € O(w), then we define hof =Y hof;. If a=
Y ait/ and b= bjt/ (a;,b;eR) satisfy a; <b; for every j, then we write
a<b. As in [3] we have the following

Lemma 7. If f=3f, 9= Z gj, and hy € O(w), then we have
j=0

N(fogaw) < N(faw)N(ng)’ N(h0f~w) 3 N(f,w)N(ho,w)
on w. If f= ij, g= > g, and hy € O(w), then we have

JjZjo Jj=ko
Njoko(f 0 g, @) S Njy(f; 0)Niy (9, @), Njy(hof ;@) S Njy(f, 0)N (ho, )
on w.
We finally consider a formal series f = . > fi;(x &), and define f/ = /=
<j<i

> fi; for each j (On the other hand, we define f;=}_ f;; for each i). For
i J

such a formal series with double indices, we define

N (fr @) = N (fr0,0,8,%,E") = Ni(f, 0,01, %, &)1,
J

If f= 3 fi;(x¢) and g= Y g;(x, &), then we define fog=> h;j,

0<j<i 0<j<i

where h;; is defined by

hij= ) 0 fir 05 gin v
i +ja!|=i !
J' "=
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as before, and if ho,o(x,¢") € O(w) then we define hoof = Y. hoof;;. fa=
) o 0<j<i

Yoa,tit) and b= b,,1it) (aij, bi;€R) satisfy a;; <b;; for every i and j,

then we write a <b. It is easy to see the following

Lemma 8. If f= Y f,;(x¢), g= Y gij(x,&), and hoo(x,¢') €

0<j<i 0<j<i
O(w), then we have

N (fog,0) SN(f,w)N(g9,w), N (hoof,w) S N (f,w) N (hoo,®)

on .

§5.2. Phase Functions

We next give a geometric discussion.

Lemma 9. Let 0 €[0,2n] be an arbitrary number. We can choose some
numbers 0,,0, (1 <k < m) satisfying the following conditions:
(1) 0€(0,:0,) = (0-1,0,-1) = -+ = (61,6)),

(i) (q:+ D0 +arga(x) ¢ 5Ze, 0 =0 =n/(qi+1),
(iii) If q; =gqj, i # j, then we have

(q:+ DO + arglai(x) ~a(x") ¢ 524, 0/=0), 0] =0].

Proof. We first remind the reader that ¢q; <g» < --- <¢,. We can
define 6] such that

L T .
¢+ )0} +arga(x) ¢ 220, if @1 =4

T . .
(g + 10 +arg(@(x) — a(x) ¢ 324, i @ =g =g, j £k,
0 € (0],0, +n/(q1 +1)),
and 0 =60, +n/(q1 +1). Assume that 2 <i<m and that we have already
chosen 0, satisfying 6, < 6 < 6, +n/(qx + 1) for 1 <k <i— 1, and let us define

.. In case of ¢; =q;_1, we define 6; =0, ;. In case of ¢; > g;_; then we
choose 6, satisfying

T .
(4:+ 1)0; +arga)(x”) ¢ 52+, if gi = gj,
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* * T . .
(ql+ 1)011 +arg(aj('x ) - ak(x )) $ §Z+1 lf qgi = qj =d4k,] # k7

0€(0,,0; +n/(gi+ 1)) = (07,0, +7/(gi-1 + 1)).

Since 7n/(g; +1) < n/(gi_1 + 1), we can certainly choose such a 6,. In both
cases we define 0, = 0 + n/(q; +1). It is easy to see (i)—(il). Q.E.D.

We define 6" = (6] + 6)/2, and formally let go = q1, 6y = 6y, 65 =6y,
0y =0y. We define x1(A) = (V1% x)%* | Let 1 «a« C. We define

Qj(C) ={(x,&)eC" x C" 1, CVO Y| < 1,
CV)E"| < Im&,, CV'ORe&,| < Img,,
271 CH(Im ¢,)" @/ mm) < Re(x;(2)) + a ! Im(x; (4))] < €971,
0, < argx; < 6
Q(C) ={(x,&") e C"x C" 1, C|x'| < 1, C|¢"| < Im&,, C|Re&,| < Im&,,
C*(Im én)—(qﬁl)/(mﬁm) < Re(x1(4)) +a YIm(x; ()] < C%71,
0, < argx; < 67}
(See the figure below). We have the following
Lemma 10. (i) If C < C’, then we have
Qj(C) = @(C)
U U
Qi(C) o QuC).
(i) If (x,¢&)eQ;(C), (y,n)eC"xC™ 1, and |y;| < C7'3, |nj|/Im¢&, <
C5 for 2 < j<n, then we have (x1,x" + y', & +77)€.QA(C)
(i) I (x,&") € 25(C?), (1) eC"xC"", and |y;| < C2, |nj|/Im&, <
C2 for 2 < j<n, then we have (xi,x' +y & +1n') e Q4(C).
(iv) Let 1l <i<u<m. We define t,1 € C as follows. If q)=q,, then
t/1 e C is the point at which +Re((a#( )—al( ))x‘““) takes its maximum
when (x,&") belongs to the closure of Q}(C). If qi # q,, then it is the point at
which FRe(a;(x*)z9%*") takes its maximum. Then for any ) and pu, (t,T,”)thl is

