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Asymptotic Distribution of Eigenfrequencies
for Damped Wave Equations

By

Johannes SIOSTRAND*

Abstract

The eigenfrequencies associated to a damped wave equation, are known to belong
to a band parallel to the real axis. We establish Weyl asymptotics for the distribution
of the real parts of the eigenfrequencies, we show that up to a set of density O,
the eigenfrequencies are confined to a band determined by the Birkhoff limits of
the damping coefficient. We also show that certain averages of the imaginary parts
converge to the average of the damping coefficient.

Résumé

11 est bien connu que les fréquences propres associées & un d’Alembertien amorti
sont confinées dans une bande paralleéle & 'axe réel. Nous établissons une asymp-
totique de Weyl pour la distribution des parties réelles des fréquences propres, nous
montrons que “presque toutes” les fréquences propres appartiennent & une bande
déterminée par la limite de Birkhoff du coefficient d’amortissement. Nous montrons
aussi que certaines moyennes des parties imaginaires convergent vers la moyenne du

coefficient d’amortissement.

§0. Introduction

In control theory (see [L]) one is interested in the long time behaviour of
solutions to the wave equation with a damping term

(0.1) (02 — A + 2a(z)0;)v(t,z) =0, (t,z) € R x M,
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for some compact Riemannian manifold M. Here A denotes the Laplace Bel-
trami operator, and a is some bounded real-valued function on M, that we shall
assume to be C'* for simplicity. Because of the presence of a we will lose the
unitary behaviour of the evolution generated by (0.1), and we may have expo-
nential growth or decay of the solutions, when [t| — co. At least in principle
the growth or decay rates have some relation with the eigen-frequencies of the
corresponding stationary problem: Putting v(¢,z) = e""u(z), 7 € C, we are
lead to that problem:

(0.2) (—A — 7% 4 2ia(x)7)u(z) = 0.

We say that 7 € C is an eigenfrequency or an eigen-value for (0.2), if
there exist a corresponding non-vanishing distribution u (and actually smooth
function, by elliptic regularity), which solves the equation. It is easy to see that
the eigenvalues are confined to a band parallel to the real axis. More precisely,
if 7 is an eigenvalue, then we have

(0.3) infa <Im7 < supa, when Ret # 0,
(0.4) 2 min(inf a,0) < Im7 < 2max(supa,0), when Re = 0.

Using Fredholm theory, we see that the set of eigenvalues is discrete.

G.Lebeau [L] has obtained several results which relate the stationary prob-
lem (0.2) and the evolution problem (0.1). P. Freitas [F] has obtained various
estimates for the eigenfrequencies of (0.2).

There are three equivalent ways of defining the multiplicity of the eigen-
values. The first one consists in transforming (0.2) into an ordinary eigenvalue

problem
(0.5) (P-r1) <“°> =0,
Uy
where
_( 0 1 .l 0 1 0
(0.6) P-(_A 2ia(x)>'H x H — H x H”,

is elliptic in the Agmon-Douglis-Nirenberg sense, with domain H? x H'. The
relation between (0.2) and (0.5) is given by ug = u, u;y = 7Tu. Then the
eigenvalues of (0.2) are precisely the eigenvalues of P and the multiplicity of

an eigenvalue 7y is then defined to be the rank of the spectral projection I1,, =

1

5 fﬁ/ (r — P)~ldr, where 7 is a sufficiently small circle centered at 7g.
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The second way is to consider a perturbation
(0.7) P(r) = P(r) + K(7),

where P(1) = (—=A — 72 + 2ia(z)7) and K(7) is of finite rank and depends
holomorphically on 7 € neigh (79, C) (i.e. some neighborhood of 75 in C), with
the property that f’(m) : H*(M) — H°(M) is bijective. The existence of such
a K follows from Fredholm theory. Then the multiplicity of ¢ is defined as
the multiplicity of 7o as a zero of the Fredholm determinant det(P(r)1P(7)).
This determinant is well defined since P(7)~'P(r) — 1 : L* — L2 is of trace
class.

The third way is to define the multiplicity of 7y as the trace

tr —L P(1)'0, P(7)dr,
21 J.,
with v as above. In the appendix at the end of this introduction, we show that
the three notions coincide.

In the following, we shall always count the eigenvalues with their multiplic-
ity. We are interested in the asymptotic distribution of large eigenvalues. Since
(0.2) is invariant under the map (7,u) — (—7,T), the eigenvalues are situated
symmetrically around the imaginary axis, so without loss of generality, we may
restrict the attention to the region Ret > 0.

For T > 0, we put

1 T

(0.8) {a)r = o .

aoexp(tHy)dt, on p~'(1),

where p = £2 denotes the principal symbol of —A defined on T*M and H,, is
the corresponding Hamilton field. Recall that exptH, : p~*(1) = p~*(1) can
be identified with the geodesic flow on the sphere bundle of M. It is easy to
show (see [L] or [S], appendix A) that

A, = inf = 1li
0o + h up (el = g, v (e
. A_ :=sup inf {(a)7 = lim inf (a)r.
T>%p‘1(l>< )T T—><><>p‘1(1)< )7

G. Lebeau [L] established the following theorem (cf. Rauch-Taylor [RT]).

Theorem 0.0. For every e > 0, there are at most finitely many eigen-
values outside R+ 1jA_ — €, A + €.
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Actually in [L], the result is stated only for the eigenvalues in R + i] —
00, A_ — €], and with the assumption that a > 0 (which corresponds to actual
damping). On the other hand Lebeau allows M to have a boundary, and he
then takes Dirichlet boundary conditions. It would be interesting to see if the
results below extend to the case when M has a boundary.

We are interested in the distribution of eigenvalues inside the band in the
above theorem. The next result says that we have Weyl asymptotics with (in
general) optimal remainder estimate for the distribution of the real parts. See
note added in proof.

Theorem 0.1. The number of eigenvalues T with 0 < ReT < A is equal
A\" 1
— dzdé + O(A7Y) |,
2w p=1([0,1)

It follows that the number of eigenvalues with A < Re7 < A+1is O(A"71),
when A — +o0o. In view of the Birkhoff ergodic theorem, the limit

to

when A — oo.

(0.10) (@)oo = lim (a)r

T—o0

exists on p~1(1) almost everywhere with respect to the flow invariant Liouville
measure. The essential supremum and infimum of {a)., satisfy

(0.11) A_ <essinf (a)oo < esssup (@)oo < Ay.

When the geodesic flow is ergodic, we have equality in the middle, and we may
have strict inequality to the left and to the right. In the non-ergodic case, we
can find a for which we have strict inequality in the middle. The next result
implies that for every € > 0, most of the eigenvalues belong to the band

essinf (a)oo — € < Im 7 < esssup (@)oo + €.
Theorem 0.2.  For every € > 0, the number of eigenvalues in [A\, A+ 1]+
i(R\Jessinf (@)oo — €, €s85Up (@)oo + €[) is 0(A" 1), when A — co.

Our last result concerns the average distribution of the imaginary parts of
the eigenvalues.

Theorem 0.3. Fiz some Cy > 1, and let Ao > A1 > 1 with Ao/\ < Co,
Ao — A1 >logA1. Let N(\1, \2) denote the number of eigenvalues in [A1, A2 +
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tR. Then
(0.12)
1 _ 1 log A1
Nou) Z Imt = vol (A1) /M a(z)dz + (9(1))‘2 e

T€a(P)N([A1,22]+1R)

Here dx denotes the Riemann volume element, vol(M) = [, dz, and o(P)
denotes the set of eigenvalues.

The author’s interest in the problems of this paper comes from earlier
works on resonances, and more precisely certain situations where some part of
the resonances are captured in some band like domain, isolated from the other
resonances. This happens in the case of the exterior problem for strictly convex
obstacles as was established by Zworski and the author in [SZ]. Theorem 0.1
can be viewed as an analogue of the main result of that paper in a technically
easier situation, and we have used some ideas of the proof in [SZ] (and the
strategy of [S2]). Similarly, Theorem 0.2, can be viewed as an analogue of a
result of [S] for resonances in the case of strictly convex obstacles with analytic
boundary. In that work we approached the resonances only from one side, and
the problem of getting upper bounds for the density of resonances in a marginal
region of the first band of resonances opposite to the real axis, is still open,
but perhaps attainable. As far as the author knows, there is no analogue to
Theorem 0.3 in the case of strictly convex obstacles.

