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Asymptotic Exponential Stability for Diffusion
Processes Driven by Stochastic Differential
Equations in Duals of Nuclear Spaces

By

Kai Liu* and Tomés CARABALLO™**

Abstract

The main objective of this paper is to investigate the asymptotic stability for
diffusion processes driven by a class of 1t6 stochastic differential equations in duals of
nuclear spaces. A coercivity condition imposed on this sort of equation plays the role
of an exponential stability criterion. An example is studied to illustrate our theory.

81. Introduction

In the paper we shall study the exponential stability of stochastic diffusion
equations in duals of nuclear spaces. These equations naturally arise in the
research of chemical reaction-diffusion equations, neurophysiology and turbu-
lence, especially, in the recent river pollution model researches (see [11], [15]
and [16]). Roughly speaking, we shall consider the following stochastic diffusion
equation:

t t
(1.1) Xy :Xo—|—/ A(S,Xs)d5+/ B(s, Xs)dW,
0 0

where A: Ry x®' — &' B: R x® — L(D, D) are two measurable mappings
and W; is a ®'-valued Wiener process. Here ®' is the dual space of a certain
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countably Hilbertian nuclear space and L(®', ®’) is the space of all bounded
linear operators from @’ into itself.

Diffusion equations of the type (1.1) have been studied by a number of
authors, for instance, G. Kallianpur and R. L. Wolpert [10], G. Kallianpur and
J. Xiong [11], H. Tuckwell [15] and J. B. Walsh [16] among others. The reader
is referred to G. Kallianpur and J. Xiong [11] for further details concerning
certain properties of the solutions (1.1) and some related topics. In the paper,
we are particularly interested in the criteria of exponential stability in the sense
of mean square and pathwise with probability one of the strong solutions to
the equations (1.1).

It is a long history for the investigation of the exponential stability of
stochastic differential equations in finite dimensional spaces and, more recently,
of stochastic evolution equations in Hilbert spaces. For infinite dimensional
cases, we should mention U. G. Haussmann [6] (linear case) and A. Ichikawa
[7] (semilinear case) for their fundamental work on this aspect. Nevertheless,
for nuclear space-valued stochastic differential equation situations, to the best
of our knowledge it seems that nobody ever carried out the study of exponen-
tial stability either in the sense of mean square or pathwise with probability
one. This is the main task in this paper to fill this gap. It is particularly worth
pointing out that our approaches, which are devoted to the consideration of the
stochastic differential equations in duals of nuclear spaces (1.1), could even be
used to extend the results of [6], [7] to cover general non-autonomous Hilbert
space-valued stochastic differential systems. Firstly, we shall give sufficient
conditions for the exponential stability in mean square of the strong solutions
to the equations (1.1). Next, we obtain exponential stability of paths with
probability one. Our argument is based on a coercivity condition which plays
a key role for the existence and uniqueness of the equations (1.1). As a con-
sequence, we will observe how a suitable coercivity condition may be regarded
as an exponential stability criterion.

The exposition is as follows. In Section 2, we shall briefly collect some
notions and notations which are essential for our stability analysis. Section 3
is devoted to the investigation of exponentially asymptotic stability of strong
solutions. Finally, in Section 4 we will illustrate the theorems derived in the
last section by studying an example.

§2. Preliminaries

In this section we are going to state some basic notions and notations in a
suitable way. In particular, the reader is strongly referred to G. Kallianpur and
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J. Xiong [11] for a systematic and detailed statement concerning the material
in this section.