one of {A;,A}}, and (t/{‘#)‘“+1 is the other. Here A}, A}, A]' are the points
indicated in the following figure.
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Im (xf**)

1
arg x; = 0;{
arg x; = 0;
Aj
A
Re (x{**")
Q}(C) or Q3(C)
A
arg x| = 6;

Proof. (i)—(iii) are direct consequences of a simple calculation, and we
prove (iv). We first consider the case g, =g,. From (iii) of Lemma 9 it
follows that in the above figure the line segment combining (a,(x*) — a;(x*))4;
and (a,(x*) —ay(x*))A] is parallel with neither the real axis nor the imaginary
axis. Since a >0 is large enough (compared with the slopes of these line
segments), we may assume that we have either

Re((ay(x") — ai(x7))4;) < Re((au(x") — az(x7))4;]")
< Re((au(x") — az(x"))4;)
or
Re((ay(x") — ai(x7))4;) > Re((au(x") — az(x"))4;")
> Re((ay(x") — az(x7))47).

Accordingly, if (x,¢’) belongs to the closure of QQ(C), we have either

Re((a,(x") = a;(x7))4}) < Re((au(x") — az(x7))x{*)

< Re((au(x™) —ax(x*))A]



214 KEeISUKE UCHIKOSHI

or
Re((au(x") — ax(x")4}) = Re((au(x") — a(x"))x{™)

> Re((au(x") — az(x7))47).

This proves (iv) for the case g, =g,. We can prove the case g; # g, sim-
ilarly. Q.E.D.

Let I<i<upu<m If (x,&) ef)l’l, then we define a continuous curve
yi,(x1) from (tfﬂ)"”rl to x#*! as follows. Let us consider the case tr,=A4;

(resp. £, =A7). If argx; <0 (resp. argx; >0;), then yi,(x1) is a line

segment from (t;—fﬂ)q"Jrl to x¥*. If argx; >0 (resp. argx; < 0]), then
7i4(%1) is the union of two line segments: one from (t;—fﬂ)"”l to ! and the
other from y{““ to xf““. Here y, is the point defined by Re(y;(4)) +
a'|Im y,(A)| = Re(x1(4)) +a 'Imx;(4)|, argy, =06). Finally we define
0, (x1) = {re C;19 e y¥ (x1)}, and denote by pi,(x1) the length of 57, (x1).

Note that we have
(x,&") e 2)(C),1e6E,(x)\{1f,} = (1,x,&) e 2)(C),

(x,&" e.Q/’{(C),teéfﬂ(xl)\{tfﬂ} = (1,x',¢&") e Q;(C).

We illustrate the case 7, = A}, argx; <0 in the following figure.
Im (xf**)

+ +1
(tl,u )ql

—— Yiu(n)

Re (xf**)
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Let 1«xaxC«C« - <Cp and let Q) =0Q5(C;), Q)=;(Cy).

Therefore we have

Q{)D el

m

U U
Q(') 5 ... D .Ql'n.

The next lemma will be important in the next section.

Lemma 11. Let l<i<u<m, (x¢&)eQ,, teéfﬂ(xl), and
Pru(x:1,8") = = [ (Lo .y (5, X", &") = Lg (, p(5:x",&"))ds. Then we have

+Reg,; ,(x,1,¢) < —a et xf”lllmén_
Proof. Let
o= )l e
arg(—a,(x")), Gu # G-
We denote
I—J(I),(v,v)(x,fl) = x{"ay(x,&") + by(x, &),
ay(x, &) = a,(0,x,&") + x{"™ a(x,&).

let

By Lemma 6 we may assume |a/(x,¢’)| < almé&,, |b,(x,&)| < alx | 9" D71

We have +Reg; ,(x,£,¢") =1+ 11+ I+ IV, where
I= FRe(e™Y May(0,x',¢")) RV (xf™! — 1941)) /(g2 + 1)
+Re(e0a,(0,x', &) Re(eV ™" (xf ! — 19+1)) /(g + 1),
I = tIm(e™"%a;(0,x', &) Im(e¥™ ™ (x{*! — 1941)) /(gz + 1)

