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On the Approximation of Blow-up Time for
Solutions of Nonlinear Parabolic Equations

By

Takeo K. USHIJIMA™

Abstract

There are many nonlinear parabolic equations whose solutions develop singularity in
finite time, say 7. In many cases, a certain norm of the solution tends to infinity
as time t approaches T. Such a phenomenon is called blow-up, and T is called the
blow-up time. This paper is concerned with approximation of blow-up phenomena in
nonlinear parabolic equations. For numerical computations or for other reasons, we
often have to deal with approximate equations. But it is usually not at all clear if such
wild phenomena as blow-up can be well reflected in the approximate equations. In
this paper we present rather simple but general sufficient conditions which guarantee
that the blow-up time for the original equation is well approximated by that for
approximate equations. We will then apply our result to various examples.

§1. Introduction and Main Results

There is a large number of nonlinear partial differential equations of para-
bolic type whose solution for a given initial data cannot be extended globally
in time and develop a singularity in finite time, say 7. Such a phenomenon is
called blow-up and T is called the blow-up time. In many cases, some norms
of blow-up solutions tend to infinity as ¢ approaches T.

Blow-up is known to occur in various equations including those in combus-
tion theory, chemotaxis models and equations describing crystalline formation
involving curvature-driven motion (see [9], [39]). The study of blow-up phe-
nomena is not only interesting from the mathematical point of view but also
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important for deep understanding of the nature of the phenomena which those
equations describe.

Since the appearance of the pioneering work of Fujita [18], blow-up phe-
nomena in nonlinear parabolic equations have been studied extensively. Par-
ticular emphasis has been placed on the question as to when, where and how
the solutions blow up. Nowadays rather precise information about blow-up
solutions near the blow-up time is derived for some particular equations (see
[31], [37], [42], and references therein). However, there are many open questions
concerning blow-up.

Generally speaking, it is very difficult to numerically simulate blow-up
phenomena accurately. For one thing, one has to deal with numerical data
that grow indefinitely as the blow-up time approaches. This is obviously not
an easy task. Secondly — and more importantly — it is not at all clear if
features of such a wild phenomenon as blow-up can be well reflected in the
discretized equation which approximate the original equation. Most of the
standard error estimates become useless as t approaches the blow-up time.

There have been some attempts to establish numerical methods to cap-
ture blow-up phenomena. For example, the rescaling algorithm by Berger and
Kohn [10] and the method of MMPDE [12] by Budd et al can observe the
shape of blow-up solutions near the blow-up time. There are also some works
concerning approximation of blow-up time. Some authors studied numerical
blow-up time and its convergence. As for the semilinear parabolic equation
ur = uUgz + uP, Nakagawa [35] (p = 2) and Chen [13] (p > 1) studied a finite
difference scheme for this equation and proved the convergence of the blow-up
time of approximate solutions to that of the real solution. They assumed that
Li(g =1 or 2) norm of the solution diverges at blow-up time. This assump-
tion, however, does not always hold [17]. Recently, Abia, Lépez-Marcos and
Martinez [1] considered a one dimensional semi-discrete problem for this equa-
tion. Here a semi-discrete problem means the system of ordinary differential
equations which is obtained by discretizing the space variable (but not the time
variable) via finite difference approximation. They proved the convergence of
blow-up time, on the condition that the L* norm of the solution blows up.

In this paper, we discuss the approximation of blow-up time in a rather
general framework and establish simple sufficient conditions that guarantee the
convergence of blow-up time. We will then apply these general results to various
examples.

Now let us consider the initial-boundary value problem for the following
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nonlinear parabolic partial differential equation:

n =F(t,z,u,Vu,Au), z€Q, t>0,
(1.1) u(z,0) =up(x), z €,
Bu(z,t) =0, r e, t>0.

Here B represents the boundary condition. We assume that this problem pos-
sesses a unique local solution u(-,t) in a function space X and there exists finite
time T such that this solution cannot be extended in X beyond 7. Namely, we
assume that

(A0) the solution u(-,t) of (1.1) blows up at T

Moreover, we assume that there exists a functional J : X — R such that for
the blow-up solution u of (1.1) one of the following holds:

(a) lim J[u](£) = oo,
. d
(b) tlglilr EJ[u](t) = 0.

We note that if the condition (b) holds then there exists a function H(¢) such
that

d
/ —JI > i = 0.
(b") /W) = H(Y),  lim H(t) = co
Various examples of such a functional J can be found in many blow-up prob-
lems. Some of them will be given in Sections 3 below.
We approximate problem (1.1) by a family of equations which is parame-
terized by h:

u{l :Fh(t,xh,thh,Ahuh), zp € Qp, t>0,
(1-1h) uh(xh,O) zug(xh), Th EQh,
Bhuh(rch,t):O, xp € 00, t > 0.

Here the parameter h indicates the accuracy of approximation, which becomes
better as h tends to zero. The approximations of F, B,V, A, Q, z, and ug are de-
noted by Fr, Bn, Vi, A, Qp,xp, and ug, respectively. The semi-discrete prob-
lem for (1.1) is an example of (1.1y). In this case, the parameter h corresponds
to the spatial mesh size. We assume that the approximate problem (1.1},) pos-
sesses a unique local solution in a function space X;. Moreover, we assume that
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there exists a functional Jp, : X}, — R which approximate the above functional
J.

The main result of this paper states that if the solution u” of (1.1}) con-
verges to the solution u of (1.1) in the sense of functional (assumption (A2)
below) and if the functionals J and Jj, satisfy some conditions (one of assump-
tions (A1), (A1), (A1”), (A1") below) then the following holds:

(c) the approximate solution u” blows up in finite time 7}, for sufficiently small
h and T} converges to T as h tends to zero.

