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Blowing Ups of 3-dimensional Terminal
Singularities, II

By

Takayuki HAYAKAWA™

Abstract

We study blowing ups of 3-dimensional terminal singularities of type (cD/2)
such that the exceptional loci are prime divisors and have discrepancies 1/2. We
determined such blowing ups completely.
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81. Introduction

This paper continues our study on the blowing ups of 3-dimensional ter-
minal singularities X of indices m > 2. In our previous paper ([Hay99]), we
introduced the notion of pseudo weighted valuation, which consists of an em-
bedding j : X < C*/Z,, and a weight 0. By using these data, we blow up
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X and get divisorial blow ups of X with small discrepancies. We also showed
that, in most cases, there is a one-to-one correspondence between these divi-
sorial blow ups and a certain set of pseudo weighted valuations, and remarked
that this correspondence does not necessarily hold in the case X is of type
(cD/2). Our purpose here is to study the blowing ups of terminal singularities
of type (cD/2) and to determine all divisorial blow ups of X with discrepancies
1/2. Contrary to the other cases, we cannot get all these divisorial blow ups by
considering the embedding j : X < C*/Z, and a weight o. Instead, we have to
embed X into a 5-dimensional space C°/Z, as a codimension 2 subvariety and
make blow ups of X in C5/Z,. This method works well and we can determine
all prime divisors with discrepancies 1/2 by using the embeddings into 4 or 5
dimensional spaces and weights. These are the main theorems in this paper.
There is a related work by [IT99] which also uses embeddings into C5 in order
to study hypersurfaces in C*.

This paper, combined with the results in [Hay99], covers all 3-dimensional
terminal singularities of indices m > 2. Indeed, if X is a 3-dimensional ter-
minal singularity of index m > 2, we can determine all prime divisors with
discrepancies 1/m and in particular we obtain the following (see (3.4)):

Theorem 1.1. Let X be a germ of a 3-dimensional terminal singularity
of index m > 2. Then there exists at least one divisorial blow up w : X — X
with discrepancy 1/m. Furthermore m does not increase azial weights.

As a consequence of this result, we obtain the following (see (3.5)):

Theorem 1.2. Let X be a germ of a 3-dimensional terminal singularity
of index m > 2. Then there is a projective birational morphism ¢ : Y — X
such that

(i) Y has only Gorenstein terminal singularities, and

(i) ¢ is a composition of divisorial blow ups of points of indices > 2 such
that their discrepancies are minimal.

This morphism % : Y — X should be compared with the economic reso-
lution by Reid ([Reid87, (6.5)]). He conjectured the existence of a projective
birational morphism v’ : Y’ — X such that all exceptional prime divisors on
Y’ have discrepancies < 1 and Y’ has only Gorenstein terminal singularities.
Our morphism ¥ : Y — X only satisfies the second condition, since some
exceptional prime divisors of ¥ may have discrepancies > 1. However, the ex-
ceptional divisor of ¢ contains all prime divisors with discrepancies < 1 over
X, and we can determine all such divisors by using ¢. We also remark that
Alexeev ([Alex94, 5.2]) obtained the same kind of birational morphisms by us-
ing Minimal Model Program. These are not necessarily the same as the above
v:Y - X.

We shall study the morphism ¢ : Y — X, especially the exceptional divisor
of 9, more closely in our future paper.
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The detailed contents of this paper are as follows: In Section 2, we recall
the results on the classification of 3-dimensional terminal singularities, and also
review the notion of weighted blow ups, discrepancies, divisorial blow ups, etc.
These are used in the following sections. Almost all notions are the same as in
[Hay99]. The only new notion is about the embedding of X into a 5-dimensional
space C° /Z,, , which we shall call the generalized liftable embedding. In Section
3, we state our main results and give an outline of their proofs. Sections 4 and
5 are devoted to studying the blowing ups of terminal singularities X of type
(cD/2), and we determine all prime divisors with discrepancies 1/2 over X. We
shall give a proof of (1.2) in Section 6.

The author is grateful to Prof. S. Mori and Prof. M. Tomari for their
invaluable suggestions and encouragement.

Notation.
(1) For a real number o, we denote the round down of @ by ||, and the
fractional part of a by (), i.e., |@] is the integer satisfying |a] < a < |a] +1,
and (o) = a — |a].
(2) 6;; denotes the Kronecker’s symbol, i.e., §;; = 1if i = j and 6;; = 0 if
i .

§2. Classification of Terminal Singularities and
Weighted Blow Ups

The purpose of this section is to state the results on classification of 3-
dimensional terminal singularities and to introduce some notation in order to
state our main results. Almost all of them are contained in [Hay99] and the

only new notion is the generalized liftable embedding which we shall define in
(2.8).

2.1. Let Z,, be the cyclic group of order m and let (z1,...,z,) be the

complex space C™ with coordinates z1,... ,z,. We define the action of Z,, on
(z1,... ,2n) by
(x1,22,.-. ,Zn) = (M z1,...,(%zy)

where ( is a primitive m-th root of unity and a4, ... , a, are integers. The quo-
tient space is denoted by (z1, . . ., Z5n)/Zm (a1, . . .,an) or simply (x1, . . ., Tr) /L -

If o1,... ,0r € C{z1,... ,T,} are semi-invariant elements with respect to
the action of Z,, (we shall abbreviate this as Z,,-semi-invariants), then Z,,
also acts on the germ of {3 = --- = ¢, = 0} at the origin (0). We denote the
quotient space by {¢1 =+ = ¢, =0}/Zn (01, .. ,an).

Now we recall the results on classification of 3-dimensional terminal sin-
gularities, which are due to [Reid83], [Dan83], [MS84] and [Mori85].
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Theorem 2.2. A 3-dimensional singularity is terminal of index 1 if and
only if it is an isolated cDV point.

Theorem 2.3. Let X be a germ of a 3-dimensional terminal singularity
of index > 2. Then there is an embedding j : X < (z,y,2,u)/Zy such that
one of the following holds:

(cA/m) X ~ {zy + f(z,u) = 0}/Z, (e, —,1,0) where a is an integer prime
to m and f(z,u) € C{z,u} is a Z,,-invariant.

(cAx/4) X ~ {z? +y? + f(z,u) = 0}/Z4(1,3,1,2) where f(z,u) € C{z,u} is a
Z4-semi-invariant and u & f(z,u).

(cAx/2) X ~ {z®+y*+f(2,u) = 0}/Z»(0,1,1,1) where f(2,u) € (z,u)*C{z,u}
18 a Zg -invariant.

(cD/3) X ~ {p(z,y,2,u) = 0}/Z3(1,2,2,0) where ¢ has one of the following
forms:

(cD/3-1) p = u? + % + yz(y + 2),

(cD/3-2) p = u+a’+y2?+ay* A(y*) +y°u(y®) where A(y?), u(y®) € C{y’}
and 4X3 4+ 27u? # 0,

(cD/3-3) ¢ = u? + 2% + % + zyz3a(2®) + z24B(23) + y25v(23) + 2%8(2?)
where a(2%), B(z%), 7(%), 6(z) € C{%).

(cD/2) X ~ {p(z,y,2,u) = 0}/Z5(1,1,0,1) where ¢ has one of the following
forms:

(cD/2-1) p = u? + zyz + 2% + y?* + 2° where a, b> 2, ¢ > 3,

(cD/2-2) ¢ = u? + y2z + Ayz?t! + g(z,2) where A€ C, a > 1, g(z,2) €
(z*, 2222, 2%)C{z, 2}.

(cE/2) X ~ {u? + 23 + g(y,2)z + h(y,2) = 0}/Z2(0,1,1,1) where g(y,z) €
(y,2)*Cly, 2}, h(y, 2) € (y.2)*Cly, 2} \ (v, 2)°C{y, 2}
The index of X 1is equal to the order of the cyclic group Z,, .

In this paper, we shall study 3-dimensional terminal singularities of type
(cD/2).

The following theorem by [KSB88] (see also [Ste88]) completes the classi-
fication of 3-dimensional terminal singularities.

Theorem 2.4. Let X be one of the hyperquotient singularity {¢(z,y, z,u)
= 0}/Zy, listed in (2.3). Assume that p(z,y, z,u) = 0 defines an isolated singu-
larity at (0) and that the action of Zi, is free outside (0). Then X is terminal.

2.5. Let X be a germ of a 3-dimensional terminal singularity of index
m > 2 at P € X. Then there is an embedding j : X < (z,9, 2,u)/Zy, as in
(2.3). We fix one of such embedding and call it a standard embedding of X.

We also see from (2.3) that X can be deformed to a collection of cyclic
quotient terminal singularities (see [Hay99, 2.6] for details). We call the number
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of singularities in such a deformation the azial weight of X at P and we shall
denote this by aw(X, P) or simply aw(X) if there is no danger of confusion. If X
is smooth or has an isolated cDV point at P, then we shall define aw(X, P) = 1.
The explicit value of aw(X, P) can be found in [Hay99, 2.6].

2.6. Let X be a germ of a normal variety such that Kx is Q-Cartier.
For a projective birational morphism ¢ : Z — X from a normal variety Z
such that Kz is Q-Cartier, we write

Kz =v"(Kx)+ Y a(F,X)F

where F runs over prime divisors on Z and a(F,X) € Q. The coefficient
a(F, X) is called the discrepancy of F over X, this depends only on the discrete
valuation of the function field of X, and not on the particular choice of 1. We
sometimes identify prime divisors with the corresponding valuations when we
speak about divisors over X.

A projective birational morphism 7 : X — X is called a divisorial (resp.
pre-divisorial) blow up with discrepancy k if

(i) X has only terminal (resp. canonical) singularities,

(ii) the exceptional set of 7 is an irreducible divisor F, and

(ii) Ky = m*(Kx) + kE.
We also say that  is divisorial (resp. pre-divisorial) with discrepancy k.

2.7. Let N =Z"+=(u,...,an)Z be the lattice and let e; = (0, ... ,I-{h,
...,0) € N (i =1,...,n). An element ¢ = =(ay,...,a,) € N is called a
weight if a1,... ,a, >0 and if e1,... ,e, and o generate N.

For each weight o, we can associate the function o-wt : C{z1,... ,z,} —
Q. This function is determined by the values o-wt(z1),...,0-wt(z,) (see

[Hay99, 3.4]). For f = > ,a;M; € C{z1,... ,zn}, oy € C, M; : monomi-
als, and for [ € Q, we define

fow=t= Y. oMy and fowsi= Y, oM.
o-wt(Mr)=l o-wt(Mr)>l

For f € C{zy,...,z,} and a monomial M, we shall write M € f when the
coefficient of M in the power series expansion of f is non-zero.
If a weight o is given, we have a projective birational morphism

7:Y =Y = (21, ,T0)/Zm (a1, ... ,0n)

which is called the weighted blow up associated to o or simply the o-blow up of
Y (see [Hay99, 3.2]). The variety Y is covered by n affine open sets Uy, ... ,Up,.