The plan of the paper is the following. In Section 1, we make a simple
reduction to a semi-classical framework, in which we work in the remainder
of the paper, and which permits us to establish the results in a more general
form. In Section 2, we show how one can average the lower order part of the
operator along the trajectories of the principal symbol, by means of simple
conjugation with pseudodifferential operators (pseudors from now on), and we
explain how to obtain Theorem 0.0 in this way. In Section 3 we discuss certain
perturbations of the operator (very similar to those used by J.F.Bony [B])
which are used in Section 4 to prove Theorem 0.2. In Section 5, we make
different perturbations of the operator and create gaps in the spectrum. We also
estimate the corresponding difference of certain trace integrals along contours
in the complex spectral plane. In Section 6, we study the trace integrals for
the perturbed operator, and combining this with the results of the preceding
section, we obtain semi-classical analogues of Theorem 0.1 and 0.3, from which
we also get the versions stated above. At this stage, we also use ideas from
[S2], [SZ).
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Appendix
Let 7 = 19 be an eigenvalue of (0.2), and write
(A.1) P(7) = (A — 7% + 2ia(z)7).

We recall the three different definitions of multiplicity and show that they are
equivalent.

I) Let K(7) be a finite rank operator depending holomorphically on 7 €
neigh(7g, C), and assume that P(rp) = H2(M) — H°(M) is bijective,
where P(7) = P(7) + K(7). Then we define m;(79) € N to be the order
of vanishing of D(7) := det(P(r)"'P(r)) at T = 7.

IT) Define m;(7g) := tr 5— f P(7)710, P(7)dr, where v is a sufficiently small

271'1.
circle centered at 79. We shall see that the integral is a trace class operator.

IIT) Define myrr(m0) to be the rank of the spectral projection II, =
(27i)~* f,y(T — P)~'dr, with v as above, and P defined in (0.6).

Proposition A.1. We have m(19) = myr(70) = mrrr(70)-

Proof. We first show the equality of m; and mj;;. We have

my(m0) = s— / 15(T)‘18,D(T)d7
=g tr /(ﬁ(f)‘lP(r))—laT(ﬁ(r)-lp(T))dT
=5tr (/P(T)_laTP(T)dT - /P(T)_l(arﬁ(T))ﬁ(T)_lp(T)dT)_

It suffices to show that the last integral is of trace class and has trace 0. Since
P(r) = P(r) — K(7), it is equal to

(A.2) / P(r)"Y(8,P())(1 = P(r) ' K(7))dr.
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The contribution from IS(T)‘lK (7) is of trace class already before integration,
so (A.2) is of trace class precisely when

(A3) /u—ﬁurUaﬂﬂ%ﬂ4aﬁumr
is, and when so, the two integrals have the same trace. But (A.3) is equal to

(A.4) ./ﬂﬂ”ﬂﬂﬂﬂ”&ﬂﬂwz/ﬁm”&ﬁﬂmza

~

where the last equality follows from the fact that 13(7')_1 is holomorphic inside
5.

It only remains to prove that my;(m9) = myrr(m0). A straight forward
computation shows that

-1 P(1)"Y(2ia — 1) —P(r)7!
(A-5) (r=P)" = (P(T)_I(Qiav' ~-72) -1 —P(T)”1T> '

We know that fw(T — P)~ldr is of trace class, by spectral Fredholm theory.
From (A.5), we get

— L -1
m”](To)—tr o /y(T 73) dr

=tr (—}—LP(T)_I(Qia—T)dT—-l— P(T)_l’l'd’/')

271 2mi J,,
1
=1tr (Q—M/yp(T)_la-rP(T)dT) = m”(To).

81. Semi-Classical Reduction

Let M be a compact smooth Riemannian manifold of dimension n. Let
a € C*®(M;R) and consider

(1.1) (A — 72 + 2ia(z)T)v =0, v #0.

We recall that the eigenvalues to the problem (1.1) form a discrete set which
is invariant under reflexion in the imaginary axis and contained in some band
parallel to the real axis. We will only be interested in the eigenvalues 7 with
large modulus, and by reflexion symmetry, we may restrict the attention to
such values with Re7 > 1.
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Write 7 = A/h with |A| ~ 1,0 < h < 1, larg A| < 7/4, so that
(1.2) (=h*A — A2 + 2ia(z)A\h)v = 0.
put z = A2, A = /2, so that |z| ~ 1, |arg 2| < 7/2 and

(1.3) (P-—2zv=0,
(1.4) P = P +ihQ(z), P=—h?A, Q(2) = 2a(z)/z.

We notice that Q(z) is self adjoint for z > 0.

In the following it will be convenient to consider the problem in a more
general frame work of pseudors. For m € R, let S({§)™) = {?O(Rif‘g) be the
space of a € C*° (Ri"E), such that

(1.5) 020fa=0((&)™ ), Vo, B € N, (€) = (1+&%)"/2,

see [H]. This definition extends naturally to symbols defined on T*M. If a de-
pends on a semi-classical parameter h €]0, ko] and possibly on other parameters
as well, we require (1.5) to hold uniformly with respect to these parameters. For
h dependent symbols, we say that a € S ((£)™) if there exists ag € S((£)™) in-
dependent of h such that a—ag € hS((§)™1), and we call ap the leading symbol
or principal symbol of a (and of the corresponding h pseudor, to be defined). If
a=a(z,&h) € S((€)™) on R?", we let Op (a) = Opy(a) = a(z, hD,; h) be the
classical h quantization of a (see (A.3) in the appendix of section 6, for the stan-
dard formula). If a, € S((§)™), j = 1,2, we have Op(a1)Opy(az) = Opy(a),
where

S((€)™*™2) 3 a = a1az mod AS((£)™ ™27 H).

In particular, if a, € Sci((€)™), then a € Sai((¢)™ ™™2) and we have ag =
a1,0a2,0 for the principal symbols. This very standard calculus extends to the
case of compact manifolds in the usual way.

In the following, we consider P = P + ihQ(z), where P € Op,,(Sa((£)?))
is formally self-adjoint with (real) principal symbol p(z, ), satisfying dp # 0
on p~*([a, B]), for some 0 < o < 1 < B < 400 and with p ~ (£)? for large
€. (Then P becomes essentially self-adjoint.) Further, we assume that Q =
Q(2) € Op,(Sa((€))) depends holomorphically on z € Q := e =%:%l]q, [, for
some 6y €]0, m/4[. We assume that @ is formally self-adjoint for real z and let
q(z) = q(z, &, z) denote the principal symbol of Q(z).
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82. Averaging

Lemma 2.1. We assume that v is a non-trivial solution of (1.3) for
some z € Q. Then

(2.1) h inf g(Rez)—O(h?)<Imz<h sup gq(Rez)+ O(h?).
p~1(Rez) p~1(Rez)

Proof. Because of the ellipticity of the operator in (1.3) for large &, we
see that

(2.2) | Avil < O(1)]lvl],

if A€ Op(S((£)?)). In particular,

(2.3) Pv, Q(z)v = O(1) in L2,
and considering 0 = Im ((P — z)v|v), we see that
(2.4) Im z = O(h).

It follows that (P — Re z)v = O(h) in L2
Choose § = qre- € S(1), such that g(z,&) = g(z,&,Rez) on p~1(Rez),
and

(2.5) inf ¢g(Rez)<infg<supg< sup ¢(Rez).
p~1(Rez) p~1(Rez)

We have
q(Rez) = qre. + k(p — Rez2),

with k € S({€)71). If we let Q and K be h pseudors with § and k as leading
symbols, then

0=1Im ((P +ihQ(2) — 2)v|v) = h(Q(Re z)v|v) + (O(h*) — Imz)|v||?
= h(@fi’v) +h(K(P —Rez)v|v) = (Im2)|[v]|* + O(h?)||v]?
= (h(Qulv) — (Im 2)ilv]]*) + O(h?)[w]i*.