Now we explain the conditions which should be satisfied by the functionals
J and Jy,. Let us introduce two differential inequalities. The first is of the form

d
S0 > G,

where G : [0,00) — R is a function satisfying

(1)

G(s)>0 for s > Ry,

Tds
Ro G(s) '
The second is
d? d
—I(t) > —c— .
(12) 1) 2 —e 1)

where c is a non-negative constant.

Let u(+,t) € X be a given solution of (1.1) that blows up at ¢t = T and let
uP(-,t) € X}, be a solution of (1.1y) for each h. We assume that there exist a
functional J : X — R and a family of functionals Jj, : X; — R such that the
functions J(t) = J(u(-,t)) and Ji(t) = Jn(u"(-,t)) satisfy one of the following
conditions:

(A1) J(t) is a continuous function satisfying the condition (a), while J(t) is
a C! function satisfying the inequality (I1) for some function G.

A1) J(t) is a C! function satisfying the condition (b), while Ji(t) is a C?
g
function satisfying the inequality (I2) for some non-negative constant
c. Moreover, there exists a finite constant M such that J(¢) < M and
Jn(t) < M for all h > 0.

(A1”) J(t) is a C! function satisfying the condition (b), while J(t) is a C?
function satisfying both the inequalities (I1) and (I2) for some function
G and a non-negative constant c.
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(A1) J(t) is a C' function satisfying the condition (b’) for a function H,
while J,(t) is a C! function satisfying the inequality (I1) for a function
G and inequality

d
(11) 2 7n(8) 2 Ha(2),
for a function Hy(t) which satisfies % Hy,(t) > 0.

We also assume one of the following.

(A2) The family u” approximates u in the following sense: for any € > 0,

lim sup |J[u)(t) — Jh[uh](t)’ =0.
h—0 tel0,T—€] -

(A2') The condition (A2) holds and for any € > 0,

lim sup |H(t)— Hp(t)|=0.
h—0te(0,7—¢]

Our main results are the next four theorems.

Theorem 1.1. Assume (A0), (Al), and (A2) then (C) holds.
Theorem 1.2. Assume (A0), (Al’), and (A2) then (C) holds.
Theorem 1.3. Assume (A0), (A1"”), and (A2) then (C) holds.

Theorem 1.4. Assume (A0), (A1), and (A2') then (C) holds.

Our main results assert that if the original problem has a functional J
which satisfies (A1) ((A1’),(A1"”), or (A1")) and if the approximate problem
well approximates this functional J then we can approximate the blow-up time.

In Section 3, we will apply the theorems above to three examples, where
semi-discrete approximations are considered.

The first example is a generalized curvature flow, which is abbreviated to
GCF. This problem is concerned with a closed convex curve which evolves with
normal velocity proportional to a power of the curvature. It is well known that
the solution develops singularity in finite time, see Section 3. We prove the
convergence of the blow-up time by using Theorems 1.1 and 1.2.

The second example is semilinear parabolic equations of the form u; =
Au+ f(u), where f(u) = uP(p > 1) or e*. It is well known that these equations
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possess blow-up solutions. By using Theorems 1.1, 1.3 and 1.4, we prove the
convergence of blow-up time. This result covers and extends the result of Abia
et al [1].

The final example is so-called quenching problem. We show the conver-
gence of quenching time by using Theorem 1.2.

Finally, we would like to emphasize that the implication of our results is
not limited to the numerical aspects. In fact, from our main theorems, we can
see that the blow-up time depends on the initial data ug continuously. To see
this we simply have to set F, = F', By, = B, and Q = Q) in the approximate
problem (1.1y)

The organization of this paper is as follows: in Section 2, we will prove
Theorems 1.1, 1.2, 1.3 and 1.4. In Section 3, we apply these theorems to
several examples (a generalized curvature flow, semilinear parabolic equations
and quenching problem). In Section 4, we state the continuous dependence of
blow-up time on the initial data.
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82. Proof of the Main Results

In this section we shall prove our main theorems. We note that as a direct
consequence of the assumption (A2), the inequality li}ln i(I)lf T, > T holds. Hence
—

what we have to prove is limsup Ty < T.
h—0
Hereafter, we use the symbol J’ as the derivative of J with respect to ¢.

Lemma 2.1. Suppose a function J(t) satisfies (I1), namely,

J(t) 2G(J),  t>to,
J(to) = Jo > Ro.

Then there ezists a finite time T such that J(t) tends to infinity as t — T and
the following estimate holds:
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* ds

T <ty+ —_—.
0 Jo G(S)

Proof. We have F(J(t)) > 0 for t > tg since J(¢) > J(to) > Ro. Hence
J'(t)/G(J(t)) > 1 holds. Integrating both sides from ty to ¢, we obtain

I gs
t<to-+ .
=0 /J G(s)

The right hand side is bounded from above. This implies the claim. o
Lemma 2.2. Suppose a function J satisfies (12), namely,
J'(t) > —cJ'(t), t>to.

Then we have

1— e—c(t—to)
(2.1) J(t) > J(to) + —T——J'(to) if ¢ >0,

(2.2) J(t) > J(to) + (t — to)J'(to) ifc=0.

Moreover, if J'(tg) > 0 and J(to) < M < J(to) + ‘]—-(Eto—) then J(t) reaches M
before t becomes t., where we set

tc:tg—%10g<1—£(—]\4J—,—(t—i§ﬂ)—z> if ¢ >0,

Proof. From the inequality we obtain (e*J'(t))’ > 0. Integrating this
inequality twice, we obtain (2.1) and (2.2). O

Hereafter J(t) will stand for J(u(-,t)).