FIm(e V" %a,(0,x", &) Im(e 0 (xf ' — 191)) /(q, + 1),

X1 , ,
I = _T_Re<J (sqx+(1/m )a,’l(s, xl’él) — gt (l/m )a,’;(S, Xl,f’))ds),

t

IV = FRe (JXI (ba(s, x', &) = bu(s, %, fl))ds)

t

We can prove

(17) I< !

g:+1 g+l
. — ot
= 2a3(61/1+1)lx‘ | Im.c,
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as follows. We first consider the case g; = ¢g,. Since we have
(18) Jarg(e™Y "% (@,(0,x',¢") — a2(0,%', &) < a ™

it follows that Re(e V"1 (a,(0,x',&") —a;(0,x",&"))) > a2 Im¢&,. From
Lemma 10 it follows that +Re(eV~10(x#"! — jitl)) < —q 52507 _ partl),
Therefore we obtain

1= +Re(e™V "% (a,(0,x",&") — ay(0,x,&"))) Re(e¥ " (xf! — 14+1)) /(g + 1)

I 1
“Farp T me

We next consider the case g; # q,. We can similarly prove
+Re(e YV 10a;(0,x, &) Re(eV P (x#1 — 1941)) /(g2 + 1)

1
> g+l tqﬁ—l I .
> Farn ™ | Tm

If eZ,/m’ satisfies 0 </ < (m’' —1)/m’, then we have

/
arg(xf ¢ H(m'=1/m')y ¢ an + )0;, (qi 4

7))

Re e-—(q;,+((m'—1)/m’))6;'."xt’tq,1—{+((m'—1)/m’) > sin ___71‘—) X tq;—t’+ m'—1)/m’) )
( 1 ) 2m/(q/1+1) I 1| | |

and thus

It follows that

|x;1rr1 _ t‘““' >q! Z lel/m (l/m’ |11 I Ith/l £+((m'—1)/m'")

0<t<qi+((m'—1)/m")
(el /m'

> a 2™ — (| gy
Since we have g, > ¢;41, it follows that

(19) Ixihﬂ t"“+1|<a|xl/m 2 (g™ (g Myt

< a—7|xll/m’ _ tl/MI‘(lxlil/m, + |t|1/m’)m’q,1+m’—1

< a‘sixi““L1 — o),

Therefore we have
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1< —(@ (g + 1) x® — (4 Im &, + ax®' — 19+ Im¢,
—(2a* (g2 + 1)) X — 1% Img,,

and we obtain (17).
We next prove

(20) |1, |IIL, |IV] < 2077 |x®H — 19+ Im &,

Let g, =q,. In this case (20) for II is a direct consequence of (18). Let
g; # qu. In this case from (18) and (19) we obtain

| < a7 |x%* — 1% Im &, + alx®*' — (9| Ime,
< 2a77|xF — 19 Im ¢,

We next prove (20) for III. We have

1| < J X (Is# 0™ gl (s, x', &) + %+ Vmal (s, x, &) ds]
05 (rNGT (x1)

< als| /™' atm) Im &, |ds| < 2a77|xP — 19+ Im ¢,

Jyf,,(xn N, (1)

and we obtain (20) for III. The proof for IV is similar. We obtain Lemma 11
from (17) and (20). Q.E.D.

From (ii) of Lemma 10 and Lemma 11 we obtain the following

Corollary. Let 1 <A <p<m, (x,&')eQ},1€d7,(x1). Then we have
03102 exp(£Rep; ,(x,1,€"))
< Cllulwll/soc’!ﬂ’!(lmé,,)'lﬂ/l exp(—a>|t9 ! — xi““! Im¢&,).

§6. Diagonalization of the Complete Symbol
§6.1. Calculation of Some Matrices

Let
L, i=0,
L =40, i#0,j=0,
L, ., i#0,j#0.
We have ZL ZL, "> and these two formal series are essentially the same.
i 4

We deﬁne M(x f) ( Mo(x,¢")) by
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—01(x,¢") 0
M(x, &) =
0 (%, &)
We study the following equation:

0V (5,8) + L'(0.&) 0 V(x,E) = V(2,8 o M(x,£) = O
The essential part is the following 7

Proposition 1. There exist m x m matrices U*)(x,&') = Y U] +)(x &N,

0<j<i

and M'(x,&)= Y M (% &) of formal series satisfying the following

0<j<i
conditions:
(i) All the components U, ; +
(i) We have

)

iy and M are holomorphic on Q.