The semi-classical version of the sharp Garding inequality shows that
(infg — O(R))|Iofi> < (Qulv) < (sup g+ O(h))|ol?,

and combining this with the preceding identity and (2.5), we get the desired
conclusion. O
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We now try to improve (2.1) by conjugating P = P +ihQ(z) by an elliptic
selfadjoint pseudor A € Op(S¢ (1)) with leading symbol a = e9. We have

(2.6) AT'PA=P+ A7 [P, A= P - ihB,

where B is an h-pseudor in Op(Sq((£))) with leading symbol

(2.7) b=a"'p,a} = a'al(a) = Hy(g).
We get
(2.8) ATHP +ihQ(z))A = P+ ihOp(q(Re z) — Hy(g)) + h2R(2),

with R(z) € Op(S({£))). The idea is now to choose g = gre. so that
SUP,,-1(Re ») (Q(Re 2) — Hy(g)) becomes smaller or so that inf,-1(re.)(q(Rez)
— H,(g)) becomes larger. Let us first notice that we cannot hope to change
very much the long time averages of ¢ = g(Rez) along the H, trajectories,
since

1 /T 1 (T d
(Hpg)r : = o /_THp(g) oexp(tHp)dt = 9T /_T E(g oexptHp)dt

= (g0 exp(TH,) — g o exp(~THy)) = O (%) ,

whenever g is fixed. On the other hand, we can replace g(Re z) on p~!(Re z)

by its average
T

1
(@1 = oT L g o exp(tHp)dt.

To see that, we first work on the real axis and try to solve

d 1 1 -
(2.9) Eu(t) = ﬁl[—T,T] *U— U= <ﬁl[—T,T] — 00> * U,

and we first solve

dfr 1

(2.10) 7 = gpi-r.r %,

by means of fr(t) = f(t/T), and f(t) = 1_1,()(t + 1)/2 + Lo,y (8)(t —
1)/2. Along an integral curve p(t) = exp(tH,)(p(0)) in p~!(Rez), we choose

gr(p(t)) = —fr = (g o p), so that

- 9760) = (gptiray — ) « o)
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In other terms, with ¢ = g(Re z), we get on p~*(Re z):

(2.11) —gr = [ Frlo)ao exp((t - 9)Hy)ds,
and
(2.12) Hy(g7) = q — (@)1

Choose gr € S(1) (depending also on Rez) satisfying (2.11) on p~!(Rez).
With A = Ar chosen correspondingly, (2.8) gives

(2.13) AZY(P +ihQ(2))Ar = P + ihOp(qr) + R*Rr(2),

with R € Op (S((€))), and with gr € S((£)) equal to (g)r on p~'(Rez). If v
is a nontrivial solution of (1.3), we get

(2.14) (A7H(P +ihQ)Ar — 2) A7 v = 0,

and from the lemma (as well as its proof which takes care of the contribution
from h%Rr(z)) we get

(2.15)
h inf (g(Rez))r — Or(h?) <Imz<h sup (q(Rez))r+ Or(h?),
p~1(Rez) p~1(Rez)
for non-trivial solutions of (1.3) when z = O(h).
In Appendix A of [S], it was established that

2.16 su inf ~ lim  inf ’
( ) TZ%P“I(Rez)<q>T TI_’OOp—l(Rez)<q>T
2.17 inf ~ lm su .
(2.17) %%op_??Rzz)WH Jim p‘l(rgz)@)T

The argument there also shows that the limits are locally uniform in Rez.
Moreover, if we introduce the a.e. limit given by Birkhoff’s ergodic theorem:

(2.18) (@)oo = lim {g)7,
— 00
then
(2.19)
lim inf (g)r < infess (g)oo < supess (g)oo < lim sup {q)7.
T——)oopvl(Rez)< > pvl(Rez)< >oo p—l(ReZ)< >oo T—>oop—1(Rez)\q>

It is easy to find examples where the first and the last of these inequalities are
strict, we may for instance consider a two-dimensional torus and assume that
the support of a is contained in a strip parallel to one of the axes.
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From (2.15-17), we get for eigenvalues in (1.3):

(2.20)
h(lim  inf (g(Rez))r —o(1)) <Imz < h(lim sup (g(Rez))r+o(1)),
T—o0 p~1(Rez) T—00 p-1(Re z)

locally uniformly in Re z. This result implies Theorem 0.0.
We are interested in bounds on the density of eigenvalues in the marginal
regions

Imz < h( infess {q)oo — €0), Imz > h(supess (q)oo + €0),
p~1(Rez) p~1(Rez)

where €p > 0 is any fixed number.

83. Perturbations with Controlled Trace Norm

In the following two sections, we let z vary in a disc of radius O(h) around
some real value, that we take = 1 for simplicity. Thus we will work with
z=1+¢, ( = O(h). We consider the operator (2.13), that we write

(3.1) Pr = P+ ihQr + K*Rr(2), QT = Qr(1).

Here Ry is slightly modified compared to the Ry in (2.13) but has the same
properties. For simplicity we sometimes drop the subscript T, also for the
principal symbol of @ = @, that we denote by ¢ = gr. We recall that

(3.2) Hyq = 0(2), onp™'(1)

It follows that
(33) QR < (O(7) +Or(t)ul + Or®IP - Dul.

In the new notations, (2.15) becomes

(3.4) h inf ¢ —Or(h?) <Im(¢ <h sup q+ Or(h?),
p~1(1) p1(1)

for non-trivial solutions of
(3.5) (P-2)u=0, z=1+¢,
with ¢ = O(h).

We now want to make a small perturbation P of P, so that the upper bound

in (3.4) is improved for solutions of (P — z)u = 0, and we want a corresponding
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control over the resolvent of P. We also want a good control over the norm and
the trace class norm of P — P. For that, assume that we have constructed a
pseudor @ € Op(S((£))) with leading symbol g such that ¢ < g on p~1(1) and

(3.6) Hyg=0 (%) on p~1(1).

For instance, we can take ¢ = a(g), on p~1(1), where a is real and smooth,
a(E) < E, |d]| < 1.

Let 0 < f € S(R), with f € C3°, where f(t) = [e “Ef(E)dE is the
Fourier transform. We will assume either that

~ 1 1
(37) Suppf C] - ETmin(l)a §Tmm(1)[a
where Timin(1) is the smallest possible period > 0 of a closed H, trajectory in
p~1(1), or that

(3.8) the union of all closed H,, trajectories in p~*(1) is of measure 0.
Put

(3.9) P = P +ihQ + h*Ry(2),

with

(3.10) a-o+s (5 @-ar(52).

Notice that

1@~ Qull < (sup (@~ 2) + Or(w)ull + Or(VII(P = 1u,
S

and that [[(P — 1) f(52)]l = O(h). 1t follows that

(3.11) Hf (P—h_—l> @-@)f (fh;l> H

<IfilZ% sg(pl)(q —q) + Opr(h), h— 0.
S

For the trace class norm, we notice that by the sharp Garding inequality,
FER(Q-Q+Ch)f(E2) >0,if C = Cpr > 0 is sufficiently large. Hence,



586 JOHANNES SJOSTRAND
| - _ |
o1 | (57) -0 (57)

~ P-1

<l (557 - @ oms (57)

(5) @-awems (52 +ormtny

< (
<ur (1(5) @-ar (52)) + onntr).
Here
i (f(%)(@—@)f(%))—tf( ) Q-0
P;l(

:trg/fQ(t)e” — Q)dt,

which under one of the assumptions (3.7), (3.8) is equal to

t P_1 21l
canls(221)

oo

tr

(3.13) bt ( / (- DL PP 0) + m(l)) R0,

where C,, > 0 only depends on the dimension n of M and Lg is the Liouville
measure on p~1(1). (See for instance [DS] for this classical fact.) Further,
f2(0) = || f]|3., so combining this with (3.12), we get

s [s(5)@-ar (57)),

<O [ (0= Lol + opr (A

(3.11) and (3.14) provide estimates for the operator and trace norms of

B P—zhf<P )(Q Q)f(Pgl)-

We now study the invertibility of z — P. If A, B are bounded self-adjoint
operators, we have

I(A +iB)ul|* = [[Aull® + [|Bul[® + i([A, Blulu),

and applying this to (3.9), we get
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(3.15)
20(F — =ull? > (P + ih@ — 2Jull® — Or (A)(I(P — 1)uil® + )
> (P = Re2)ulP + 12 (T - @) ulP +in(1P, Qlu)
O (WP~ 1)l + )
— (P Rez)ull® + 7| (““ -Q)up

2
‘9‘(0(1)f}(1+||f|[L°°>+OfT(h3))”u‘| = Or(h*)|[[(P ~ Re 2)ulf®.

