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Zero Actions and Energy Functions
for Perfect Crystals

By

Timothy H. BAKER*

Abstract

We give a combinatorial description of the action of the crystal operators €o, fo
on certain perfect crystals of U(',(C}IU), U;(Dgll)) and U;(D(nzll), by means of Dynkin
diagram automorphisms and Schensted column insertion. Also, for certain level 1
perfect crystals of these algebras we give a definition of a combinatorial “charge”
related to the energy function on homogeneous paths in such crystals.

§1. Introduction

The theory of perfect crystals, initiated in [KMN1, KMN2] has provided
the impetus for numerous investigations in various areas of science. Indeed,
crystal base theory has turned up in areas as diverse as soliton cellular au-
tomata [HKT, FOY], and even the genetic code [FSS]! Its main application
however, has been in the area of solvable lattice models. Rather than provide
a comprehensive synopsis of role of crystal base theory in this area, we merely
refer the reader to [HKOTY], where such a treatment is given, along with a
large list of modern references.

For our purposes, it is enough to recall one of the defining characteristics
of crystal bases, namely their nice behaviour under tensor products, given by
the rule
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= R @b #u(b1) > €,(b2)
Jilbreota) = {bl @flb) 66 <elba)
~ o éz(bl) & b2 ¢1(b1) 2 E'L(bQ)
(-1 Flbreob) = {bl ®a(b)  oulbr) < (bo)

where ¢,(b) = max{k!(f,)* b # 0}, &,(b) = max{k|(&,)* b # 0}. It follows from
this rule, that

¢1(b1 ® b2) - HlaX((bl(bg) P ¢1(b2) + ¢7,(b1) - EL(bZ))
(1.2) €,(b1 ® by) =max(e,(b1), &,(b1) + €, (b2) — ¢.(b1))

These formulae, along with the description of the crystal bases of irreducible
representations of Ugy(g), where g is one of the classical Lie algebras, given by
Kashiwara and Nakashima [KN] will be the main ingredients we shall require
to present our results.

The purpose of this article is two-fold. In the first part, we consider the
level [ perfect crystals of U;(g) where g is one of c®, D and D,(fll. Let
go be the classical part of g, so that g¢ is given by C,, D, and B, respec-
tively. Specifically, we consider the Ué(g) crystals which are isomorphic to
B(lA,) (and B({A,—_1) in the case go = D) when considered as a Uq(go) crys-
tal. In reference [KMN2], the zero action (action of the crystal operators éo,
fg) on such crystals was defined in terms of a Dynkin diagram automorphism,
say o (we use the same symbol to denote the action of the Dynkin automor-
phism on the roots of g as well as on the crystal elements). The image of a
crystal element b under such an automorphism was computed by choosing a
sequence of raising operators such that b’ = &, ---é, b was a highest weight
element for a certain subalgebra of gg. The subalgebra was chosen such that the
highest weight elements were multiplicity-free, in which case o(b’) is uniquely
determined from weight considerations alone. One can then reverse the above
traversal so that o(b) = fa(,p) e fa(zl) o(b') can then be computed. Here, we
shall give a more combinatorial approach using the Schensted (column) inser-
tion procedure. Knowledge of the action of the Dynkin automorphism then
allows one to compute the zero action since éyb = a_lég(o) a(b) and similarly
for fo. For the U, (C’,(Il)) and Ué(Dfﬂl) crystals, we shall take advantage of the
embeddings C,,, B, < Ag,_1, while for the U;(Dy(ll)) crystals, we can compute
the automorphism directly.

In the second part, we shall study the local energy function H on certain
level 1 crystals B of the same types. In the case of the U(; (AS}’) perfect crystals’

I'We use the notation of [HKOTY] with regards to the crystals B™*
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B! and B! it was shown by Nakayashiki and Yamada [NY] how to associate
to each classically restricted (in)homogeneous path (i.e. annihilated by €, for
1<i<n)p=b;®- Qb where each b, € B, a semi-standard tableau T'(p).
Moreover, they were able to show that the Lascoux-Schiitzenberger charge [LS]
of such a tableau was directly related to the energy of the corresponding path.
This was subsequently generalized to the crystals B*! by Schilling and Warnaar
[SW] and Shimozono [Shi]. In this article, we consider the level 1 perfect crystals
B™! of Ué(Cr(Ll)), Ué(Dﬁll)) and U;(fo_al) and show how to associate to each
finite, classically restricted, homogeneous path p in (B"1)®L a tableau T(p).
To such an object T'(p), we can define a charge such that charge(T'(p)) is related
to the energy F(p) of the path p.

§2. Dynkin Automorphisms
§2.1. C®

In reference [Kas|, it was proven that certain U,(g) crystals can be embed-
ded into a Uq(h) crystal where g is a subalgebra of . In this section, we aim to
describe explicitly the embedding of Uy (Cy,) crystals into U,(Aszn—1) crystals.
This in turn, will allow us to compute the action of the Dynkin automorphism
on the Ué(szl)) crystal B™L.

First, let us introduce some notation for ordered sets. By an ordered set, we

mean a set A := {ay,...,a,} such that a; < --- < a,. Let |A| = p denote the
cardinality of A, and let A¢ denote the complement of A in the set {1,... ,n}.
For an ordered set A, let A := {a,,...,ar}. Given two ordered sets A and

B, define a partial order A < B to mean that |A| > |B]| and that a, < b, for
1 <4 < |B| i.e. writing the entries from top to bottom, the two columns A|B
constitute a semi-standard tableaux in the usual sense.

Consider Ay, ; tableaux on the alphabet

(2.1) A={1,...,n,m,... 1}, l<--<n<a< <1
and let Bo(A4) be the Ag,_1 crystal with highest weight
n—1
A=Y m (A + Aypp) + 2man Ay
1=1

If f~1(A), and f]—(A) denote the Ay, _; crystal operators which act on this crystal,
then by defining
FAFA 1 <icn

1+1

2.2 S(F ="
> SR 7 i=n
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Figure 2.1. Dynkin diagrams for A(Ql)_1 and O\,

n

then the crystal generated by acting with the lowering operators S( fi(c)) on
the highest weight element uy, of B4(A4), is isomorphic to the U, (C,) crystal
Be(A¢) with highest weight A\c = >, m; A;. In other words, we have an
embedding E : Bc(A¢) < Ba(Aa). The explicit description of the Uy(Azn—1)
and U, (Cy,) crystals we shall be using here, along with the action of the crystal
operators é;, f; can be found in [KN].

To describe this embedding explicitly, let us first begin with the one-column
case, so that \c = A, for some fixed k, with 1 < k < n, and hence Ay =
Ap + Am for 1 <k <nand Ag = 2A,, for kK = n. Thus, the elements in
the Uy(Cy) crystal Be(Ac) are given by tableaux consisting of one column
of length k, satisfying the conditions specified in [KN], while the elements in
the Uy(Aan—1) crystal B4(Aa) are given by the usual 2-column semi-standard
tableaux with column lengths 2n — &k and k.

Given a C,, column P say, let P, (resp. P_) denote the set of unbarred
(resp. barred) elements appearing in b. Following [She], we define two new sets
@+ as follows. Let

K:=P, NP_, J:=max{AC (PLUP_)°| |Al=|K|and A< K}

Here, the maximum is taken with respect to the partial order on ordered sets,
and P¢ := {1,...,n}/P. Note that J is well-defined, since the fact that at
least one such set A exists is equivalent to the fact that the set P obeys the
one-column condition (1CC) for C,, tableaux (see (2.9)). Having calculated J
and K, set

Qs = (PL/K)UJ

The construction of the sets @+ can be visualized in the following way: con-
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sider two parallel vertical lines with the entry ¢ € Py (resp. P_) denoted by
“particles” at position i on the left (resp. right) line, and all other positions
are considered “holes”. Starting with the highest pair of particles on the same
level, move the particles downwards into the highest “pair” of holes. Repeat
this for the remaining pairs of particles from top to bottom. The left (resp.
right) vertical line now gives the entries in Q4 (resp. Q_).

Note the following useful properties

Lemma 2.1. We have
L IfP:={i1,... ,ip.Jg»--- +J1} € Bc(Ag) then for any m, |, we have

m 41 < max(iy,, ji)
2. If Q@ := {i1,... ,ipsjgs---+J1} 15 defined as above, then for any m, I, we
have
m~+1> (min(iy, ) -1+ (pP+q) —n)y +2

where (z)4+ = max(z,0).