Proof of Theorem 1.1.

Step 1(Blow-up of u*). Since J(t) tends to infinity as ¢t — T', there exists
to such that 0 < tg < T and J(tg) > 2Rg. Because of the assumption (A2),
there exists hg such that

|J(to) — Jn(to)| < Ro, for any h < hg.
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Hence we have

Jn(to) > J(to) — Ro > Ry,

for h < hg. Since Jj, satisfies (I1), for h < hg the approximate solutions uP

blow up at Tj.
Step 2 (Convergence of blow-up time). For any € > 0 there exists a num-

ber R > Ry such that
*® ds <
—— < e
r G(s)

For this R there exist £; and hy such that
Jn(t1) > J(t1) — R > R,

for h < hy. By virtue of Lemma 2.1, the blow-up time T} of approximate
solutions satisfies

o0
d
Th§t1+/ 53—§T+e
Jn(t1) (s)

for any h < hy. Consequently we have limsup Ty, < T. O
h—0
Proof of Theorem 1.2. We will consider only the case where ¢ > 0, since
the case where ¢ = 0 can be treated similarly.
Step 1. We claim that for any § > 0 there exists h; > 0 such that for
each h < hy there exists #; = 1 (h) which satisfies

Jy(t1) > 6.
In fact, for any é > 0, there exists a time ¢; < T such that for any t > ¢;
J'(t) > 26 >0,

since J'(t) tends to infinity. Without loss of generality we can assume that
T —t; < 1. Now set K1 = [t1, (¢1 + T)/2] and denote by |K;| the length of the
interval K;. For v < i—K;ﬁ, there exists h; such that for any A < hy

sup |Jp(t) — J(¢)| < v.

teK

By virtue of the mean value theorem, we see that for any h < h; there exist
t; =t;(h) € Ky and t] € K; such that

L) - T ()] < |2— <
1
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Hence we have the claim.

Step 2(Blow-up of u*). By the result of the previous step there exists h;
such that J; (¢) > 0 for any h < h; and some ¢. Because of the condition (A1)
we can prove the blow-up of u” by Lemma 2.2.

Step 3(Convergence of blow-up time). Making use of Lemma 2.2 and the
first step, we have

_ 1—eclt=t) - Ki|é _
Jn(t) > Jn(t1) + —“C—J;L(tl) > J(t) - ‘——21‘—, t>t.
Therefore we can assume that there exists a constant m and time ¢, such that
Jp(t) >m  fort >t., h <hy.

For any € > 0 and M > m there exists a number R > 0 such that
0<-—llog<l—ij\4~_——m—)> <e.
c R

Applying the result in Step 1, we can choose a number hy such that for any
h < hy there exists a time ¢, such that 7> t, > t, and Jj,({2) > R. By means
of Lemma 2.2, for all h < hg

| (M — Jn(t2)) 1 c(M —m)

Th <ty — —1 1l-———=2 | <T - =1 1—-——— | <T .

AT Og( T () sS4 R )T 7°

Consequently we have limsup T}, < 7. ]
h—0

Proof of Theorem 1.3. Again we will prove only in the case where ¢ > 0.
Using the same argument as in Step 3 of the previous proof, we can assume
that there exist constants m, hy, and t; such that J,(t) > m for ¢ > t; and
h < h;.

For any positive € there exists R > Rg such that

T ds e
r G(s) ~ 2
We set tg =T+ 5. There exists a time ¢, < T such that

, 2(R—m)c
T ) 2 T

since J'(t) tends to infinity. By the same argument as in Step 1 in the previous
proof, there exists hy and for any h < h, there exists t = #3(h) < T such that

, = (R—m)c
Talte) 2 T oy
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By virtue of Lemma 2.2, for any h < hy we have

1— e—C(t0~fz) 1-— e—C(fo—zz)

Jn(to) > Jn(t2) + —'Z“—"‘JZ@) >m+ m(R -m) > R.

From Lemma 2.1, we can conclude that the approximate solution must blow
up in finite time T} and for h < hy

* ds
T5t+/ ——— <T+e.
P e Gls)

Hence we have limsup Ty, < T. O
h—0

Proof of Theorem 1.4. Since we assume that
Jn(t) = Hi(t), Hy(t) >0
and
Jn(t) = G(Jn(t)),

we have the following estimates

Jn(t1)
2.3 t1 —tg <
(2:3) ! O_Hh(to)
and
Jr(t1) ds
(2.4) ty —t g/ .
' 0 Jn(to) G(S)

For any £ > 0 there exists R > 0 such that

> ds e
r G(s) '
By the assumption (b’) and (A2'), there exists § > 0 and hg > 0 such that for
any h < hg
2
(1 - 0) > 22,
<

Let us assume that T}, > T + ¢/2 for an h < hg. By the inequality (2.3) we
have

Jn(T +¢€/2) > (/2 + 8)Hu(T — 6) > R.
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By the inequality (2.4) we obtain

Tl s > ds
T—T+amg/ ——5/ 45
nIHERS G S e G

Hence we have T, < T + €. O

§3. Examples

In this section, we present three examples. The first example is a gen-
eralized curvature flow. The second is semilinear parabolic partial differential
equations of the form u; = Au+ f(u). And the last one is a quenching problem.
We apply Theorems 1.1 and 1.2 to the first one, Theorems 1.2, 1.3 and 1.4 to
the second one, and Theorem 1.3 to the third one.