428 TAKAYUKI HAYAKAWA

These affine open sets and 7 are described as follows:

2-th

Ui = (Z1,- Z0)/ T, (—a1,--. , M ... ,—0p)
i-th
Flo: 003 (F1,-. . 80) = (7,220,200, 5,55 ™) €Y.

The exceptional divisor E of 7 is isomorphic to the weighted projective space
]P’(al, . ,(ln).

Let ¢1,...,¢r € C{z1,... , 2} be Zy,-semi-invariants and let X = {¢; =
o= p = 0}/Zm(a,. .. ,an). Since X C (21,...,%0)/Zm(a1,... ,0n), We
can define the projective birational morphism 7 : X — X by taking the proper
transform. This morphism 7 is also called the weighted blow up associated to
o or o-blow up of X. Thus X is covered by Uy,...,U, where U; = U; |x
(i=1,...,n), and U; is called the z;-chart of X.

In this paper, we only use the cases n = 4 and n = 5, and we usually
denote the coordinates of C* (resp. C°) by (z,y,z,u) (resp. (z,¥,z,u,t)) (in
this order) instead of (z1,...,Zn). We denote the z-chart (resp. y-chart, z-
chart, u-chart, ¢-chart) by Uy (resp. Us, Us, Uy, Us), and the origin of U, is
denoted by @; (i=1,...,5).

2.8. Let X be a germ of a 3-dimensional terminal singularity of index
m > 2. Then there is a standard embedding j : X < (z,y, z,u)/Zm (e, 8,7, 9).

We say that j; : X <= (21,91, 21,%1)/Zm(a, B,7,0) is a liftable embedding
if there is a Zp,-equivariant automorphism ¥ : (z,v,2,u) — (z1,y1,21,U1)
such that j; = x o j where x : (z,y,2,u)/Zm — (Z1,Y1,21,u1)/Zm is the
automorphism induced by x. We can write

jl X ~ {gpl(xl,y1,z1,ul) - 0}/%(0[,,6, Y 5)
g (171791,Zl,ul)/Zm(Chﬁ’%&)

for some Zp,-semi-invariant ¢’ € C{z1,y1,21,u1}. Let vy = (j1,01) be a pair
consisting of a liftable embedding j; : X < (21,41, 21,u1)/Zn and a weight
o1 €74 + %(a,ﬁ,’y,é)Z. We define
d(v1) = o1-wt(z1y121u1) — o1-wit(p') — 1.
For a positive rational number k, we define
_ Iy | Ji1:X <= (21,1, 21, u1)/Zm liftable embedding }
We = {or = G | o1 € Z! + (0, B,7,6)Z weight, d(v)) = k '

We need another notion to study terminal singularities of type (cD/2). An
embedding js : X < (x2,Y2, 22, us,t2)/Zm (a, B,7,d,€) is called a generalized
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liftable embedding if there is a liftable embedding j; : X — (z1,y1,21,u1)/
Zm(a,B,7,8) and a Zp-equivariant morphism ¥ : (x1,%1,21,u1) —
(z2, Y2, 22, Uz, t2) of the form

X*(-'BZ) =T, )_(*(ZJZ) = Y1, )_C*(Z2) = 21, X*(’U’z) = U1
and x*(t2) = ¥(z1,v1, 21, u1)

such that jo = x o j1 where x : (z1,v1,21,u1)/Zm — (T2,Y2, 22, U2,t2) /Ly, is
the morphism induced by ¥.

If jo : X — (z2,Y2, 22, u2,t2)/Zm (a, 3,7, 0,€) is a generalized liftable em-
bedding, then we can write

g2+ X ~ {p1(x2, y2, 22, u2, t2) = @a(Z2, Y2, 22, U2, t2) = 0}/Zm (0, 8,7, 6, €)
C (z2,Y2, 22, u2,t2)/Zm (e, 8,7, 0, €)

where 1, @2 € C{za, Y2, 22, ua,t2} are Z,,-semi-invariants and we assume that
p2 = ta — (T2, Y2, 22, u2). We note that ¢ is not uniquely determined by 7s.
Let vy = (j2,02) be a pair consisting of a generalized liftable embedding js :
X < (z2,Y2, 22,U2,t2)/Zm (e, 8,7, 0, €) and a weight o9 € Z‘r’-i—%(a,ﬁ,'y,&, €)Z.
We define

d(va) = o2-wt(T2y22z2usts) — oo-wit(p1p2) — 1.

For a positive rational number &, we define

generalized liftable embedding

Ja: X ~{p1 =92 =0}/Zy, C (m2,y2,z2,u2,tz)/Zm}
o2 € % + 5 (a, 8,7, 6,€)Z weight, d(vz) = k

Wy = {112 = (J2,02)

Each element v € Wy (resp. v € W;), determines the projective bira-
tional morphism as in (2.7). This is called the vi-blow up (resp. va-blow up) of
X.

Since all embeddings in this paper are liftable or generalized liftable, we
often omit the word “liftable” and “generalized liftable”.

The following proposition is due to Danilov and Barlow (see [Reid87, (5.7)])
which shows the existence of economic resolutions of cyclic quotient terminal
singularities. In this paper, we use it in order to estimate the number of prime
divisors with small discrepancies.

Proposition 2.9. Let X = (z,y,2)/Zn(a,—a,1) (a is prime to m) be a
germ of a cyclic quotient terminal singularity of index m > 2. Then there is a
projective birational morphism v : Z — X such that

(i) Z is non-singular,
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(ii) Kz = v*(Kx) +ZI-':11 L F;, where E:’:ll F; is the exceptional divisor
of v. Furthermore, if D is a Q-Cartier Weil divisor on X defined by a Z, -
semi-invariant f(z,y,z) € C{z,y, z}, then

(iii) v*(D) = v YD)+ "7 " di F;, where v~![D] denotes the proper trans-
form of D by v, and d; = o;-wt(f(z,y, 2)), 0; = ({(ai/m), (—ai/m),i/m).

The following is also used to estimate the number of prime divisors with
small discrepancies (see [Hay99, 5.3]):

Proposition 2.10. Let X be a germ of a 3-dimensional terminal singu-
larity of indexm > 2. Let 7 : X — X be a divisorial blow up with discrepancy
1/m and let E be the exceptional divisor of m. Let v : Z — X be a projective
birational morphism such that Kz is Q-Cartier and )  F; be the ezceptional
divisor of v. If v*(E) = v~[E] + 3_ a;F;, then we have

a(F,-,X) = a(Fi,X) —I-ai/m

for each i. In particular, if Q € X is of indezx < m and Q € E, then there are
no prime divisors over @ with discrepancies 1/m over X.

§3. Main Results and an Outline of Proofs

The purpose of this paper is to prove the following theorems concerning
with terminal singularities of type (cD/2):

Theorem 3.1. Let X be a germ of a 3-dimensional terminal singularity
of type (cD/2) and let E be an arbitrary prime divisor over X with discrepancy
1/2. Then there exists v € Wy o U W{/z such that

(i) the v-blow up : X — X is pre-divisorial with discrepancy 1/2, and

(ii) E s the exceptional divisor of .

Furthermore, if  is divisorial with discrepancy 1/2, then we also have

(iii) ZQeX(aW(X’ Q)-1)<aw(X)-1.

Theorem 3.2. If X be a germ of a 3-dimensional terminal singularity
of type (cD/2), then X admits at least one divisorial blow up with discrepancy
1/2.

Theorem 3.3. Let X be a germ of a 3-dimensional terminal singularity
of type (cD/2). Letn be the number of prime divisors over X with discrepancies
1/2. Using the notation (2.3), we have the following:
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(cD/2-1)

1 ifa=b=2,
n=<2 ifa>3,b=2o0ra=2,b2>3,
3 ifa>3,b>3.

(cD/2-2) Let T-wit(z) = 1/2, T-wt(z) = 2 (resp. 7'-wt(z) = 1/2, 7'-wt(z) = 1)
and assume that T-wt(g(z,z)) = b (resp. 7’-wt(g(z,2)) =b'). We consider the
following conditions, (we think a = +oo if A = 0):

(i) 2a < V.

(ii) 2a > b/, V' is odd and g _wi—p' (T, 2) is a square.

(iii) 2a > V', V' is even and g,/ = (T, 2)2 s a square.

(iv) 2a = V' and ’\4—2x4“+2 — Grrwi=t (T, 2)2 i8 a square.
Then we have

. 2 min{2a + 2,6+ 3}] if (i), (ii), (iii) or (iv) holds,
B |2 min{2a,b+ 1} otherwise,

where || is the largest integer < a.

The method to prove these theorems is essentially the same as [Hay99].
We first find v € W /5 and make a v-blow up 7 : X — X. If « is divisorial with
discrepancy 1/2, then we further blow up X in order to count the number of
prime divisors with discrepancies 1/2 over X. Once we know this number, the
rest is only to find other blow ups which give divisorial or pre-divisorial blow
ups not isomorphic to w. In this process, we sometimes need an embedding
of X into (z,y,z,u,t)/Zy and a weight o. These calculations will be done in
Sections 4 and 5.

Combined with the results in [Hay99], we find all prime divisors with dis-
crepancies 1/m if X is a germ of a 3-dimensional terminal singularities of in-
dices m > 2. In particular, by using [Hay99, 4.5], (3.1) and (3.2), we get the
following;:

Theorem 3.4. Let X be a germ of a 3-dimensional terminal singularity
of index m > 2. Then there exists at least one divisorial blow up 7 : X — X
with discrepancy 1/m. Furthermore, we have

3 (aw(X, Q) — 1) < aw(X) — 1,

QeX
and the equality holds only if X is a cyclic quotient singularity or of type (cD/3).

We also have the following which will be proved by using (3.4) and the
induction on axial weights. The proof will be given in Section 6.
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Theorem 3.5. Let X be a germ of a 3-dimensional terminal singularity
of index m > 2. Then there is a sequence

Xn 2 Xy — - — X S X=X

such that

(i) X; has only terminal singularities (i = 0, 1,...,N) and furthermore
XN has only Gorenstein terminal singularities, and

(ii) m; s a divisorial blow up at P,_y € X;_1 with discrepancy 1/m;, where
m; is the index at P;_; (i=1,...,N).

Let m : Xy — X be the projective birational morphism obtained by com-
posing m,... ,mx in (3.5), and let E be the exceptional divisor of 7. Then all
divisors with discrepancies < 1 over X appear as the irrreducible component
of E. However, some irreducible components of F may have discrepancy > 1
over X.