Proof. 11is given in [KN, Lemma 4.3.1], while 2 follows from the definition
of @, using a similar argument. O

Using this Lemma, we can now prove the following

Proposition 2.2. Define a map ¥ by

(2.3) wp) = | P+
' T @,)Q.

Then v : Bc(Ar) = Ba(Ap + Aan—k) is a crystal embedding.

Proof.  'We first show that ¥(P) is a well defined Ao, tableau. Certainly
the strictly increasing vertical condition is satisfied by definition. For the weakly
increasing horizontal condition, note that [P¢| = |Py{+n—k > |P;|. We shall
first show that the subtableau P¢|P, satisfies the horizontal condition. Let
Py = {i1,...,ip}. Giveni,, € Py, we shall show that the m’th entry of P¢, call
it (P¢),, say, satisfies (P¢),, < i;,. Let j; be the largest integer < m appearing
in P_, if such an integer exists (if no such j; exists, then {1,...,m} C P° and
so (P¢), = m < i,, and we are done). From Lemma 2.1 we have

m + 1 < max(im, Ji) = im
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Hence we have
(P )m=m+#{jeP_-|j<m}=m+1<1in

Let us now show that the tableau (Q +)Cf@_ satisfies the horizontal con-
dition (the result will then follow as in the tableau (2.3), the column (@, )¢
is shifted down by n — k positions, which preserves the horizontal condition).
Let Q_ = {L, ..., j1}. Given j,, let T be the entry immediately to its left in
the column (@, )¢. That is, Z is the (¢ — I)’th entry of (Q_)°. We must show
Z < j, or equivalently x > j;. Let i,, be the smallest integer > n — (¢—1) which
appears in Q4 (again, if no such i,, exists, then {n — g +1,... ,n} C Q% and
sox =mn—q-+1>j and we are done). Now Lemma 2.1 gives

m+1>0G —1+p+qg—n)y +2
Thus

r=n—q+l-#{i€ Qs |i>n—q-—1}
=n—qg+l—(p+1-m)>y

hence the result.
It remains to show that

(2.4) W(fP) = S(F')yp(P)

where S(ﬁ(c)) is defined in (2.2). For i such that 1 < i < n — 1, one must
consider the 16 possible cases corresponding to the presence or absence of 4,
1+ 1in Py and P_. Similarly there are 4 cases to consider when i =n. As a
representative example, let us choose the case where 1 <i < n — 1 and

P={ . ,ii+1,...,i+1,...}

in which case, we have
k
Q={..,i,...}
where 7 is in the k’th position in Q. Apply fl(c) we have

P=7f9P={. ii+1,....5...}

and so
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The point is that, from the definition of @, the entry ¢ + 1 in @’ is also in the
k’th position, and all other entries remain unchanged. Thus, we have

and all other entries not displayed are the same in both ¢(P) and ¥(P’). Thus
(2.4) is indeed satisfied. The other cases are proved in a similar manner. [

Remark. In the course of verifying each of the separate cases in the above
proof, it can be checked that we have the following relations

(2.5) 5 ) = {¢>5A)(w(b)) = A(p() 1<i<n

Lo (w(b)) i=n

and similarly for ESC)(b).

Let us now turn to the general case. Recall the notion of a tableaux
product [Ful]. Given two semi-standard (i.e. type A) tableaux S, T, define the
tableaux product

(2.6) S*T=(--((S<a1)a2) )« ap

where w(T') = ajas---ap is the Japanese/Chinese reading of T' (i.e. reading
the columns from top to bottom, and right to left). It is well-known that =*
induces an isomorphism of Ug(A,_1) crystals. Suppose we are given an element
b € Bc(A) where A = Ay + -+ + Ay, where my < --- < m,. Then we can
write b = b, ® - - ® by, where b, € Bc(A,y,) is the i'th column of the tableau b
reading from right to left.

Proposition 2.3. Define a map E on Bc(\) by
E(b) := 1h(b1) * P(b2) * - - * 1(bp)
where ¢ is defined in (2.3). Then we have

(i) E: Bc(A) = Ba(N) where X' = le(Am, + Aoy—m,) is a crystal embed-
ding.
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(ii)
¢>(C)(b):{ ( ())_ H—l( (b)) 1<i<n

Lo (E(b)) i=n

and similarly for EEC)(b).

Proof. 1In order to prove (i), we must show
(i) E(é,b) = S(&,) E(b), for 1 <i<n.

(i”) If E(b) is annihilated by all S(¢&,), then F(b) is the (unique) highest weight
element of B4(X).

We prove (i’), (i) and (ii) simultaneously by induction on p, noting that the
case p = 1 follows from Prop. 2.2 and (2.5). Write b = b’ ® b, where b/ =
b1 ®---®b,_1. Note that for 1 < ¢ <n — 1, we have from (1.2), (2.5) and the
induction hypothesis

o @b,) = sV (EW) @ v(by) = oV (EW @ by))

where the last equality follows from the fact that * is a crystal isomorphism. A
similar argument holds for the case ¢ = n (since the function max is linear with
respect to scalar multiplication), as well as for the cases for EEC)(b). Hence (ii)
holds. To show (i’), we use the tensor product rule (1.1) twice and note from
the induction hypothesis that (bfA)(E(b’)) = d)f%)(E(b’)) etc for 1 <4 < n, so
that

S@E)EW)®v(b,) s EW)) > e (w(by))
EW)®S@E)v(b,)  $(EW)) < e (w(by)
JE@v®b) W) >0,
T\ EW®éb,) W) <0y
= E(6, (V' ®b,))

S(&) (E(') @ 1(bp)) :{

where the second line also follows from induction. The case i = n follows
similarly. Finally, to show (i"), recall [Nak, Prop. 3.2.1] that

(2.7) & (u®v)=0,vi < & (u)=0, and ¢,(v) < (h,,wt(u)) Vi

Thus, if S(é,) E(b' ® b,) = 0 Vi, then S(¢&,) (E(b') ® ¥(by)) = 0 Vi, and hence
(a) S(&,)E() =0 = &b = 0 by (') and the fact that F is injective, (b)



ZERO ACTIONS AND ENERGY FUNCTIONS 541

e (1(by)) < (WY wi(BW))) = {7 (by) < (h{7,wit(®)) by (ii) and the fact
that (him,wt(E(b’))) = (hic),wt(b')) = m,. Hence by (2.7) again we have
that b’ ® by, is a highest weight element of the C,, crystal Bc(A), A = 3.7 | Ay,
(i.e. the tableau with the entries 1,...,m, in the ¢’th column reading from
right to left). Explicitly computing E on this tableau then gives the required
result. O

Example. Let n =6, and consider the Cg tableau

Ll N K=210 I

A = R

{OJICHIO:O‘Y)PNJ

We first compute the image of each column under . For the first column,

P =1{2,4,5,6,5,3}, Q=1{1,2,4,6,3,1}

and hence

D
(OVIR RSA 11 epl IS I N e
WO &N

The action of ¥ on the second and third columns can be computed similarly.
Combining these, we have

1[1]2]2]2]4
1|1 212 1|2 212131466
216 3]4 214 3lalalcl5]5
E(T):33*46*45 — 4166|543
6|3 6|5 616 505|321
5 | 5|1 513 63|11
14 | i‘ 131 511
| 2 | 1] 13
1]
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Turning to the perfect case, i.e. the crystal Bo(IA,), we shall see there are
some simplifications. First note that in this case, we have

(2.8) (P = Qs

To prove this, define the sets K := PyNP_, H := P{NP¢ and S := (P, /P_)U
(P-/P.). Thus K, H and S denote the positions of the pairs of “particles”,
“holes” and the “singlets” in the description of Py given earlier. Certainly we
must have |K| + |H| + |S| = n. Also, in the case of single column tableaux of
length n, we must also have 2|K| + |S| = n. That is, |K| = |H|. For a set A,
let A<, :={y € A|y <z}, and similarly for A>,. The 1CC for (), tableaux
is equivalent to the statement that

(2.9) 'Hey| > | K<z Ve {l,...,n}

Returning to the proof of (2.8), first note that we have @+ C P¢ (this is true
in the non-perfect case also) since if x € @4, then either x € P.\P_, or z €
P¢ N PS, and hence in both cases x € P¢. Conversely, let us assume P¢ € Q)
and find a contradiction. In such a situation, there exists y € H such that after
constructing @4, the holes at level y remain unoccupied. In particular, this
means that |K> 1| < [H>y41|. Thus, since |K>yi1|+K<y_1| = |K| = |H| =
1+|H>yt1|+|H<y—1|, we have |[K<y_1| > 1+ |H<y_1|, which contradicts (2.9).
Hence (2.8) does indeed hold.