83.1. Generalized curvature flow

In this subsection, we apply our theorems to a generalized curvature flow
problem. We first explain this problem briefly. We then introduce an approxi-
mate problem which is based on so-called crystalline approximation of smooth
curves. For this approximate problem, we show the convergence of blow-up
time.

Generalized Curvature Flow

The problem is to describe the motion of closed immersed curve C(t) =
{X(t) € R?} which is evolved by the law

(3.1) V=l
o

We assume that the curvature K is positive everywhere. The symbols V' and
a denote the outward normal velocity and nonzero parameter, respectively.

When a = 1, the problem (3.1) is called the problem of curvature flow.
There are many papers which study this problem (see [7], [19], [24], and ref-
erences therein). When o = 1/3, the problem (3.1) is invariant under affine
transformation {38] and attracts many researchers in recent years (see [6] and
references therein). Moreover, the evolution law (3.1) with @ = 1/3 is used for a
model equation for image processing [2]. We call the problem (3.1) generalized
curvature flow problem (GCF in short).

Since the curvature K is positive everywhere, we can parameterize the
curve by the normal direction #. Then GCF is described by the following
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initial-boundary value problem for a quasilinear parabolic partial differential

equation:
Vi =(aV)% (Voo + V), 0€R/2rZ, t>0,
(3.2) V(6,t) =V (0+ 2nm,t), 0 € R/2nrZ, t >0,
' Vo(0,t) = Vy(0 + 2nm, t), 0 € R/2nnZ, t > 0,
V(0,0) = p(0), 9 € R/2nrZ.

Here 1 denotes the rotation number of the curve. We assume that the initial
data ¢ is a smooth function which satisfies 02"” ‘pif,e;dﬁ =0 and ap > 0. As
for the derivation of this equation, see for instance [5].

We explain several properties of GCF (see [3], [4], [7] for more precise
information). Firstly the problem (3.2) possesses a unique smooth local solution
which does not change sign. Secondly, GCF is a curve-shortening and area-
decreasing motion for @ > 0, and is a curve-lengthening and area-increasing
motion for o < 0. Namely, %L <0 and %A < 0 hold true for t > 0 if a > 0:
the opposite inequalities hold true if & < 0. Here L and A denote the length of
the curve and the area enclosed by the curve, respectively. Thirdly, for o > 0
and a < —1 all solutions of GCF develop singularity in finite time, say 7" at
t = T, L* norm of the solution V diverges. This fact can be proved by the
comparison lemma. Finally, in the blow-up case, regional blow-up occurs (see
Proposition 3.1 bellow).

Let us introduce the notion of the blow-up set. The set

S(V) = {x e ‘Elscn,ﬂtn s.t. lim |V (tn,zs)| =00, lim z, =z, lim ¢, = T}
n—o0 n—0o00 n—oo

is called the blow-up set of the solution V. When the measure of the blow-up
set is positive, we call it regional blow-up. The following proposition holds true
(see [4], [20] for more precise information).

Proposition 3.1. For any blow-up solution V, the Lebesgue measure of
the blow-up set S(V) is greater than or equal to .

Proof. We assume that o > 0. The case where o < —1 can be treated
similarly. Suppose the contrary, then there exist intervals (a,b), (ag,bp) and a
finite constant M such that b —a < 7, S(V) C (ao,bo) C (a,b), V(t,a0) < M,
and V/(¢,bg) < M. For a constant A > 0, we define p(f) = Acos ;" (z — %‘"—9)
Since cos b—f—a(l—’%‘lﬂ) > 0, both ¢(ag) and ¢(by) are greater than or equal to
M for sufficiently large A. Moreover, ¢ satisfies ¢” + ¢ = (1 — (%)*)¢ < 0,
hence ¢, =0 > (aV)%l(gogg + ¢). On the other hand V is a solution of (3.2).
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By virtue of the maximum principle of parabolic type, we have V (¢,6) < ¢(0)
for 6 in (ag,bo). It contradicts the blow-up of V. a

Approximate Problem

Let us consider an approximate problem which is given by the system of
ordinary differential equations for v7":

t -]
(3.3) ol (t) = vl (1), 0<j<m,
vl (0) =, 0<j<n,

where A6 = 2nr/n and

Uyt1 — 20, + V1
2(1 — cos A9)

(AGU)J =

This approximate problem is derived by the so-called crystalline approximation
(see [40], [41]).

Several authors studied numerical methods for problem (3.1) and related
problems. Kimura [28, 29] constructed a numerical scheme for (3.1) with @ =1
and proved its convergence. Mikula [33] studied a numerical scheme for equa-
tions which are related to (3.1) and (3.2). Recently Mikula and Sevcovic [34]
developed an effective numerical scheme based on so-called intrinsic heat equa-
tion. Ishiwata and Tsutsumi [26] investigated numerical treatment for equation
(3.2) under Dirichlet boundary condition. Using crystalline approximation, we
constructed a numerical scheme for this problem and proved the convergence
of the scheme [40]. Our scheme enjoys the discrete versions of the properties of
GCF.

We note that the solution of (3.3) does not change sign. This can be proved
by the discrete comparison lemma. We assume o > 0 or @ < —1, namely V
blows up in finite time T.

We define functionals J and J, as follows:

2nm
JIV](t) = —sgn(a) /0 (aV)~/=dg

and

|
—

n

Jnfv"}(t) = —sgn(e) ) _(av)) /A4

<
I
o

Let us check that the functionals J and Jp satisfy the assumptions of Theorem
1.2 and Theorem 1.1 for a > 0 and o < —1, respectively.
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Firstly we can prove that the convergence between the solution v of the
problem (3.3) and the solution V of the problem (3.2).

