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Abstract

Let P(z,0) be a linear partial differential operator with holomorphic coefficients
in a neighborhood Q of = = 0 in C**!. Consider the equation P(z,d)u(z) = f(z),
where u(z) admits singularities on the surface K = {zo = 0} and f(z) has an asymp-
totic expansion of Gevrey type with respect to zo as 2o — 0. We study the possibility
of asymptotic expansion of u(z). We define the characteristic polygon of P(z,d) with
respect to K and characteristic indices. We discuss the behavior of u(z) in a neigh-
borhood of K, by using these notions. The main result is a generalization of that in
[6].

KEY WORDS: complex partial differential equations, solutions with asymptotic
expansion

§0. Introduction

Let P(z,0) be a linear partial differential operator with order m and holo-
morphic coefficients in a domain containing the origin z = 0 in C/*! and
K = {zy = 0}. In the present paper we consider

(Eq) P(z,0)u(z) = f(2),

where u(z) and f(z) are holomorphic except on K. The purpose of the present
paper is to study the behavior of singular solutions near K. First we note that
for given P(z,d) we can define the characteristic polygon ¥ with respect to K
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and exponents v, (0 <i<p),0=", <vp-1 < -+ <71 <Y = +00, which are
the slopes of the characteristic polygon ¥ and called characteristic indices with
respect to K. We study the relations between behaviors of singular solutions
near K and the characteristic indices.

Roughly speaking, the main result is the following:

Consider (Eq) and suppose that the following conditions (1), (2) and (3)
are satisfied.
(1) u(z) grows at most in some exponential order near zo = 0, that is, there is
a v > 0 such that for any € > 0 |u(z)| < Ccexp(e|zo| 7).

(2) f(2) has a Gevrey type asymptotic expansion, f(z) ~ ::f) n(2")28 with
[fn(2)| < AB"T'(n/v+1). as zo — 0 in a sectorial region 2(6) with respect
to 20-

(3) The traces of u(z) on some hypersurface S have also the asymptotic expan-
sion of the same type as f(z).

Then we conclude under some conditions on P(z,0), v and S that u(z) has

also an asymptotic expansion of the same Gevrey type as f(z), as zg tends to

0.

In the above assertion 7 is one of v, (i = 0,1,--- ,p—1). It is a gener-
alization of the main results of [5] and [6]. We treated the case v = 7,1 in
those papers. We studied in [5] the behavior of u(z) by analysis of an inte-
gral representation of solutions with singularities on K. In [6] we did not use
the representation but showed the possibility of asymptotic expansion of u(z),
by estimating the derivatives (0/0zp)"u(z). So the arguments in [6] were less
complicated and completely different from [5]. In the present paper we show
the main result by the estimate of derivatives of u(z), which follows [6].

In §1 we first define the characteristic polygon ¥. From ¥ we determine
the indices v, and polynomials xp,(2’,&’) (0 < i < p —1). Next we introduce
function spaces O(Q(6)) and Asy(,.}(©2(6)) which are subspaces of holomorphic
functions except on K. We give the main results (Theorem 1.4) and examples.
The proof is given in the following sections. In §2 we give majorant functions
and estimate the derivatives of solutions. In §3, we give a result concerning
functions with asymptotic expansion and by combining it with the estimate
obtained, we complete the proof of Theorem 1.4.

81. Notations and Results

In this section we give notations and definitions and state results more pre-
cisely. The coordinates of C?*! are denoted by z = (2, 21, , 24) = (20,2') €
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C x C?. |z| = max{|z}; 0 <i < d} and |2/| = max{|z|; 1 <i < d}. Its dual
variables are £ = (£y,&') = (£0,&1, -+ ,&q)- N is the set of all nonnegative inte-
gers, N ={0,1,2,---}. For real number a, [a] means the integral part of a. The
differentiation is denoted by 8, = 8/0z,, and 0 = (0y, 01, ,04) = (0o, ?’).
For a multi-index a = (ap,a’) € Nx N¢, |a| = g + |o/] = Z;{:o a,. Define
0" = H;izo 0. We denote o = Hle o™ by 0 and §'al = H;izl £ by e

Now let P(z,0) be an m-th order linear partial differential operator with
holomorphic coefficients in a neighborhood of z = 0,

(1.1) P(z,0) = Y aa(2)0".

lal<m

Let j, be the valuation of a,(z) with respect to zy. Hence if a,(z) # 0,
an(2) = 2)"bo(z) with by (0,2") # 0 and for a,(z) = 0 put j, = +oo. Let
us proceed to define the characteristic polygon ¥ of P(z,0) with respect to
K = {Z(] = 0} Put

(1'2) €a = ja — Qo,

where e, = +o0 if an(z) = 0. We denote by Il(a,b) the infinite rectangle
{(z,y) € R%;z < a,y > b}. The characteristic polygon X is defined by ¥ :=
the convez hull of UyII(]a,eq). The boundary of ¥ consists of a vertical half
line 3(0), a horizontal half line ¥(p) and p — 1 segments 3(z) (1 <i <p—1)
with slope v,, 0=y, <vp_1 <--- <71 <y = +0oc.

Let {(k,,e(i)) € R*0 < i < p— 1} be vertices of ¥, where 0 < k,_; <
kp_o < -+ <k, <k,—1 <--- < ko=m.So the endpoints of (¢) (1 <7 <p—1)
are (k,—1,e(i — 1)) and (k,,e(4)).

Definition 1.1. The slope v, of (i) is called the i-th characteristic
index of P(z,8) with respect to K = {zp = 0}.

The definition of the characteristic indices in this paper is slightly different
from that in 4], where the characteristic indices were denoted by o,, and v, =
o, — 1 (0 <1i<p) holds.

Now we notice the vertices of the polygon . So put subsets A(i) of
multi-indices and quantities [, (0 <17 < p — 1) as follows:

{ A®) = {a e N ol = K,y ja — a0 = e(i)},

(1.3) I, = max{|e’| : @€ A()}.

Define a subset Ag(i) of A(%)

(1.4) Ao(d) = {o € A fa| = 1)
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%(0)
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o (kp—h e(p - 1))

Figure 1. Characteristic polygon

If a € Ag(i), jo = €(i) — k, +1,. So j, does not depend on « for a € Ag(7).
Hence we can define a polynomial xp,(2',&') in £ by

(1.5) xpa(2,€) = Y ba(0,2)€%,

which is homogeneous in ¢ with degree I, and plays an important role in the
present paper.