Recall [Con, She] that the C,, tableaux of Kashiwara and Nakashima have
another description in terms of certain “double” tableaux of De Concini. More
precisely, it was shown in [She] that a C, tableau of K-N has column form
PMP@|...|PW if and only if the tableau

(1)

D[ A2 ! p@)! 1 pO)
(2.10) = fﬁ) 95) fTz) m’—??) En
PYIQY | PTQY | PY QL

is a valid Ag,_; tableau. It follows from the definition of Schensted column
insertion, that in the perfect case when (2.8) holds, the image of b € B¢ (IA,,)
under E is precisely (2.10).

Having described the embedding E for U,(Cy) crystals into Ug(Azn—1)
crystals, we can now use this to compute the C ,(11) Dynkin automorphism and
hence the zero action on perfect U, (07(11)) crystals B™!. From the correspon-
dence S (see (2.2)) between the Dynkin diagrams of Aéi)_l and C{", we have
that oc = ¢%. Now, it is known [Shi] that for rectangular type A tableaux,
the automorphism o 4 is given by the promotion operator pr defined on an Ay
tableau T by the following procedure
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1. replace all entries IV in T' by empty boxes and reverse slide them into the
north-west corner of the tableau using jeu-de-taquin.

2. Place the entry 1 in these empty boxes and add one to all other entries
in the tableau (for the alphabet {1,...,n,7,...,1} this means ¢ — i+1,
i+l ifor1<i<n—landn—n).

Thus we have oc = E~! (pr)" E acting on the crystals B™!. Moreover, to
compute the action of féc) on this crystal, we have

S(fo) =05 S(fa)oc = E~(pr) " (fM)2(pr)"E
=E e (f{Y)prE

§2.2. DM

In this subsection, we consider the perfect crystals B™! (resp. B"~1)
whose non-affine part are the U,(D,,) crystals B(IA,), (resp. B(IA,_1)). First
recall [KN] the crystals of the fundamental spin representations of Uy(D,,). The
elements of the crystal B(A,) (resp. B(A,—1)) can be represented by a single
column tableaux b of length n on the alphabet (2.1), subject to the condition
that the entries are strictly increasing down the column, and that the entries 7
and i do not appear simultaneously for each i, 1 < i < n. Also, let the column
reading of b be (a1, ... ,a,). Then if the entry o = n then n — k& is even (resp.
odd) and if a;, =7 then n — k is odd (resp. even). Note that since the column
length is n, the set of barred and unbarred elements are complements in the
set {1,...,n}.

For the level | crystals B(IA,,), B(IA,—_1), we follow [KMN2] and consider
such crystals as being embedded inside B(A,)®" (resp. B(A,_1)®'). As such,
we have the following description

Proposition 2.4. The crystal B(IA,) (resp. B(IA,_1)) is isomorphic
to the set of semi-standard tableauz on the alphabet {1,...,n} whose shape
is contained in the rectangle (I™), and whose column lengths are even/odd
(resp. odd/even) if n is even/odd, with the following action of é,, f,

1. for 1 <i<n-—1, the action of €,, fl is the same as for the A,_1 case

2. if i = n, then reading the columns from right to left, assign an opening
(resp. closing) parenthesis “(” (resp. “)") if the column contains both
(resp. neither) n — 1 and n. After computing the reduced word by recur-
swely eliminating matching brackets “()”, €, (resp. fn) acts on the column
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Figure 2.2. Dynkin diagram for DY,

”

corresponding to the rightmost “)” (resp. leftmost “(”) by appending (resp.

deleting) the entries n — 1 and n.

Proof. 1If b is an A,_; tableau with even/odd column lengths for n
even/odd, whose shape is contained in the rectangle (I™), then we can asso-
ciate a unique element by ® - -- ® b; € B(A,,)®! such that unbarred entries of b;
are given by the i’th column (reading from right to left) of b. That such ele-
ments b are closed under the action of &;, f; described above and are connected
by raising operators to the highest weight element of B(IA,,) follows by similar
arguments as given in [KN]. The case of B(IA,_1) is similar. d

Note that in the above description of B(IA,,), the element of B(A,,) with reading

(7m,...,2,1) corresponds to an empty column, so if the number of columns p of
b is less than [, then the last [ — p “empty” columns correspond to such lowest
weight elements of B(A,,) (such a situation doesn’t arise for B(IA,_1) since in
that case, the lowest weight element of B(A,_1) has reading (n,n—1,...,1)).

Let us now consider the automorphism of the Dynkin diagram for D7(L1)
which sends a; — «a,,—;. Using the above description of the crystals B(lA,_1)
and B(IA,) we can compute the image of such an automorphism using Schen-

sted insertion.

Proposition 2.5. Ifb; € B(Ay) or B(An_1), let I = (i1,12,... ,ip) be
its column reading (of the unbarred entries) and let 1°¢ = (43,145, ... ,iy) be its
complement in {1,...n}. Define a map w by

Wlinyiz, o yip) = (n+1—iby . n+1—dhn+1—1i))
For b e B(IA,) or B(IA,_1) write b=1b; ® --- ® by and define

op(b) =w(by) * - xw(by)
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where * denotes the A, _1 tableaux product defined in (2.6). Then op satisfies
chfZ = fan_.op for 1 <i<n—1, and similarly for é&,. Moreover, 0% = 1.

Proof. We proceed by induction on . For [ = 1, fix an integer ¢ such
that 1 < ¢ < n. Then by considering the 4 cases corresponding to whether b;
contains ¢ and/or 7 + 1, the result follows directly from the definition.

Now assume the result holds for perfect crystals of level < [. Then for such
crystals, we certainly have

(2.11) T (B) = bn(b), £(on(B)) =ena(b), 1<i<n

By using the tensor product rule (1.1) along with (2.11) the fact that = is a
A, _1 crystal isomorphism and Prop. 2.4, the result follows. O

Example. Let n =38, and consider the following element in B(4Ag)

2,1)
8,7.2)

b=(8,7,6,5,4,3,2,1) ® (3,6,7,8,5,4,
®(27 47 51 77§1 67 ga T) ® (15 37 47 5’ 61

This corresponds to the A; tableau

o
@|~|o|w

A

\OO|CT:CH»&OJ»—'

By the above proposition, we have

||| Ww
oo

N oo

UD(b) =

o[l l=[=[]]
*
|| O
*
=l
*
\Ill\')
I
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One can now use the automorphism op to calculate the action of &y and
fo on the crystals B™! and B"~1!, by means of &; = 051 €, 0p, and similarly
for fy.

2
§2.3. D),

In this subsection, we consider the case of crystals B™! of type Dﬁ?_ﬁl, which
are isomorphic to the B, crystals B(IA,) when considered as a classical crystal.
It turns out that in this case, we can use either of the approaches of the previous
2 sections: use the embedding B, — As,_; and compute the Dynkin automor-
phism via the promotion operator; use the embedding B(IA,) < B(A,)® of
U,(B,) crystals and compute the automorphism directly. Comparison of these
2 methods leads to an interesting combinatorial identity.

Let us begin with the embedding approach. As for in Section 2.1, consider
Agy,—1 tableaux on the alphabet (2.1) and let B4(Aa) be the Ug(Azn—1) crystal
with highest weight

n—1

A= my(A + Arp) + M A

=1

Then by defining the crystal operators

F(A) 7(A) .
_ ff f 1<i<n
(2.12) S(fP) = N(A;H

the crystal obtained by acting with the lowering operators S( fz(B)) on the high-
est weight element us of the Uy(Aa,—1) crystal Ba(Aa) is isomorphic to the
Uq(By,) crystal B(Ag) with highest weight Ag = > ; m, A, [Kas|. As for the
C., case, we shall describe this embedding explicitly.