Here we also used that z—1 = O(h). This implies (for A small enough depending
on T) that

(3.16) [|(P — Rez)ull < V3||(P - 2)ull + (@(U% + Of,T(l)h3/2> [[]l-

On the other hand, we have

(3.17) Im <%(z — 7'5)u|u)

Im 2z

- ((—— - @) u{u) - Or(h)(Jult + (Re 2 — Pufl)u

(B2 -avs (5 -2 (52 ) un)

+O0r(h)(full + i(Re z — P)ul]){lul].
Here we would like to eliminate f (%) and for that purpose we factorize
(3.18) F) = (1) + gu(A) (A = ),

so that g, (A fo (n+t(A = p))dt and |g,(N); < min(|| ||z, 2/ f[[e /IA])-
With g(A) = gR =o1 A\ = g_g()\) we get

(3.19) {(f (T @@ (Bt ) ) -1 (%) (@~ @)
=]((Q—@)f<P Y (P52 ) -1 (9) (@ -
<|(1a-a0 (557) 5 (55) )

#1(@- 0 (B Yo (T T2

< (2 sup (g — )l flloollf loc + Of.1(h))fuj
p~1(1) |

|
U\l .

P —Rez
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Use this in (3.17)

(3.20)

Im (%(z~'ﬁ)ulu> >
((I—m—g—cz f(ReC> <Q—@)> u|u>

—2( Sug)(q = DlIflioollf oo + Of,T(h))“uHH%(P —Re2)ull = Opr(h)lull*.

p—l

Let a(E) > 0, be a continuous function defined on a bounded interval J
containing 0 and restrict z by assuming that

2
(3.21) %—Q-Ff(%) (q—a)Za(iftj—c>,onp_l(Rez),B;—<€J.

(Notice that from (3.21), we get the same lower bound on p~!(1), provided
that « is replaced by o — O(h).) Then for the same z and for (z,£) € T*M:

(3.22)
2
B g7 (B -0 =0 () + om0 + e ) Re),

where S(1) 3 6_11%g (z,€) >0, Ve € S((€)~1), and we deduce from the sharp
Gérding inequality that

(3.23) <<E—Q+f( )2@ Q))m)z

(o (B5) - 0rr) 1l = O5r WP ~ Rez)ul.

Using this in (3.20), we get

(3.24) Im (%(z—ﬁ)wu) > <a (R—ng) - Of,T(h)) [Jul[®

~(2 sup (g~ DS ool F oo + Opr (V) (P ~ Re zJul
p~1(1)

and using (3.16), we get



DAMPED WAVE EQUATIONS 589

(3.25) 1 ( (z — u\u> > <a (R—Z% - Of,T(h)> lJull®

~V3(2 Su%ﬁ)(q = DS Mool flloo + Of,T(l)h)“u““%(z — P)ul|

p~1(1

- <of(1)% + of,T(nh%) [|u!]2.

[w) < 15 (= = P)ullljul, we get

Using also that Im (zjf

320) (a (%) - (©s1) z + 072 (VD) ) Il

<(1+2v3 SU(P)(Q—@lf llooll£lloo + Oz, (DAY 3-(z = P)ull.

bl'—‘

Since ¢ and ¢ remain bounded on p~!(1), when T — oo, we see that for every
€ €]0, 1], we can first choose T large enough, then h small enough depending
on €, T, a, and get

B2 (-9a( )l

< (L+2V8 5w (g DIf ool e + Opr ORI =~ P,

Summing up the discussion so far, we have

Proposition 3.1. Let P € Op S.((€)?) be formally selfadjoint with real
principal symbol p, and assume that p(x,€) ~ (€)? for large € and that dp does
not vanish on p~1(1). Let Q = Q(z) € Op (Sa((£))) with principal symbol (=)
depend holomorphically on z € Q = ed=%%llq, B[ where 0 < Oy < 7/4,0 <
a <1< S, and be formally self-adjoint when z is real. Let

Pr = P +ihQr + h*Rr(2), Qr = Qr(1), z2=1+¢, (= O0(h),

be the operator (3.1), so that Q7 € Op (Sa((§))) has leading symbol qr with

gr = (g)r onp~'(1), and Rr(z) € Op (S(h*(€))). Let Qr € Op (Sa((£))) have
leading symbol qr with g7 = aogr on p~1(1), where C*™ 3 a(t) < t,|a/(t)] <1,
and put

(3.28)
Pr = P+inQr + #Rr(2), Qr = Qe+ 1 (7 ) @r-n)f (7).

where 0 < f € S(R), f € C.
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Then

(3.29) [Pr=Pril <171 sup (ar —Gr) + Opr(h)

If we assume either (3.7) or (3.8), then
(3:30) {[Pr — Prllu < Cnhl_"/ (a7 — @r)Lo(dp)|| fl|72 + oz r ()R
p~1(1)

If we drop (3.7),(3.8), but restrict z further by assuming that for some contin-
uous function a(E) > 0, defined on some bounded interval J containing 0, we
have for T large enough:

2
(3.31) I_n;_( —qr+f (iz_() (gr —qr) 2 a <E}§£> , onp (1), Re¢ €J,

then for every e >0, T > T(e) > 0 and h < h(e,T) > 0, (z — 75:r)_1 exists,
and we have
1
(%(z — ﬁ:r))

| _ 1+ 2vBsup, oy (ar — @) ool e
Similar perturbations based on f(£:1) are used by J.F.Bony [B].

B (1 - a9

(3.32)

|

84. Upper Bounds on the Density of Eigenvalues

We consider the same situation as in Proposition 3.1 and we choose T' > 0
sufficiently large, A > 0 sufficiently small depending on 7' and possibly other
parameters as well. Let w = w(FE), w = w(E) be continuous functions on R,
independent of 7', such that

(41)  w(B) > w(E) > = +sup, 1 (ar - F(B)(ar — 3r)), E€R,

C
1
(4.2) w(E) > sup,-11)(gr) + rok when |E| > C,
for some fixed constant C > 1. With D(zp,7) = {z € C; |z — 20| < r}, put
I
(4.3) 0= {g e D(0,2Ch); w (EZ—C-> < mTC} :

(4.4) W = {C € D(0,2Ch); w <B%£> < I—H;—C}
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Notice that Q = hQy, W = AWy, where W1, Q; are independent of h.

For 0 < € < 2¢, let Qi ., W, . denote the intersections of 2 and W
respectively with {¢ € C; Im(/h > sup,-1()(q7) +€}. For ( =z —1€ Q4 ¢,
and T sufficiently large, we have

(4.5) k(2 = Pr) Y1 [lh(z — Pr) 2 < 30

For 73T this follows from Proposition 3.1 and for Pr a simplified version of the
proof gives the same fact (or else we can put f = 0 in that proposition).

Let a(E) > Const. > 0 be a continuous function, independent of T, such
that (cf. (4.1))

(4.6) w(E) > a(E)+ sup (¢r - f(E)*(¢r — 4r)). E €R.

p~1(1)

Then by Proposition 3.1, we have for ( =2z —-1¢€ O:

(1 +v3sup,-1 (1) (ar = @)1 £ lloll £l o)
inf o(E)

@7) he—Pr) < . Dy,

when A is small enough (depending on T').
Also recall from Proposition 3.1 that

(48) H%(PT ~Pr)

| _
BE sup (ar = 1) + Oyr(h) =: Ar.
ot

(4.9) ”%(PT - 73T)%

tr
< Cph' ™™ (||f||%2 /p—l(l)(QT —qr)Lo(dp) + 0f.T(1)> =: Brh'™".
For z — 1 € Q, we write
(4100 (z=Pr)= (2= Pr)(1 - K(2)),K(2) = (z = Pr) "} (Pr - Pr).
Here K(z) is of trace class with
(4.11) IKl|ex < DpBrh'™™.
It follows that z is an eigenvalue of Pr(z) precisely when
(4.12) D(z) := det(l — K(2))

vanishes. Let us define the multiplicity of such an eigenvalue as the correspond-
ing multiplicity of the zero of D (following one of the equivalent definitions
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discussed in Section 0). This multiplicity is independent of the choice of Pr,
as well as of T. (Recall from the dicussion in Section 2, that z is an eigenvalue
of Pr(z) iff it is an eigenvalue of P(z) = P + ihQ(z).)