Proposition 3.2. T denotes the blow-up time of the solution V to (3.2).
We assume [max lp(1A0) — ;| = 0o(1) as Af tends to zero. For any € we have
<y<n

li V(jAG,t) — v ()] = 0.
n;ﬂ;ote[wr}gfgggnl (j ) — vy (t)]

Proof. This result can be obtained by a discrete analogue of super and
subsolution method (see appendix).

We set v;t (t) = V(jA0,t) £ AeBtm(A), where m is a function of A such
that m(Af) = o(1) and Oréljagcn\cp(jAG) —¢,| = o(1) as A§ — 0. For suitable

A, B, and sufficiently large n, we can check that UJ+ (t)(v; (t)) is a supersolution
(subsolution, respectively) for the equation (3.3). Therefore we can prove that
there exists a constant C, such that for sufficiently large n

Osrglsa%(_e |V (t,jA0) — v} (t)] < Cem(AD)

by the comparison lemma (Theorem A.1 below). m]

Using this convergence result we can easily check that the condition (A2)
holds.

Secondly, we can prove the following result. The continuous part of the
proposition was first proved by Gage [20] for the case of the Dirichlet boundary
condition. By this result, we can check that the inequality (I12) holds for o > 0.

Proposition 3.3. We assume that oo > 0. There exists a positive con-
stant ¢ which depends only on the initial data such that

d
Vi(¢,0) > ~cV (t,0) and EZU?(t) > —cv]h(t,é)).

Proof. 'We set ¢ = max{— ming aVy(8)= ((Vo)as () + Vo(6)), 0}(> 0) and
w(t,0) = Vi(t,0) + cV (t,0). By the definition of ¢, we have w(0,68) > 0.
One can easily check that w satisfies

atl ot
wy=aV < wy + | aV = ,
aV a

o a 2
> OzV_:lwgg + (av% — _____(304 * )C) w,
[0

2 2
B (3a+2)c) w4 (a+Dw?  (20+1)c*V
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since V > 0 and a > 0.
For a positive number k, we set W (t,0) = e *w(t,0). Then W satisfies

[e3 (=3 2
W, > oV S Wy, + <aV ot c?’a; _ k) W,

We fix a time tp such that V is bounded for ¢ € [0, o], then there exists a

positive number k£ such that (onaTJrl — cgﬁ"ai—z — k) < 0. From the maximum

principle, we obtain W (¢,8) > 0 for any ¢t € [0,t0]. Hence we have w(¢,6) > 0
for any t € [0,%p]. It means that V; > —cV holds as long as V' is bounded.

By an analogous argument, we can prove the latter part of the proposition.

O

Let us assume that o > 0. By means of Proposition 3.1, 4J[V](t) =

2"” Vd# tends to infinity as t — 1. From Proposition 3.3 we can check that
the 1nequahty (12) holds:

Z

7=0

d2

d
2 h t)Al > —Cd—Jh[ ]( ).

Q|"“
&.|Q‘

Functionals J and J, are bounded from above, since V and v" are bounded
from below. Finally Proposition 3.2 ensures (A2) (see [40]). Hence we can
obtain the convergence of blow-up time by using Theorem 1.2.

Let us now assume that o < —1. We can check that J and Jj, satisfies (A1)
and (A2). Since @ < —1, J tends to infinity as t — T', because of Proposition
3.1. Proposition 3.2 also ensures (A2). By Jensen’s inequality, there exists a
constant ¢ = ¢(n) such that

d c
— > J«
dtJh‘ a’t

So the inequality (I1) holds with G(s) = —£s7*. Hence the convergence of
blow-up time holds true by Theorem 1.1.
We have thus proved the following.

Theorem 3.1. We assume oo > 0 or o < —1. T denotes the blow-up
time of V. We assume Jmax lo, —p(A0)| = o(1) as n tends to infinity. Then
<1<n

for sufficiently large n, the solution v"(t) of the problem (3.3) blows up in finite
time T,,. Moreover, we have

lim T, =T.

n—o0



628 TAKEO K. USHLJIIMA

§3.2. Semilinear parabolic equations
In this subsection, we shall treat semilinear parabolic equation:

ur(z,t) =Au+ f(u), z€Q, t>0,
(3.4) u(z,0) =ug(z), z€eQ, t=0,
u(z,t) =0, z €0Q, t>0.

Here Q is a bounded domain in RY. We assume that initial data ug is a
nonnegative smooth function and ug(z) = 0 (z € 0Q?) . We consider the case
where f(u) = uP(p > 1) or e*. The former nonlinearity is called of Fujita type
and the latter arises from combustion theory (see [9], for instance).

It is well known that for sufficiently large initial data, solution of this
problem do blow-up in finite time. See, for instance, [18] and [31].

The blow-up solutions of this problem were extensively studied and now
rather precise information near blow-up time is clarified (see [37], [42], and
references therein).

As for numerical approach, some excellent schemes were invented ([10][12]).
Some authors studied numerical blow-up time and its convergence. Nakagawa
[35] studied a finite difference scheme for u; = uzy + u? and proved the conver-
gence of blow-up time. Nakagawa and Ushijima [36] studied a finite element
full-discrete scheme for the semilinear heat equation of blow-up type based on a
blow-up criterion due to Kaplan and Fujita. Chen [13] also studied a finite dif-
ference scheme for u; = uz; +uP,p > 1 and proved the convergence of blow-up
time. They all assumed that the L? (g = 1 or 2 ) norm of the solution tends to
infinity as ¢t approaches the blow-up time 7. However, it does not always hold
(see Remark 3.1.). Recently, Abia, Lépez-Marcos and Martinez [1] considered
one dimensional semi-discrete problem for (3.4) with more general nonlinear
term f. They proved the convergence of blow-up time, on the condition that
L norm of solution blows up.