Next let us define spaces of holomorphic functions in some regions. Let 2 =
Q0 x ' be a polydisk with Qy = {29 € C!; |29| < R} and ¥ = {2’ € C%; || <
R} for some positive constant R. Put Q(8) = {z0 € Qo — {0}; |arg zo| < 0}
and Q(0) = Qp(0) x Q. O(Q) (O(Y), O(02(0))) is the set of all holomorphic
functions on  (resp. ', Q(0)). O(Q(0)) contains multi-valued functions, if
0> .

We introduce the subspaces O (Q(0)) and Asy,.;(€2(0)) of O(2(0)).

Definition 1.2. O(,)(2(f)) (0 < & < +o0) is the set of all u(z) €
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O(9Q(0)) such that for any £ > 0 and any 6’ with 0 < 6’ < 6
(1.6) lu(z)| < Cexp(elzo| ") for z € Q")

holds for a constant C = C(e, 0"). We put O(4)(2(8)) = O(2(0)) for k = +o00.

Definition 1.3. Asy,}(2(0)) (0 < & < +00) is the set of all u(z) €
O(Q(0)) such that for any 6’ with 0 < 8’ < 6 and any N € N

N-1
(1.7) lu(z) — Z un(2)zg] < ABN|2|NT (—];—[ + 1) z € Q(0"),

n=0

where u,,(2') € O(Q') (n € N), holds for constants A = A(#’) and B = B(¢').

We say that u(z) € Asyy,;(Q2(0)) has an asymptotic expansion with Gevrey
exponent (or index) . u(2) € Asy(; o) (€2(0)) means that u(z) is holomorphic
at z = 0.

We give a condition on P(z,0) considered in the present paper. For fixed
i(0<i<p-1),

(C)) ja =0forall a € Ag(i).
The main result is the following.

Theorem 1.4. Suppose that P(z,0) satisfies (C,) and XP,I(O,él) # 0,
¢ =(1,0,---,0). Let u(z) € O, )(2(0)) be a solution of

(1.9 P(.0)u(2) = f(2) € Asyp,,y(0))
such that
(1.9) u(z2,0,2") € Asy 1 (Q0) N {z1 =0}) for 0<h<I -1

Then there is a polydisk W centered at z = 0 such that u(z) € Asy, (W(0)).

We considered in [6] the case ¢ = p — 1 and [,_; = 0 and obtained the
same result for this case. If (C,) does not hold, u(z) does not have asymptotic
expansion but the behaviors of solutions become less regular. We studied in [7]
the behaviors of solutions under the condition that i = p — 1 and [,_; = 0 but
that (Cp—1) does not always hold.

We give an example. Let us consider

(1.10) P(2,0) =0} + 0300 + 0%, 2= (20,21) € C*.
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We have

Yo = +OO, Y= 11 Y2 = 1/27 Y3 = 0’
xpo(2,6) =&, xpa(2,6) =€, xpa(z.&)=1
Obviously P(z, 0) satisfies (C,) and x p,(2',1) # 0 for ¢ = 0, 1, 2. Consequently

it follows from Theorem 1.4 that there is a polydisk W centered at z = 0 such
that

i=0: u(z) € Oy (A0)), 0u(z0,0) € AsY(100}(R0(0)) (0<h<4) and
f(2) € Asy(4503(Q2(0)) = u(2) € Asy(4o0) (W(0)),

i=1: u(z) € O)(28)), 8ru(z,0) € Asy(13(Q0(h)) (0<h<2) and
f(z) € Asy{1}(Q(9)) u(z) € Asyy(W(0)),

i=2: u(z) € Ony2)(U)), f(2) € Asyqr/2y(SU0)) = u(2) € Asyqi/2y(W(9)).

§2. Estimate of Derivatives

The purpose of this section is to obtain estimates of the derivatives

O u(z0, 2"). By using the obtained estimates, we show Theorem1.4 in the follow-
ing sections. So first let us study majorant functions. For formal power series
of one variable t, A(t) = > 7, Ant™ and B(t) = Y..7 , Bat™, A(t) < B(t)
means |A,| < B, for all n € N. Put

P (t) =kl (r — )" for k>0
(2.1)

P (¢t / Y (Ydr for k<0,

(h)

which satisfy (t) = p* () and if 0 < r < 1, oW () < w* (1), By

modifying 1) (t), define other majorant functions lII,E,s)(t) (keZ, seN)

tw(k)(t)} where 0<r <R <1

ey Wo- (1) {7
We have

Lemma 2.1. (1) The follouing inequalities hold:

1
R- R

CEDVRIDE A OES flON RO S falO}
(23)
U > (R- )70 (1) for R < R.
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2) Ifk>0,

(2.4) S0 < BP0 € ),

R/
(3) Ifk <0 and R > 2r,

2|]\‘|R/

(s+k) (s)
(25) d] (t) < \I’A‘ (t) < R — 2r

w(s+l\')(t)'

(4) Let|t! <r/2. Then

. 2k +1)
26) WO < g for k20,
| gy < 20 k<0
[ ()] < PTAT for k<0.

(5) Let|t| <r/2, R >2r, s >0 and k > 0. Then there exist constants Cy
and Cy such that

CoCrtegl

(27) W& (0] < ==k

The proofs are not difficult and we may refer it to [3] (see also [1] and [8]).
However for the convenience of the readers we give them.

Proof. (1) From the definition of \I;Ef))(t), (R — t)\Ili.O)(t) > 0. So (R —
t)‘lli,l)(t) > \IJE,O)(t) > 0. By induction on s we have (R — t)\I/f)(t) > 0. It
holds that

U (8) = R(d/dt)* (R — ) 30 (1) + (R — ) 2 W (1)),

So we have the second inequality and the third one. The fourth inequality

follows from (R — )" 1 (R — ) (t) = (1 — (R— R))(R— )" ¥ (¢) > 0.
(2) It is obvious that y(*T#)(t) < W7 (¢) for all k € Z. From (1) we have

(R — )" M) (1) < (R — r)~ 1M (¢). Hence the desired inequality follows.