Uy =1
i

0, U + Lo UM — UM o M' = 0,
bJ

Ox, US) M oUO — U oL -0
l7j
on Q, .
(i) M’ is a diagonal matrix and we have
JV(U((/;TFV)) _auv’gr/m t,h) < 3mia7!,
'/V(MEM v) + 5/“'¢ll’ Qllrn 1, t2) < lexl |—q(m—1)—1
o<, <l

. and thus U (#) are dependent on 6, and we should
have written as Q% and U9, But we omit ¢ for the moment.

We can prove Proposition 1 inductively for the rows and columns of the
matrices. We first find some matrices M = 33 M; '1) v = Sy .(‘.L'/l)

0<j<i 0<_]<l

Precisely speaking, Q’

(/1) (-9-1/1 (-
0§<: U,j (0 <4 <m) such that M, (o) Ui’j,(#qv), U,j (o) € 0(2)),
and
M(ﬂv =0, min(u,v) < 4 and u # v,
1) U((;;f) =0, min(g,v) # 4 or u=v,

O U L 0D o yth) — g o g® = 0,
USH oyl =y=doytd =



MIXED-TYPE OPERATORS 219

(Here we define M*~V) =L" if A =0). In other words, we have

* 0 T
MO = o -
k m— A
0 !
— A —e—m—-A—
0
U+A):Im+ * (i,
10
7

and

— (+,0) (+1) (+,m)
DiL,+ M Y pip, + O Y Do, + M.

Proposition 1 is a consequence of the following

Proposition 2. Let 0<A<m. There exists some M,('}), Ui(j’l) €
O(Q;)™™ such that MW, UHY satisfy (21) and we have

(+,4
JV(U(#

‘/V(M((/i +5ﬂv¢wgi,tla12) < C,1]x1| q(m -1

5Vagutat2 <a ’
22) vy 2511, 12)

for 0 <ty < C7Y, 0<tp <a’lmti-4)

We prove Proposition 2 by induction on 4. Let us denote U4 by U@,
If A=0, we only need to let U® =1, MO =L" 1Let 1<ly<m and
assume that Proposition 2 is true for 0 <41 <4y —1. Now we prove it for
4= o (Therefore we assume that U*~) and M*-1) are already known). We
write U'W = UW —[,,. Then we need to solve

23) 0y, U™ 4 WUD _ i _ f100 o g _ @ o i1 W = 0,
where U(l%) =0 if min(g,v) #4 or u=v. Let us calculate the (u,v)-

component of (23). It follows from (21) that the (u,v)-component in the left-
hand side of (23) is equal to the following:
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(M) - M), if min(u,v) <A—1,
M) - b)) o Ul if min(g,v) >4+ 1,
Vi (A-1) ) . .
M((ﬂv) (w)+ Z M(l“c oU'}E‘),), if min(p,v) =4 and pu=v,
k>A+1
1(4) (-1 /(z) 1(A) ()
0 Uy + M, ) = M), +Z (i) © Utk = Upony © M),
L if min(u,v) =2 and p#v.

This means that if we obtain U’™, then we must define

—(1-1 e
M((,u,v))’ if min(g, v) <i-1,
M fi‘v” + M5 0 U{“)) if min(u,v) > A+ 1,

4) MP =
() ) gé-h MEYoul if min(uv)=1 and p=v,
(u, V) (u, K) (c,

K>A+1

L0, if min(u,v)=4 and u # v.

On the other hand, we must define U'") by

_yl

(i) © M) =0

"(4) (A1) _ (A-1)
(25) 2n Ugoy + MGy = MG, Z (M, © U (x

(m,v) (4, K) (K V)

for min(g,v) = A, u#v. Substituting (24) into (25), we can eliminate M ((2) »

from (25). We define A(u,v) and B(u,v) by
A(p,v) = {4}, B(u,v) ={(,k);1=AA+1 <k <m}

if u>v=24, and
A(p,v) ={A+1,...,m}, B(u,v) ={(,k);A+1<1<mx=A41}

if v>pu=24. Then we obtain

1(A) (A-1)
(26) 05U, + MU JFZM(,“c

A 71 A grA-1) 4 _
- Z Ut © My — z Utu © Mi" © Ugiy
e A(p,v) (1,6)eB(u,v)

for min(y, v) = /1 u #v. Therefore we need to solve (26) for U('/(jl) at first,
and define /" ( ” ) by (24), after that. We will do this in the next section.