Let us begin with the case of the crystals B(wy) of the fundamental tensor
representations of Uy (B,), where w, = A for 1 < k < n—1 and w, = 24,,.
The elements of such crystals are described by one-column tableaux of length
k on the alphabet

1<2<---<n<l<n<---<2<1

subject to certain conditions which are described in [KN]. Representing such a
crystal element by the column tableau P, let Py, P_ and P, denote the set of
unbarred, barred and zero elements of P respectively. Define the sets

K:=(P,NP_)UP,

2.13
(2.13) J:i=max {AC(P,UP_)||Al=|K|and A< K}



ZERO ACTIONS AND ENERGY FUNCTIONS 547

Here, the partial order < is considered with respect to sets of the alphabet
{1,...,n,0} with the order 1 < --- < n < 0. From these sets, define Q4 :=
(P+/K)UJ. Again, we can visualize the construction of @ in terms of particles
and holes on a pair of vertical ladders. The position 0 is located above position
n, and we begin with |Py| particles at position 0 on both the left and right
lines of the ladder. One then proceeds as before, starting with the particles at
position 0, moving them to holes located below, and continuing until all the
pairs of particles in the initial configuration have been moved in this way. The
final configuration represents the set +. Note that the set Q := Q4 UQ_
contains no zeroes, and |Q| = |P| + | Pyl.

The crystal Bg(A,) of the spinor representation of U,(B,,) is generated as
a set by elements b, which can represented by one-column tableaux on the al-
phabet {1,...,n,7,...,1}, subject to the condition that the entries are strictly
increasing vertically, and the entries i and 7 never appear simultaneously. The
action of €,, f, is given as in [KN].

We have the following result, proved in much the same way as Prop. 2.2

Proposition 2.6. Define a map v : Bg(wi) — Ba(Ar + Aan—y) by
(2.14) wipy— T | P

T @l

and let g : Bp(Ay) = Ba(Ay) be guven by the identity map. Then ¢, and
sy are crystal embeddings under the map (2.12).

Example. For n =38, let

= Y (P) =

[USIR KA (N Rapll Kol l NN S I oV

o)
FREERE
SeEREERER

{»—\Il%lﬂloocno—loowr—a

For the general case, we distinguish between tableaux which form the crystals
of tensor representations of Uy (B,) with highest weight

>\t:w1n1+"'+wm 77’L1S)TLQS"'STTI

p

p?
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/'// &
O\ /Q) " -
0 \\ //
NP
OO e O
1 1
— — - @
O=%=0O—0O——~ O—0O==0 Drsi

0 1 2 n-l n

Figure 2.3. Dynkin diagrams for A n ; and fo+1

and those of the spinor representations with highest weight
)\sp:Wm1+"'+wmp+Ana mp <mg < - <my,

For b € Bp(X;), (resp. Bgp(Xsp)), write b = b1 @ -+ ® bp(®bsp), where b; €
Bp(wm,), bsp € Bp(A,). Then we have

Proposition 2.7. For b € Bg(\:)(resp. Bp(Xsp)), define a map E by
B(5) = a(b1) = 0e(b2) * -+ # U (by) (4625 (0:5))
where * is defined in (2.6). Then we have
(i) E:Bp(A\t) = Ba(N) where N =38 | Ay, +Aop_m,(resp. E : Bg(Asp) —
Ba(N") where X' =30 Ap, + Non—m, + Ay) is a crystal embedding.
(ii)
sB =[OV EO) = 0BG 1<i<n
' M (E®) i=n

and similarly for EEB)(b).

Let us now turn to the problem of computing the action of &g, fo for the
perfect crystals B™*, which is isomorphic to Bg(lA,) as a crystal for B,,. Ex-
amination of the Dynkin diagrams of D 1 and A(l) ; reveals that the Dynkin
automorphism op defined on the diagram of Dn+1 by op(ai) = an_; is re-
lated to the Aén , automorphism (given by the promotion operator pr) by
op = E~1(pr)™ E and hence the action of fo on this crystal is

S(fo) =05 S(fu)op =B (pr) L M prE
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and similarly for S(ép).

For the B, crystal Bg(lA,), we can consider a different version of the
above embedding in the following way. Consider an element b =b; ®---®b; €
Bg(IA,) = Bp(A,)®'. In other words, b, € Bg(A,), for each 1 <i < [. By
writing such an element b as a tableau whose 7’th column (reading from right to
left) is given by b,, then one can show, as in Prop. 2.4, that the crystal Bg(IA,,)
is isomorphic to the set of such tableaux of shape (I"), whose subtableau of
unbarred entries is a valid tableau on the alphabet {1,...,n}, and where the
action of the crystal operators is given by (2.12). One can then compute the
action of op using the promotion operator as before. Alternatively, we have
the analog of Prop. 2.5

Proposition 2.8. Ifb, € Bg(Ay), let I = (i1,....,ip) be its column
reading of unbarred entries, and let I° = (i, ... i) be the set of barred entries
of b,, without the bars. Defining

wb,)=Mm+1—dg,...,n+1-1))
Q) =w(br) * -+ xw(bi)

Then op(b) is the unique tableau whose unbarred subtableau is given by Q(b).

Example. Let

1121213 113|5]6
21345 2l4]65

b= (4111516 op(b) =pro(p) = [4161414
56|62 6|5|3|3
65|32 5121212
31111 311111

Alternatively,

3]5]6|

Q@) = 6

[]er]es]~]
*
=[=]

*
=]

*

(=]

Il
’c:lﬂk N | —

S
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Remark. The fact that pr™ and Schensted column insertion are related for
this special type of rectangular tableau (where within each column, the barred
and unbarred entries are complements of {1, ... ,n}) is shown here using crystal
base theory. It would be interesting to have a direct combinatorial proof of such
a relationship.

§83. Energy Functions

We now turn to the problem of computing the energy function of a finite,
homogeneous path of elements in the crystals mentioned in the introduction.
Let us recall the fundamental facts about such energy functions. Suppose By,
By are finite U;(g) crystals of level [ such that By ® By is connected and
B; ® By ~ By ® By. Suppose that under this isomorphism b; ® by — b}, ® b].

It is known [KMN1, HKKOT] that there exists a function (local energy
function) H : By x By — Z which is determined (up to an overall additive
constant) by the rule

(3.1)
H(b1®b2)+11f220, ¢0(b1) Z&o(bz), ¢0(bé) Zfo(bll
H(éz(bl ® bz)) = H(bl ® bz) —1if7=0, ¢0(b1) < 80(b2), d?()(b’z) < &g /1
H(by ® bs) otherwise

Consider the set Py, of finite inhomogeneous paths of length L in the crystal
Bi® --®Br. i.e. PL={p=b010b®---®b, | b, € B, 1< j <L} The
crystals B, are such that a local energy function exists on B; ® B, for each
1 <3< L-1. Foreach i, 2 <i< L, define crystal elements bEZ), b1(3), ... ,bf”
through the successive isomorphisms

hi®@ ®bb® @b V@l b @b QM ®-®b_

Using these elements, define

1—1 L
ind, (i) = > H(b, @b ™), E(p) = ind,(i)
]:1 1=2

b7(]+1)

In the homogeneous case when all B, are equal, = b,41 and the energy

becomes
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L-1
(3:2) E(p)= (L—j)H(b, ®b,11)
=1

Since the local energy function H is constant on connected components of Py,
when decomposed as a Ugy(go) crystal, it is sufficient to be able to compute E
on the p € P which are highest weight elements when P, is considered as a
Uq(go) crystal i.e. p is classically admissible.

In the following subsections, we shall give a procedure for associating to
each classically admissible path p a semi-standard tableau T'(p) for certain level
one perfect crystals of D,(ﬁ,l), fo 411 and C'T(Ll). For such combinatorial objects,
we can associate a charge such that charge(7T(p)) is related to E(p) defined in
(3.2).