+oo
(3) If k < 0, then R'(R' —t)~'w®W(t) = > Cpt" W /(r"+ (n 4 1)...

n=0
n

(n + |E])), where C,, = EO o _(72:::3&"1' llkq‘.)|]»|) (%)1 Since Cp = 1
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and for0<i<n
(nt1)---(n+lk) _ (ntlk[—it+1)-- n+|k|)
(n—i+1)---(n—i+k]) (n+1-1)--

() () ()
< (1 + y{—') <1+ |—l2”~)> <1+ |k'> <z +i|k’> < grHlkl

we have C,, < 2IFIR'/(R' — 2r). Hence W, (t) < 2FIR'/(R' — 2r)y¥) (), from
which the inequality in (3) follows.
(4) Let |t| < r/2. It is easy to show |[¢p¥) ()| < 281 k! /rk+L for k > 0. Let
== l+]k| k] £o0 4 k|
: t] lt] it _ 20t
k <0. Th ") (1)) < | = :
< en [0T(0)] < ; rIH 4+ 1) - (I +|k]) — rlk|! s rt = rlk|!

(5) Tt follows from (3) and (4) that [®%) (¢)] < 2FR/|y=F)(8)|/(R' — 2r).
We have for s > k [p57F)(1)] < 287 F+1 (s — k)1 /ps—h+1 < 2s—htlgl/(ps—htip)
and for k > s [ 7R ()] < 21t/F 5/ (r(k — s)!) < 28T1t|*%s!/(rk!). Hence
there exist constants Cy and C; such that ]\Il_)_( t)] < Co C’"“s!/k!. O

In order to estimate holomorphic functions in a domain that is sectorial
with respect to zg, let us introduce a series of majorant functions {\IJLS) (a;2);k €
Z,s € N},

(2.8) ‘I’,(\.s)(a; z) = (S) ( - + pz1+ 20+ + zd) ,
where 0 < 2r < ' <1,p>1,0<a < R/2 and 0 < ¢ < 1. For a domain
Q={zeC; || <R} (R <R<1), put

(2.9) Qa,c) = {z = (20,2'); |20 — a| < caR, |2'| < R}.

If [z0 — a] < caR, then |29| < a+ caR < 2a < R and Q(a,c) is a subset of Q.

For formal power series A(z) = 3" Aq(20—a)?° (') and B(z) = 3", Ba(20 —

a)®(2')® centered at (a,0,---,0), A(z) < B(z) means |[Ay| < B, for all
(a,0)

a € N¢*1. Define an integral operator 9, ' for v(z) € O(2(6)) as follows:
(2.10) o u(z) = /~ v(zo, 7, 2")dr
0

and 07 'v(z) = (87 )w(z) for L € N.

Lemma 2.2. Let v(z) € O(9(0)), 0 < ' < min{f,7/2} and c = sin@'.

Suppose that [v(z)] < Kgr.q on Qa,c). Then v(z) (<< Ky o(R—1)7! (<<
a.0') a,0’)

20— a
ng,a\lléo)(a; z), where t = Oc—a— +pz1+29+ -+ 2q.
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Proof. We have by Cauchy’s integral formula

ag Y — O‘_O' U(C,Z’)
80 v(zo, ) ) a 2mi ‘%C-‘al=aRsin 6’ (C - ZO)QO+1 dC

Hence |05°v(a, 2')| < Kpr qap!/(caR)* and |0%v(a,0')| < Ky 4a!/((ca)* R1).
Since 0 < 2r< R < R< 1,

v(z) < Kg/,a/<1—

p—a patzz+-+2
(a,0)

caR R

z a
< KG',a/(T‘ ( 0 + pz1 +Z2+'-~+Zd>> < Kg«va\Il(()O)(a; z).
(a,0") ca (a,0")

|

Lemma 2.3. Let a(z) = 2}b(z) (j € N) be a holomorphic function on
such that |b(z)| < B. Then a(z) (<< 2?BRa’(R —t)~! and
a,0")

o 22BRp“tal = _
(211) a(z)a \Il,(f)(a;z) (fﬁ/) W §€+’a|)(a§2)7
20 —

a
+pz1+ 22+ -+ 24
ca

where t =

Proof. We have |a(z)] < ((cR+1)a)? B < 2/ Ba’ on €(a, ¢) and by Lemma
2.2 a(z) (<§) 2’ BRa? (R—t)~!. Since 8“‘1’,&5)(&2) = pal(ca)_aollfi_sﬂat) (a; 2),
a,0’

we have (2.11) by the last inequality in (2.3) in Lemma 2.1. O

Lemma 2.4. Let w(z) be a solution of

{ dtw(z) = f(2),

(2.12) L y
0tw(20,0,2") =0 for 0<h<I[-1.

If f(2) (<§) \Ili,”l)(a;z), then w(z) (<§) p_l\I/i_J)(a; z).
a,0’ a,0’

Proof. The estimate of w(z) follows from (%p_lllfg)(a; z) = lIJECHP”(a; z).
O

Lemma 2.5. Let u(z) € Asyg,1(2(6)) (0 < v < +00). Then 8u(z) €
Asyi,3(QU0)) for h € N and for any 0 < ' < 0 there are constants M = M (')
and C = C(0') such that |0)u(z)| < MCPD(% +1), § =~/(v+ 1), n Q).



466 Suxao OucHl

Proof. Suppose u(z) has the asymptotic expansion (1.7) with Kk = ~.
Then it follows from Cauchy’s integral formula that dfu(z) € Asy41(92(0))
and for any 0 < 8’ < 0 there are constants A, = A,(8') (¢ = 1,2, 3,4) such that
|Obu(z) — ZnNz_Ol(n +h)- (4 Duggn(2)2f] < A’f“Ag’izolNh!F(% +1) <

AZFIT (% + 1)AY 20|V T(X + 1) and [8fu(z)| < AAT'T(2+1)in Q(¢). O
Now let us return to

(Eq) P(z,0)u(z) = f(2)-

The coefficients of P(z,d) are holomorphic in a domain containing Q = {z €
C¥*1;|z| < R}. Suppose that P(z,0) satisfies (C,). Then j, = 0 for all a €
Ao(i) and e(i) = —k, +1. xpP.(2,€) = 2 heng ) bal0; 2')€%" is a homogeneous
polynomial in & with degree [,. Further suppose that xp,(0,€') # 0, £ =
(1,0,---,0). Put a(i) = (—e(i),a’(i)) € Nx N¢, o/(i) = (1,,0,---,0). Then
bo(:)(0) # 0. Define m*(i) = max }(ea —e(7)).