Let @ be a separable Fréchet space which is a countably Hilbertian space,
that is, its topology is given by an increasing sequence ||-||,,, n > 0, of compatible
Hilbertian norms. In particular, throughout this paper we suppose ® is nuclear,
precisely, for each n > 0 there exists m > n such that the canonical injection
from ®,, into ®,, is Hilbert-Schmidt. Here ®,, is the completion of & with
respect to || - ||». Let ® be the collection of all continuous linear maps from
® to R, i.e., the dual space of ®. We could show that {®,,},>0 is a sequence
of decreasing Hilbertian spaces and ® = N9, ®,,. Identifying & with &y by
Riesz’s representation theorem, we denote ®/, by ®_,, with norms ||-||-,, n > 0.
Then {®_, },>0 is a sequence of increasing Hilbertian spaces, ®' is sequentially
complete and ®" = U2 (®_,,. In the latter case, we shall denote by {¢"} C ®
a complete orthonormal system, or simply, CONS of ®, and {qﬁj_p } the CONS
of ®_, conjugate to {¢}} for p > 0. Let 6, be the isometry from ®_, to @,
such that 0,¢;" = ¢}, Vj > 1.

A class of important examples of countably Hilbertian spaces can be de-
scribed appropriately as follows. Let H be a real separable Hilbert space with
inner product (-, ), and A = —L a closed densely defined self-adjoint operator
on H such that (=L, ¢)g < 0 for ¢ € Dom (L), the domain of L. Let {T}}
be the semigroups on H determined by A. Further assume that some power of
the resolvent of L is a Hilbert-Schmidt operator, i.e.,

(2.1) Iry such that (M + L)~ is Hilbert-Schmidt.

This condition enables us to prove that there exist 0 < Ay < Ay < .-+ and
{¢;} C H, a CONS of H, such that

L¢j = )‘jd)ja for any ] Z 1.
Define

@:{gbeH: (I 4+ L) ¢||% < oo, WER}

— {qs cH: Z(l + X)) (b, )5 < 00, Vre€ R},
j=1
and the inner product (-,-), on ® by

oo

<¢7 1/}>T = Z(l + )‘j)2r<¢7 ¢j>H<w7 ¢j>H

Jj=1
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and
16117 = (¢, 8)r-
Let @, be the || - ||,-completion of ®. We then have

e=e, ¥=Jo

and for r < s, ¢ € @, ||¢|» < ||¢]ls and furthermore &5 C &, with &g = H.
Condition (2.1) implies that the injection from ®, into ®, is Hilbert-Schmidt
for ¢ > p+ r1 and therefore ® is a countably Hilbertian nuclear space, simply,
CHNS. As usual, we also call the compatible family (&, H,T;) or (®,H,L) a
special compatible family.

We assume throughout that (2, F,{F;}i>0, P) is a complete probability
space with a right continuous filtration {F;};>0. A map X : Q@ — &' is a D'~
valued random variable if it is F/B(®’)-measurable, where B(®’) is the Borel
field of the topological space @’ (in the sense of strong topology). A family
{Xi;t € R4} of ®'-valued random variables is called a ®’-process.

In the rest of this paper, we shall concern with ®’-valued martingales. In
particular, we have the following;:

Definition 2.1. A ®’-valued process M = {M;};>¢ is a ®'-martingale
with respect to {F;}i>o if for each ¢ € ®, M[¢] is a martingale with respect
to {F:}. Tt is called a ®’-square-integrable-martingale if, in addition,

(2.2) E(Mt[¢]2> <00, Yoed, t>0.

We let M(®’) (resp. M?(®’)) denote the collection of all ®’-martingales (resp.
d’-square-integrable-martingales). We also let

M>E(D') = {M € M?(®') : My[¢] has a continuous version for each ¢ € <I>}.

Definition 2.2. A continuous (in the sense of strong topology) ®'-
valued stochastic process W = (W) on (Q, F, P) is called a centered ®’-

Wiener process with Q(-,-) if W satisfies the following three conditions:
a) Wy =0 a.s.;
b) W has independent increments, i.e., the random variables

(2.3) Wi o], Wi, = Wi)gal, ..., (Wi, = Wi, ) [é4]

are independent for any ¢1, ¢2, ..., ¢ € P, 0<t; < - <tp,n>1;
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c) For each t > 0 and ¢ € @
(2.4) E(gm [¢]) _ o tQ(6.0)/2

where Q) is a covariance functional, i.e., a positive definite symmetric continuous
bilinear form on ® x .