§4. Terminal Singularities of Type (cD/2-1)

4.1. In this section, X denotes a germ of a 3-dimensional terminal sin-
gularity of type (cD/2-1). There is a standard embedding

7 X 2 {u® +zyz + 22 +y® + 2° = 0}/22(1,1,0,1)
c (377?;/, 2, u)/Z2(17 1,0, 1)

where a, b > 2 and ¢ > 3. We have aw(X) = c in this case. By symmetry of =
and y, we may assume that a > b.

Lemma 4.2. If a weight o € Z* + $(1,1,0,1)Z satisfies (j,0) € Wi 2,
then o = 1(1,1,2,1), $(1,1,2,3), 1(1,3,2,3), £(3,1,2,3) or 3(1,1,4,3).

Proof. Let ¢ = u? + zyz + 22* + 2 + 2°. We write w = o-wt. Since
zyz € o, we see that w(z) + w(y) + w(z) > w(p). Thus we have
1/2 = w(zyzu) — w(p) — 1 > w(u) — 1,

and we get w(u) = 1/2 or 3/2. If w(u) = 1/2, then u? € ¢ shows that
w(p) =1 and w(zyz) = 2, thus 0 = 3(1,1,2,1). If w(u) = 3/2, then w(p) =2
or 3 since a, b > 2, ¢ > 3. In this case we have w(zyz) = 2 or 3 and know that
o=1%(1,1,2,3), 1(1,3,2,3), 3(3,1,2,3) or 3(1,1,4,3). O

We define
o1 =1(1,1,2,3), 02 = 1(1,3,2,3), 04 = 1(3,1,2,3) and 03 = 1(1,1,4,3).
)

We also define vy = (j,01), va = (j,02), v3 = (j,0%) and vz = (j, 03).
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§4-A. Case: a=b=2

4.3. We first assume that a = b = 2 and study this case in (4.4). It is
easy to see that v; € Wy, in this case.

Proposition 4.4. Assume that a = b = 2. Let m : X; — X be the
v1-blow up and let E; be the exceptional divisor of m;. Then my is divisorial
with discrepancy 1/2 and 3 5%, (aw(X1,Q) — 1) = ¢ — 3. Moreover, E; is the
unique prime divisor with discrepancy 1/2 over X.

Proof. Since E; ~ {zyz + z* + y* = 0} C P(1,1,2,3), we see that E is
Cartier outside {Q3,Q4} and that Sing(E;) = {z = y = 0}. Hence we need
only the z-chart Us and the u-chart Uy in order to study singularities of X;:

Us = {za® + 25+ 7* + 7* + 272 = 0}/Z(1,1,0, 1),
Uy ={a+zgz+z* +7* +12°2%2° = 0}/Z3(2,2,1,2).

The origin Q3 of Us is terminal of type (cA/2) with axial weight ¢ — 2, the
origin Q4 of Uy is isomorphic to (Z,7, 2)/Z3(1,1,2), and other singularities on
X are all isolated cDV points. Therefore X; has only terminal singularities
and ) %, (aw(X1,Q) — 1) = ¢ — 3. Since E; is irreducible and d(v;) = 1/2,
w1 is divisorial with discrepancy 1/2.

We can resolve the origin Q4 of Uy by using (2.9) and get a projective
birational morphism v : Z — X; such that Kz = v*(Kx,) + +F1 + 2F,
where F} + F3 is the exceptional divisor of v over 4. Since E; is defined
by Zyz + * + §* = 0 near Q4, we see that v*(E1) = v [Ey] + 3F1 + 3Fa.
Therefore a(F1,X)=1/3+1/2-4/3 =1 and a(F2,X) =2/3+1/2-5/3 = 3/2.
By (2.10), there are no prime divisors over @3 with discrepancies 1/2. Thus
E, is the unique prime divisor with discrepancy 1/2 over X. O

4.5. Thus (4.4) completes the proof of (3.1), (3.2) and (3.3) ifa =b=2.
§4-B. Case: a>3 and b=2

4.6. We next assume that ¢ > 3 and b = 2 and study this case in (4.7)
and (4.9). We easily see that vy € Wy, in this case.

Proposition 4.7. Assume thata > 3 andb=2. Let o : Xo — X be the
ve-blow up. Then s is divisorial with discrepancy 1/2 and 3" c %, (aw (X2, Q)—
1) = max{c — 3,1}. Furthermore, there are ezactly two prime divisors with
discrepancies 1/2 over X.
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Proof. Let E5 be the exceptional divisor of m3. Since
Ey ~ {u* + zyz + 6,,32° + 6.32° = 0} CP(1,3,2,3),

we see that Fy is Cartier outside {QQ,Qg} and that Sing(E2) C {z = u =
0} U{z = u = 0}. Since Q4 ¢ F2, X5 is covered by three affine open sets as
follows:

Uy ={a? + gz +3°3 4+ 2303520 4 7733 = 0} C C*,
U = {@? + 22+ 2%5° 3 + 53073 + 5°7%2° = 0}/Z5(2, 2, 1,0),
Us = {@? + 27 + 729273 4+ §%z3073 4+ 772 = 0}/Z,(1,1,0,1).

The origin Q2 of Us is terminal of type (cA/3) with axial weight 2. We see
that Q3 € Es if and only if ¢ > 4. If Q3 € E3, then the origin Q3 of Us
is terminal of type (cA/2) with axial weight ¢ — 3. Other singularities on
X, are all isolated cDV points. Hence X, has only terminal singularities and
> -0ex, (aw(X2,Q) — 1) = max{c — 3,1}. Since F; is irreducible and d(ve) =
1/2, we see that 7o is divisorial with discrepancy 1/2.

By [Hay99, 6.4], there is only one prime divisor with discrepancy 1/3 over
the origin @2 of the y-chart U, and there is a projective birational morphism
v: Z — Xy such that Kz = v*(Kx,)+ 1 F where F is the exceptional divisor of
v over (J2. Since v is obtained by the %(1, 1,2, 3)-blow up of U, and since Fs is
defined by § = 0 on Uz, we have v*(E3) = v [E3]+1F. Hence a(F, X) = 1/3+
1/2-1/3 = 1/2. By (2.10), all other prime divisors over X have discrepancies
> 1. Therefore F; and F are the prime divisors with discrepancies 1/2 over
X. O

4.8. In the case a > 3 and b = 2, it is impossible to obtain a liftable
embedding j : X < C*/Z,(1,1,0,1) and a weight o such that the (j, o)-blow up
of X is divisorial with discrepancy 1/2 and is different from 73 in (4.7). Instead,
we use the generalized liftable embedding j' : X — (z,y, 2,u,t)/Z2(1,1,0,1,1)
such that

u+yt+2224+26=0
s J/mL01D)

C (z,v,2,u,t)/Z2(1,1,0,1,1).

j':X:{

We define o = 1(1,1,2,3,5), then we have v' = (j/,0') € W{/z-

Proposition 4.9. Assume that a >3 andb=2. Let 7' : X' — X be the
v'-blow up. Then 7’ is divisorial with discrepancy 1/2 and 3o %/ (aw (X', Q) —
1) = max{c — 4,0}. Moreover, ' and o in (4.7) are not isomorphic over X.
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Proof. Let E' be the exceptional divisor of #’. Since

B~ { u? + yt + 84,375 + 0,323 =0

$Z+y320 }QP(151127315)7

we see that E' is Cartier outside {Q3,Qs} N E’ and Sing(E") C {Q1,Q3,Qs}-
We also see that E' N {z =z =t =0} = 0, hence X' is covered by three affine
open sets as follows:

Uy ={a?+gt+z°3+33%2 =0, 3t —z— ¢° =0} C C5,
Us={a?+gt+ 22734+ 23=0, 2t -1 — §° = 0}/Z2(1,1,0,1,1),
Us={a® +g+ 723+ 23 =0, - 72— §° = 0}/Zs5(1,1,2,3,3).

It is easy to see that Q3 € E’ if and only if ¢ > 4. If Q3 € E’, then Q3
is terminal of type (cA/2) with axial weight ¢ — 3. The origin Qs of Us is
isomorphic to (Z, z,4)/Zs(1,2,3), and the origin @; of Uy is an isolated cDV
point. Thus X’ has only terminal singularities and )¢ o (aw(X,Q) —1) =
max{c—4,0}. Since E’ is irreducible and d(v') = 1/2, we see that 7’ is divisorial
with discrepancy 1/2.

Let D be the Q-Cartier Weil divisor on X defined by y = 0. Then we have

* - 1
W;(D) = WQ_I[D] + gEz and 7’ (D) =7 1[D] + §E’_

Thus 72 and 7’ are not isomorphic over X. O

4.10. In the case a > 3, b= 2, we saw in (4.7) that there are exactly two
prime divisors with discrepancies 1/2 over X. We also gave two divisorial blow
ups of X with discrepancies 1/2 in (4.7) and (4.9) which are not isomorphic
over X. Thus we complete the proof of (3.1), (3.2) and (3.3) ifa > 3 and b = 2.

§4-C. Case: a>3and b>3

4.11. Lastly we assume that a > 3 and b > 3. We shall treat this case
in (4.12). We easily see that vy, v5, v3 € Wy, in this case.

Proposition 4.12. Assume that a > 3 and b > 3. Let 1y : Xy —» X
(resp. wh : Xy — X, m3 : X3 — X) be the va-blow up (resp. vh-blow
up, vs-blow up). Then o, w4 and w3 are all divisorial with discrepancies
1/2. No two of these three blow ups are isomorphic over X and there are
ezactly three prime divisors with discrepancies 1/2 over X. Moreover, we
have 3 qex, (@W(X2,Q) — 1) = X gexy (aw(X3%,Q) — 1) = max{c — 3,1} and
ZQeXa(aW(X&Q) —1)=c-2.
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Proof. The calculations for mo and 7} are almost the same as in (4.7).
We shall treat the vs-blow up 73 here. Let F3 be the exceptional divisor of 3.
Since

Es ~ {u® + zyz + 6, 32° + 0p 3y° = 0} C (1,1, 4,3),

we see that Ej3 is Cartier outside {Q3} and that Sing(E3) C {z =u = 0}U{y =
u = 0}. Since Q4 & E3, X3 is covered by three affine open sets as follows:

Up = {@*+gz+z° %+ 20735% + 723z = 0} C C*,
U2 — {62 +.’f‘§+.2_22aga_3 + gb-3 + g2c—32c — O} C C4,
Us = {@® + 27+ 322273 + g%3°73 + 22°73 = 0}/Z4(1, 1,2, 3).

The origin Q3 of Us is terminal of type (cAx/4) with axial weight ¢ — 1 and
other singularities are all isolated cDV points. Hence X3 has only terminal
singularities and )", ¢, (aw(X3,Q) — 1) = ¢ — 2. Thus we see that m3 is
divisorial with discrepancy 1/2 since d(v3) = 1/2.