§3.1. D

In this subsection, we shall compute the local energy function for the
U, (DY) crystals (B™1)®2 and (B"11)®2  and explicitly describe the decom-
position of such crystals regarded as U,(D,) crystals. Let us recall some no-
tation: let wy = €1 + -+ ¢ for 1 < k < n and wf =€+ - +ep-1 ey
be the usual weights for the fundamental tensor representations of D,,. These
are related to the fundamental dominant weights by w, = A,, 1 <i <n — 2,
Wno1 = Ap—1 + Ay, wy, = 2A,_1 and w = 2A,,. For simplicity we write By
(resp. B_) for the U,(D,) crystal B(A,) (resp. B(A,_1)). For an element
b € By, we often write b = [i1,... ,ip, jg.... ,j1) if the “spinor” tableau cor-
responding to b has column reading iy - - -ipj_q- --j1. Moreover, since such an
element is uniquely specified by its barred or unbarred entries, we also write

b=1[i1,...,0p)4+ = [Z, 1)
Firstly, recall that there is a decomposition of B1 ® B4 of the form

(n/2)
(3.3) B: ® By ~ B(wy) & @D B(wn—2k)
k=1

where [z] denotes the largest integer less than or equal to z. In this decompo-
sition, the highest weight element of B(wy) is given for k < n — 2 by

o 1,2,...,n]®[1,... ,k,7,...  k+1] for +
12, on—1m @1, .. knyn—1,... k+1]  for —
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and

1,2,...,n]®[1,...,n] for +
,2,...,n—1,ni®|l,... , n—1,n or —
1,2 1,7 ®[1 1,7 f

Using the tensor product rule (1.1) we have for k < n—2 for + (resp. k <n—4
for —)

B 1,...,n]®[3,... . k+2,7,... ,k+3,2,1 =t uf for +
L2 n=LAl®[8,.. k+2,nn—1,... ,k+3,2,1] =u; for —

For the special case of v,,_,, we have

(forr Fooa)fulfie fa2)vy o =[1,... ,n—1L,A®[3,... ,n—1,7,2.1] = u,_,

By the action of fy described in [KMN2], we have fo u,it = v,f_ﬂ. Thus, if we
fix H by setting H(b; ® by) = 0 for by ® by € B(wZ), we have

(34) H(bl ® bg) = -k if by ® by € B(wn_gk)

So, given b ® by € BEQ, to compute the value of H, it is sufficient to deter-
mine in which component b; ® by lies in the decomposition (3.3). This can be
achieved through the explicit description of (3.3), which we now give. From
[KN], the one-column D, tableaux appearing in (3.3) have column reading
(Uyeno s Upy Oy .. ,Q,Ts, ... ,01), where (ai,...,a;) is a sequence of consec-
utive n’s and 7 ’s.

Proposition 3.1.  Suppose b1 = [jg, ... ,Jj1]— and by = [i1,... ,ip|+. By
letting wo = (Jg»--. »J1), define wy by successively inserting iy into wy_1 =
(Ulye e s UpyQLyene Oy, Ugy ... ,UL), using the rule
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(ulv'--7uT7ik7a1""aa21U_87"'1v_1) ik¢{vlv-"avs} (Rl)
(Uly e s UpyC QT e s Qs Tgy e s U5, G C— 1y i+ 1,77, ... ,T7)
Zf wk—~1:(u17"'7u7‘7a1""1azvm7"‘av_tyc_]—1

et i, ..., 01) (Re)

(Upsenn s Upy My QLo e 3 Qi Ty v 5+ 1,00, .o, 0Y)
Zf wk_lz(ul,...,ur,al,...,az_l,ﬁ,...,m,ﬁ,v—l,...,ﬂ),
ar=7n (Rs)
W = _
(ul,...,uT,ﬁ,al,...,az_l,ﬁ,...,ik—kl,v_l,...,ﬁ)
if Who1 = (Ul s Upy QL e e Qg 1, Ty e v g+ 1, 0, Uy e 1),
a1 =n (R4)
(Uly oo Uy Qe s Q13 Ty oo s+ 1,00, .., DY)
if W1 = (Ulyeer s Upy Qlyeen y Qp1y Ty e e g+ 1,

ikamv"' 7W)a (RB)

k=p, né¢dJd zeven, or necJd,zodd

where J = {j1,... ,Jq}. Then the isomorphism (3.3) is given by by ® by + wy,.

Proof.  First note that wt(b; ®bs) = wt(wp) (the last case in the definition
of wy, ensures that (wt(b;®bs2), €n) = (wt(wp), €,).) To show that the above map
respects the tensor product rule (1.1), one must consider for each i, 1 <i <n-—1
the 16 possible cases according to the presence or absence of ¢, ¢+ 1 in the sets
and J. We omit the details. Finally, to show such a map is a bijection, one must
show it’s invertible. To this end, consider the set Dy, := (u1,... ,ur,01,... ,0y)
of all elements strictly less than n — 1 in w,. By checking the 4 cases according
to whether n or @ belongs to b1, by, the last insertion (of i,) was an (Rs)
insertion iff “|Dy,| is even (resp. odd) and oy = 7" or “|Dp] is odd (resp. even)
and ay = n” in the cases n even, B or n odd, B_ (resp. m odd, B+ or n even,
B_).
Set I, := {}. If the last insertion was done by (Rs), then i, must be
the largest barred integer § say, not appearing in wp. Thus, let I, := {s},
wp = wp U {5}. Hence or otherwise, for each a, € D, for 1 <1i <y, do

1. Dp——l = -Dp—l,+1/{a1}7
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2. I :=1U{s}, where § is the largest (as unbarred entry) integer not appearing
n wp—,41

3. Wp—y = wp—1/{} U {5}

This reverses the insertions by (R3) and (R4). To reverse the remaining inser-
tions by (R;) and (Rs), then for each u,41-, € Dp_y, 1 < i <r do

Loif g1y & Wp—y—rt1, then Dy_yy i= Dp_ iy [{Urg1-0}, Wpoy—y =
wp—y—1+l/{ur+1~1}v I'=TU{urs1-.}

2. if Urio, € Wp—y—o41, then Dy == Dp_y i1 /{turr1-0}, Wpy—y =
Wp—y—rp1/{Ury1-0}, I = I/{Gr1=,} U {5}, where 5 is the largest (as

unbarred entry) integer < u,y;—, not appearing in wp—,41
O

Example. For n =10, let

Then

% (3,8,10,10,9,8,5,2) 3 (3,8,10,10,9,8,5,2)

Thus, given by ® by € B$?, the quantity H(b; ® by) is simply (lwpl —
n)/2. Let us view this in terms of a “winding diagram” in the spirit of
Nakayashiki and Yamada [NY]. Consider two parallel vertical ladders with

the positions 1,...,n,7,...,1 labeled from top to bottom. Given b; ® by €
BSEQ, place particles at positions iy,... ,ip,j_q,... ,ji1 on the left ladder, if
bi = [i1,--+ yipsJg,--- 1), and likewise for bg. Starting with the topmost

particle s of bg, locate the first particle in b; whose position is lower than or
equal to s, which is not connected by a line. If no such particle exists, locate the
topmost unconnected particle in ;. Connect these two particles by a line. Call
such a line a “up” H-line if the particle in b; is lower or equal than the particle
in by, a “down” (or winding) H-line if it is higher. Repeat this procedure for
the remaining particles in bq, in descending order. Call such a diagram the
H-diagram of by ® bg. It was shown in [NY] (in a much more general situation)
that the number of down H-lines is independent of the order you connect the
particles.
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Proposition 3.2. Let u be the number of winding H-lines and let ¢ de-

note the number of particles x € by which are connected to a particle y € b;.
Then

(3.5) —2H(b; ®bs) =u+d(c€2Z+1)
where 0(\) = 1 if \ is true, and 0 is \ 1s false.
Proof.  Suppose by = [i1,... ip.jgr---,ji)and by = [L1,... Iy, g, ... . my].
Then if we compute the image of by ® ba using the rules (Ry) — (R5), we have
lwy | = q + [{k|l); inserted using R; or Rs}| — (s inserted using Rs).

Examining the rules (R;) and (Rq) carefully, we see that [; is inserted using
(R1) or (R2) iff there is an up line connecting l; € by with some i, € b;. It
follows from Lemma A.1 (but applied to H-diagrams instead of LS-diagrams)
that the only winding lines in the diagram of b; ® by which may occur emanate

from particles in {7g,... ,7} and connect to particles in {i1,....i,}. Let
f be the number of such winding lines, and let d be the number of up lines
connecting particles in {l1,...,{y} to {i1,...,,}. Then certainly p = d + f.

Since p + g = n, we have
|wp| = ¢+ d — (L inserted using Rs) = n — f — 0(l, inserted using Rs)

Thus the stated formula (3.5) will follow if we can show the last term in the
above equation is equal to d(c € 2Z+1). This follows from Prop. 3.1 by checking
the 4 cases according to whether n or @@ belong to by or bs. O

We remark here that Okado [Oka] has previously given a formula for the
value of H on the crystals of the spinor representations of U, (B,,) and Uy(D,,),
derived by taking the ¢ — 0 limit of the corresponding R-matrices.

Since the value of the local energy function #(b; @ bs) is related (up to a
factor of —2 and possible addition of 1) to the number of winding lines in the
H-diagram of b; ® bs, it suggests we can modify the definition of the charge of
Lascoux and Schiitzenberger to give a direct relationship between charge and
energy for these level 1 D,(Il) crystals.