V
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§6.2. A Study of Ordinary Differential Equations

We solve (26) by the following successive approximation. Let min(y,v)
=2, u#v. We consider

0 U0  + (L

= 1(A, k) _ Ak
i () Lo o))V 5 = B

s ) i, j, (4. ) i,y (4,v)?

k) (Ak,£)
where F”(ﬂ ) = 0<;<3sz () and
(Lk0) _  72(A-1)
Fow =M.,

FkD) (2, k1)
i —_Z ) — 9Lt () U

(A1 1A, k—1)
+ Z MO(KV — 0w Lf (,,)U ,

(m.x)
xeA(pu,v)
k2 _ 1 af—a— @ (k1)
F o = =2 708 M o0 U e
(27)
p/dk=1)
+Z—”a: J (K v)aa u ”(ll K)’
(28)
(hk,3) Whk=1)  i5(1-1) A k—1)
Fay” = D Uy oMy o U™,
(1,%) € B(u,v)
Here we have defined
(27) i =0, £
jl‘|’j”:j, jl_<_i/, j”Si“, ASKSWI,
and
(28) i+i"+ | =1, i’ #1i,

j+it=g i<i, i <i' ked(wy)
for i',i",j',j",;kxeZ;, and o’ €Z"' (We have written U'*K =F&k =
Fk) = 0 if k<0). Let
O v(x1) =3, ,(x1)
if u<v, and

5;1 v(xl) = 5\7#(7(1) Dy, v(x é’) = _(ov,/z(xaél)

if u > v. Note that if we have decided U . k D

, then we can determine F((i:f)‘ 9,
Therefore we may define U, '('{ k by
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Ak Ak
o) = )exp(coﬂv(x 5 ENELAD (5,51, &)ds
v X1

We want to prove that hm U ) e #? exists and it satisfies (26). For this

purpose, we define U’“’k) = U’(“‘) — U/ak=l) - FR) = pk) _ pLk=D) - gpd
Fkd) — pkd) _ pk=10)  Therefore we need to consider

7714, k) TN (A k) Ak
a Ul_/ (u,v) + (LO (wp) — LO,(v,v))Ui,j,(,u,v) - Fi,j,(p,v)’

Lk ~(1.k,¢)
where Fi,j.(/t,V) - ogz/:ng"J-(”’”) and

Fk0) — 5, M(i 1)

() ()
= (1,k,1) (-1) ~ (A, k—1)
Fy == D (Mg g — 0wl (0) Uy
K>1
(-1) {7 1Gke=1)
+ D (Mg —00Ls () Ul s
ke A(u,v)
(k2 _ 1, (/1 ) g ghe-D)
Fin = Za,,ﬁ M 0 Ui e
27
0 {7/ (hke=1)
+Z_118;M’/ (x, V)aa " ()
@

Fk3) _ Z {U/(,{kl iR

~ (hk—1)
(u,v) (1) (1,%) U(;c v)
(1,%) € B(p,v)

(Lk=1) o grG=1) o ik=2)
+ U(ﬂ 1) M( K) (K v) }

Let us define
1Ak 1 ' 1Ak
U(’El’v))(x,f ) = L ( )exp((oﬂ‘v(x, s, ENF Et v))( X', Eds
o (X1
Then we have the following

Lemma 12. Ifmin(p,v) =4, p#v, 0< 11 < C;', 0< 1 <a’™=4 then
we have

N(OLS @), 0,0) <27 a7,
Proof. Let ko € Z, and assume that Lemma 12 is true if 0 <k < ko — 1

(We have also assumed that Proposition 2 is true if we replace the number 4 by
A—1). Then we may assume that
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(29) N(EEED ory = (5k0M 1.2 <610Cyy|xy |1 D,

(u,v) (&, V) ’

and we can prove

—1y—k —g(m—-1)-1 _
(30) NEEED ) < {4’"“ 27 Cha x| . =13,

(w2 4ma~ 727K |x)| % Im &,, £ =2.
Let us prove (30) for the case £ =2 (The other cases are easier). We have

~(A,k,¢
'/V(F((y,v) )’Q}»)

202m) "N i 4y D @B 4 )
G55 (i + oD /@) 4y NI i+ |8 + B3 4y a1 @B 1R D0

) AWy 2 (A-1) /@)y’ ﬁ'm 7/ k=)
0% 0 M gl 10T 0 U )|

BB | 2042042y || D+ D g OO
x ¢l h H

2(2n) "N i 4y D) o @)1 1)1
G55 (' i+ |/ o@D 4y )10+ i+ |8+ B 4y o (D 121 1B D1y

|aa¢ ) 4y! aﬁ(” (A1) Haar(naﬂ'(wy =12, k—1) i
t+j’,j’,(f< v "+J"1” (u,%)