Let D; be the Q-Cartier Weil divisor on X defined by = 0. Then we
have

. - 1 . - 3
m3(D1) = m3 ' [D1] + 5 Bz, " (Dh) = YDy + B

1
and F;(Dl) = W;l[Dl] + §E3

where E5 (resp. E}) is the exceptional divisor of mo (resp. m5). Therefore
is not isomorphic to w3 and 73 over X. By considering the divisors defined by
y =0 and z = 0, we see that 72, 7} and 73 are not mutually isomorphic over
X.

In order to calculate the number of prime divisors with discrepancies 1/2,
we use the vs-blow up as the first blow up. The origin Q3 of the z-chart Us of
X3 is the unique non-Gorenstein point of X3 and it is terminal of type (cAx/4).
By [Hay99, 7.4, 7.9], there are at most two prime divisors with discrepancies
1/4 over X3. Thus, by (2.10), we see that there are at most three prime divisors
(including F3) with discrepancies 1/2 over X. On the other hand, we already
have three prime divisors F3, E}, E3 which have discrepancies 1/2 over X.
Therefore there are exactly three prime divisors with discrepancies 1/2 over
X. d

4.13. In the case a, b > 3, we saw in (4.12) that there are exactly three
prime divisors with discrepancies 1/2 over X. We also gave three divisorial
blow ups of X with discrepancies 1/2, and they are not mutually isomorphic
over X. Thus we complete the proof of (3.1), (3.2) and (3.3) if a, b > 3.
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§5. Terminal Singularities of Type (cD/2-2)

5.1. In this section, X denotes a germ of a 3-dimensional terminal sin-
gularity of type (cD/2-2). There is a standard embedding

jiX ~{u®+ Y2z + Ayz2et! 4 g(z,2) =0}/Z,(1,1,0,1)
- (I,yaz,u)/%(lala():l)

where A € C, a > 1 and g(x,2) € (z* 2222, 23)C{z?,2}. We shall write
9(x,2) = 3, ; ai j2*27. We have aw(X) = min{j | ag,; # 0} in this case.

By considering a = +00 when A = 0, we shall always assume that A # 0.
This will cause no trouble in the following discussion.

Lemma 5.2. If a weight o € Z* + 3(1,1,0,1)Z satisfies (j,0) € Wy/a,
then o = 1(1,1,2,1), +(1,1,2,1 +2) or 3(1,1,4,1 + 2) for some positive odd
integer [.

Proof. Let ¢ = u? + y%2 + Ayz?**! + g(x, z). We write w = o-wt. Since
u?, y%z € p, we see that w(u) > w(p)/2 and 2w(y) + w(z) > w(p). Thus we
have

1/2 = w(zyzu) —w(p) — 1 > w(z) + w(z)/2 — 1,

and we see that w(z) = 1/2 and w(z) = 1 or 2. If w(z) = 1/2, w(z) = 2,
then the above inequalities shows that w(u) > w(p)/2, w(y) > w(y)/2—1 and
w(y)+w(u)—w(p) < 1. Hence we get w(u) = w(y)+1. In the case w(z) = 1/2,
w(z) = 1, we can argue similarly to get w(u) = w(y) or w(u) =w(y)+1. O

These are the candidates of weights when one wants to blow up X using
(4,0) € Wyya.

5.3. We denote mwit(z) = 1/2, 7-wit(z) = 2, and assume that b =
T-wt(g(z, z)) = min{i + 2j | a, ; # 0}. We denote

A={leZ|1<I!<min{2a—3,b—2}, [:0dd },

and define o; = %(1,l,4,l + 2), then it is easy to see that v; = (j,01) € W9
for I € A. We remark that A has |5 min{2a — 2,b — 1}| elements.

Furthermore, we denote 7/-wt(z) = 1/2, 7"-wt(z) = 1, and assume that
b = 7'-wit(g(z, z)) = min{i + j | a; ; # 0}.

Proposition 5.4. Under the notation (5.3), the v;-blow up m : X; — X
are all pre-divisorial with discrepancies 1/2. No two of these m; are isomorphic
over X. Furthermore, ifl € A is mazimal, then m is divisorial with discrepancy
1/2 and 3 gex, (aw(X1, Q) — 1) = aw(X) — (I + 3)/2.



438 TAKAYUKI HAYAKAWA

Proof. Let Ej be the exceptional divisor of m;. Since
E ~ {UZ + sz + /\5l,2a—3y$2a+1 + g‘r-wt=l+2(x7 Z) = O} c ]P(]-) 1)471 + 2))

we see that E; is Cartier outside {Q2, @3} and that Sing(E;) C {u = 0}. We
shall study singularities of X;. Since Q4 & Fj, X; is covered by three affine
open sets as follows:

{u + y Z + \Jze (1+3)/2 +g( 1/2 |z Z)/.’Dl+2 _ 0} C (C4
= {@? 4 z 4+ \g@~ +/2z20+1 4 gz51/2 327) /5312 = 0}/ 2 (1, -2, 4,2),
U3 — {u +y + /\yx2a+1 sa—(l+3)/2 +g(— s1/2 ,Z )/—l+2 _ O}/Z4(l,l,2,l+ 2)'

We first assume that [ is not maximal, i.e., | < min{2a — 5,b — 4}. Then
X, is singular along z-axis of U; and Z-axis of Uz which are all canonical.
The origin Q- of U, is also a singular point of X; and it is isomorphic to
(z,9,2)/Z(1,—2,2). Thus we see that X; has only canonical (non-terminal)
singularities.

Next, we assume that [ is maximal. Then we have [ = min{2a — 4,b — 3}
or | = min{2a — 3,b — 2}, and we see that X, has only isolated singularities
which are all terminal. In particular the origin Q3 of Us is terminal of type
(cAx/4) with axial weight aw(X) — (I + 1)/2. Therefore X; has only terminal
singularities and we have } o ¢, (aw(X;, Q) — 1) = aw(X) — (I + 3)/2.

Since E; is irreducible and d(v;) = 1/2, we see that K¢, = ] (Kx) + 3 El.

Let D be the Q-Cartier Weil divisor on X defined by y = 0. Then we have
77 (D) = m; '[D] + £ E;. Hence no two of m are isomorphic over X. O

Proposition 5.5. Let n be the number of prime divisors with discrepan-
cies 1/2 over X. Under the notation (5.3), we consider the following conditions:
(i) 2a < ¥'.
(ii) 2a > ¥, V' is odd and g, -wi=p (z,2) is a square.
(iii) 2a > b', b s even and gr/wi=p (T, 2)2 s a square.
(iv) 2a = b and —2-219%2 + g,/ i (z,2)2 is a square.
If we further assume that A # 0, then we have

|2 min{2a +2,b+3}] of (i), (ii), (iii) or (iv) holds,

5.5.1 <
( ) "= { |2 min{2a,b + 1} otherwise.

Proof. We first make a blow up m; : X; — X as in the proof of (5.4) with
! = min{2a — 3,b — 2} or | = min{2a — 4,b — 3}. By (2.10), we only need to
study prime divisors F' over X; with a(F, X;) < 1/2 in order to get an estimate
of n. So we shall study the origin Q2 of Us and Q3 of Us.
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We can resolve the origin Q2 of U, by using (2.9), and get a projective

birational morphism v : Z — X; such that Kz = v*(Kx,) + Zi;i 1 F; where

i;i F; is the exceptional divisor of v over Q2. Since F; is defined by 7 = 0

near ()2, we have

t=n/2, o 1 g
vE)=v B+ Y, ——F+ Y —Fu.
1=1 1=(l+1)/2
Thus we see that
) -2 1
Ly =g =12, (-1,
X)) =3V, 1 a_a
;4_5. l’:1 ifi=(1+1)/2,...,01-1.

Therefore, among F,, there are exactly (I —1)/2 = |2 min{2a — 2,6 — 1}] - 1
prime divisors with discrepancies 1/2 over X.

Next we study the singularity at Q3 € Us and prime divisors F' over Us
with a(F, X;) = 1/4. We have

Us = {17,2 + (,g + %j2a+12a—(l+3)/2)2 _ %2j4a+222a—l—3 + 9(521/2’ 22)/§l+2 — 0}

/Z4(1,1,2,1+ 2),

and it is of type (cAx/4). Let h(z,2) = —’\4—2:54”222“_’_3 +g(zz'/2,2%) /72
We denote 7-wt(z) = 1/4, 7-wt(z) = 1/2, and denote k = 7-wt(h(Z, z)). Then
k = min{2a,b'} — 1 —1/2. Since

2 _ 90— ]— .
_/\Tm4a—t—222a -3 if 20 < b/,

h‘T‘-’wt:k (:2_:7 2) = Z’L-f-j:b’ alijizj/zl_b +2 if 2a > b”
(X212 4 5 a2 ) 2V if 20 =1,

we see that hz_:—x(Z,Z) is a square if and only if (i), (ii), (iii) or (iv) holds.
By [Hay99, 7.4, 7.9], there are exactly two (resp. one) prime divisors with
discrepancies 1/4 over the origin Q3 of Us if h;_y:=k(Z, Z) is a square (resp. is
not a square). By (2.10), over the origin Q3 of Us, there are at most two (resp.
one) prime divisors F' with a(F,X) = 1/2 if (i), (ii), (iii) or (iv) holds (resp.
(1), (ii), (iii) and (iv) does not hold).

Therefore, including Ej, we see that

" < |3 min{2a + 2,b+3}] if (i), (ii), (iii) or (iv) holds,
~ | |3 min{2a,b+ 1}] otherwise.
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Remark 5.6. In fact, (5.5.1) holds with equality. Moreover (5.5.1) holds
with equality even if A = (). These will be proved by finding one or two more
prime divisors with discrepancies 1/2 over X which are different from F;. The
rest of this section is devoted to finding these prime divisors as the exceptional
divisors of divisorial or pre-divisorial blow ups of X. We shall do this by
dividing into several cases. We also remark that A = ) if and only if a = 1 or
b =2. If ¥’ = 2, then z* € g(z,2) and we have b =V'.

§5-A. Case: 2a < b

5.7. We first treat the case 2a < b'. In this case, we define o = 1(1,2a+
1,2,2a + 1), then v = (j,0) € Wy where j : X < (z,y.2,u)/Z(1,1,0,1)
is the standard embedding. We also need another embedding j' : X <
(z,9,2,u,t)/Z2(1,1,0,1,1) such that

2
gy f Ut tyt+g(z,z) =0
jox={ e }a(1,1,0,1,1)

C (z,9,2,u,t)/22(1,1,0,1,1).

We define o’ = 3(1,2a — 1,2,2a + 1,2a + 3) and v’ = (j/,0). It is easy to see
that v' € W] .