In this subsection, we prove the convergence of blow-up time for N-
dimensional semi-discrete problem, using our general theory, under the as-
sumption that the L* norm blows up. Our result contains the result of [1]
as a special case (see Remark 3.3).

Blow-up Problem of Fujita Type

First we treat the case where f = uP(p > 1). We define the energy I by

r — 1 1 p
(3.5) h(t) = §/QIVul2dx— m/nu g,
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For any solution u, this I is monotone non-increasing function of ¢. In fact, one
d .
can easily check that —I[ul(¥) = — / udz < 0. Let us define the functional
Q

dt
J as follows:

For this J we can verify that

(3.6) d%J[u] = Z/S;uutdx
(3.7 = —4Iu] + 2(;37_11) /Q uPtdz
(3.8) > —4lug] + o()(J[u)) =

Here we have used Jensen’s inequality.

Proposition 3.4. We assume that the L™ norm of the solution u to the

e N(p-1)

problem (3.4) tends to infinity as t tends to T. We also assume ¢ > —5—
then we have

lim {[u(-, t)|lq = oo.
Lim flu(-, ¢)flq = o0
Here, {|lullq denotes the LY norm of solution u.

Remark 3.1. This fact is well known for the specialists. For proof of the
proposition, we refer Giga [21] and Friedman and McLeod [17]. Friedman and
McLeod [17] also show that if Q is convex and g < N.(_?’z_—_ll then there exists
initial data such that

lim sup lu(-, t)||q < co.

t—

Accordingly we can not always expect J tends to infinity as t tends to the
blow-up time.

Proposition 3.5. Assumel <p < —%%, then —I(t) tends to infinity as
t approaches T .

This result was proved by Giga [22].
Let us introduce an approximate problem. We set = (0,1)" for simplic-
ity. We approximate the problem by the semi-discrete problem:

urg = (Apu)k + f(uk), K€K,t>0,

(3.9) uk(t) =0, K € Kot >0,
uk (0) = uok, Kek.
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Here we have introduced a square grid with mesh size h = 1/n in domain {2,
the function uk(t) is defined on this grid. The set of indices K = (j1,... ,JN)
is denoted by K and the set of indices K corresponding to the boundary is
denoted by Ky. Namely,

’C:{(]h 7.]N)0_<_]171]Ngn}
and
Ko ={(1,.--,in) €K :j,=0or n}.

We set Kh = (j1h, joh, ... ,jnh). We define a discrete Laplace operator Ay, by

N
(Apu)g = Z(Ahzu)hw JND

1=1
where we set

(An,u) C Upne gL gn 28 e g T U it N
RaW)gr,...gn = h2 :

The dot in (3.9) denotes derivative with respect to t.
For this approximate problem, we can prove the convergence result by a
discrete analogue of super and subsolution method.

Proposition 3.6. We assume the solution u of (3.4) blows up at finite
time T' and max [uo(Kh) —ug | = 0o(1) as h — 0. For any € we have

li lu(Kh,t) —u%(t)] = 0.
Jim temglijEKm( 1) —uk () =0

Proof. We set uk(t) = u(Kh,t) + AeB'p(Kh)m(h), where m(h) is a
function of h such that m(h) = o(1) as h tends to zero and In(ig%mo(Kh) -
ug | < m(h), p(z) is the first eigenfunction of —A with homogeneous Dirichlet
boundary condition. For suitable A, B, and sufficiently small A, we can prove
that u* and u™ are super and subsolution, respectively. From the comparison
lemma, we obtain the assertion. O

Let us define functionals I,, and J,, as follows:

N
I, [u™](t) = % Z Z(Dh”"n)%(h]v _ Z% Z (UT}‘()”“Lth,

KekK =1 KeKk
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and
Tnlur(t) = > (ulfe)?RN.
Kex

Here we set

S atl anTUh e un | if £ for all
(thun)K: h I 3 Ll

0, if j, = n for some 1.

Because of the definition of difference operators above, the formula of sum-
mation by parts holds. Thus we can prove the semi-discrete analogue of (3.7)
and (3.8). Namely, we have

d ni __ r.n 2(1) B 1) n
(3.10) -d—tJn[u | = -4, [u"] + —Fi KXG;C(UK);DJrth
(3.11) > —4L,[uf] + () (Jau™)) 7,

since In = — Z a%(hN <0.
Kek
Now we state our result.

Theorem 3.2. We assume that the solution of (3.4) blows up in finite
time T and max [uo(Kh) —ug x| = o(1). Assume one of the following.

1. 1< p< {22 or —I(t) tends to infinity as t tends to T.

2. 1<p<1+4+4/N or J[u)(t) tends to infinity as t tends to T.

Then for sufficiently large n the approzimate solution blows up in finite time

T, and we have lim T, = T.
n—od

Proof. The first part of the theorem is proved by Theorem 1.4 and the
second part is proved by Theorem 1.1.

By means of Proposition 3.2 we can verify that the assumption (A2) holds
for J and J,.

Proof of 1. By Proposition 3.5, —I(t) tends to infinity as ¢ — T. Set
H(t) = —2I(t) and H,(t) = —2I,(t) then the condition (A2’) holds. Since we
have the inequality (3.11) we obtain the conclusion by Theorem 1.4.