’ i/+i//+lﬁl(l)+ﬁl(2)+7/l 2i'+21”+2|y’|+{a’(1’+a’(2)+ﬂ'(”+/}'(2)l jr+j/r
x €| 1 o,

where

(31) '+ +|#£0, A<k<m
and

(32) P+ #£0, ked(p,v)

for i',i",j', j",k € Z, and o'®), o/® 1) B2 e 711 Here we have

2(2n>"‘""”"y G0+ ') (2D 4 2/ (B 4 @)1
(" o) /@ -y I i 4 B 4 B 4yl Dl B DI Dy

- (2n)—i’—i"—-|y'| '/'l.”'(i' + [y’|)!(i” + lyl|)!
(NI 1B 4D+ o@D+ BPNE 7 )

202n) ™" " gy )

)
<
(@ | @+ 1B - DU+ | @ 4y U + 8D )Yy

Let @' = o/ '@ = /@) 4o/, ) = g0 o7 B2 — g/ Then it follows
that
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2D 2y
< - - - >
G (' + [ ODIE + BN + lfx NG+ 1By

(€20]

' ,aa'(z) g@ U (A, k—1)

&M ﬂ(l) — (-1
x |8 M; e Uiy o)

I+]
&) BO+p 21 2@ W+ O+ fO LR
2 7
where
(31)’ 4 g0+ B £0, A<k<m

for i',i",j', j" k,&'®, @@ g1 g2 ' Here we have

A Y | WD FO
l+] J(e)t = 2(2?1)—111"!

— BV 20 @M N g _
|é| '~iB tlla B | g7 (m+2 }.)a]xllfhlmén.

by the assumption of induction (on A). It follows that

Z - (2n)—i —ly ‘llllly’“ I a/(z)aﬂ ,1 k 1) I [é,liuﬂﬂ‘/(z”
5 G+ @@+ By e

"y 1 =1(2) (2) iy = A
% tfl +|a' 4" Ij (t Cy )2: +[a“)+ﬂ“)|( g~ Tm+2— l) a[xllth Imé&,.

Here we note 0 < #1C;_; < C;_1/Cy < 1 and 0 < t,a~7"+2-4) < q77. By the

assumption of induction on k, it follows that 3 < 2% ma~"|x;|% Im¢&,. We
(€]
can similarly prove the same inequality for ).
(32)
From (29) and (30) we obtain

W ESS, ) <275 Cola |10 4 dma T2 K% I,
< 5ma”"27¥|x;| % Im &,
From Corollary of Lemma 11 it follows that
N (exp(£Rep; ,(x,1,), 25) < dexp(—a~]e! — x84 Im¢,)
if 19y, We have
MO0 (x,E),2))

< L ( N (O (s, %, ), Q)N (exp(Re g, (x,5,£)), 2} ds|
v (X1
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< L ( )5ma‘72‘k[s|q‘ Im¢, - 4exp(—a>|s®*! — x| Im &,)|ds|
e, v( X1

<40ma=227% <27k 171,
Q.E.D.

Now we can prove Proposition 2. From Lemma 12 we obtain

,/V(U(lif)v),Qﬁ,lhtz) <a'. If we define M? by (24), we have (25). We can

prove (22) directly from this.
We define U4 = U@, and calculate its inverse series U4 as follows.

Lemma 13. There exists some U™Y = Y U, such that
0<j<i

Ui e (@)™,

L]

vEAouFAh=p
JV(U((;’v;) ‘5%917 f,h) < 2ma~!

if0<t; <C7L0<ty <altml=0),
k—times

—_——t
Proof. Let USA =1, + S UWo...o U'W, Then it is easy to see that
k>1

! ) _ _
,/V(U((#,v)) — 0w, 2) < Z(m X max ./V(U(/l(’x) Lok < Z(ma e <2ma!,
k>1 ’ k>1

and we have U)o UF4H =1, Q.E.D.

If we let UH) =UH00...o0 U+ and UC) = UM o...0 US| we
obtain Proposition 1. Our next step is the following

Proposition 3. Let C'> C,, and let x{ = C'exp(vV/—10./(gm + 1)).