Proposition 5.8.  Under the notation and assumptions (5.7), the v-blow
upm: X — X is divisorial with discrepancy 1/2 and we have 20ex (aw(X, Q)—
1) = max{aw(X) — 2a — 1,1}.

Proof. Let E be the exceptional divisor of 7. Since
E~ {u2 + Ayz2ett 4 gr-wt=20a+1(2,2) =0} CP(1,2a + 1,2,2a + 1),

we see that E is Cartier outside {Q2, @3} N E and that Sing(E) C {z = u = 0}.
Since Q4 ¢ F, X is covered by three affine open sets as follows:

= {@% + 25%Z + A\j + g(z/%,22) /72! = 0} C C4,
U2 = {@® + gz + A% + g(z5"/?, gz)/gjz““ = 0}/Zat1(1,-2,2,0),
Us = {@® + 52 + A\gz2° ! + g(z2'/2, 7) )22+ = 0}/2,(1,1,0,1).

We always have aw(X) > b’ > 2a + 1 and easily see that Q3 € F if and only if
aw(X)=b =2a+1. If Q3 € F, then Q3 is at worst terminal of type (cD/2)
with axial weight aw(X) — 2a — 1. The origin Q2 of U is terminal of type
(cA/2a + 1) with axial weight 2. Other singularities of X are all isolated cDV
points. Hence X has only terminal singularities and Y oQex (aw(X,Q) — 1) =

max{aw(X) — 2a — 1,1}. Since F is irreducible and d(v ) =1/2, we see that 7
is divisorial with discrepancy 1/2. O
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Proposition 5.9.  Under the notation and assumptions (5.7), the v'-blow
upn' : X' — X is divisorial with discrepancy 1/2 and we have 3¢ 3. (aw(X', Q)
—1) = max{aw(X) — 2a — 2,0}.

Proof. Let E’ be the exceptional divisor of 7. Since

2

r o [ Uyt + grwt=2041(7,2) = 0 } _
E ~ { AV CP(1,2a —1,2,2a +1,2a + 3),
we see that E’ is Cartier outside {Q2,Qs, @5} ﬂ_E’ and Sing(E') C{z =y =
u=0}U{Q2}. Since {y =2=t=0}NE’" =0, X' is covered three affine open
sets as follows:

_ [ @ Hi+g(@g"?,52) /57 =0
= { IS T M (1-2,2,2,0),

_ [ @+ gt+g(zE'/?7) /22 =0
Us = { 52—37—)@2‘”1:0 }/22(1,1,0,1,1),

@P+g+ 3‘;{1/27§t Pa+l _
v={ ;E? - ,\5;2@2{ o Haass(1,-4,2,-2,-2),

We have aw(X) > b > 2a + 1 and it is easy to see that Q3 ¢ E’ if and only
if aw(X) = 2a+ 1. If Q3 € E’, then Q3 is at worst terminal of type (cD/2)
with axial weight aw(X) — 2a — 1. The origin Q3 of Uz (resp. Qs of Us)
is isomorphic to (Z,7,@)/Zae—1(1,—2,2) (resp. (Z,Z,4)/Z2q+3(1,2,—2)) and
other singularities of X’ are all isolated cDV points. Thus we see that X’ has
only terminal singularities and that }_ 2 (aw(X’,Q) — 1) = max{aw(X) —
2a — 2,0}. Since F’ is irreducible, we see that ' is divisorial with discrepancy
1/2. O

Proposition 5.10. If2a < ¥, then there are exactly a+1 prime divisors
with discrepancies 1/2 over X. Furthermore, there are ezactly three (resp. two)
divisorial blow ups of X with discrepancies 1/2 if a > 2 (resp. a = 1).

Proof. We remark that 2a + 2 < 2a +3 < b +3 < b+ 3 in this case.
We first estimate the number of prime divisors with discrepancies 1/2 in the
case A = (. If A= (), then we have a = 1 in our case. We use the v-blow up
7: X — X in (5.8) as the first blow up. The origin Q3 of Uy is terminal of type
(cA/3) and there is exactly one prime divisor with discrepancy 1/3 over Q2 by
[Hay99, 6.4]. Using (2.10), we see that there are at most two prime divisors
(including F) with discrepancies 1/2 over X. Thus we know that (5.5) is true
even if A =0 in the case 2a < V'.
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We already have a — 1 prime divisors E; with discrepancies 1/2 over X in
(5.4) and two more prime divisors £ and E’ in (5.8) and (5.9) respectively. If
D is the Cartier divisor on X defined by z = 0, then we have

77 (D) = n;Y[D] 4 2E;, 7*(D) = n~'[D] + E and #'*(D) = =’ '[D] + E.
By considering the Q-Cartier Weil divisor D’ on X defined by y = 0, we have

2a+ 1 20 — 1
E'.
2 2

(D) = =7 [D'] + E and ©'* (D)) = o' "' [D'] +

Thus we see that these a 4+ 1 prime divisors over X are all distinct.
The last part follows from (5.4), (5.8) and (5.9). If a =1, then A = () and
there is no 7; in this case. Od

5.11. Thus we complete the proof of (3.1), (3.2) and (3.3) if 2a < ¥'.

§5-B. Case: 2a > b’ and V' is odd

5.12. Next we assume that 2a > b’ and V' is odd. We first treat the
case where g,/_yi=p(,2) is not a square. We define o = 2(1,¢,2,V'), then
v = (j,0) € Wyjp where j : X — (x,y,2,u)/Z2(1,1,0,1) is the standard
embedding. We shall consider the following condition:

(5.12.1) b =bort=b—1lord =2a—1,
which is equivalent to

(5.12.2) 22’ € g(z,2) or 2222 € g(x, 2) or T2 € g(z,2) or b’ = 2a — 1.

Proposition 5.13. Under the notation and assumptions (5.12), the v-
blow up m : X — X is pre-divisorial with discrepancy 1/2. Furthermore,
is divisorial with discrepancy 1/2 if and only if (5.12.1) holds, and we have
ZQE)—{(aW()_(,Q) — 1) = max{aw(X) — b,1} if (5.12.1) holds.

Proof. Let E be the exceptional divisor of 7. Since

E ~ {u® 4+ grrwi—p (z,2) = 0} CP(1,0,2,0),

we see that E is Cartier outside {Q2,Q3} N E and that Sing(E) C {u = 0}.
Since Q4 ¢ E, X is covered by three affine open sets as follows:

Uy = {@® + 257 + Agz*~ ¥ ~V/2 1 g(z1/2,27) /7% = 0} C C,
Up = {a® + g2 + Az2 1o~ =012 4 g(z5"/2,57) /5% = 0}/Zw (1,-2,2,0),
Us = {@2 + 7z + Agz2et1z0- =072 4 g(z5'/2 5) /2" = 0}/Zx(1,1,0,1).
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We first assume that (5.12.1) does not hold. Then U; (resp. Us) has
singularities along the g-axis (resp. Z-axis), which are canonical. We always
have aw(X) > b’ and the equality holds if and only if Q3 ¢ E. If Q3 € E, then
Q@3 is at worst terminal of type (cD/2) with axial weight aw(X) — b’. Other
singularities of X are all isolated cDV points. Thus we see that X has only
canonical (non-terminal) singularities.

Next we assume that (5.12.1) holds. In this case singularities of X are all
isolated. The origin Q5 of Us is terminal of type (cA/b’) with axial weight 2, the
origin Q3 of Us has the same properties as above and other singularities of X
are all isolated cDV points. Hence we see that X has only terminal singularities
and that )", ¢ (aw(X, Q) — 1) = max{aw(X) — ¥/, 1}.

Since g,/wi—p (Z, ) is not a square, E is irreducible. We also have d(v) =
1/2. Thus we see that Kz = 7*(Kx) + 3 E. d

Proposition 5.14. If 2a > V', b is odd and g, wi—p(Z,2) is not a
square, then there are ezactly |3 min{2a,b+ 1}| prime divisors with discrep-
ancies 1/2 over X. Furthermore, there are exactly two (resp. one) diviso-
rial blow ups of X with discrepancies 1/2 if ¥ > min{2a — 1,b — 1} (resp.
b’ < min{2a — 1,b — 1}).

Proof. We always have A # () in this case since b’ > 3. The upper bound
of the number of prime divisors with discrepancies 1/2 is given in (5.5). On the
other hand, as in the proof of (5.10), E in (5.13) is different from E; in (5.4).
Thus we have exactly |4 min{2a,b+ 1}] prime divisors with discrepancies 1/2
over X. The last part follows from (5.4) and (5.13). O

5.15. The rest of this subsection is devoted to the case where 2a > b/, b/
is odd and g,/ yi=p (z, 2) is a square. We shall write g,_yi—p (z, 2) = —h(z, 2)2.
Let x+ : (z,y,2,u)/Zs — (21,Y1,21,u1)/Za be the automorphisms defined by

Xi(z1) =z, xi (1) =y, xi(z1) = z and xi(w1) = v+ h(z, 2),
and let j4 = xr 0j : X <= (z1,¥1,21,u1)/Z2(1,1,0,1) be the embeddings.

Then we have

g+ X ~ {u? F 2uih(z1, 21) + ¥221 + A 22+ g1 (21, 21) = 0}/2Z2(1,1,0,1)
g (xla Y1, 21, ul)/ZZ(]-; 1, 0’ 1)5

where g1(z,2) = gr-wt>p+1(2,2). We define o/ = 1(1,5,2,b' + 2), then we

have vy = (j+,0") € Wy/2. We again consider the condition (5.12.1) and divide

the cases whether (5.12.1) holds or not. In our situation, (5.12.1) is equivalent
to

(5.15.1) ¥ € h(z,2) or 1% € gy(z,2) or ' = 2a — 1.
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_ Proposition 5.16.  Under the notation and assumptions (5.15), let my. :
X3 — X be the vi-blow up. If (5.12.1) holds, then w4 are both divisorial with
discrepancies 1/2 and we have Yo ¢, (aw(Xx, Q) — 1) = max{aw(X) — ' —
2,0}.

Proof. Let E be the exceptional divisor of m1. Since

Ey ~ {F2uh(z,2) + y*2 + Ay 2a-192°* T + g1.7-wi=pr+1(z, 2) = 0}
CP1,,2,b +2),

we see that Ey is Cartier outside {Q2,@3,Q4} N E+. Then Xy is covered by
four affine open sets as follows:

U1 = {@%z T 2uh(1,2) + §°% + Aga*~ V2 4 g, (212, 22) /2" +1 = 0} C C*,

= (@’ F 20h(Z,2) + 2 + AT g I 4 gy (2972, 52) /77 = 0}
/Zb’ (17 _2’ 27 2))
Us = {@22 F 2ah(z, 1) + §° + Agz2et1ze O +D/2 4 gy (75172, 7) /291 = 0}
/25(1,1,0,1),

Uy = {@F 2h(z, 2) + 522 + Agz2Tlas~ O +0/2 4 g (za'/?, za)/a¥ ' = 0}
[Zara(—1,2,-2,2).