To this end, we first set up a bijection between D, highest weight vectors
in P;, and certain semi-standard tableaux of content (n%). Recall [Nak] the
criterion for a vector b&b; ®- - -®by, to be a D, highest weight vector, where each
b, € B1. If bis a highest weight vector, one can associate a géneralized partition
A= (A},....A}) where each \, € 1Z; for 1 <i<n, \, € 3Zand Aj > -+ >
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5_ 1> |A2]. If by € By then b®b; is a D, highest weight element iff A* —e(b;)
is a dominant weight. Here £(b) = Y_"_; &,(b)A,. Similarly b® b; ® --- ® by, is
a highest weight element iff A* + wt(by) + - - - + wt(b,—1) — €(b,) is a dominant
weight for each 1 <7 < L. This then implies that A® + wt(by) + - - - + wit(b,) is

a generalized partition for each 1 < i < L.

Example. Consider the highest weight element

p = &
This corresponds to the sequence of shape changes
- [ ]
—
- — 1 — — —

LTI
[
[

Here, each square represents a “half-box”, so that the final shape represents
the partition (3222111).

Alternatively, given a highest weight element p € Pr we can associate
a semi-standard tableau T'(p) of shape v = X\ + u recursively as follows. If
p’ € Pr_; is given, and p = p’ ® by, then for each iy € by, place the entry
L in the i’th column of T'(p’), and for each j; € by, place the entry L in the
(2n + 1 — 7;)'th column of p’. It is clear that the shape A of the subtableau
in the first n columns, and the shape p of the subtableau in the second n
columns are complements in the shape (n”). Indeed, their conjugates are also
complementary partitions in (L™) and thus related by

=L =X I<i<n

The tableau T'(p) has content (L™) and is distinguished by the fact that for
each ¢ with 1 <4 < L, the entry ¢ occur either in column j or column 2n+1—j
for each 1 < j < n. In other words, the j'th and (2n + 1 — j)’th columns
are complements in {1,...,L}. Hence the tableau T'(p) is uniquely specified
by the subtableaux on the shape \'. Moreover, if p € Py, is associated with a
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generalized partition A° as discussed above, then it follows by a simple induction
on L that

N =XN+LJ2

Example. For the example given above, we have the tableau

—
[
N
V)

2[4]5]6]
6!

w
S
9]
(=)

=l B %N L
=S4 B3 PN
[« B3 N
w
(=}

T(p) =

[S3 B M Y
[3] PS8 (V8] o) o
[<2] 541 I°M) )

[o]o]s]e]o]=

Here, we have A® = (322111), X' = (65554443) and p’ = (3222111).

Similar to the notion of H-diagrams, Nakayashiki and Yamada introduced
the concept of LS-diagrams, which are related to the computation of the Lascoux

Schiitzenberger charge of a semi-standard tableau. Again, one represents the
elements of b; and by as particles on a ladder. Given a particle x € b; one
selects the first unconnected particle y € by which is greater than or equal to
z, is such a particle exists and connects them with an “up” LS-line. If no such
particle exists, connect x with the lowest unconnected particle in bs, calling
such a line, a “down” LS-line. The LS-diagrams of BSEQ have the following
properties, proved in Appendix A.

Proposition 3.3. Given an H-diagram (with top-to-bottom order) H of
b1 ® by € BS? and an LS-diagram (with order J) L of by ® by we have

(i) there exists at least 1 order J such that the diagram L coincides with the
diagram H.

(ii) the number of down LS-lines in L ts independent of the order J.

(iii) the number of up LS-lines connecting T € by with y € by is independent of
the order J.

Remark. From the definitions of H- and LS-diagrams, it is clear that
the LS-diagram of b; ® by is identical to the H-diagram of b} ® by obtained
by rotating through 180 degrees, where if by = [iq,... ,ip,ﬂ,... ,j_l], by =

K1y oo vkpy sy 0y) thend) = 1, lsykry oo vh1]y by = [G1, - 2 dgsips- .- s 01)-
Hence, for any statement about LS-diagrams there is an equivalent statement
about H-diagrams.



558 TimMoTHY H. BAKER

Following Nakayashiki and Yamada, we define the local index ind ;(b; ® b2)
of the LS-diagram b; ®by with respect to the order J as being the quantity given
by the RHS of (3.5). From Prop. 3.3 we have ind (b1 ® be) = —2H (b1 & b3).
For a path p = by ® by ® --- ® by, € P, drawing the LS lines in the diagram
of by ® by with order J; say, induces an order Jy on the LS diagram of by ® b3
and so on. For the initial order Ji, we take the bottom-to-top order (to be
consistent with the definition of LS charge). Define

(3.6) ind(k) = indy, (b1 ® ba) + -+ - +indy, , (by—1 ® br)

Then
—2E(p E ind(k

We now define a “local index” and “charge” for the tableau T'(p) consistent
with the above definitions. Introduce a set of auxiliary counters v,, 1 < i <
L — 1, initialized to 0. In the usual manner [Mac|, attach subscripts to the
entries of T(p) recursively as follows: begin with the rightmost entry 1 in
T(p) and attach the subscript 0. Given an entry ¢ with subscript ¢, search
the tableau along the rows, using the order right-to-left and top-to-bottom
(the Hebrew/Arabic order) until the first entry ¢ + 1 is encountered. If i + 1
is encountered before reaching the beginning of the bottom row (i.e. i + 1 is
strictly south and weakly west of 7 in the tableau T'(p)), then attach ¢ as the
subscript of 7 + 1. Otherwise, wind around to the end of the first row and
continue the search until the first + 1 is encountered (such ¢+ 1 will be located
weakly north and strictly east of i), attaching the subscript ¢+ 1. If 7 is located
among columns n+ 1,...,2n and i+ 1 is located among columns 1,... ,n, let
v, — v, + 1. Continue this process for each 7, 1 < i < L. Then repeat the
procedure ignoring all entries with subscripts. The local index ind’(k) is just
the sum of all the subscripts attached to the entries k, and we define

k—
indg(,) (k) = ind'( E v, € 2Z + 1)

The quantities v, just count the number of up lines from barred to unbarred
elements in the LS diagram of b, ® b,4,. Finally, define the charge

L
C p) = E indT(p)(A)
k=1

From Prop. 3.3, we have indy,) (k) = ind(k) and hence ¢(p) = —2E(p).
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Example. Continuing with the running example, we have the following
values of —2H (b, ® b,11) for 1 < j < 5: (4,0,2,1+1,2). Here 141 indicates
that u =1 and ¢ € 2Z + 1 in (3.5). Hence

ind(1) =0 ind(2)=4 ind(3)=4 ind(4) =6 ind(5) =8 ind(6) =10

Computing the local index of T'(p) we have

Lo[Lo[Lo]to]lo]10]10]10[21 ]2 21 [2: [41]5:1]64 ]
20[20]20[20]31]31]31[31 42 [51 6261

ind' (1) =0 ind'(2) =4 ind'(3) =4

S030}30iB0 s 41152101 ind'(4) =6 ind'(5) =7 ind'(6) =9
4dol4ol|40]51]51|51(62

2ool0i]0: (v1,.-.,v6) = (0,4,0,1,0,0)

0

Hence indp,) (k) = ind(k) and ¢(p) = —2E(p) = 32.

§3.2. D?

In this subsection, we repeat the analysis of the previous section for the
D,(;')_gl perfect crystals. Let wy = €1 +- -+ ¢; be the weights of the fundamental
tensor representations of B,,, which are related to the fundamental dominant
weights by w, = A, for 1 <7 < n -1 and w,, = 2A,,. We begin with the
decomposition of the B,, crystal

(37) B(An ®B(An @B Wn — L

The highest weight element of B(wy.) is given by vy, :=[1,2,... ,n|®[1,... ,k,7,
,k-+1]. From the rule (1.1) we have for k <n — 1,

fiofooe=[1,2,....0]Q[2,... . k+1,7,... ,k+2,1] = uy

Using the action of the D 1 fg operator [KMN2], we have fo Up = Upy1, and

n +
hence we have

(38) H(bl & bg) = —k, if by @by € B(wnw;\.)

where we have normalized the energy function such that H(b; ® b2) = 0 if
b1 :bg - {1, ,n].

To proceed further, we recall the B,, analogue of Prop. 3.1 which was given
in [Bakl].
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Proposition 3.4. Suppose b1 = [j,,... ,j1)— and by = [i1,... ,ip|+-
Let ug := (j_q,... ,J1) and given ug_1 = (Vi,... , VU, Wm,-.. ,W1), define ug,
1 < k < p inductively as

r(vl,... s ULy Uy Wyrgs « - - ,"LFI_) if iy, ¢ {wl,... ,wm}, (Sl)
(V1y - UL C Wy« -+ Wty Co Wa—Ty- v s Wrgls Wr—Tse-- )
Uy = iy = Wr, Wrpy =Wr 47, 1 <j<s—71 wep1 >c=ws+1 (S2)
(W1, 00,0, Ws -+ Wy L, WrT, - - - )
Lk =Wy Wy =n—m+r+j, 1<j<m-—r (S3)

Then by ® by — uy, is the crystal isomorphism which realizes (3.7).