{aieq <+o0
Proposition 2.6.  Suppose that P(z,d) satisfies (C,) and xp,(2',€) # 0
on®Q = {z' € C%|Z'| < R}, € = (1,0,---,0). Let u(z) € O((0)) be a solution
of (Eq) with &4u(2,0,2") =0 for 0 <1 < I, — 1 and f(2) € Asy(,,}(20)).
Let 0 < 0" < min{f,7/2} and ¢ = sin@'. Put M(a,c) = sup {|0fu(z)|; z €
Qa,c), 0 <n < max{—e(z),m*(7)} }.
Then there are constants A = A(6'),B and p = p(8’) > 1 which do not
depend on a such that the following estimates hold: if 0 <1 <p— 2,

(2.13)

+00 +00 \II([T}Lz(T}—Ll//%)]Tm)(a. z)
n ql, o n+1 h h —h—[h' /Y141 ’
PRI E) S, M(a,c) A" S B "+ 1) | Y al ,

h=0 h'=0
where 1/ + 00 =0 fori =0, and ifi =p — 1,
(2.14)

+oo
838ip—lu(z) (<§’) ]b[(a,c)A"H <Z Bh(n—|— l)h\pg;ll(l-i—l/%)]-i-m)(a;z))
* h=0

for n € N, where r, R, R are small positive constants with 2r < R’ < R < 1.

Proof. The assumption xp,(2',£') # 0 means a,(,)(0, 2") = ba)(2") # 0.
So we may assume aq(,)(2) = 1. Put v(z) := 84 u(z) and consider P(z,8)d; “v(z).
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We decompose P(z,8)dy " into two parts,

P(z2,0)07" = Q(2,0) + R(z,0),

Q(z,0)= > aa(2)0*07",
(2.15) {asea>e(n)}

R(z,0)= > aa(2)007".

{ea<e(2)}

We show (2.13) by induction on n. We may assume by Lemma 2.2 that (2.13)
holds for 0 < n < N — 1 with N > max{—e(i),m*(i)}. By differentiating
a0 (2)0%07 " v(2) (N + e(i))- times with respect to z,

(2.16)
N+ef1) .
aév_;_e(z)(aa(z)aaal-l,v(z)) = Z (N —|—T‘€(Z)> agaa(Z)aﬂlal—haév+ao+e(1)—1‘fu(z).
r=0

First let us estimate 6N+e( Q(z,0)v(z). So let a be a multi-index with
eq > €e(i). Supposer > j,. Then N+ag+e(i)—r < N+e(i)—e, < N—1. Hence
by the inductive hypothesis, Lemma 2.3 and Lemma 2.4 there is a constant C
such that

Pan(2)0% 07 Gy Ty (2)

+oo
< M(a,c)ANp =l Cptipl (Z B"N"

(a,0)
+ ([(N-rag+e(1 YA+1/v)]+ e | =L +m)
X f v — [ /7] (a’ "')
|a|™
h'=0

We have, by (eq — €(2))/v > || — ki,

[(N+ag+e@@)—r)(1+1/v)]+ |1

=[N+ 1/7%) + (e(i) —ea =7+ Ja) (1 +1/%)] + ]| = L,
=[N+ 1/%) + (e(i) = ea =7+ ja) /%] + 1| + (i) — ea = T+ jo — L,
Z[N(1+1/%)+(e(2)—ea—7“+Ja)/%]+lal—/» -r
<IN(L+1/%) = (r = Ja) /%] =7 < [N(L4+1/%)] -
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Hence by Lemma 2.1 we have for r > j,

(2.17)
Fan(2)0% 8710 Tty (2)

+00 +00 \I,([N(1+/1/71)]—T+m)(a' 2)
< M(a,C)ANpO“_l'Cg“rl Z Bh Nh z —h=[h'/7211]
h=0

(a.0) = la|™
+o0 +o0 \I,([N(1+1[/’Y})]+"]1)(w 2)
N oy—1, ~r+1_ h anth —h—r—[h'/v.41 !
(a<§/)M(a,c)A o Cyrr! hE_OB N h,g_o ol

Suppose 0 < 7 < j,. Then 0faq(z) = O(Jz0]?>~"). By the assumption N >
m*(i) and e, —e(i) > 0, we have 0 < N+e(i)—eq < N—1 and 8(1)V+a°+e(”"r =

83 "mgp ¢ So by Lemmas 2.3 and 2.4

O ag(2)0% 87 o) Tty (2)

+oo
< M(a,c) AN p*r Gt irlen e (Z B"N"
(207 h=0

+oo \II([(N—Fe(z)—ea)(1+1/7L)]+|a'1+J0—’r~ll+m) (a; Z)

v Z —h—[r'/yi41] P
a

h'=0

We have, by the relation (e — €(2))/v, > la| — ky,
[(N + e(l) - ea)(l + 1/72)] + ‘O‘,| +ja - r— lz
[N(1+1/’Yl)]+(e(2)_ea)+k1 — Oy +joc _T_lz

<
SINA+1/%)] -7

and

([((N+e(1)—ea)(1+1/v)]+|a |45 —r—litm) o
¥t ] (a:2)
(IN(1+1/3)]=r+m), ([N(14+1/7)]+m) .
LY, ) (a;2) < O L ] (a; 2).