From (4.11), and a general estimate on Fredholm determinants (see {GK]),
we get the upper bound

(4.13) |D(2)| < exp ||K||ir < exp(BrDph'™™).
On the other hand, for z — 1 € Q4 ., we have

(1-K(2))™' = (z=Pr) (2= Pr) = 1+ (z — Pr)""(Pr - Pr),

)
24
(4.14) I(1-K()' <1+ '—E—T
0
Write

1-K)'=1+K(1-K)™,
and observe that
| _ _ 2A
(L= K)fier < [|Klell(1 — K) Y[l < DrBrh'™ (1 + —OT> |
Consequently, for z — 1 € Q4 -

(4.15) [D(2)|7! = |det(1 — K)7!|
= [det(1+ K(1— K)™1)
<exp (DT (1 + %) BThl‘”> .

So we have

(4.16) log | D(z)} < DrBrh!™™, 2 —1€ Q,

24
(4.17) log|D(z)| > —Dr (1 + —T> Brh'™", 2 —1€ Q4 .
€o

Recall that log |D(z)| is subharmonic and that A, log|D(z)| =27 d(z — %;),
where z, are the eigenvalues counted with their multiplicity and § denotes the
Dirac measure. It follows either by Jensen’s inequality, or by working more

directly with the Green and Poisson kernels for Q, that if N = N(W) is the
number of zeros of D(z) in 1 + W, then

(418) N(W) < C(Ql, Wl)DT (1 + ﬁ) BTh,l_n.
€0
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Here By is the most interesting constant (cf. (4.9)).
Recall that on p~1(1), we have

(4.19) gr = (@)1, 9r = a({g)T), g9 = q(1),

where a(E) < E, |[d'(F)| <1, a € C*. Also recall that (q)oo = limr_00(q)7 is
the a.e. limit in Birkhoff’s ergodic theorem, and that

(4.20) esssup () oo < Tll_r)[;o sup(g) -
Assume that we have strict inequality in (4.20) and choose constants «, 3 with
(4.21) esssup (@)oo < @ < B < YJLII;O sup(g) -
Let a = a,,p be increasing with
(4.22) a0 pg(E)=FE for E<a, aqg(E) <,
Choose f in (4.1) with
(4.23) f(E) 21, [E[<C.
Then for |E| < C, we have on p~1(1)
(4.24) ar — f(E)*(gr — ar) < ar — (ar — @r) = Gr = a((g)7) < 6,
while for |E| > C, we have
(4.25) gr — f(E)*(ar —ar) < (@)1
Choose w(F),w(FE) continuous on R, such that
(4.26)  w(E) > w(E) > e + Bli_cc)(E) + (Th—I};o sup(q)7)1r\[-c,c)(E),

for some fixed but arbitrarily small e > 0. Then (4.24,25) imply that (4.1,2)
hold if T is large enough, and we can find a corresponding function a(E) in
(4.6).

The constants D7, A7 are bounded by some T independent constant. As
for Bt, we notice that

[, 0 = @) > [ | (G~ allg o) =0

p~1(1)
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by the dominated convergence theorem, since a({g)) = (q)co a.e. We conclude
from (4.18) that

(4.27) N(W) = o(1)h}™".

If 8 €lesssup (q)eo, limy_,00 sup(g) 7|, then we can choose a, in (4.21)
with 8 < 8 and for every 0 < C < C, we can choose w(FE) and €; in (4.26),
such that w(E) < 61[_5,5](15'). We have then showed that the number of

eigenvalues z = 1 + ¢ of P with |[Re(/h| < C, Imz/h > B, (and ¢ = O(h)) is

o(1)hl=m.
The analogous result holds for the number of eigenvalues with
| R, ~ 1 ~
‘——Z—g < C, ——r;—lL-C— < B < essinf (q) o,

and we get the semiclassical version of the main theorem. It suffices to apply
the reduction in Section 1, to get Theorem 0.2.

§5. Comparison with an Operator with Gaps in the Spectrum
As in Section 1, we consider

(5.1) (P —2)v=0,
(5.2) P = P +ihQ(z), P=—h?A,Q(z) = 2a(z)/z.

We notice that Q(z) is selfadjoint for z > 0.

In the following, we shall only use that @ € Op (Sa({£))) depends holo-
mophically on z € Q, defined after (1.4), and that P € Op (Sa((£)?)) is for-
mally selfadjoint and has the properties that dp(z,€) # 0, on p~!([a, 8]) and
p(z, &) ~ (£)? for large £. Notice that P is essentially selfadjoint with domain
H2(M).

Fix Cy > 1 and leta+—c% < E; < Ey Sﬁ—glo— satisfy Ey — E1 > 4h. So
E, may depend on h. It will be convenient to introduce

_E1+E2 _EQ—El

E
0 2 2

To

Lemma 5.1. For every C > 0, there exists a self-adjoint operator P
with the same domain as P, such that
(5.3) (E, +[-Ch,Ch))Na(P) =0, j =1,2,
|P — P|| < Ch,
|P — Pjl < C(C)R*>™.
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Proof. This is a direct consequence of the fact that the number of eigen-

values of P in E, + [—~Ch,Ch] is O(1)h* ™. 0
Write

(5.6) P=P+héP, P=P+ihQ(z),

so that

(5.7) I6P|| < C, 18Pl < C(C)R' ™

If we choose C large enough, we can arrange so that (z — 73)*1 exists and
satisfies

~ _ o)
. - e —2—
(58) 1= B)7 <
for z in the region
(59) D(EO;’/‘O —2h, 19 + 2h) @] {Z € D(Eo;TQ + Qh), |Imzl > Ch}

Here we denote by D(zp;7, R) the open annulus {z € C;r < |z — 2| <

R}. For simplicity we shall assume that D(Eg;rg + 2h) is contained in ) =

el=00.0lq B[ In the following, everything works without this extra assump-

tion, if we replace certain sets in the complex plane by their images under the

map C 3 E — ReFE +iklm E, for some fixed x > 0 which is small enough.
Write

(5.10) 2—=P=(z2=P)1+h(z—P)16P),

and put
D(z) = det(1 + h(z — P)"16P)

for z in the domain (5.9). Notice that

~ Clh2—n
1
. - <
(5.11) |h(z — P)" 6P|, < h o m el
for z in (5.9). It follows that
(5.12) |D(2)| < exp(C1h?>™™/(h + [Im z|))

in the same region. If we restrict z to the subset of points of (5.9) with |Im z| >
Ch, we may assume that

Co

(5.13) Iz-P)7Y < A ima]’
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and from (5.10), we get
(514) (1+h(z=P)16P) ' =(z—P) (z—P)=1—h(z—P)" 6P,

with
|h(z — P)"16P|lyy < C1A*™/(h + |Im z]).

The determinant of (5.14) is equal to 1/D(z), which leads to
(5.15) |D(2)| > exp(—C1h®>™™/(h + |Im 2])).
Let z;,, j = 1,.., N be the eigenvalues of P in

(516) D(E(), ro — h,To + h)

We know from section 4 that N = O(1)h!~", and we have just seen that we also
have [Im z,| < Ch. (Actually, the bound on N could easily be rederived here
following the usual method.) Of course, we count the z, with their multiplicities
as zeros of D(z). For each z,, let EZJ (2) be the corresponding Blaschke factor

on D(Eg,ro + 3h/2), defined by

7 Z—‘EO
17 b, =b . - _— .
(5:17) () =bm, <T0+3h/2>

See the appendix of this section. We then know that

(518) b2 ~ 2220 s <on,
(5.19) B (2) =1+ O(l)h—ﬂ%a’ 2= 2, > O(1)h.
Let
N ~
(5.20) Dy(2) = [ ] b, (2),
1=1

be the corresponding Blaschke product. Then, if we restrict the attention to

the set D(Eg, o + h), we get

2—n

(5.21) exp (—0(1) > < |Dp(2)], Imz| > Ch,

h+ |Imz|

(5.22) |Dy(z)| <1, in general.
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Now write
(5.23) D(z) = G(2)Dy(2), z € D(Eg,ro + h),
so that G(z) # 0 in the region analogous to (5.9):
(5.24) D(Eg,mo — h,ro + h) U{z € D(Eg,79 + h); Im z| > Ch}.
Combining (5.21,22,15,12) we get

h2—n

(5.25) Hog |G < O

in {z € D(Eo,r9 + h); Imz| > Ch}.