Clearly, W € M><¢(®"), {Wi[¢] : ¢ € ®, t > 0} is a centered Gaussian
system and

@25  E(WRIW.]) = (s ADQW.0), w.oeD, 5t>0.

Definition 2.3.  Let H be a separable Hilbert space with norm || - ||z.
A family {By(h) : t > 0, h € H} of real-valued random variables is called
a cyclindrical Brownian motion (c.B.m) on H with covariance ¥ if ¥ is a
continuous self-adjoint positive definite operator on H such that the following
conditions hold:

i) For each h € H such that h # 0, (Zh, h>;11/23t(h) is a one-dimensional
standard Wiener process;

ii) For each t > 0, a1, as € R and f1, fo€ H

Bi(aifi +asfo) = a1 Bi(f1) + aaBi(f2)  as;
iii) For each h € H, {B;(h)} is an FP-martingale, where
FB =0o{B,(h):s<t, heH}.

{B(h) :t >0, he H} is called a standard H-c.B.m or simply, H-c.B.m. if it
is a H-c.B.m. with covariance ¥ = I.

For each ¢ € @, let 10 := Q(¢,-). Then ¢ is an injective linear operator from
® onto a linear subspace R(z) of ®’. In particular, for arbitrary vy, va € R(2),
let (vi,v2)m, = Q1 vi,2  wg). Then (-,-)n, is an inner product on R().
Let ||-|/m, be the norm on R(2) determined by the inner product (-, ) i, and let
Hg be the completion of R(2) with respect to || - ||g,. Then Hg is a separable
Hilbert space and Hg C ®’. It could also be shown that there exists a one-to-
one correspondence between a ®'-valued Wiener process W with covariance Q

and an Hg-c.B.m. B:
(2.6) W =Y Bi(fj)f
j=1

where {f,} is a CONS of Ho;

(2.7) Bi(v) = lim Wi 'w,], Yo € Hg
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where {v,} C R(2) converges to v in Hg.
Consider the following stochastic diffusion equation (see [11] for further
details on stochastic integral and related properties)

t t
(2.8) Xt:Xo—i-/ A(s7Xs)ds+/ B(s, X,)dW,
0 0

where A: Ry x® — &' B:R; x® — L(P',d') are two measurable mappings
and W; is a ®’-valued Wiener process. Here £(®’, ®’) denotes the collection of
all continuous linear mappings from @’ into @’.

Definition 2.4.  Let (Q,F, {Fi}i>0, P) be the stochastic basis and W,
a ®’-valued Wiener process with covariance function Q. Suppose that Xj is a
®_,-valued random variable such that E||Xo|?, < co. Then by a ®_,-valued
strong solution on Q to the SDE (2.8) for ¢ € [0,T] we mean a process X;
defined on 2 such that

(a) X; is a ®_,-valued F;-measurable random variable;

(b) X; € C([0,T],2_,), a.s.;

(c) There exists a sequence (oy,) of bounded stopping times on €2 increasing
to infinity such that vn > 1

TANoy
(2.9) E/ 1A(s, X,)||—gds < oo,
0
and
TANoy
(2.10) E/O 1B (s, Xs)II7 (1,0, < 0.

Here L(9)(Hq,® ;) denotes the class of all Hilbert-Schmidt operators from Hg
into ®_,, and ¢ will be introduced in the following assumption (H1);

(d) The SDE (2.8) is satisfied for all ¢ € [0, T] and almost all w € Q.
If T is replaced by oo, we call X; a global strong solution of (2.8).