The origin Q2 of Us is isomorphic to (Z, 7, %) /Zy (1, —2,2) and the origin Q4 of
U, is isomorphic to (Z, g, Z)/Zy +2(1,—2,2). Since b’ is odd and g,/ wi—p (, 2)
is a square, we see that aw(X) > b’ + 1 and the equality holds if and only
if Q3 ¢ Ex. If Q3 € E, then Q3 is at worst terminal of type (cD/2) with
axial weight aw(X) — &' — 1. Other singularities of X4 are all isolated cDV
points. Hence X, has only terminal singularities and Y Qexs (aw(X4,Q) —
1) = max{aw(X) — b’ — 2,0}. Since F is irreducible and d(vy) = 1/2, we see
that w4 is divisorial with discrepancy 1/2. O

5.17. We shall continue our study on the case 2a > b/, V' is odd and
gr-wt=b (T, z) is a square. Here we assume that (5.12.1) does not hold. Then
we can write

h(z, z) = zhy(z, 2) and g1(z, z) = p(z, 2)z + q(z)

where 7/-wt(hi(z,2)) = V' /2 — 1, T"-wit(p(z, z)) > b’ and 7'-wt(q(z)) > b’ + 2.
Thus there are embeddings 74 : X < (z1,¥1,21,u1,%1)/Z2(1.1,0,1,0) such
that

+ Z1t1 + Azt 4 g(z1) =0
X :{ ul } (1,1,0,1,0
ty —y1 F 2urhi (1, 21) + p(21, 21) /Za( )

g (xlv Y1, zlaulatl)/ZZ(lv 1’ 07 170)
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We define o = Z(1,V,2,b' + 2,2b’ + 2), then we have v = (j},0") € Wi/z'
We shall consider the condition:

(5.17.1) b=b—2orb=b—3o0rb =2a-3.
This is equivalent to one of the following 8 conditions:

(5.17.2)
'+ € g(z,2), 122 € g(x,2), 2?12 € g(x, 2), TP € g(x, 2),
' +27 € g(z,2), 227222 € g(z, 2), 22623 € g(x,2) or b' =2a — 3.

In our situation, this is also equivalent to one of the following 7 conditions:

(5.17.3) 2 € hy(z, 2), 22 € g(z), 2210 € ¢(z),
1D € pla, ), 292 € pla,2), a2z € pla,2) or b =20 -3

Proposition 5.18.  Under the notation and assumptions (5.17), the v/, -
blow up 7, : X}, — X are both pre-divisorial with discrepancies 1/2. Further-
more, ' are both divisorial with discrepancies 1/2 if and only if (5.17.1) holds,
and we have ZQGX; (aw(X’,Q)—1) = max{aw(X)—b'—2,0} if (5.17.1) holds.

Proof. Let E’, be the exceptional divisor of 7). Since

E/ 2{ U1+z1t1+)\5b’ 2a— 3leC1a+ +Q‘r -~wt= b'+2( 1) 0 }
+ Y7 F 2urhi (21, 21) + Pr-wt=p (T1,21) = 0

CP(1,b',2,0' + 2,26 +2),

we see that E} is Cartier outside {@3, @Qs}NE’.. Since {z =z =t =0}NE} =
0, X', is covered by three affine open sets as follows:

U, — { 72 +zt2+ Agze— (O +3)/2 4 g(z1/2) /7 ”’ﬂ =0 } xed
tz — g2 £+ 2ahy (1, 2) — p(z/2,22)/2* =0

U3 _ { a2 +_f_+ /_\ga-:%—tlza _(b +3)/2 _t?(le_/Z)—/”zb +2_0 }
tz — 2 £+ 2uhy (z,1) — p(z2'/2,2) /2" =0
/Z5(1,1,0,1,0),

@2 + 7 + AGFete- 6 43)/2 4 g(5F1/2) /P42 =

U5:{ t— g% +2ahy (3, 2) — p(t/2,20) /2 =0 }

Loy +2(1,0, 2,5 +2, -2).

We see that the origin @ of the z-chart U; is at worst canonical. If (5.17.1)
holds, then at least one of the defining equations has non-zero constant or linear
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terms, and we see that Q; ¢ E’, or @, € X/, is an isolated cDV point. However,
if (5.17.1) does not hold, then @; € X/, is non-terminal.

The origin Q5 of Us is isomorphic to (Z,y,@)/Zoy +2(1,0,b" + 2). We
always have aw(X) > b’ + 1 and the equality holds if and only if Q3 ¢ F',.
If Qs € E',, then Q3 is at worst terminal of type (cD/2) with axial weight
aw(X) — b — 1. We also see that the singularities of X/, other than @, Q3 and
Qs are all isolated cDV points.

Since E!, is irreducible and d(v.) = 1/2, we see that K X, = " (Kx) +
A =

Proposition 5.19. If2a > b, b/ is odd and g/ yi=p (z, 2) is a square,
then there are eractly | min{2a + 2,b+ 3}] prime divisors with discrepancies
1/2 over X. Furthermore, there are exactly three (resp. one) divisorial blow
ups of X with discrepancies 1/2 if b > min{2a —3,b— 3} (resp. b’ < min{2a —
3,b— 3}).

Proof. In this case, we always have A # () and the upper bound of the
number of prime divisors with discrepancies 1/2 over X is given in (5.5). On
the other hand, as in the proof of (5.10), E4 in (5.16) and E’, in (5.18) are all
different from E; in (5.4). By considering the Q-Cartier Weil divisor Dy on X
defined by u + h(z, z) = 0, we see that

b +2
2
Hence £ and E_ in (5.16) are distinct prime divisors. Similarly, E’, and E’
are also distinct. Thus in any case, we have exactly L% min{2a+2,b+3}] prime

divisors with discrepancies 1/2 over X. The last part follows from (5.4), (5.16)
and (5.18). a

/
w3 (Dy) =73 [Dy] + Ey and 7% (Dy) = 721 [Dy] + 2 E-

5.20. By using propositions above, we complete the proof of (3.1), (3.2)
and (3.3) if 2a > b’ and ¥’ is odd.

§5-C. Case: 2a >V and b’ is even

5.21. In the case 2a > b’ and V' is even, we first assume that &' = b.
Then it is easy to see that o2 e 9(z, 2) and gr/_yi=p(Z, 2)z is not a square.
We define 0 = 1(1,8' — 1,2,' + 1), then we have v = (j,0) € W/, where
j: X <= (z,y,2,u)/Z2(1,1,0,1) is the standard embedding.

_ Proposition 5.22.  Under the notation and assumptions (5.21), let m :
X — X be the v-blow up. If b = b, then m is divisorial with discrepancy 1/2
and we have 3_ ¢ 5 (aw(X, Q) — 1) = max{aw(X) — ' — 1,0}.
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Proof. Let FE be the exceptional divisor of 7. Since
E >~ {y?2 + grrwi=p (z,2) = 0} CP(1,6' — 1,2, + 1),

we see that E is Cartier outside {Q2,Q3,Q4}NE and Sing(F) C {y = 0}u{z =
z =0}. Since @1 ¢ E, X is covered by three affine open sets as follows:

Uy = {@25 + 2 + Ag° Y 22294  g(25V/2%,52) /3" = 0} 7w _1(1,-2,2,2),
Us = {#z + 5 + A\gz2* 150782 4 g(22Y/2,2) /2" = 0}/75(1,1,0,1),
Us = {u + 5°2 + A\gz2eta® v /2 4 g(za'/?, zu) /a® = 0}/Zy 11 (1, —2,2, -2).

The origin Q2 of Us is isomorphic to (Z,y, @)/Zy —1(1,—2,2) and the origin Q4
of Uy is isomorphic to (Z,,2)/Zy +1(1,—2,2). We always have aw(X) > b’
and the equality holds if and only if Q3 ¢ E. If Q3 € E, then Q3 is at worst
terminal of type (cD/2) with axial weight aw(X) — b'. Other singularities of
X are all isolated ¢cDV points. Hence X has only terminal singularities and
Yoex(@w(X,Q) — 1) = max{aw(X) — b’ — 1,0}. Since E is irreducible and
d(v) = 1/2, we see that 7 is divisorial with discrepancy 1/2. O

5.23. In the case 2a > b’ and ¥’ is even, we next assume that b <
b— 1. Then z?* ¢ g(z,z) and we can write g(z,2) = p(z,2)z + q(r) where
T'-wt(p(z,2)) = b — 1 and 7-wi(q(z)) > b + 1.

5.24. Under the situation (5.23), we first assume that g,/ yi—p (z,2)z is
not a square. Then p,/_yt—p —1(Z, 2) is not a square. In this case there is an
embedding j' : X < (z,y,2,u,t)/Z2(1,1,0,1,0) such that

u? + 2t + Ayx?3t +q(z) =0
t=y2 +p(.‘L‘,Z) }/22(1’1’07170)

C (z,y,2,u,t)/Z5(1,1,0,1,0).

We define o/ = 1(1,8' — 1,2,¥’ + 1,2b'), then we have v' = (j',0") € Wi - We
shall consider the condition:

j':X:{

(5.24.1) V=b—1lorbt =b—-2o0rb =2a-2,
which is equivalent to one of the following 6 conditions:

212 € g(z,2), 22722 € g(a,2), T € g(a, 2),

5.24.2 / /
( ) 2?0 2 € g(z,2), 2% 422 € g(z,2) or b = 2a — 2.

In the above situation, this is also equivalent to one of the following 6 conditions:

22’42 ¢ g(z), o2+ € q(z), 2’2 ¢ p(z, 2),

5.24.3 / '
( ) ? € p(z,2), 2 %2 € p(z,2) or b’ = 2a — 2.
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Proposition 5.25. Under the notation and assumptions (5.24), the v'-
blow up 7' : X' — X is pre-divisorial with discrepancy 1/2. Furthermore, m'
is divisorial with discrepancy 1/2 if and only if (5.24.1) holds, and we have
Y oex (@w(X', Q) — 1) = max{aw(X) — b’ — 1,0} if (5.24.1) holds.