There exist I/l(_]i—()ﬂv) e 0(Q,(C"), 1 < j<i, such that V(&) = . Z .V,-E;—r) satisfy
<Jj<i

vy E) oy =p,,

V((ﬂi:v)) =0, HF Vs

(33) VMM oVt VB oi=0  VO(x{ X&) =1n,
2] L

(34) VO + MoV VB o g™ =0, VO (xl,x,&) =1L,
LJ L
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o B (%)
(35) Ia a I/H—]_] ,u,v)l

< Z(l+ lo" +B'])! L= +B ) /D +1 6

(<i
X |X1 _ xﬂ/(lm fn)—H—[_lﬁll exp(cvllx1 _ xi)|(1m én)(mq-{-l)/(mq+m))
on Q) (C").

Proof. Let M ; =dindoM and M(l),o,(u,v) = Moo, (uv) — Mé%)‘(#’v).
Since all the matrices in Proposition 3 are diagonal matrices, we can easily

calculate V,(;’(# 4 by solving the following equation:

(+)
a"'VtE )+M0°(#ﬂ)V ()

(+) i 1 (+)
Ve~ O P V)

1 (m)
- Z y(aC'M oy

7 () - (1
iri" || =i
ill#i
"=

We solve this equation by successive approximation. Let

(+ k I(m) (+ k) . (+,k)
OV i (w) + My, (.0) V»J () — Gi,j, (1)
+k

ViE}', (ll?ﬂ) (x?,x 75 ) = 5i05j05k0,

where
) = l o yrim) o 7(+.k=1) « (+k—1)
G = Z /(a’sz (O Vi o o ~ 0 My, () 0F V,, " ()
i || =i
i"#i
jl+j//=j

for k > 0 (Here ¥(-~1) = 0). Then by a direct calculation we can prove that

o Af (+k ke G BN i a2+ -6
LA RPLEE) plaaaadle :

r<i
x xp — x| (Im &)™ lexp(C’jx — x¢|(Im &,) e+ 1/ o)

by induction on k. This means that V) = V(+:¥) satisfies (33) and (35). We
can similarly construct V(7) satisfying (34) and (35). It follows that

ax|(V(+) o V(—)) + M™ o (V(*) o V(—)) — (V(+) o V(—)) oM™ =0,
(Vo VN, x',&) = I,

whose unique solution is V) o ¥V(-) =1,. We can similarly prove V(o
v+ =1, Q.E.D.



MIXED-TYPE OPERATORS 227

§7. The Last Part of the Proof of Theorem 2

Here we rewrite the results we have already proved. Let C » C'(» Cy),
0€el0,2n],keZ.. We define

o]

(C) ={(x,¢") e C"x C" ! Clx| < 1,Cle"| < Im¢,,
C|Re&,| < Im¢&,, C*"@+) < Im¢&,},
E'(C,0) = {(x,&") € 5(C); C(Im &,) /™ < |xy|, Clarg x1 — 0] < 1},
E"(C) = {(x,¢) € Z(C); [ra| < €2 (Tm¢,) "My,
E"(C) ={(x,&") e E"(C);x1 # 0, |arg xi| < 2=},
2(C,0) = Z'(C,0)UE"(C),
E(C,0)=Z'(C,0)UE"(C),
Zk(C) ={(x,¢") e B(C); C** NV (k + 1) < Im &, },
E1(C,0) = E'(C,0) N Z,(C),
E/(C) = E"(C)NE(C).
Let WO =gt o UM o V™) and W9 =V o U o4™ on 5/'(C,0)(<=R)).

Precisely speaking, U(*), V(#) and Q! are dependent on ¢, and we should
have written as U(+:9), V(.0 and Q%) respectively. To the contrary, 4(*)
are independent of 6. Let o,(u,v)=u—1, and o_(u,v) =1—v. Then we

have

(36) { O WEOD L LowH0 - w96 i = 0,

oW L Mow0) w0 oL =0,

and

(37) laa aﬂ W(+ v)| < ZCi——j+|oz'+ﬂr|+1a—5j(i_j)!a/!ﬁ/!|x1|—q(m_1)

Jj<i
x (Im gn)_i"’j_lﬂ,l“)'ai(/‘a V)exp(C(Im én)(mtfrl)/(mq-r"ﬁ)

n Z'(C,0). Finally we need to calculate W(£:9 on Z”(C). This means
that we have already calculated W(*:9 on {|&,| » 1/|x;|}, and we need to

extend them to the remaining domain. This is very easy. Let xfk) =

C11/4(k 4 2)7V/Cmat2m) V=16 e define the distance p®(x;) from x* to x;
by p®(x1) = ||x; V™ — |xB|1/m) +a!xlll/”’|arg x; —6|. Then we have the

following
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Lemma 14. If (x,¢') ez (C,0)\5;,(C,0), we have (x1 ,xE e
Z'(C,0) N (EL(ON\EL,(C)).