Proof of 2. From Proposition 3.4, the condition 1 < p < 1+ % ensures
that J{u](¢) tends to infinity as ¢ tends to T'. Since the inequality (3.11) holds,
the assumption (Al) is satisfied. By virtue of Theorem 1.1, we obtain the
result. ]
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Remark 3.2. Our theorem is valid for more general nonlinearity f.
Firstly if we assume

(3.12) O<HmI%2<m,

zo00 2

for 1 < p < §£2 then —I(t) tends to infinity as t — T ([22]). Here, for such
nonlinearity f we modify the energy I as follows:

IM:%ANWW—AF@M,

u
mm:/f@@
0
Secondly if we assume that there exists a constant L such that

(3.13) [f(y) = f(2)] < Lly = 2l(lylP~" + [P, f(0) =0,

for 1 <p < 1+44/N then ||ujla = 00 as t — T ([21]).
Thirdly if we assume that there exists positive constants ¢; and cg such
that

(3.14) uf(u) — 2F (u) > c1|ulP™ — ¢,

then we can do the calculation that are analogous to (3.7) and (3.8). These
analogues give us the finite time blow-up and the convergence of blow-up time.

Hence, the first part of Theorem 3.2 holds with f which satisfies (3.12)
and (3.14), and the second holds with f which satisfies (3.13) and (3.14).

Remark 3.3. The result of Abia, Lépez-Marcos and Martinez [1] required
strong assumption on initial data: there exists a positive constant a such that

(Anug)k + f(ug k) = af (ug k)
Also they considered only the one-dimensional problem.
The Case where f(u) = e*

We employ the same approximate problem as the previous one. For the
case where f(u) = e*, Propositions 3.6 and 3.7 remain valid.

Let us construct the functionals J and J, which satisfy our assumptions.
Let p(z) and A der}ote a first eigenfunction of —A under the Dirichlet boundary
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condition and corresponding eigenvalue, respectively. We define the functionals
J and J, by

J[u](t):/ﬂug@d:ﬂ
and

Talu™](t) = Y uko(Kh)AN.
KekK

For these functionals, we have the following: there exist positive constants c;
and ¢, such that

J'(t) = —=NJ(t) + / evpdr > —AJ + c1e?’,
Q
and
JL() > =M Jn(t) + cre??n,

where A, is the first eigenvalue of —Aj,. We note that lim A, = .
n—00
Here if we assume that tlin% Jlu](t) = oo, then there exist a positive con-

stant c3 and 9 < T such that J/, () > cze®?’» for all t > to. Thus we can obtain
the convergence of blow-up time by Theorem 1.1. However, we could not find
any sufficient condition which ensures tlin% Jul(t) = oo (see Remark 3.4). So

in the following we will restrict ourselves to a narrow class of initial data and
apply Theorem 1.3, in order to obtain the convergence of blow-up time.

We note that if the initial data is a subsolution then the solution is mono-
tone non-decreasing function with respect to ¢. This fact is easily proved by
using the comparison lemma.

Proposition 3.7. We assume that
(F1) (Apug)k + f(ugg) = 0.
Then we have

W (t) > 0.

Hence if we assume (F1) then we have

T8 > ~Aa i (8):



634 TAkeEO K. USHLJIMA

If we further assume

F li “ =
(F2) Jim Qe pdx = 00,

then we obtain the convergence of blow-up time by Theorem 1.3. Therefore we
have the following:

Theorem 3.3. We assume that the solution of (3.4) blows up in finite
time T and max luo(Kh) — uf x| = o(1). Assume one of the following holds.

1. J[ul(t) tends to infinity as t tends to T.

2. (F1) and (F2) hold.

Then for sufficiently large n the approrimate solution blows up in finite time
T, and we have lim T, =T.
n—0o0

Remark 3.4. In the case where the domain is a ball and the initial data
is radially symmetric, the assumption tlin% J[u](t) = oo does not hold. See

Friedman and McLeod [17].

Remark 3.5. The assumption (F2) holds when N = 1. In fact, we can
prove it by the same argument in Friedman and McLeod [17].

It is known that for any b € Q there exists a blow-up solution u which
blows up at (b, T) € RY x (0,00) and whose final time blow-up profile satisfies

uw(z,T) = —2Iln|z — bl +In|ln|z — b|| + In8 + o(|]z — b]),

provided © is a convex domain ([8], {11]). Moreover, this final profile is stable
with respect to small perturbations of the initial conditions. Hence, we may
expect (F2) holds for a wide class of solutions in higher dimensions, too.

§3.3. Quenching problem

In this subsection, we treat the following initial boundary value problem:

i =Au—u"P, ze€Q, t>0,
(3.15) u =1, z€edN, t>0,
u(z,0) =up(x), z € Q.
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Here Q C RY is a bounded domain. We assume that initial data ug is a
smooth function such that 0 < ug < 1. It is well known that the minimum of
u approaches zero as t tends to a finite time 7" provided 2 is sufficiently large.
Moreover, as ¢ tends to T, u; tends to infinity. (See for instance [30], [14], [15],
[25], [16]). This phenomenon is called quenching. This kind of phenomenon
was first studied by Kawarada [27].

We assume that N = 1,p > 1, and Q = (0,a) and a > 0. We wish to
approximate the quenching time T" by the solution of the following approximate
problem:

%u? =(Apu™);, = (u})7P, t>0,0<j<n,
uro=1, j=1n t>0,
u?(0) = (ug);, 0<j<n.

Here, we set h = a/n and (Au), = For this approximate
problem, we can prove the convergence in the quite same manner as in the
previous subsections.