Thus we have for 0 < 7 < j,

agaa(z)aouafl,aéV+ao+e(z)—rv(z) < M(a, C)ANpal—llcg—l—lr!Cr—]a

(a.0)
(218) +oo 400 ([N(1+1/’Yz)]+m)(a_ Z)
h arh —h—r—[h'/v41] !
(3 e (3% TR

h=0 h'=0

Hence, by choosing B such that B > 2C; and Lemma 2.1, there are constants
Ao = Ag(p,c) and A; = A;(p, c) such that
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85 T Q(z,0)v(z)

N+e(z) .
; N +e(7)
N r+1
(fﬁl) M{(a,c)AgA ( E ( . )CO 7!

r=0
+ oo +oo
S BN Y
=0 h'=0
N-+e(z) .
(N +e(i ))@5
= M(a,0)ApANCy | 3 fo O
— (N +e(4)

X ZBlNl

=0

(<< M(a,c)AgANCy
a,0’)

r=0 h’=0

> CpB

l+r=h

<M AgANC, NP
(a,0”) (a C) 0 0 Z (

= Z\I(a, C)AoANC()

Ni(Z)(NcO)T ZBlNl (Z
)%
V) (%

BhN” (

469

(IN(141/~)]+m)
—l=r—[R"/v141]

la|™

)

(IN(14+1/7,)] +m
Yo (' /7i41]

la|™

((N(1+1/7))
\Il—l r— h/%+1] )

+oo (IN(1+1/7,)] +m

h

la

1+1/'7L
=[n’ /‘Y.+1

—h—[h'/v,11]
la|™

“))
)
)
7))

[N (14+1/7:)]
< M(a,c)A AN Bh N e L ”’“}
(@,0") (@) Z h’—D ol
Next let us consider 3N+e(z 9)u(
9y " R(z,0)u(z) = RY (2,0)v(z >+R{V<z,a> (2),
(2.19)

(R (2,0)v(z)

{a;e(\ SC(Z)}
RY (2,0)v(2)

- ¥

{aiea<e(r)} 7a <r<N-+e(z)

min{ja.N+e(?)}

=0

r

)

We divide it into two parts,

(N +re(z)>86aa<z>aa’a;“aév““’*e(”‘Tv(z»

Z <‘]V_1_e@))8(1;0’0‘(2:)8@'81—1,8é\f-§—010+€(7)—T"U(z)7
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where if j, > N + e(i), RY(2,0)v(z) = 0. Let us estimate R (z,0)v(z). We
have
agaa(z)aa’al—lzago-l-e(l)—h8(1)V—r+]av(z)

< M(a,c)ANCy T rlpxh
OI

(a,
“+oo —+o00 \Il([(N‘r+]a)(1+l/'Yz)]+1a,|'ll+m) (a, Z)
h ath qeo+e(r)—Ja —h~[h'/v.41] ’
ZB N 80 Z |a]"'
h=0 h'=0
K M(a,c)ANCSHT!pal_"c_(e(l)'eﬂ)
(a.0")
+ + ((N=7r+3a)(1+1/7:)]+]a| =k —ga+m) .
Xo:oBhNh i \Ij_h_[h'/’hH] (a’ Z)
|alh’+e(z)—ea
h=0 h'=0
Since
(N =7 +7da)(1+1/%)] +|al — &k — jo
SINA+1/%)] -1+ ol =k
SIN(A+1/7)] =7 — (e(i) — ea)/Yit1s
we have
(IN=74+30)(A+1/7)]+|a| =k, —ga+m) [ . (IN(1+1/7,)]+m) .
Y b0 /3es1) (a; 2) (fﬁ,) U h (W te()—ca) 2] (5 2):

Hence we have, by choosing B with B > 2Cj,

RY(z,0)v(2)
N+e(e) .
(N4 e@)!
< MadaA¥ [ Y Y o AUR e
(a.0) {a; ea<e(?)} T=Ja+1 (N te(t) —r)!

+oo gy (IN(1+1/7)]+m)

s h aTh —r—h—[(h'+e(1)—e )/Hl](a%z)

N+e(2)
< M(a,c)4gANC, N7C}
< Meosra| Yy v
{a; ea<e(r)} r=7a+1

+00 +oo (N (1+1/7v:)]+m) (a. 2)

- —r—h—[(h'+e(r)—ea)/vit1)
;oBN l-;] la|h'+e()—ea
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C T
5, M@0 447G > (Z <§°>>

{a; ea<e(r)} \r>0

t+oo + (IN(141/7.,)]+m) .

i:.o i:.o Bh” \Il—_h” (v +€(Z en)/’Y:-H](a’ Z)

h''=0h'=0 oo

+oo +o0 ([N(1[+1//'yz)]]+m)(a_ 2)
—h—[h’

<  Ml(a,c)A; AN BN ka3
B P P

for some constants Ag = Ag(p,c) and A1 = A1(p,c). As for the estimate of the
derivatives of f(z) it follows from Lemma 2.5 that for any 0 < 6’ < @

08 F(2)] < MCPT(R(1 + —) + 1)

7

holds for z € (6’). Therefore we have

Ry (z,0)v(z) = Fn(2),
(220) N+e() N N+e(e

Fn(z) = —(0, Q(2,0) + BY (2,0))u(2) + 95 TV f(2),
where there is a constant 4; = A;(p, ¢) such that

Fn(z) < M(a,c)A AN

(a,0)
2.21 +o0 +oo g N(I+1/7)]+m) .
(221) ZBhNh z U (@52)
h=0 h'=0 lal®

Finally let us obtain the estimate of 8}’ v(z) by using the equation (2.20).
We have, by the assumption a,,)(2) =1,

(2.22)
Ry (2,0)v(=)

min{ja,N+e(z)}

DD DE G L PNCTAE R S e

{aeqn<e(r)} r=0
= (I + Kn(2,0)05 v(2),

where I is the identity operator and

N +e(i)

r

(223) KN(:,a) = Z’( )36(1(1(2)8&’81—1,68‘04—6(1)_
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0 < 7 < min{j,, N + e(i)}. Let a be a multi-index appearing in 3.". Then
e(i) —eq = e(i) — jo + @y > 0, 7 < j, and |a| < k,. Hence ag + (i) —r > 0.
Let us show I, > «y. It holds that

Here 3’ means the sum with respect to (a,r) # (a(i),0) with e, < e(i) and

L, :]\:1—|—€(’L') 2k1+ea:kl+ja_a0:kz +ja_!a|+!a/| > lali'

So if e(i) > eq or k; > || or jo > 0, we have [, > |&/| > a;. Let a be a
multi-index with e(i) = e,, |al = k, and j, = 0. Then a = (—e(i),a’) € Ay(7)
with |&'| = I, and a # «(i). Hence la| > a;. Thus we have I, > a; for «
appearing in the sum .