As in [S2], we see that if —h < a < b < h with b—a > h/O(1), then there
exists ¢ €]a, b[, such that (5.21) holds everywhere on the circle D (Ey, 7o + ¢).
It follows from this and (5.12), that log|G(z)! < O(1)h*~"/(h + |Im z|) on the
same circle. Since log |G(z)! is harmonic, we can use the maximum principle to
conclude that

2—n

(5:26)  log|G(x)| < OW) g

,2 € D(Ey, 70 — 3h/4,79 + 3h/4).

Combining (5.25,26) with Harnack’s inequality (as in [S2]), we get

(5.27)
h2——n
h+ Imz|’

2
z€D (Eo,ro - %h,ro+ ;h) U {z €D (Eo,r0+ §h> ; Im 2| > Ch}.

log |G(2)[| < O(1)

Since log |G(z)| is harmonic, it follows that
(5.28)

h2—n
(h+ [Imz|) min(h + [Im 2|, 7o + 2h — |2])’

7 7 7
zeD (Eo,’r‘o - ﬁh,ro-i- 1—2’7,) U {2 eD <E0,'I"0+ '1—2h> ) fImz! > Ch},

V- 1log|G(2)|| < O(1)

after an arbitrarily small increase of the constant C in (5.27). Since log|G(z), =
Re log G(z), where log G(z) is a multivalued holomorphic function (well defined
modulo 273Z), it follows from (5.28) and the Cauchy-Riemann equations that

h2—n
<0O(1
I ( )(h—l- [Im 2|) min(h + [Im 2|, 70 + 2h — |2])

(5.29) Idiz log G(z)



598 JOHANNES SJOSTRAND

in the same domain as in (5.28).

Let f(z) be holomorphic in D(FEy, 79+h) and let v be the oriented boundary
of the hexagon with corners in Eg £ r(h) £ iCh, Ey &+ ir¢/2, with r = r(h) €
Jro — llzh, ro + %h[ We assume that no z, is on v and let inty be the open
hexagon just defined.

Now pass to integrals and observe first that if we have a relation A(t) =

B(t)C(t) between bounded invertible operators between Hilbert spaces which
are C! functions of ¢ on some interval, and if % dt is of trace class, then so is

‘fj?A 1 — 48 p-1 and
dB dC dc
1 -1 ab ~—1 _ 1
(5.30) (th dtB >_t Cl=trC~ -
This applies to holomorphic functions and using (5.10), we get
(5.31) t /f (1-0,P)(z—P) tdz
1

5 |10~ P) — P) e

—1—,/f(z)tr((1—8273)(z—73)_1—(1—8zﬁ)(z—73)'1)dz

2m/f (1+h(z—P)"16P))(1+h(z — P)"'6P) 'dz

/f logD (2)dz.
~om

Here log D(z) is a multivalued function, but its derivative is single valued.
Notice also that

63w (g [f@0-0PG-P ) = Y ),

€T (P)Nint(vy)

and similarly for ﬁ, which is the motivation for the considerations of this sec-
tion.
From (5.23) we get
d d d
. —log D(z) = — —
(5.33) 7, 108 (2) P log G(z) + - log Dy(z2),

which leads to a corresponding decomposition of the last integral in (5.31). One
of the terms is

(5.34) 3mi | T os Due)iz = Y 5(a),

J;Z; €int v



DaMPED WAVE EQUATIONS 599

since

(5.35) 4, Dy( ZNji gb., (
. dz og b pa dz

and -+ log sz (2) is holomorphic in D(FEy, o + h) except for a simple pole at
z= zJ w1th singularity (z — z,)" there.
Let us first assume that

(5.36) f(z) = O(1) on ~.

Then since N = O(1)h!™", we get from (5.34):

= O(1)ht™.

! d
(5.37) ‘% /7 f(2) - log Dy(2)dz
On the other hand, using (5.29), we get

(5.38) {%mLf(z)%logG(z)dz 30(1)h2—"/0 ﬁdt:(’)(l)hl_”.

In conclusion, we get under the assumption (5.36):

r(%m/f(z)(l—azﬁ)(z—ﬁ)_ldz
(5.39) , "
—%/Wf(z)(l—azP)(z—P)_ldz) = O(1)ht™™.

Taking f =1, we get the following result which implies Theorem 0.1:

Theorem 5.2. Let C > 0 be sufficiently large. The number of eigenval-
ues z of P with By < Rez < Ey, [Im| < Ch is equal to (2mh)~
dzd€ + O(h)).

ﬂE‘l <p(z.£)<E;

Proof. We take f =1 in (5.39), (5.32) and get
#0(P)Ninty = #o(P) Ninty + O(1)R' ™.

Define P, = tP + (1 — t)P by (6.1) below so that P; = P and Py = P. It is
clear from the definition (6.1) that the number of eigenvalues of P, in int v is
independent of t. From this and the fact that the total number of eigenvalues
of P in an h neighborhood of E; or E, is O(h!™™), it follows that the number
of eigenvalues of P in the region in the statement of the theorem is equal to
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O(h'~") plus the number of eigenvalues of P in the interval [E1, E3]. We can
choose P in Lemma 5.1, so that the latter number is equal to O(h'~™) plus the
number of eigenvalues of P in the same interval, and by well-known results on
the counting function for eigenvalues of A pseudors, the latter number is given
by the expression in the theorem. O

We now change our assumptions on f:
(5.40) f(z) € R when z is real and f'(z) = O(1) in D(Eg,ro + h).

We want to estimate the imaginary part of (5.31). We have Im f(z,) = O(1)
Im z, = O(h) and it follows from (5.34) that

1 d
. Im — — = 2-ny,
(5.41) m o— Klf(z) - log Dy(z)dz = O(h*™")
For the other contribution to (5.31), we make an integration by parts:
(5.42) / f(z)— log (2))dz =

1
Eg+r—10
%[f(z) log(G()lggtri0 ~ 5. L f'(2)log(G(2))dz,
where Eg + r is the point of intersection of v with [Fg, +oo] and where we
choose a branch of log G after placing a cut along [Ey,+oo[. Since f(Eqo + )
is real and log(G(Ey + r — i0) — log(G(Eo + r + 10)) is imaginary, we see that
the first term of the RHS of (5.42) is real, so

(5.43) Im—/f —10g ))dz——Im——/f ) log(G(z))dz.

Here we recall (5.27):

h2—n

(5.44) [Re log G(2)| = [log |G (2)[| < 0(1)_h ¥ 2|

In order to get an estimate for Im log G(z), we integrate (5.29). For z € v with
Im 2z > 0, we integrate from Fg + irg/2 and get

+0oo 2—n
(5.45) IIm log G(z) — Im log G(Ep + irg/2)| < (’)(1)/ _h__2dt
im | (R +1)
hp2—n 1 p2-n
] B h+{Imz|
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For Im z < 0, we integrate from Fg — irg/2 instead. If C+ = Im logG(FEy £
irg/2) € R, we get from (5.44), (5.45) and its analogue, that

h2—n
(h + |Imz]|)

Let v+ be the part of v in +£Im z > 0. Then

(5.46) log G(z) =iC+ + O(1) , z€ v, £Imz > 0.