As we are mainly interested in the stability analysis, one always assumes
that the equation (2.8) has a unique global strong solution. In particular, for
this purpose we shall make the following assumption (H1) [11]:

There exists an index pg > 0 such that, Vp > pg, 3¢ > p and a constant
K = K(p,q) > 0 such that

(D1) (Continuity) V¢ € R4, the maps v € &_, — A(t,v) € &_, and
ved_, — B(t,v) € Liy(Hg,®_p) are continuous;

(D2) (Coercivity) V¢t € Ry and v € ®_,,, we have

(2.11) 24(t,0)[0p0] + | Bt )12, (r1g.0_,) < K@+ [[v]2,);

—-p) —
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(D3) (Growth) Vvt € Ry and v € &_,, we have
(2.12) 1At )12, < K1+ [lv]12,);

(D4) (Lipschitz) Vt € Ry, v1, vg € ®_,,, we have

(2.13) [A(t,v1) — At v2)l|-g < Kllv1 —v2]|—p
and
(2.14) |1B(t,v1) = Bt v2)llL oy (r1g.0_,) < Kllv1 — v2]|—p.

§3. Main Results

In this section, we shall devote ourselves to the investigation of exponen-
tial stability of the equation (2.8). For simplicity, throughout this section we
take the special compatible family (®, H, L) described in Section 1 as our ba-
sic CHNS. In particular, to our end we shall make the following additional
assumption (H2):

vVt e Ry, ve ®_,, p> py, there exist positive constants v > 0, p > 0,
p <r < g and positive function (), t € Ry, such that

(3.1) 24t 0)00] + BT, (0.0, < —PI0lIZ, + (e

where pg, ¢ are introduced as in the assumption (H1) and ~(t) satisfies that
for arbitrary 6 > 0, v(t) = o(e’), as t — o0, i.e., lim;_, y(t)/e’* = 0.

Before proceeding to our stability arguments, let us first make the following
comments on the condition (H2):

Remark 1. As is well known, the coercivity condition (2.11) plays an es-
sential role in the establishment of the existence and uniqueness of the equation
(2.8). The further restrictive coercivity condition (3.1) will play the role of an
exponential stability criterion as described below.

Remark 2. The exponential decay term appearing on the right hand side
of (3.1) is of the essence for our stability purposes. In fact, to see this, let us
simply consider the following one dimensional linear It6 equation:

Example 3.1.  Assume X; satisfies the following

dXt = —pXtdt + (1 + t)_qut, t 2 0
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with initial data Xo = 0, where p, ¢ > 0 are two positive constants and W; is
a one-dimensional standard Brownian motion.

Clearly, the left-hand side of the coercivity type condition (3.1) now turns
out to be )
(3.2) 2(=pu,0) + (14679 = =2pu2 4+ (14 4) 721,

where (-,-) denotes the standard inner product in R. However, since the last
term (1 + ¢)~2¢ is not exponentially decreasing, the solution is exponentially
unstable. Indeed, it is easy to obtain the explicit solution

¢
X, = e*pt/ el - (14 5)"9dW, =: e P* M, t>0,
0

which immediately implies that for arbitrarily given ¢ > 0 Lyapunov exponent

. logE|Xt\2
lim ——— =

t—00 t

0.

In the meantime, noticing the law of the iterated logarithm
M,y

lim sup =1 a.s.
t—oo  +/2(M;)loglog (M)
and
log (fg e?Ps(1 + s)_2qu)
lim sup ; = 2p,
t—oo

we therefore get Lyapunov exponent
1
limsup = log | X;| =0 a.s.
t—o0 t

That is, in spite of the typical stability of an ordinary differential equation
dXt = —pXtdt,

the polynomial type decay of the noise term is not sufficient to ensure the
exponential stability of its stochastically perturbed system.
Now we are in a position to obtain our main results in the paper.

Theorem 3.2.  Suppose X; is a solution to the equation (2.8) satisfying
(H1). FPurthermore we assume the coercivity condition (3.1) holds. Then there
exist constants T > 0, C > 0 such that

(3.3) E| X%, <C-e ™, vt > 0.