It follows from (2.20) and (2.22) that

+o00
(2.24) 0'v(z) =Y (—-Kn(2,0))°Fn(2).

s=0

Let us estimate Kn(z,0)Fn(z). We have from (2.21)

ZI (N =+ 6(2)) agaa(z)aa'al—l,a(C)YO—f-e(Z)—rFN(Z)

r

<< ]\C[(G,,C)AIANZI pal_lzcr+lc—e(l)_QD+T
(a,0") 0

+00 too GINO+1/v)]+al—k,—r4m

S e [ 35 T (a:2)
'alh’+e(z)~ea

h=0 h'=0

/
< M(a,c)A AN -1 CT+lc—e(1)—ao+r
&, (a,0) 4 ANp™ 1 [ Cp

+o0 (IN(14+1/~7)]+|a| =k, +m ](a;z)

+o0
h h+r _h'r_[(e(l)"'ea+hl)/71+l
Z BN Z |a|h’+e(z)—e0 ?
h=0 h'=0

where A; = A;(p,c) in (2.21). Hence, by choosing B > 2Cy, there is a constant
(' = C(c) which is independent of p such that

Kn(z,0)Fn(2)
-1 N ! —e(1)—ag+r r+1
((fg,) M(a,c)p™ Ai(p,c)A <z c o

+oo g (IN(A+1/7,)]+m)

+oo

h nrh+r —h—r—[(e(s)—ea+h’)/vi+1]
ZB N Z ,alih’+e(z)—ea
h=0 h’=0

(a;2)
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+oo +o00 ([JZ(l[Zl//wl)]]-i-m)(a. 2)
-1 N h ath —h—[h"/vi41 ’
< M(a,c)Cp~"A1A E B"N E ol .

(@,07) h=0 h'=0
By repeating this process, we obtain

(Kn(2,0))°Fn(2) (a<§,) M(a,c)(Cp~t)* A AN

(225) +o00 400 \IJ({N(1+,1/%)]T’”) (a. Z)
BhNh —h—[h /71+1,] ’
LN\ T

By choosing p, A so that Cp~! < 1/2 and A > 24,(p, c), we have

0o
0'v(z) = ) (Kn(2,0)) Fy(2)
s=0
400 +00 \II([N(1+,1/'YZ)]+7n)(a; Z)
< M a,c)AN+1 B N+ 1) —h—[h /71+1,] ,
(a,0") ( hzzo ( ) ]_L,Z:O |a|h

which means (2.13) for n = N.
Ifi=p—1,theney, >e(p—1) for all a. So

R(])V(27 a)v(z) _ Z Z (N —f;ﬂe(z)> agaa(z)aa'al—llaév+a0+6(1)~rv(z)

{a;ea:e(p-l)} 0<r<ga

and we have the estimate (2.14) by modifying a little the above arguments and
noting that the sum is taken for only o with e, = e(p — 1) in Ry(z,0) and
Rl (Z, 8) d

Corollary 2.7. Suppose the assumptions in Proposition 2.6 hold. Fur-
ther assume u(z) € O,,(U0)). Then if i =0, u(z) is holomorphic at z = 0
and if © > 0, there is a polydisk W centered at z = 0 such that for any e > 0
and any 0" with 0 < 0" < @ there are constants C = C(6') and M, = M_(9')
such that

(2.26)

|05 u(z0,2")| < M.C™exp(g|zo|~ ") (n (71 t1

(2

) + 1) for zeW(0)

andn=20,1,---.
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Proof. Let [t| < r/2. Then it follows from Lemma 2.1 that there are
constants Cy and Cq such that if 0 < i <p— 2,

e R e X (ZZN e

and if i = p — 1,

@A+ 7IFm) () < o omth F(n(lr?hlﬂz)) +1)

Let Wo = {20 € C;|z0] < R/2}, W = {2/ € C¥; || < 7/2p(d + 1), |2,] <
r/2(d+1), 2<i<dand W = Wox W'. Let 0 < a < R/2,0 < 0 <
min{d,7/2}, ¢ = sinfp and |(z0 — a)/(ca)| < 7/2(d + 1). Then lzoc;ai +
lpz1] + 22| + -+ + |zq4] < 7/2 for 2’ € W’'. Hence it follows from Proposition
2.6 that for z € {z; IZOC; a] <r/2(d+1)} x W'

005 u(z)| < M(a,c)Co(ACT)™'T <” (1 + 1) + 1)

7

+oo +oo ’
(BC)"(n + 1)k ch
(Z L(h+1) ) (Z Eai*‘T([h’/lvm]Jrl))

h=0 h'=0"'

n n * _ 1
< M(a, c)Co(ACY)" ' C5 " exp(C”|al~"+)T (n (1 + 7) + 1)
for some constants C, > 0 and C* > 0, whereifi=p—1, C* =0. Soif ¢ =0,
then v9 = +00 and

1080 u(z)| < M(a,c) exp(C*la)™"+1)CoCs™ nl,

which means the holomorphy of u(z) at z = 0, by considering the conditions
on the traces 9 u(z)(0 < I < I,) on z; = 0. Suppose that i > 0 and u(z) €
O(+,)(£2(0)). Then for any € > 0 and 0" with 6y < §" < 6, there is a constant
K. = K. (") such that M (a,c) < K. exp(ela|~"/2). Hence

19504 u(2)] < K. explelal ™ /2 + C*[a] ) CoCy™'T (n (1 ; _1-) ; 1> .

(2

Therefore we have from the conditions of the traces of dlu(z) (0 <1 < ,) on
21 = 0

i03u(z)] < M exp(gla] 7 )C™T (n (1 + %) + 1)



SOLUTIONS AND CHARACTERISTIC POLYGON 475
and, by putting z9 = a,

1
100 u(a, 2')| < M, exp(ela]~")C"T <n (1 + —) + 1) :
Y2
In the above we assume a > 0. If (a,2’) € W(¢'), by the transformation
ug(20,2') = u(20€*®,2’) (¢ = arga), we can reduce this case to the preceding.
Hence we have (2.26). O

§3. Asymptotic Expansion

In order to complete the proof of Theorem 1.4 we require the following
theorem, which was given in [6],

Theorem 3.1. Let U be a polydisk in C¥1 with center z =0 and 0 <
v < 400. Suppose that u(z) € O(U(0)) satisfies the following estimate: for any
€ >0 and 0 < 0 < 0 there exist constants M. = M (g,0") and C = C(0') such
that

(3.1)

(52) 0

for all n € N. Then u(z) € Asyg,)(W(0)) for some polydisk W with center
z=0.