27”/ f(2)iChdz = SE(f(Bo—r) ~ f(Fo+7)) € R,

C-

o ——(f(Eo+71)— f(Eo—T1)) €R,

/ fl(z)iC_dz = —

so the term ¢C in (5.46) gives no contribution to (5.43). The contribution
from the remainder in (5.46) to (5.43) is

1
O(1)h*> log(h + s)j = O(1)h* " log 7
It follows that

(5.47) Im—— / f(z —log(G(z)) o1 )hz“”log%

Combining this with (5.41), we get the conclusion that under the assumption
(5.40):

(5.48)

Im tr (5}5 /W f(z)(1 = 8,P)(z — ﬁ)_ldz—%r—i /7 f(z)(1 - 8,P)(z — P)—ldz)

= O(1)h* ™ log %

Appendix. Blaschke Factors for the Unit Disc
Let w € D(0,1) and put

z—Ww
A-]. bw - —_——’ b b
(A1) (2) = —— 2€ D(0,1)

so that b, (z) vanishes precisely at z = w and satisfies |b,(2)| = 1, for lz| = 1.
Let |w| = 1 — €, where € > 0 is small. We recall the order of magnitude of
by (2), for |z —wl > €, |z —w| ~ €, |z — w} < e. For simplicity, we may assume
that w =1 —e.
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Case 1. |z — w| > Ce, C > 1. Then

z—w  z—(1l-¢ 1 = —(1-e
7—1)_2—1_(1“6)(2_—1%;)‘1—6<1+ 2- 1 )

1 1-(1-¢% | 1 2¢ + O(e?)
—1-—6<1_(1—6)(2—'—1—1—6)>—1—6<1+ z- = )

In the region under consideration, [z — ;| ~ |z — (1 — ¢)] < O(1), so we get

Case 2. €/C < |z — w| < Ce. Here by, (z) ~ 1.
Case 3. |z —w| < ¢/C: Here |z — 1/w| ~ |(1 —¢) — | =~ 2¢ and
1z —w|/jz = 1/W| & |z — w]/2€, so

|z — w| |z — w|
by = ~ .
§6. Trace Integrals for P
Recall that P = P + ihQ(z) by (5.6), and put
(6.1) Py =P+ihtQ(z), 0<t<1.

Under the assumption (5.40), we are interested in

(6.2) tr%/ﬂ/f(z)(l—Bzﬁ)(z—ﬁ)_ldz.
Put
(6.3) I(t):tré%fyf(z)(l—Bzﬁt)(z~75t)“ldz,

so that I(1) is the expression (6.2). Notice that

(6.4) = >  f

zEU(’f’t)ﬁint ()
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and hence that Im I(0) = 0, since o(P;) = o(P) is real. Let us first assume
that Q(z) is of trace class. Then

BI(t) = B, —— / f(2)8. logdet((z — Po) (2 — Py))dz
27t J,

= L, / f(2)8,0,log det((z — Po) (2 — P:))dz
= / F(2)tr (2 — Br)~10:P)dz
=5 / f()tr ((z — ’Pt) LinQ(2))dz

. / Byl

=tr o /vf (2)(z = P,) "' Q(2)dz.

Notice that the last expression can also be written

Ntri/C(N)(z)ﬂ(z—ﬁ)_ldz
2 /., dzN ' ’

where CN) is an N fold primitive of f’(2)Q(z). Using this trick, we can drop
the assumption that Q(z) is of trace class and choose a sequence @, (z) of trace
class operators, such that (z —P;)7'Q,(2) = (z—P;)"*Q(z) in operator norm.
We get

h ’ -1
(6.5) 8.1(1) = tr - / ()= = P Qe)dz

We shall compare (z — 7A5t)_1 for z € v with an approximate inverse of
z—"P;. For this we concentrate on the only difficult region z ~ E,, p(z,§) = E
j = 1,2, say with j = 1. If (z0,&) € p~1(E1), let & : neigh((0.0), R**) —
neigh((xg, &), T*M) be a canonical transformation with x~1(p~!(E1))
{(z,€); &, = 0}. Let U be a corresponding Fourier integral operator, non-
characteristic and microlocally unitary at ((zo,&o); (0,0)). Then U*(P; — 2)U
can be viewed as an operator with symbol in ¥! (see the appendix of this
section) with h = h + |z — E;| which is elliptic in that class, near (0,0) when
|z — E1] > h, and outside an h-neighborhood of &, = 0 near (0,0), when
|z — E1| = O(h). We can then apply Proposition A.3 and find ¢ € £7! such
that

(6.6) U*(z—P:)Uq(z,hDy;h) = 1 4+ ri(z,hD,, z; h),
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where 1 € NF_ohV X~ in a fixed neighborhood of (0,0). Further,

q(z,€,2;h) = (z —pok)™? (1 - X (M)) mod hX 2,

in a neighborhood of (0,0), where x € C§°(R) is equal to 1 near 0.

We can find finitely many points (z;,&,) € p~1(E1), j =1,..,N, U =U,,
g = g, as above and x; € C§°(T™M) with support in a neighborhood of (z,,§;),
as well as an operator

N

(67) 8{ = gO,tXO +ZU]q](x7thaz;h)Uj*XJ’
J=1
with the following properties:
N
(6.8) 1=> x5
0

where suppxo Np~*(E1) = 0 and in (6.7) we let x, denote corresponding h-
pseudors. & ; € Op(S({€)~2)) with leading symbol (z —p)~1, near the support
of xo. g, € X1 with h = h+|2—Ey], and g, = (2—pok,) "L (1—x (Rt z—pok,|))
mod h£~? in a neighborhood of supp (x, o &,). Further,

(6.9) (z=PE =1—- K,
where
A N
A N
1 K.l = el ——— ) | f 1IN .
(6.11) K|t = O()h <h P E1|> orall N >0
Similarly with
N
(6.12) Ef = x0&0s + Z:XJUJqJ u;,
1=1
we get
(6.13) E(z~P) =1~ K,

where K, satisfy (6.10,11).
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We also have with £ = é’f,é‘{,

(6.14)
£,6Q,QE, (2=P) ", (2=P)'Q, Q(z — P,) ! LCIC) M-
H ) ) t ) t ’ t h+ (Imzi )
for z € v, and from this and (5.4), (5.5), we get
(6.15) (z—P)E =1-K,, E(z—Py) =1 - Ky,

where K = I~(T, INQ satisfy

. h

(6.16) Kl = 0(1)mv
. . h

(6.17) |Kle: = O(1)R! bt Ima|

These constructions and estimates extend to all z € v and not just to the ones
that are close to F or Fs.
Write

(6.18) (z=P) =& + (2= P) K, = & + Koz — P) 71,

and conclude that

(6.19)
_OWh__ o orm
~ ~ (h+ [Im z|)? ’
(z=P) ' =& ((z-P) ' = EHQ = 2
O)RE"
m—z—')—z 1n trace norm.

We recall that f/(z) = O(1) by (5.40) and approximate 0;I(t) in (6.5) by

(6.20) J(t) ==tr % [y f(2)EfQdz.
Using (6.19), we get
(6.21) B,1(t) — J(t) = 0(1)h3~”/ mdz — O(L)R2™

It remains to study J(¢). When d(z) : = dist (2, { E1, E2}) > 1/O(1) then
Ef € Op (Sa({€)~2)) with leading symbol (z — p(x,€))~!. When d(z) is small,
we can represent £ as a finite sum, where one of the terms is in Op (S ((€)~2)),
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supported away from p~1(E;) or p~!(E;), and the other terms are conjugates
by means of a Fourier integral operator of second microlocal inverses of the
corresponding (inverse) conjugation of P — z, in such a way that p~1(E;) or
p~1(Ey) is transformed into &, = 0 by the corresponding canonical transfor-
mation. Moreover, in the region |£| > 1, the full symbol of & is holomorphic
with respect to z in a neighborhood of the closure of the interior of v, modulo a
term in NANS((€)=2~N). When computing the traces of the various terms, we
have to integrate the corresponding symbols over T*M (for one of the terms)
and over R?" for the others. The integrals over R?" can be transformed into
integrals over T* M by means of the canonical transformation. It follows that

1 1 , ,
() = b a;/ﬁzw //*Mf(z)a(:c,g,z,h)dxdf,

a(@, & 2)(1 - x (52
(Z “]3(-’13,6))
Here x € C§°(R) is equal to 1 near 0, while

with

a(z,&,z;h) = +7r(z,& 2z h).

h 1
° ((h+ |z —p(x’g)ip) € <0(1),

(’)<<€—h>§>,|§f>>1.