It follows that for by ® by € B(A,,)®?, we have H (b; ® by) = |up| —n, where
up is given by the algorithm above. Using Prop. 3.4, we have analogously to
(3.5), the result

(3.9) —H(b1 ®by) =u

where u is the number of down lines in the H-diagram of b; ® bs.

As in the D,(zl) case, p = b®b1®--- Qb is a U,y (By) highest weight element
iff A + wt(by) + - -+ + wt(b,—1) — €(b,) is dominant for each 1 < ¢ < L, where
A® = wi(b) is the generalized partition associated to the highest weight element
b.

To such a highest weight element we can associate a semi-standard tableau
T(p) in exactly the same manner as in the DSV case. The only difference will
be that in the subtableau formed by the first n columns, the number of entries
equal to ¢ for any 1 < ¢ < L is not restricted to being even/odd.

Using (3.9) we then have the result that ¢(T'(p)) = —E(p) where ¢(T'(p)) =
ZAL~:1 ind’(k), with the local indices ind’(k) being defined as in the DY case.

§3.3. CV

Finally, we turn to the case of crystals of Ué(CS)) studying the energy
functions associated to highest weight paths in the space B®%, where B = B™!.
This crystal is part of a family of level 1 crystals B™! introduced in [HKOTY].
As Uq(Cy) crystals, they are isomorphic to the crystal B(A,) and hence the
elements of such a crystal can be represented by one-column tableaux of length
r. These crystals are not perfect, unless r = n. For 1 < i < n, the action of &,,
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f, are given in [KN], while for ¢ = 0, we have

T . . 1,20, ... y0p— ifiT:T
fo(zl,...,zr):{( ! ) 1)

otherwise

- B e
OB 0 otherwise

To compute the value of the local energy function H on B™'! @ B!, let us
first decompose this as a Us(Cy,) crystal

(3.10) B(Ar,) ® B(Ar,) ~ & B(A¢ + Ay)
0<s<t<n
s+t<ri+ra, s+t=ri+rz2(mod 2)

|r1—7r2|<t—s<2n—71—72
The highest weight element of B(A; + A;) is given by
ves = (1,....,r)®(L,...,8,71+1,...,0,D,... , T+ 1),

(3.11)
p=(r1+ra+t—1s)/2

Note that p is a positive integer. Using these highest weight elements, we can
show the following

Lemma 3.5. The value of the local energy function on B™! ®@ BT 15
given by

H(by ® by) = —(min(ry,r2) — 8), if by ® by € B(Ay + As).

where we have normalized H to be zero on the component B(A,, + A,,).

Proof. Let Hy , be the value of H on the U,(C%,) crystal B(A; + Ag). We
shall show

(1) Hip1,641 = Hy s+ 1, 0<s<t<n-—1.
(i) Hy—1,641 = Hy s+ 1, 0<s<t—2<n-2.
from which the result will follow with the normalization H,, ,, = 0 (resp.

Hyyr, =0)ifry > ry (resp. ro > 11).
To show (i), note that if

wy = (fl"'fS)(fl"'fs)(fs—i—l"'ﬂ)vt‘s
=(,...,1)®(2,...,s+Lri+1,....,p,p,... ,t +2,1)
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then fowi = vi41.5+1. Also we have

wi e (1,...,r2)®(2,...,8+ Lo+ 1,...,p,D,...,t+2,1)

under the isomorphism B™'' ® B2l ~ B"! @ B! since both vectors are
mapped to the 2-column C,, tableau with column reading (2,--- ,s+1,2,--- ,t+
1) under the tableaux product (2.6) using C,, insertion [Bak2, Lec|. The result
now follows from the definition (3.1).

To show (ii), we first prove it in the special case when t + s = 7y + 7.
There, defining

wy = (2,...,m1+1)®(2,...,8,11+2,..., 711 +r2—5+1,1)
we have

Upi4ry—s+1.s—1

=(Eritra—st1 7 €y 1)(Ery o €1)(Es—1 7 €1)(Eryra—st2 7 En)(En—1"""E1) W2
However, we also have
Uri4rg—s,s = (é7-1+7-2—s T ér1+1)(ér1 e 'él) fo w2
Noting that
wy = (2, ., + 1) ®(2,... 819 +2,... .71 +73— s+ 1.1)

again, since both vectors are mapped to the same 2-column tableau under the
C,, tableaux product, the result now follows in this special case. For arbitrary
t, s we then use (i) to show that (assuming r1 > ro without loss of generality)

Hi 1s11= Hr vy tt—s)/2-1.(r147240—1) /241 — (ri+m—t—s)/2
= H(r1+r3+t—\s)/2.(7'1+r3+s—t)/2 - (7'1 +reg—t— S)/2 +1= Ht.s +1

O

Let us now show that in the case r; = ro = n, the value of H can also be
computed using the embedding ¥ of Prop. 2.2. First, some preparatory results
are needed.

Proposition 3.6. Suppose b, € Bc(Ay,), for some k,, i = 1,...,4.
Then

bixcby =bzxcby = Y(b1) x4 W(b2) = ¥(b3) xa ¥(bs)
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Proof. We can use an inductive proof similar to that used in the proof of
Prop. 2.3 (i’) to reduce this to the case when b; ® by and b3 ® by are highest
weight elements. Such a case can then be proved by explicit calculation using
the vectors (3.11). O

Corollary 3.7. 1(by x¢ ba) = ¥(b1) x4 ¥(b2)

Proof. Suppose by xcba = by|bs as a two-column C), tableau. Then by *cbo
= bz *c by and so by definition 1(by *c bg) = ¥(b3) xa¥(bs) = ¥(b1)*ath(b2) O

For an element b with column reading P, define

_ (P _Q
wL(b) = Q* llR(b) : (§+)F P

so that ¥(b) = ¥ (b) x4 ¥r(b). We now have the main result in this section

Py

Proposition 3.8. Letp=>0;Q---Qby be a path in the Ué(C,(Il)) crystal
(B™1)®M gnd define the path

T(p) = ¥r(b1) ® Yr(b1) ® - ® Yr(bar) ® Yr(bar)
in the U;(Aéi)_l) crystal (B™1)®2M | Then T(p) is classically admissible and
indy(i) = indrep) (2i — 1) = indpp(2)  1<i< M

and hence E(T(p)) = 2 E(p).

Proof. Tirst note the fact that T'(p) is classically admissible follows from
Prop. 2.3 (ii). Next, let us first show that for any b, € B™! {=1,2 we have

(3.12) He(by @ b)) = Ha(Yr(b1) ® ¥ (b2))

When r; = ro = n, then in the decomposition (3.10) we have s = ¢. Suppose
bixcbe € B(2A,) for some s, so that by Lemma 3.5 we have He (b1 ®by) = —(n—
s). Using Corollary 3.7 we can construct ¥ (byxcba) = 1¥(b1)xitr (ba)* 4R (b2)
by column inserting ¢, (b2), and then g (bs) into ¥ (b1). Suppose Yr(b1) *4
Yr(ba) € Ba(Ay + Aan_y) for some 0 < v < n. From [Shi, SW| we have
Ha(vgr(by) ® ¥r(by)) = —(n —v). We must show v = s. It is clear that
U(by) %4 Up(bo) € B(A, + A, + Asy—y). If we now insert 1r(bs) into this
tableau, the resulting tableau will have shape Ay, +Appi, +Apgrg +Aon—pin,-
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From the Column Bumping Lemma [Ful], and the fact that ¥(b; *¢ b2) €
Ba(2As 4+ 2A9,—), we must have ky = v, ks =n —wv, kg = ks =0 and v = s.
Thus (3.12) holds.