Proof. Let E' be the exceptional divisor of . Since

E ~ { u? + 2t + My 202y + grrwpi=pr41(2) = 0 }
- y2 +p‘r’-wt=b’—1(-r7 Z) =0
CP(,Y —1,2,b +1,2V),

we see that E' is Cartier outside {Q3,Qs} N E’ and that Sing(E’) C {y =
0}U{z=u=0}. Since {r=2=t=0}NE" =0, X' is covered by three affine
open sets as follows:

U _{ u? + 2t + Ayz® 1Y /2 4 og(2V/2) 2 =0 }C o5
! tr —y? — p(z'/2,z2) /z¥ "1 =0 =

U _{ u2+t+)\yx2a+lza—1—b'/2_*_q(le/Z)/Zb'-:—l =0 }
8= tz —y? —p(z2'/2,2) /2" "1 =0

/Z,(1,1,0,1,0),

U ~{ u +z+/\yz2a+lta 1—- b/2+Q( t1/2 /tb+1—0 }
5 t—y? — p(xtt/?, 2t) /tP "1 =0

[Zoy (1,0 — 1,2,0' +1,-2),

We see that the origin Q; of Uy is at worst canonical. If (5.24.1) holds, then at
least one of the defining equations of U; has non-zero constant or linear terms,
and we see that Q; ¢ E’ or Q; € X' is an isolated cDV point. Otherwise
Q1 € X' is non-terminal.

The origin Qs of Us is isomorphic to (Z,7,@)/Zay (1,b" — 1,0 + 1). We
always have aw(X) > b’ and the equality holds if and only if Q3 &€ F’. If Q3 €
E’, then Qs is at worst terminal of type (¢D/2) with axial weight aw(X) — b'.
Singularities of X’ other than @1, Q3 and Qs are all isolated cDV points.

Since E’ is irreducible and d(v') = 1/2, we see that K5, = n'"(Kx) +
gy O
SE.

Proposition 5.26. If 2a > V', b’ is even and g, _wi—p (T, 2)z is not a
square, then there are ezactly |3 min{2a,b+ 1}] prime divisors with discrep-
ancies 1/2 over X. Furthermore, there are exactly two (resp. one) divisorial
blow ups of X with discrepancies 1/2 if b > min{2a —2,b—2} and b > 3 (resp.
b' < min{2a — 2,b—2} or b=2).

Proof. In the case A = (), we have to estimate the number of prime
divisors with discrepancies 1/2 over X. Since &’ = 2, we have z* € g(z, 2) so
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that b = b’. We can use the v-blow up 7 : X — X in (5.22) as the first blow
up. The origin Q4 of Uy, is isomorphic to (Z,7,2)/Z3(1,1,2). By (2.9), there
is a projective birational morphism v : Z — X such that Kz = v*(Kx) +
%Fl + %Fg where F + F3 is the exceptional divisor of v. Since E is defined by
§2Z+Gr-wi=2(Z, Z) = 0 near Q4, we see that v*(E) = v~} [E]+35F1+3F,. Hence
we have a(F1,X)=1/3+1/2-4/3=1, a(F»,X) =2/3+1/2-5/3 =3/2 by
using (2.10). Thus we see that F is the unique prime divisor with discrepancy
1/2 over X. Thus we know that (5.5) is true even if A = 0.

On the other hand, as in the proof of (5.14), E in (5.22) and E’ in (5.25)
are both different from Ej in (5.4). Hence there are exactly |3 min{2a,b+ 1}
prime divisors with discrepancies 1/2 over X.

The last stetement follows from (5.4), (5.22) and (5.25). O

5.27. We shall continue our study on the case 2a > b’ and b is even.
The rest is devoted to the case where ¥ < b — 1 and g,/ yi=p'(z,2)z is a
square. We can write g, _yi—p (,2) = —h(z,2)%2. Let x4 : (z,y,2,u)/Zo —
(z1,Y1,21,u1)/Zy be the automorphisms defined by

x*(z1) =z, x*(y1) =y £ h(z, 2), x"(21) = z and x"(u1) = u,

and let j+ = x+0j : X <= (z1,y1,21,u1)/Z2(1,1,0,1) be the embeddings.
Then we have

Jr it X ~ {U% + yle F 2y121h(£€1, 21) + )\yll}%a+1+ gl($1,21)=0}/22(1, 1,0, 1)
g ($1,y1,21,ul)/z2(1,1,0, 1)

where g1(z,2) = gr-wt>pr+1(z,2). We define 07 = %(l,b’ +1,2,0' + 1), then
we have v+ = (j+,01) € Wy /2. We again consider the condition (5.24.1) which
is now equivalent to one of the following 5 conditions:

(5.27.1) 271 € h(z, 2), 2'*2 € gi(, 2), 2 € g (, 2),
o t®z € gi(z,2) or b = 2a — 2.

Proposition 5.28.  Under the notation and assumptions (5.27), the v-
blow up 7y : X4 — X are both pre-divisorial with discrepancies 1/2. Further-
more, T are both divisorial with discrepancies 1/2 if and only if (5.24.1) holds,
and we have 35 %, (aw(X+, Q) —1) = max{aw(X)—b'—1,1} if (5.24.1) holds.

Proof. Since

Ey ~ {u} F2y121h(21, 21) + 91,7 -wi=pr+1(T1, 21) = O}
CPR(LY +1,2,8 + 1),
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we see that E is Cartier outside {Q2, @3}NE. and that Sing(E4) C {u1 = 0}.
Since Q4 ¢ E1, X4 is covered by three affine open sets as follows:

Uy = {&® + z%2 7 2zh(1, 2) + A\gz®~ Y /? + g1 (Y2, 22) /2" = 0} C C,

Up = {#® + 2 F 22h(3, 2) + Ag® 0 28 + g1 (292, 52) /7" = 0}
/Zb'+1(1’ _21 27 0)7

Us = {,a2 + 522 F 2ﬂh(.’z', 1) + )\gi2a+1za—b’/2 + gl(izl/z, 5)/21”""1 — 0}
/Z2(1,1,0,1).

We first assume that (5.24.1) does not hold. Then U; (resp. Uz) has
singularities along g-axis (resp. Z-axis), which are canonical. We always have
aw(X) > b 41 and the equality holds if and only if Q3 & E+. If Q3 € E., then
Qs is at worst terminal of type (cD/2) with axial multuplicity aw(X) —b" — 1.
Other singularities of X are all isolated cDV points. Thus we see that X
has only canonical (non-terminal) singularities.

Next we assume that (5.24.1) holds. In this case, singularities of X are all
islated. The origin Q2 of U; is terminal of type (cA/b +1) with axial weight 2,
the origin ()3 of Us has the same properties as above, and other singular points
of X4 are all isolated ¢cDV points. Hence we see that X4 has only terminal
singularities and that 3o ¢ (aw(Xx,Q) — 1) = max{aw(X) — ' — 1,1}.

Since E is irreducible and d(v:) = 1/2, we have Kx_ = m+*(Kx) +

1E.. O

Proposition 5.29. If2a >V, b is even and g,/ yi—p (2, 2)2 is a square,
then there are ezactly | 2 min{2a + 2,b+ 3}] prime divisors with discrepancies
1/2 over X. Furthermore, there are exactly three (resp. one) divisorial blow
ups of X with discrepancies 1/2 if b’ > min{2a —2,b—2} (resp. b’ < min{2a —
2,b—2}).

Proof. If b' = 2, then g,/ _y1—2(x,2)2z = az0z*z which is not a square.
Hence A # 0 in this case. As in the proof of (5.14), Fy in (5.28) are both
different from F; in (5.4). We also see that F, and E_ are distinct prime
divisor over X. Therefore there are exactly | min{2a+2,b+3}] prime divisors
with discrepancies 1/2 over X. The last part follows from (5.4) and (5.28). O

5.30. By using propositions above, we complete the proof of (3.1), (3.2)
and (3.3) if 2a > b’ and ¥’ is even.
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§5-D. Case: 2a =V’

5.31. In the case 2a = b/, we first assume that 2242 — g, .,/ (z,2)z

4
is not a square. In this situation, we define o =

(1,6 — 1,2,8' + 1), then
v = (j,0) € Wy where j : X — (z,y,2,u)/Z(1,1,0,1) is the standard
embedding.

AN

Proposition 5.32.  Under the notation and assumptions (5.31), the v-
blow up m : X — X is divisorial with discrepancy 1/2 and we have
> oex(aw(X, Q) — 1) = max{aw(X) — b’ — 1,0}.

Proof. Let E be the exceptional divisor of 7. Since
E ~ {y?z + Myx® T 4 g pimp(z,2) = 0} CP(L,0 —1,2,0' + 1),

we see that E is Cartier outside {Q2, @3,Q4} N E. Then X is covered by four
affine open sets as follows:

Uy = {22z + %2 + Ay + g(2'/2,22)/2° = 0} C C4,

Uy = {@27 + z + A2t + g(25"/%,52) /7 = 0}/Zy _1(1,-2,2,2),

Us = {2z + §° + M\gz2 ! + g(z2"/2%,2) /2" = 0}/Z2(1,1,0,1),

Us = {t + %% + \gz2*t! + g(zu"/?, z0) /@¥ = 0}/Zw 41(1, 2,2, —2).

The origin Q2 of Uy is isomorphic to (Z, g, @)/Zy —1(1,—2,2) and the origin Q4
of Uy is isomorphic to (Z,7,2)/Zy +1(1,—2,2). We always have aw(X) > ¥V
and easily see that Q3 ¢ F if and only if aw(X) = &'. If Q3 € E, then
Qs is at worst terminal of type (cD/2) with axial weight aw(X) — b'. Other
singularities of X are all isolated ¢cDV points. Hence we see that X has only
terminal singularities and that ¢ x (aw(X,Q)—1) = max{aw(X)—b' —1,0}.

. 2 . .. .
Since ’\T:c4a+2 — gr-wit=b' (T, z)z is not a square, we see that F is irreducible.

Thus 7 is divisorial with discrepancy 1/2. O

Proposition 5.33. If 2a = b’ and ’\72:54““L2 — g wt=b (T,2)2 18 Mot a
square, then there are ezactly a prime divisors with discrepancies 1/2 over X.
Furthermore, there are ezactly two (resp. one) divisorial blow ups of X with
discrepancies 1/2 if a > 2 (resp. a = 1).

Proof. In the case A = (), we have to estimate the number of prime
divisors with discrepancies 1/2 over X. This can be done exactly the same
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way as in the proof of (5.26) and we know that F in (5.32) is the unique prime
divisor with discrepancy 1/2 over X. Thus (5.5) is true even in the case A = 0.
On the other hand, as in the proof of (5.14), £ in (5.32) is different from
E; in (5.4). Hence we have exactly a prime divisors with discrepancies 1/2 over
X.
The last part follows from (5.4) and (5.32). d

4a+2

5.34. In the case 2a = b’, we next assume that %x ~ Grr-wt=b (T, 2)z

is a square. Let
’\;m‘l‘”’z — rrwt=p (T, 2)z = (32%*1! + h(z, 2)2)*.
Then we have g,/ _wi—p (T, 2) = —Az?2T1h(x, 2) — h(z, 2)%2 and
j: X ~{u®+ (y— h(z,2))(yz + h(z, 2)z + Az? ) 491 (z, 2) =0} /Z2(1,1,0,1)
g (.’L‘, Y,z, u)/Z2(11 17 07 1)
where g1(z,2) = grwt>p+1(z,2). Let x : (2,y,2,u)/Zy — (z1,Y1,21,u1)/Zo
be the automorphism defined by
x"(z1) =z, x"(y1) =y — h(z,2), x*(z1) = 2z and x"(w1) = u.