< M, exp(elzg|~7)C™T (n (77—’_1) + 1) for zeU(®)

Theorem 1.4 immediately follows from Corollary 2.7 and Theorem 3.1.
In [6] we showed Theorem 3.1 for rational v, where we reduced the proof to
the analysis of some simple partial differential equation of Fuchsian type. In
this paper we show it for real v and give a different proof which Prof. Honda
(Hokkaido Univ.) suggested to the author. Here we use a differential operator
with infinite order and its inverse operator, which are similar to those in [2].

Only the variable zj is essential in Theorem 3.1. So in the following discus-
sion we treat functions in one variable and regard other variables as parameters.
First we give

Lemma 3.2. Let g(¢t) be a continuous function on [0,T] (T > 0) and K
be a positive constant. Suppose that there exist positive constants M and ¢ such
that for any m € N

(3.2) lg(t)] < Mc™™T (% + 1) on [0,T).

Then |g(t)| < CoM (ct)~*/2e=()"" holds for a constant Cy that is independent
of M and c.
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Proof. First we assume ¢ = 1. Let m € N with k/m < T*. Suppose that
k/(m+1) < t* < k/m. Then, by (3.2) and Stiring’s formula I'(m/k + 1) ~
(%)’"/"1 /ZW%e’m/", there is a constant Cp such that

o< (5) o (40 <coM\f—<m+l/ﬁ<coM

This means |g(t)| < CoMt~*/?exp(—t~*) for t € [k/(m + 1),k/m] and for all
m € N with k/m < T*. So the assertion holds for ¢ = 1. By considering g(¢/c),

we have the estimate of g(¢) for general ¢ > 0. O
Now put
+00 /\
(3:3) AQN) = H (1 T )
n=1 n

Lemma 3.3. (i) A()) is an entire function with estimate
(3.4) AV} < CoexpleolAP/CD),

(ii) 1/A()) is holomorphic in C — (—oo, —1] and there are positive constants
C1 and ¢y such that

(3.5) JAQ)|T! < Crexp(—e A"/ for RA>0

and for 0 < 0’ < 7 there are positive constants Co = C(6’) and ca = co(0") such
that

(3.6) [AN)|~ 1<Cgexp(02|)\"y/("+1)) for |arg\| < €.

Proof. (i) Let ¢**1/7 < [\ < (¢ + 1)'*/7 (¢ € N). Then

(o) 1 (el

n=1 n=q+1

+oo |)\l
exp Z TL1+1/’V

IN

AL
(1 + n1+1/7
n=q+1

+oo 1+1/'Y [/\'
exp Z nl'i'l/'Y)

n=q+1

q |A]
exp(C'(g + 1)) H( 1+1/'v)
+o0 1 -
1/
(by Y~ <Ca+ 1))

n=qg+1

IN

IN
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2N _ g A

+1)
@i < AB i < CoexpleoA0T).

< exp(C'(g+1))
(i) Let ®A > 0. Then |1+ —2| > 1. Hence

A R
H Il + TaA n1+1/ ‘ z SuP H ll + 1+1/«/} = Slllp(l[)l—i—l/'v'

If 't/ < |\ < (g 4+ 1)*/7 (¢ € N), then we have by the Stiring’s formula
gl ~ (2mq)'/?qie ™1

|2 qa+1/7)
(@)1 = (ghrer/y =

> C'exp(c'q) > Cr ' exp(er| A/ D)

for some positive constants C’, Cy,c and ¢/, from which (3.5) follows.
Finally let us show the estimate (3.6). Let n(z) = [z/(*1D] for z > 0.
Then, by integration by parts, we have

logA()\):/0+oolog< i)dn() A/OW%:,\/OM(—;—V%W

t
where N(z) = / ?dt. Since N(z) < Cz? 1| there is a constant
(0,z]

ca = co(0") such that for A with |arg\| < 8’ <

g AL CIAT i—d < opprse [T 0
: FAZ T o TAEEAZ
+o0 1)
= CIA/ D ﬂLdt < g AP/ 0D,
0 [t + ezarg)\|2
which means (3.6). -

It follows from (3.4) that A(A) is an entire function with exponential order
v/(v+ 1). So by the theory of entire functions we have

= AB™
(3.7) A(N) :T;)%A . anl < T 1 D)

for some constants A and B. Hence we can define a differential operator A(d/dt)
with infinite order that operates on holomorphic functions: A(d/dt)u(t) =

n= oan(d/dt) ()



478 Sunao OuCHI

Define

(3.8) K(t) = 5% /0 ~ e’f((:)t) A,

where |argt + ¢ — 7 < 7/2 and |p| < 7.

Lemma 3.4. (i) K(t) is holomorphic in C(_y 3 55/2) = {t # 0; —7/2 <
argt < 5m/2} and
1

(3.9) A(d/dt)K (t) = ﬁ

(ii) Let 0 < argt < 2m. Then there are constants A and D such that

(3.10) !(%)nK(t)i < AD"T ((n+1) (%1))

(ili) There ezist positive constants A, Do and ¢ such that

(3.11)
!

i(%)n(l((t) ~ K(te"™))] < ADG exp(—ct )T <<n +1) (WTH» Jort=0.