To complete the proof, note that

Ha(yr(b,) ® Yr(b,)) =0 Vi, 1<i<M

since ¥ (b.) *a Yr(b,) = Yr(b)|¥r(b) as a 2-column U,(A2,—1) tableau.
Hence the result follows. [

Now, having defined the classically admissible Ué(AgL)_l) path T'(p) we
can construct a semi-standard tableau (also denoted T'(p)) in the usual manner
[NY], and the above Proposition tells us that charge(T (p)) = 2 E(p).
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Appendix A

In this Appendix, we give a proof of Prop. 3.3. Of course, the statements
(i) and (ii) are well-known and have been proved (in a much more general
situation) in [NY, HKKOTY]. However, we include proofs since they will be
used to prove (iii) (which is only true when by, by belong to the crystal of the
spinor representations of Uy(B,,) or Uy(Dy,)).

Proof of Proposition 3.3(1). Referring to Fig. A.1, let A be the lowest
particle which is the beginning of a down line in b;, and B be the highest
particle which is the end of a down in by. Then [NY, Lemma 5.11] A lies above
B. Let C be the first particle above A which is the beginning of an up H-line,
ending in D. If we draw the LS-line for such a particle, it must coincide with
the H-line, since there are no particles in by between A and D (if there were,
there would be a up H-line occurring between A and C, contradicting the fact
that C is lowest). Thus we let J(1) be the order of C. We continue in this
manner with the next occurring up H-line above C, letting it be J(2) and so
on. All LS-lines constructed in this manner coincide with the H-lines. Such
a process exhausts all the particles above A in by, since there are no down
H-lines emanating from particles in by above A (since A is above B). Next, we
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X

Figure A.1. Correspondence between LS and H-diagrams

continue ordering the particles in b; by letting the next particle in the order
J be A itself. Such an LS line from A must connect to the lowest particle in
be, since all particles above A in by are already occupied by LS lines, and the
down LS line from A is the first one. We then continue to draw down LS-lines
for the remaining particles above A in b; - these must coincide with the down
H-lines since none of the down H-lines cross (since the H-diagram was drawn
with top-to-bottom order). Finally, we continue the order J from the lowest
particle in by, continuing upward towards A. These up LS-lines must connect
with particles in by located between A and B, and hence must coincide with
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the H-lines. O

Proof of Proposition 3.3(ii). Suppose that for a given LS-diagram, we
have 2 different orders J and J’ which differ by a transposition i.e. J'(i) =
J@i+1), J'(i+1) = J(&) and J(k) = J'(k) for all & # 4, i + 1. We must
show that the number of down lines remains the same with respect to either
order. There are 4 possible cases to consider, depending on whether the lines
emanating from the particles labeled J(i) and J(Z + 1) are up lines or down
lines. The possible configurations are shown in Figs. A.2-A.5. Let us give a
detailed explanation for Fig. A.3.

In Fig. A.3, in subcases (i), (ii) and (iv) J(i + 1) is above J(i), while
in subcase (iii) it is below. The particle at the end of the line coming from
J(i+ 1) is either below the particle at J(i) (corresponding to subcases (i) and
(ii)), or above the level of J(i) (corresponding to subcases (iv)) in which case it
must also be located above the end of the line emanating from J(i). Also the
subcases (i) and (ii) correspond to whether the particle on the right connecting
to J(i) is above or below J(i + 1). These exhaust all possibilities and in all
subcases it is clear that the number of down lines remains the same. O

Proof of Proposition 3.3(iii). The statement follows from the fact that
for two orders J and J' = s, J, the number of such lines in the LS-diagram of
b1 ® by with order J remains unchanged when going to order J'. This in turn
follows from an examination of the diagrams in Figs. A.2-A.5 and the following
lemma. O

Lemma A.1. For by, by € B(Ay) for Uy(By) or Uy(Dy), or by, by €
B(An—1) for Uy(Dy,), the LS-diagram of by ® by does not contain any subdia-
grams of the form appearing mn Fig. A.6

Proof. First note that the LS-diagram of any order J can be obtained
from the diagram for some fixed order Jy by a sequence of elementary transpo-
sitions, the results of which appear in Figs. A.2-A.5. By examination of these
diagrams, one sees that the result will follow from an induction argument, once
we can prove it for some fixed order Jg.

Let us fix the order Jy to be the bottom-to-top order. As such, we only
have to consider Figs A.6(a),(b) and (d). Let us first consider Fig. A.6 (b).
In such a case, let the particle on the left be located at level b, and the one
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on the right at level a. We consider two subcases, according to whether the
first particle on the right appearing below level b is connected to a particle on
the left or not (see Figs. A.7(i) and (ii)). In the first case, locate the lowest
particle connected such that all particles above it are also connected (it must
appear above @), and suppose such particle is at level ¢. Suppose further, it
is connected to a particle on the left at level d. Clearly there are no particles
(connected or unconnected) on the right between d and ¢c—1 (since, if there were
any such particles, choose the highest - if it is connected, it would contradict
the assumption that the connected particle at ¢ was lowest; if it is unconnected,
the particle on the left at d could not connect with the particle at ¢). By the
assumption all particles on the right appearing above b (including particles at
unbarred levels) are connected to particles on the left between ¢ and b. In
particular, the particles on the right between d and b, and those between b
and d are all connected and there are b + 1 — d such particles (due to the fact
that the columns represent “spinor” tableaux). However, these particles must
connect with particles on the left which can only lie in the set {d, ... ,b—1}, of
cardinality at most b — d, whence a contradiction.

In the second subcase, suppose the highest particle on the right below b
is unconnected and located at level ¢ (certainly ¢ # b, otherwise the particle
on the left at b would connect horizontally, and not downwards as assumed).
Again, from the spinor condition, there are particles on the right at all levels
c¢+1,...,b and they must connect with particles between c+1 and b—1, and
so by cardinality considerations, there is a contradiction. A similar argument
with two subcases can be used to show that the configuration in Fig. A.6 (a)
cannot appear.

Let us conclude by examining Fig. A.6 (d). Using the bottom-to-top order,
there are two possibilities for the particles with order J(¢) and J(i+ 1), namely
the particle of order J(i) is at some level @ (1 < a < n) and that of order
J(i+1) is at level n, or J(i) is at level 7, and J(i+1) is at level a (1 < a < n).
We consider the first case only, as the proof of the second is similar.

Let the up-line from @ end at a particle at level ¢, and the down-line from
the particle at n, end at a particle at level b. As in the paragraph above, we
subdivide into two subcases, in accordance with whether the first particle on the
right below @ is connected or not. If it is connected, locate the lowest connected
particle below @ such that all particles above it are also connected. Suppose
this particle appears at level € and is connected to a particle at level d on the
left. We further subdivide into 3 cases according to whether (i) ¢ < d < a (ii)
d < c<aor(ii)d < a < c For all cases, we note that there must be no
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particles on the right at levels 1,...,c—1, hence all levels 1,... ,c—1 on the
right have a particle. Also, in all cases we must have b below d.

Beginning with case (i) (refer to Fig A.8(i)), we see that the set of particles
on the right between d and a and between @ and d are all connected and such
a set has cardinality a + 1 — d. But such a set must connect with particles on
the left lying between the levels d and a— 1, which is a contradiction.

In case (ii) (see Fig A.8(ii)), since all the levels below ¢ on the right have
a particle, the particles between d and ¢—1 are connected by horizontal lines.
As such, all particles between ¢ and n, and between 7 and ¢ on the right are
connected to particles on the left between ¢ and a—1. Since we know a < n—1,
we have another cardinality contradiction.

In case (iii), all levels on the right between a—1 and d have particles, which
must be connected by horizontal lines to particles on the left at the same levels.
However, there must also be a particle on the right at level @, and this must be
connected on the particle on the left at level @, contradicting the fact that the
latter particle is connected to a particle at ¢ on the right.

As mentioned above, we must also consider the case when the first particle
on the right below @ is unconnected, in which case we have another 3 subcases,

but the details are similar and are hence omitted. O
Iy I+l Jun Ju+h
A x ~ rez - -
~ N \ h ~ I -
m L - . . i -~ * .
T - < v < N o
Tu+h N m “ e Y(//_/ o

Tu+lr T

m - — ) _— —x

x- --~ A= — _~
Jun x Jush T S P

Iy o » J o+ * ”\\\ \
7 x - T ~ A
[} - N [ /
— x ~ o \r
sl — Jw M — «

Figure A.3. J(i) up, J(i + 1) down
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Ity Tuth Tu+1y I
X X S A
m ~ ~ (n ~
N A ~ A —
— T~
T+l T o= 7w - X iy N Juth = -
N

B \ N A

Figure A.4. J(i) down, J(i + 1) down

A A
s 4 1w A
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Figure A.5. J(i) up, J(i + 1) up
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Figure A.6. Configurations not appearing in LS diagrams for spinor reps.
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