Moreover, modulo a term which is O(hN (€)=2=N) for every N > 0, we know
that r(z,&, z; h) extends to a holomorphic function in z € neigh (int (7)), when
&> 1.

r(z,& zh) =

q(z.€, 2)
z = p($,§)

// £ (0(z2 €)a(@ €. (2. )15, 52) (p(z: €) e
TM

The contribution from to J(t) becomes
1

Ji(t) = iht~m 2n)"

x(lz=pzdlhyg

z = p(z,§)

1
O(l)hl‘"/ // ———dzd€|dz|
(zev; d(z)<0(h)} J Jd(p(z.))<on) |12 = D(,€)]

— O / ~ log(d(2))|dz]
{z€7v:d(2)<O(h)}

The contribution from — to J(t) is

h
= O(l)hl‘"/ ~log(t)dt = O (hz‘" log %) .
0
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When estimating the contribution from r(x,£z; h), we first integrate w.r.t.

z and get
1-n // s(z,&; h)dzdg,
T*M

where s(z,&h) = O(hN(€)=27N) for [(] > C > 1 and for all N > 0, while for
gl < C:

h
s(z,&:h) :0<1)/y o= p.ep?
1 h h
:0(1)/0 mdt:o(l)md(p)'

So the contribution from r to J(t) is

_n 1 B n 1
O(h™) + O(1)h? //uasc mdxdg =0 <h2 log E) .

Summing up our computations and estimates, we get
(6.22)
90 = o [ (oo, )alo, &, plo, €)ode + 0 (1 og 1)
27Th) E1<p(z.6)<Es h

Combining this with (6.21), the fact that ImI(0) = 0 and (5.48), (5.32), we
get:

Theorem 6.1. For f satisfying (5.40), and for C > 0 sufficiently large,
we have

(6.23)

Im Z

z€0(P)
Re =€[E1,Es]
|Im z|<Ch

// q(z, €, p)dzde + O(1)h*~ ”log
E1<p<E2 h’

Using Cauchy’s inequality, we see that the LHS of (6.23) is equal to

1
(6.24) Z f'(Rez)Imz + O(1)h* ™ log X
z€a(P)N([E1,E2]+:[-Ch.Ch])

The integral in the RHS of (6.23) is equal to

i (], dee BLsdee)is
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where Lg denotes the Liouville measure on p~'(E). If we view f'(E) as test
functions, we may say that the average distribution of the imaginary parts of
the eigenvalues of P is given by the density

f o Led=.0)

We finally derive Theorem 0.3 from Theorem 6.1. The relation between
the eigenvalues z of P and the eigenvalues 7 of the original operator P in the in-
troduction is given by z = (h7)2, and we recall that ¢ = 2a(x)\/z. Here ImT =
O(1), h ~ (Re7)™!, so Rez = (hRRe7)? + O(h?), Imz = 2h(Re7)h(Im 7), and
(6.23,24) lead to

(6.25)

2h > 7' ((hReT)?)(hRe)Im T
T€a(P)

(6.26) Re re[ YEL VEL 3@]

1
2a(x)dzdé + O(1)h> " log —
=iy [, f Oae) ()R> log ©

Putting g(p) = f'(p)\/p, we get

Z g(hRe7)Im~

TEC(P)

(6.27)  merel¥VR 1;
:W (//E <p<E 9(p(z, €))a(z)dzdE + O(1)hlog %) ,

Now choose f(p) = 2,/p, so that g(p) = 1, let Ay, X2 be as in Theorem 0.3,
choose h = 1/A1, E1 =1, B = (A2/A1)?, to get

(6.28) ) ImT———< )(//<p< dmd£+(9()lo>g\1/\1>.

TEG(P)
Re 7€[A1 . Ag]

On the other hand, we know that N (A1, A2) (defined in Theorem 0.3) obeys

(6.29) N(Ap, Ag) = ( > (//<p<(h)2dmd§+(9())\l>

and (0.12) follows from (6.28,29).

Appendix
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We review here some second microlocal calculus with respect to &, = 0
(cf. [SZ]). If m € R, we let ™ denote the space of functions a = a(z,&; h, h),
defined for (z,€) € R?™, 0 < h < h < hg, or possibly for (h,h) in some smaller
set, with a(-; h, h) € C°(R*™), such that
(A1) 10207a] < Cap(h + |6a))™ 7", a, B € N™.
(A2)  suppa(-;h,h) C K cC R2" for some K independent of h, h.

In order to avoid some probably purely technical difficulties, we shall work with
the “classical” h-quantization

(A.3)

Opy(a)u(z) = a(z, hDg; h, h)u = ﬁ //e%(z_y)'ga(x, 0; h, h)u(y)dydo.

For ay,a; € C§°(R*™), we recall that

(A4) Opy,(a1)Opy(az) = Opy,(a1#as),
where
(A.5) ar#an(z, & b, R) = e R a1 (2, hDys hy ) (€7 ag(-, € b, R)).

Notice that if suppas C R™ x Ko, then supp (a;#a2) C R"™ x Ks, and if
suppa; C K; x R™, then supp (a1#a2) C K; x R". In particular,

(A.6) supp a1#as C mz(suppai) X m¢(suppas),
where 7, and ¢ denote the projections (z,§) — z and (z,&) — & respectively.
Proposition A.1. Ifa, € ¥™, j = 1,2, then a1#as € E™ ™2, More-

over,

hlel ~ ~
(A7) a#ay ~ Y —(0¢a1)(x,& b, h)(DSas)(z, & b, h),
a!
aEN™
in the sense that for every N € {1,2,...},

(A.8) a#tay — »  ...€ BNgmimeN,
laj<N

Notice that AN Ymi+mz—N Ymitm2 when N > 0, so we can view (A.7)
as an asymptotic expansion in powers of h/h.
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Proof. Write z = (z', z,,) and similarly for £, and notice that our symbols
are completely standard in (z’,&’), i.e. they belong to the symbol space Sg‘o
in these variables, for each fixed (z,,£,). We can have them become quite
standard also in (z,,&,) by means of a change of variables in &,: Let a € ¥™,
and put

(A.9) a(z, & b, h) = a(z, €', hEn; by h).
Then

(A10) [020{G| < Ca,p(h+ hlEn|)™ PrhBn = Co gh™ (1 + |Ea])™ P,
(A.11) supp (@) C {(z,€) € R?"; (z,€,hé,) € K},

where K is compact and independent of A, h. Conversely, if @ satisfies (A.10,11),
and we define a by (A.9), then a € £¥™. Now we notice that a is a standard
symbol of type 0,0 in (z’,£’) and of type 1,0 in (z,,&,): @ € h™ 500® 57 (R?™)
(See [H].) Moreover, we have trivially

(A.12) a(z,hDg;h, h) =@ (g; hD,, %Dzn; h,E) ,

and this operator is then a standard h-pseudor with symbol of type 0,0 in (z',¢’)
and a standard h/TL pseudor with symbol of type (1,0) in (z,,&,). The asymp-
totic expansion (A.7) when expressed in terms of the corresponding symbols
a, is then the obvious combination of the corresponding composition formu-
las for the two groups of variables. Since the symbols have their support in
€, < O(1), we notice that a gain of a factor h/(h+|,|) is always weaker than
a gain of a factor h. O

The following result is a consequence of wellknown criteria for a pseudor
to be L? bounded or to be of trace class (see for instance [DS]).

Proposition A.2. Ifa € X°, then a(z,hD;h,k) = O(1) : L2(R") —
L*(R™). Ifa € A™E™™, m > 1, then a(z,hD;h,h) : L>(R") — L*(R") is a
trace class operator of trace class norm < O(1)R!*="(h/h)™ 1.

As for the invertibility of elliptic operators, we have
Proposition A.3. Leta € X™, and let Q1 CC Qy CC R be open sets

independent of h. Assume that

1 ~

la(z, & hR)| > = (h+1€.)™, (2,€) € Qa,

Ql
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or more generally that there exists by € X~™, such that
abp =1+,

where T is of class NyenhN L™ in some neighborhood of the closure of Q.
Then there exists b € X~™, such that

a#b=1+ry, b#a=1+rg,

where r, 79 are of class ﬁj‘\?:OhNZ_N mn Q.
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