Let j3 =xoj: X < (z1,y1,21,u1)/Z2(1,1,0,1) be the embedding. Then we
have

X ~ {u1 + y121 +2y1z1h(z1, 21) + /\ylxz‘”'l—l- g1(x1,21) =0}/Z(1,1,0,1)

— (xla Y1, Zl,Ul)/ZQ(]., 17 0’ 1)

We define o1 = %(1,()’ +1,2,b' + 1), then it is easy to see that v; = (j1,01) €
W /2. We also need another embedding jo : X=(x1,y1, 21, u1,%1)/Z2(1,1,0,1,1)
such that

~ uf +Z/1t1 +91(z1,21) =0 }
{ t1 = z1(y1 + 2h(z1,21)) + )\x2a+1 /2>(1,1,0,1,1)

] (xlaylazlaulytl)/ZZ(lv1a0a 1’1)
We define gy = %(1,b'—1,2,b’+1,b'+3), then we see that ve = (jo,02) € W{/z-

Proposition 5.35. Under the notation and assumptions (5.34), the v1-
blow up m1 : X1 — X is divisorial with discrepancy 1/2 and we have

ZQGXI (aW(leQ) -1)= max{aW(X) —-b -1, 1}_
Proof. Let E; be the exceptional divisor of 7;. Since

E, ~ {u2 + 2yzh(z, 2) + Ayz®* T + g1 rrwr—ir 11 (T, z) =0}
CP(L,b +1,2,0 +1),
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we see that E; is Cartier outside {Q2,Q3} N E;. Since Q4 € E;, X, is covered
by three affine open sets as follows:

Uy = {@? + 25°z + 25zh(1, 2) + A\j + g1("/%,22) /2" T = 0} C C*,

Up = {@% + §2 +22h(3, 2) + A2 491 (252, 52) /7" T =0}/ 2y 41 (1, -2, 2,0),
Us = {@% + 572 + 25h(Z, 1) + \gz>* ! + g (32"/2,2) /2! = 0}/Za(1,1,0,1).
The origin Q2 of Us is terminal of type (cA/b + 1) with axial weight 2. We
always have aw(X) > b’ + 1 and the equality holds if and only if Q3 ¢ E;. If
Q3 € E1, then Q3 is at worst terminal of type (cD/2) with axial weight aw(X)—

b — 1. Hence X has only terminal singularities and > 0ex, (aw(X1,Q) — 1) =

max{aw(X) — b — 1,1}. Since E; is irreducible and d(v;) = 1/2, we see that
m is divisorial with discrepancy 1/2. a

Proposition 5.36. Under the notation and assumptions (5.34), the vs-
blow up m2 : Xo — X is divisorial with discrepancy 1/2 and we have
> 0ex,(aw(X2,Q) — 1) = max{aw(X) — b’ — 2,0}.

Proof. Let E5 be the exceptional divisor of m5. Since

'LL2 + yt —+ gl,'r’-wt=b’+1(x, Z) =0 , , ,
By = { yz + 2zh(z,2) + Ax2*tl =0 } CP(Lb - 1,2, + 1,6 +3),

we see that Es is Cartier outside {Q2,Q3,Qs} N E. Since Q4 ¢ Ea, Xy is
covered by three affine open sets as follows:

U z{u + gt + g1 (172, :cz =
! tz —yz —2zh(1,2) — A =0

U___{u +t+ g1 (252 yz/yb+1—0
ty — z — 2zh(Z,2) — AZ2*T1 =0
@+ gt + g1(z2Y/%,2) /2" 1 =0
tz — gy —2h(z,1) — Ax2a+1 =0
Uy = { BT 0GR D 0

t— gz —2zh(Z,z) — Az? 1 =0

“}ec
}Zb/ (1,-2,2,2,4),
}

Us =

—~

/Z5(1,1,0,1,1),
}/Zb'+3(—1,2, -2,2,2).

The origin Q2 of Uy (resp. Qs of Us) is isomorphic to (Z,¥, @)/ Zy —1(1,—2,2)
(resp. (Z,%,49)/Zy+1(1,—2,2)). We always have aw(X) > b + 1 and the
equality holds if and only if Q3 € Es. If Q3 € Fs, then Q3 is at worst terminal
of type (cD/2) with axial weight aw(X) — & — 1. Other singularities of X, are
all isolated cDV points. Hence X, has only terminal singularities. Since Fs is
irreducible, we see that 2 is divisorial with discrepancy 1/2. O
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Proposition 5.37. If2a =1b' and ﬁ\;x‘l‘”‘z — g wi=b (T, 2)2 18 a square,
then there are exactly a + 1 prime divisors with discrepancies 1/2 over X.
Furthermore, there are ezactly three divisorial blow ups of X with discrepancies
1/2.

Proof. 1f 2a = b = 2, then )‘72336 — grrwt=2(x,2)z = 5\4—2136 —ag0z*z is not
a square. Hence A # () in this case. As in the proof of (5.14), we see that F;
in (5.35) and F5 in (5.36) are both different from E; in (5.4). By considering
the Q-Cartier Weil divisor D on X defined by y = 0, we see that

b +1 1 b —1

7} (D) = 77 D] + E; and 73(D) = n; '[D] + 5B

Thus D; and D, are distinct prime divisors over X. Therefore there are exactly
a + 1 prime divisors with discrepancies 1/2 over X. The last part follows from
(5.4), (5.35) and (5.36). O

5.38. By using propositions above, we complete the proof of (3.1), (3.2)
and (3.3) if 2a =¥/,

§6. Gorenstein Resolutions of Terminal Singularities

In this section, we shall give a proof of the following theorem, which we
already stated in (3.5).

Theorem 6.1. Let X be a germ of a 3-dimensional terminal singularity
of index m > 2. Then there is a sequence

XNﬂXN_1—>---——>X1 L))(()ZAX

such that

(1) X; has only terminal singularities (¢ = 0, 1,...,N) and furthermore
XN has only Gorenstein terminal singularities, and

(ii) m, is a divisorial blow up at P;_; € X,;_1 with discrepancy 1/m;, where
m; 1s the index at P,_1 (i=1,...,N).

The proof will be done by induction on axial weights. The following lemma
treats the case where the axial multiplicity is one and this is easily deduced
from [Kaw96] or [Reid87]:

Lemma 6.2. Let X = (z,y,2)/Zmn(a,—a,1) (0 < a < m, (a,m) = 1)
be a germ of a cyclic quotient terminal singularity of index m > 2 and let
7: X = X be the divisorial blow up with discrepancy 1/m. Then singularities
of X are all cyclic quotient terminal singularities of index < m.
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Proof. Since 7 is given by the %(a,m — a,1)-blow up of X, we easily
see that there are at most two singular points on X. These are both cyclic
quotient terminal singularities. One of them is of index a, and the other is of
index m — a. O

Proof of (6.1). Let X be a germ of a 3-dimensional terminal singularity
of index m > 2. We shall prove this by induction on aw(X).

If aw(X) = 1, then X is a cyclic quotient terminal singularity. By using
(6.2) and induction on the index, we can construct a sequence of blow ups as
required.

If aw(X) > 1, then there is a divisorial blow up m; : X7 — X with
discrepancy 1/m and we have

(%) Y (@w(X1,Q) - 1) < aw(X) -1

QeXi

by (3.4). If the inequality (x) is strict, we have aw (X1, Q) < aw(X) for each Q €
X3. By induction on aw(X), we can construct a sequence of blow ups for Xj.
Thus we complete the proof when the inequality (x) is strict. If (%) holds with
equality, then we shall study m; more closely. In this case, X is of type (cD/3)
and there is a unique non-Gorenstein point @1 € X7 which is of type (cAx/4) by
[Hay99, 4.5, 9.4]. There is a divisorial blow up 73 : Xo — X; with discrepancy
1/4 over X; and this satisfies ) pc , (aW(X2, R) — 1) < aw(X1,Q1) — 1. Thus
we have )" pcx. (aw(X2, R) — 1) < aw(X) — 1. We again use the induction
hypothesis on X5 and get a sequence of blow ups as required. O

References

[Alex94] Alexeev, V., General elephants of Q-Fano 3-folds, Comp. Math., 91 (1994), 91-116.
[Dan83] Danilov, V., Birational geometry of toric 3-folds, Math. USSR Izv., 21 (1983),
269-280.
[Hay99] Hayakawa, T., Blowing ups of 3-dimensional terminal singularities, Publ. RIMS,
Kyoto Univ., 35 (1999), 515-570.
[IT99] Ishii, S. and Tomari, M., Hypersurface non-rational singularities which look canon-
ical from their Newton Boundaries, Preprint.
[Kaw93] Kawamata, Y., The minimal discrepancy of a 3-fold terminal singularity, Appendix
to [Sho93].
, Divisorial contractions to 3-dimensional terminal quotient singularities,
Higher-dimensional complez varieties (Trento, 1994), de Gruyter, 1996, 241-246.
[KSB88] Kollar, J. and Shepard-Barron, N., Threefolds and deformation of surface singular-
ities, Inv. Math., 91 (1988), 299-338.
[Mori85] Mori, S., On 3-dimensional terminal singularities, Nagoya Math. J., 98 (1985),
43-66.
[MS84] Morrison D. and Stevens, G., Terminal quotient singularities in dimension three
and four, Proc. Amer. Math. Soc., 90 (1984), 15-20.

[Kaw96]




456 TAKAYUKI HAYAKAWA

[Reid80] Reid, M., Canonical threefolds, Géométrie Algébrique Angers (A. Beauville, ed.),
Sijthoff & Noordhoff, 1980, 273-310.

[Reid83] , Minimal models of canonical threefolds, Algebraic Varieties and Analitic
Varieties, Adv. Stud. Pure Math. 1, Kinokuniya and North-Holland, 1983, 131-180.
[Reid87] , Young person'’s guide to canonical singularities, Algebraic Geometry, Bow-

down 1985, Proc. Symp. Pure Math., 46 (1987), 345-416.
[Sho93] Shokurov, V., 3-fold log flips, Russian Acad. Sci. Izv. Math., 40 (1993), 95-202.
[Ste88] Stevens, J., On canonical singularities as total spaces of deformations, Abh. Math.
Sem. Unw. Hamburg, 58 (1988), 275-283.