Proof. It is easy to see that C(Im¢,) /™™ < |x§k)| <
C~'2(Im¢&,)"/@ma+2m)  and the lemma follows immediately. Q.E.D.

Lemma 15. We have
(38)  |o% a” w0

(i—Jj+ '+ B! i Yt +B O+ =S
< ) 4 c "

0<j<i
0<s

x (p(k)(xl)){’(lm fn)—i+j+{’—}ﬂ'|+ai(,u,v)+lexp(C(Im én)(n1q+l)/(mq+m))
on E}(C\E},(C).
Proof. As we have already seen, W9 satisfies (36) on Z'(C,0). Of

=

course we can uniquely extend this solution to =7 (C)\Z/,,(C). To be precise,
let us consider the following successive approximation:

W(+"9"")(x,é') _ 5(0W( (x%k), &N — J HY (s, x, &")ds

(k)
X

where H) = Lo w0.0=) _ w!(+.0.4-0) o i for £ € Z,(W*0-D = 0). By
induction on ¢, let us prove that

a’ A’ (+,6,7)
(39)  lozal w00

(i—j+la"+ B! 2i-2jt|o'+B | +£+1 =5
<y o ! s o

0<j<i

x (p () (Im )~ exp(CIm g, ) DY)

on k:,;'(C)\:,gH( C). Let/=0. Since W00 (x &) = w0 (x*) x' &) and
(x§ ) x' &) e Z'(C,0), (39) follows from (37). Assume that ) > 1 and that
(39) is true if 0 </ < £y — 1. Let us consider the case £ = #;. Then we obtain

a' Af 17(£)
|05 0 Hl(ﬂv|

<y (i—Jj+ la/+ﬁll)!C2i—2j+ia’~rﬁ'|+/a—5j
= -
<j<i
x (p®) () (Im g,) I (4 exp(C(Tm ) /0

on 5J(C)\E/,,(C), and we obtain (39). (38) follows from (39), and we can
similarly estimate W'(—%. Q.E.D.



MIXED-TYPE OPERATORS 229

Now we can conclude the following

Proposition 4. We have W(ai)/) e 0(=(C,0)) and

(40) |a°‘ 5ﬁ W (£, 9)[ < Z (i—j—i— |a/+ﬂll)!C2i—2j+|ar+ﬂ;l+1a_5j

i, (u,v)
0<j<i
% (Im én)—i+j—lﬂ'|+mexp( (Imf )1 1/( 2mq+2m))
on E(C,0).

Proof. Let (x,&')e=(C,0). If (x,&')eZE'(C,0), then (40) is already
known. Therefore we may assume that (x,&') e £”(C), but it is sufficient to
prove (40) for the case x; # 0. Then we can choose some k € Z, for which we
have (x,¢') e 5/(C)\Z/,,(C). From Lemma 15 it follows that

0% a” W‘+ “’|

< Z (l o _] + I“l + ﬁ/l)!CZi—2j+|Ot’+,Bl|+1a—5j

0<j<i
x (Im én)-i+j_|ﬁ’|+ai(ﬂv v)+lexp(C(Im én)(m‘z+1)/(mtl+'n) + Cp® (x)Im¢&,).

Since we have p®)(x;) < 10|x;|"/™ < 10C~1/2m(Im &,) /™2™ on 2”(C) and
o+ (4, v) +1 < m, we obtain Proposition 4. Q.E.D.

Corollary. W(£:0) ¢ (%)™,

Now we can prove Theorem 2. Let EMH9(x, &)= w+0(x,&o
XH(x, Yo w=00,x',¢) and EC(x, &) = wH90,x,E) o X (x, & o
W—9(x,&Y. Then E(+9 satisfy (15) on Z(C,0). Since such a solution is
unique, it follows that E(*) = E(+:9) on =(C,0).

The above discussion is valid for each fixed &€ [0,2n]. To consider
various values of 6 simultaneously, we must denote the large number by Cy
instead of C, because it may depend on 6. Let us consider on the whole
E(C"),C">» 1. There is a finite set {6,...,6,} €[0,2=n], such that [0,2r] =
Ulsts(B 1/Cy,0; +1/Cy). If we choose C' =max(Cy,,...,Cy,), then we
have Z(C’) U1<j<s (Cy,0;). It follows that E(*) e F ™. We have

trivially X (*) e 77X, and it follows that F(*:9) e 775",
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