That is, the strong solution is exponentially stable in mean square. In partic-
ular, constant T > 0 can be taken as follows: T < p, if pu < v and ™ = v, if
w>v.
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Proof. For arbitrary ¢ € ®, we have
t
(3.4) Xfd) = [ A(s,X.)lolds
0
t
+ Z/O <B(S7 Xs)ld)a Uj>HQdWs [Zﬁlvj],
J

where {v;} C R(2) is a CONS of Hg and ¢ is defined as in Section 2. Here
B(s,-)" denotes the dual operator of B(s,-) € L(Hg,®_,), s > 0. It follows
from It6’s formula and Definition 2.4 that for arbitrary § > 0 with u — § > 0,

we have
eI X o 67 — Xolg]?

tAon tAo,
= (u— 5)/0 eW=s X [4]2ds + 2/0 e X [¢] A(s, X,)[¢)ds

tAoy

+2)° / e W= X [p](B(s, Xs)' b, v;) g AW 1 0]

where (0,,) is the sequence of stopping times defined as in Definition 2.4. Now,

since fot/\a” e X [¢)(B(s, Xs) ¢, vj) modWi [t~ 0], t € Ry, is a continuous

martingale, it follows that

tAoy
E < / e(”5)5XS[¢]<B(3,XS)’(;S,vj)HQdWS[z1vj]) =0, teRy.
0

Therefore, letting ¢ = ¢}, n — 0o, k € N and then adding on index k € N, we
can deduce by Fatou’s lemma and the condition (3.1)

(3.5) Ee=9t||x,|%,
< E|Xo|%, +(u—35—v) /075 6(u75)5E||Xs||2,TdS + /Ot'y(s)e‘ssds.
If p — v <0, we therefore deduce
B =M X2, < B Xol%, + /t7(5)655d8,
0
that is, letting k(6) = [, v(s)e*ds, we have

BIXil2, < (BIXol2, +k(8))e 0",

—_r =
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On the other hand, if p — v > 0, it is always possible to choose a suitable § > 0
such that g — v — & > 0. Then, by virtue of Gronwall’s lemma we easily derive
from (3.5) that

t
Eelr=0|X,|2, < <EXo||2T + [ 7(8)65%) -0t
0

Hence, letting § > 0 small enough immediately yields that there exists a con-
stant k(d) > 0 such that

EIIX12, < (Bl Xoll2, + k(8))e™"
Combining the arguments above, we thus obtain our conclusion. O

Theorem 3.3.  Assume the assumptions in Theorem 3.2 hold. Then
there exist positive constants M, 8 and a subset Qo C Q with P(Qo) = 0 such
that, for each w & Qq, there exists a positive random number T(w) such that
the following holds:

(3.6) X412, < M-e7 P vt >T(w).

That is, the strong solution is almost surely stable.

Proof. Our proofs are divided into the following several steps.

Step 1. We firstly claim that there exists a constant C' > 0, independent
of t € Ry, such that

t
(3.7) / E||B(u, Xu)|1Z ) (0,0 ydu < C <00, 0<s<t

Indeed, applying It6’s formula as in Theorem 3.2 to (2.8), we can get (3.5) once
more. If y — v <0, we therefore deduce

! E|Xol2.. + [ —dsq
(3.8) / e(“_é)sEHXSH%Tds < [ XollZ, fo v(s)e s.
0 v+0—p

On the other hand, letting v = 0 in (3.1) yields that for any ¢t > 0,
1B 10 ) < 7D,

which, together with (2.14) and (3.8), immediately implies

t
| BB X1 gy
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t t
<2 [ DB B0 g0 s+ 2K [ VBN R s
> 2K? >
S 2/0 ")/(8)6_6Sd8 + m (E”XO”?T +A 7(8)6_6Sd8)
=:C(6),
and, for 0 < s <t, we get
t
(3.9) | BB X, 10 < COO),
and

t
6*(#76)5/ 6(#75)UE||B(U,Xu)||%(2)(HQ,q>7T)du < C(6) - 6*(#75)57 0<s<t.