We define the functionals J and J,, as follows:

Uy—1—2uU)+u; 41
h2 '

Jlul(t) = /Q w(z, Dp(@)dz,  Jfur)(t) = 3wl () (ih)h.
7=0

Here ¢(x) denotes the first eigenfunction of —A under homogeneous Dirichlet
boundary condition. We have

d
lim — = —o0.
lim — J[ul(t) 00
This can be shown by the next proposition which is a result of Fila and Kawohl
[14].
L

Proposition 3.8. We assume that the solution u of the problem (3.15)
quenches att =T. Then for o > H'Tp we have

lim [ v %pdz = oco.
t—=T Jo

Let us assume that the initial data satisfies following:
(Q1) (Anug); = (ug),” < 0.
This assumption implies that %u” < 0, hence we have

d2

DIl < A ) (0).

dat "
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So the assumptions (A1”) and (A2) are satisfied. Hence we obtain the following
result by virtue of Theorem 1.2.

Theorem 3.4. We assume that initial data satisfies the condition (Q1)
and the error of initial data is of order o(1). We also assume that the solution
u quenches in finite time T. Then for sufficiently large n the approzimate
solution u™ quenches in finite time T,,. Moreover, we have

lim 7, =T.

n—o0

84. Continuous Dependence of the Blow-up Time

As a direct consequence of our main results, we can obtain that the blow-
up time depends on the initial data continuously. In this section, we explain
this result briefly.

Let us consider equations (1.1) and (1.1y) again. We set Fj, = F,B), =
B,y = Q2 = 2,A, = A, and Vi, = V in approximate equations (1.1y).
We assume that there exists a functional J which satisfies one of (A1), (A1),
(A1), and (A1) and we also assume

(A3) if initial data u? converges to ug in some topology as h tends to zero then
the condition (A2) or (A2') holds with J, = J.

Then we can obtain the continuity of blow-up time with respect to initial data,
by one of our main theorems.

Theorem 4.1. We assume (A0), (A3), and one of (A1), (A1), (A1"),
(A1) with Jr, = J. Then blow-up time of (1.1) is continuous with respect to
initial data in the same topology as in (A3).

In many cases, the condition (A3) will be easily verified by the continuous
dependence of the solution on the initial data.

Let us consider the problem of Fujita type. If we assume ul} converges
to up in H' topology, then the corresponding solutions u"(t) converges to the
solution u(t) in H' topology. This fact leads the condition (A2) and (A2') for
Jul(t) = [qu’dz and Gi(t) = — [, |[Vu"|?dz + ;fjfg(uh)p“dx. Hence we

obtain the following result.

Theorem 4.2. We assume that the solution of (3.4) with f(u) = uP
blows up in finite time T and |lug — uf|| g1 (o) = o(1) as h tends to zero. We
assume one of the following:
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1.1<p< % or —I(t) tends to infinity as t tends to T.
2. 1<p<1+4+4/N or Jul(t) tends to infinity as t tends to T.

Then ul(t), which is the solution starting from ul, blows up in finite time Tj,
and we have %irr(l) T, =1T.

Remark4.1. The continuous dependence of the blow-up time on the initial
data for Fujita type problem has been already proved by Merle [32].

Remark 4.2. 'We note that we can also prove the continuous dependence
of the blow-up time on the initial data for GCF.

Appendix. Discrete Analogue of Super and Subsolution Method

In this section, we explain a discrete analogue of super and subsolution
method. By this method, we obtain some properties of semi-discrete solution
and convergence between approximate solution and continuous one.

We consider the following parabolic equation with homogeneous Dirichlet
boundary condition:

u = a(z)Au + f(u), (z,t) € Qx(0,T).

Here we set Q = (0,1)%, a(x) is a positive smooth function, and f is a smooth
function. We note that we can treat the problem under periodic boundary
condition similarly. For this problem, we introduce the semi-discrete problem:

uy  =ay(Apu)y + flug), JEK,t>0,
(Al) UJ(t) =0, J € Ko, t >0,
us(0)=¢y, JeK.

Here we use the same notation as in Subsection 3.2. We assume that a; > 0
for all J € K.

For this semi-discrete problem, we introduce the notion of super and sub-
solutions.

Definition A.1  Function u™ = {uy(t)} is supersolution of (A.1) if and
only if uy(t) satisfies

’I.J,J(t) ZaJ(Ahu)J(t)-i—f(uJ(t)), JekK,t>0,
(AQ) ’LLJ(t) >0, J € Kg,t >0,
us(0) > ¢y, J e k.
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Function u™ = {uy(t)} is subsolution of (A.1) if and only if us(t) satisfies
opposite inequalities.

Theorem A.1. We assume that u™ = {u;} and v™ = {v;} are a super-
solution of (A.1) and a subsolution of (A.1), respectively. Then for anyt > 0
and J € K we have uy(t) > v;(t).

Proof. We fix to such that u; and vy are bounded for ¢ in [0,%o]. We set
wy = uy —vy. Then wy satisfies the following inequalities,

wy(t) > aj(Apw)y+cqjwy JeK, t>0,
(A3) w_](t) >0, Je Koy, t>0,
w,(0) >0, Jek.

Here c; = fol f'(su; + (1 — s)v,)ds, which is bounded provided u, and v, are
bounded. We set W; = e~ tw;(t) then W satisfies,

WJ’ > aJ(AhW)J-i-(CJ—k)WJ, Jek,te [O,to].

For sufficiently large &, (c; — k) is negative.
If there exists a point (J1,%1) € K x [0, %] such that w attains its negative
minimum at this point. We can check that

Wr(t1) <0 and (ApW)y (1) > 0.
So we have
0> Wy, (1) > (AuW) s, (t1) + (e — K)W5 > 0,

which is a contradiction. O
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