Proof. (i) It follows from (3.6) that K (¢) is holomorphic in C(_ /2 5 /2)-
It is obvious that K (¢) satisfies (3.9).
(ii) For ¢ with 0 < argt < 27 we can choose |p| < 7/2 such that |argt + ¢ —
7| < m/2. Hence, by Lemma 3.3-(ii), we have

(ORTE It

+o00 v+ 1
< Al/ r" exp(—clrW(”“))dr < AD"T ((n +1) <—)> .
0 vy

(iii) Let ¢t > 0. Then we have

(%)l(x(t)_f{(te%) = %(/Ow —/Oooem”) %dx

_ L ooe'™/? )\lexp()\t)dA
270 Jopemimrz A(N) '

am/2
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So
d l 1 3061"/2
i . _ 2wy — i 1 _
tEI-I',}o <dt> (K(t) K(te )) omi /ooe_m/z A A()\) dA=0
and
d ! I +o0
(E) (K(t) - K(t 27”))! < Al / IT‘!l exp(—cl|r|7/(7+1))dr

IN

A,D'T ((l+1) (”:1»

Hence it follows from Taylor’s expansion of (%)"(K(t) — K (te®>™) that there
are constants A3 and Dg such that

’(%)n(K(t) ~ K (te?™)

i n+m( K(0t) — K (Ote*™) ‘ (0<6<1)
m! |\ dt i
m+n ’Y+ m
< ADTTPT | (m+n+1) t™/m
Y
<

AsDonr ((n +1) (%)) r (% + 1) ¢

for any m € N. So by Lemma 3.2 there exist positive constants A and ¢ such
that |(4)"(K(t) — K (te*™))| < ADZT((n+ 1)(7%)) exp(—ct ) for¢t > 0. O

Now let Uy = {wo; jwo| < R}, Vo = {20; |20l < R/2} and 0 < 6 < 7/2. Let
0<6y<@, u(wo) S O(Uo(g)) and zg € Vo(@o) Define

(3.12) (Ku)(z0) = 5= /C K (wo — 20)u(wo)duwp,

where C is a closed path in Uy(#) in wo-space, which starts at a fixed point wy =
a, 3R/4 < a < R, encloses once the point wg = 20, 29 = o+ i¥yg, anticlockwise
and ends at point wy = a. We may take C so that —mw/2 < arg(wg — 29) < 57 /2
for wg € C. We have

Proposition 3.5. (i) (Ku)(z0) € O(Vo(6p)) and

A(=0;,)(Ku)(20) =
(3.13) A(=0.,)(Ku)( ZO)— /K wo — 20) A(— 0w, )u(wo)dwoy + @(20),
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where U(zg) 1s holomorphically extensible to a neighborhood of the origin.
(ii) Ifu(z) € O(A’,)(Uo(a)), then (Ku)(zp) € Asy{v}(VO(ﬁo)).

Proof. (i) It is obvious that (Ku)(z) € O(Vo(6p)). By Lemma 3.4-(i),

]. —ug(wg)dwo _
A0, (Kulz)) = 5 [ TR — (),
On the other hand we have
(B (u)(z0) = 5 [ (B )" o — 20))uluo)wo
_ 271m K (wo — 20)(— g )™ u(wo)dwo + iin (2),
where
n—1
Un(2) = Z(awo)"'l_lf((wo — 20) (= 0wy )"u(wo) |wocac
1=0

and JC means the boundary of C, that is, the starting point and the endpoint.
Since A(\) = Zn % anA™ with |a,| < AB™/T'(n(y + 1)/v) + 1), by putting
a(z) =30 0 @nlin(z), we have (3.13).

(ii) We have

211

o (Ku)(zo) = 1 /c K (o — 20)u(wo )duwo.

Here we choose path C as follows: let 29 = y/a2 — y2 +iyo and C = Co +Ci (€) +
CQ(G) - 61(6) — C(),

Co = {wo=s%+(1—-9)a; 0<s<1},
Ci(e) = {wo=s(z0+€)+(1—8)%; 0<s<1},
Cae) = {wo =20 +ee®™; 0<s< 1},

where € > 0 is sufficiently small constant.
We have 0 < arg(wp — 2p) < 27 for wp € Cy(€) UCa(€). Hence K™ (wg— 2p)
is bounded on C;(€) U C2(€) by Lemma 3.4-(ii). By letting e — 0,

(3. 14)
(Ku)(zo) (Ko u)(z0) + (K7u)(20),

(Kgu)(20) = </Co /c0> Nwo — 2zo)u(wo)dwo.

(K7u) (z0) = “). [ AR = 20) K — 200" ),
C1(0)

211
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Co() ()5 %

Vo
O a
C=0C +Cl(e) +CQ(€) - Cl(E) — Co(ﬁ)

Figure 2. Path C

We have |(K§u)(z0)] < AD"n! for zo € Vp(0y). As for (K7u)(zo) it follows
from Lemma 3.4-(iii) that for small £ > 0

(K ) (z0)]
A.DT (<n+1> (“’jl)) /m exp(—clwo — 20|~ + elwo| )| duw]

ALDIT ((n+1) <VT“>>

Hence |07, (Ku)(20)| < A1D§F((n+l)(77ﬂ)) for 29 € Vo(6o). Thus 9} (Ku)(z0)
is bounded in V4 (6p) for any n € N and has Gevrey type estimate, which means
that lim, ,o(K"u)(2p) exists in Vo(6p) and (Ku)(z0) € Asyiy}(Vo(0o))- O

IN

IN

Let ¢ > 0 and A.(A) = A(c)\) and define
1 [ exp(At)
KC t _- .
®) 27rz/0 Ac(N) dX

Then the similar results are valid if we replace A(M\) by A.(\) and K(\) by
K.()\) respectively. We note that A.(\) = 3.7 a,, (c)\" with a,(c) = ¢"a,
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and |a,(c)] < A(eB)"/T'(n(v + 1)/v + 1), where the constants A and B are
those in (3.7)

Proof of Theorem 3.1. If v = +o0, (v+1)/y =1 and it is easy to show
that u(z) is holomorphic at z = 0. Suppose that 0 < v < 400 and u(z)
satisfies (3.1):

()

holds for all » € N. Let A.(\) = A(cA) and choose ¢ > 0 so that cCB < 1.
Let 0 < ¢ < min{7/2,6} and 0 < 6y < 6. Then, by the above estimate of
Ogu(z), v(z0) = Ac(—02,)u(20) converges and v(zg) € U, (8'). It follows from
Proposition 3.5 that

< M, exp(g|zo|~7)C"T (n (#) + 1) for z € U(9)

—u(z0) = Ac(=0s)(Kcu)(z0)
= % . K (wo — ZO)AC(—awn)u(u}O)dwO + ﬂ'(ZO)

= (Kcv)(20) + u(z0).

Since (K.v)(z0) € Asyiy}(Vo(fo)) and i(zo) is holomorphic at the origin, we
have u(z29) € Asy,}(Vo(6o)). If 6 > 7/2, we have the conclusion of Theorem
3.1 by the rotation with respect to zg. O
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