Therefore,

t
(3.10) / BB X3, (5100 do

t
< [ OO BB X 1,0
<C) eV p<s<t

On the other hand, if 4 —v > 0, it is always possible to choose a suitable § > 0
such that g4 —v —9 > 0. Then, by virtue of Gronwall’s lemma we easily deduce
from (3.5) that

¢
Ee(u—é)t“XtHQ_r < (EXOQ_T +/ 7(3)6—6sd8) pn—3-v)t
0

Hence, letting § > 0 small enough immediately yields that

t t t
(3.11) /e("*‘s)sEHXSHQ_Tdsg <E||X0||2_T+/ 7(5)65%5)/ e 9%ds.
0 0 0

A similar argument as above once more yields that there exists a C(4) > 0 such
that

and hence our claim is proved.
Step 2. Next we claim that there exists a positive constant M > 0 such
that

E( sup Xt2r> <M
0<t<T
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for any T > 0. Indeed, applying It6’s formula and Fatou’s lemma to (3.4) yields
that for arbitrary ¢ € @,

(3.13) Xi[o)* —

Xo[g]?
<9 / XJ[61A(s, X.)[6lds + / Q(B(s, X.)', B(s, Xs)/6)ds
0 0

+2Z/0 XS[¢]<B(S’XS)/¢7'Uj>HQdWS[Z_1’Uj]

where {v;} C R(:) is a CONS of Hg and ¢ is defined as above.
On the other hand, by virtue of Burkholder-Davis-Gundy’s inequality, for
any T' € R4 we obtain

t
(3.14) E tes[%%] ;/0 X, [0)(B(s, Xs) 6, 0;) o AW 1 ;]

2

T
<GB [ [ K007 (Bl X.) 6.0
J

1

T 2
<CiE{ sup |X,[g)] [/ ||B(SaXS)/¢||%{QdS]
0<s<T 0

1 T
<38 (s X6 )+ o [ BIBG XY 0l
0<s<T 0

where Cy, Cy are two positive constants. Therefore, letting ¢ = ¢}, K € N and
then adding on index k£ € N, we immediately deduce by (3.1) and (3.3) that

(3.15) E( sup IIXSZLT)

0<s<T

T
< | X[, + / y(s)eds
0

1 2 T
+§E< supTHXSH_T> +K2/0 EHB(S,XS)‘|%(2)(HQ’<D7T)(1$.

0<s<
Now we can easily obtain our claim by (3.1) and (3.7).
Step 3. Now we are in a position to prove our main results. Firstly, by

virtue of the coercivity condition (3.1) and a similar argument to (3.13), we
can get for any ¢ € ® with ||¢[, =1,
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(3.16)  sup  X¢[¢]?
te[N,N+1]

N+1

< Xn[o]? + /N Y(s)e " ds

t
s2| s |3 [ XOB XY 6 0) Wl
te[N,N+1] ; UN

where IV is a natural number. In particular, letting N > 0 large enough, we
have for any ey > 0,

(3.17) P{ sup Xt[qs]Qze%V}
te[N,N+1]

SER,QE[ sup Xt[(b]?}
te[N,N+1]

N+1
<ey {EXN[¢]2 +/ ~v(s)e™Hds
N

|

which, by a similar argument to (3.14) and using (3.16), immediately deduces

te[N,N+1

+2E[ sup ]‘;/]:Xs[¢]<B(s7Xs)/qﬁ,vj}HQdWs[z—lvj}

there exists a constant K7 > 0 such that

N+1

EX (¢ +/ v(s)e Hds

P{ sup Xt[gb]Q > e?\,} < Kle]_\,2
N

te[N,N+1]

N+1
+/ E||B(s,XS)’¢||§,st].
N

Therefore, by using (3.3) and (3.12), we can deduce that there exists a constant
K5 > 0 such that

N+1 N+1
EXN[¢]2 —|—/ v(s)e *ds + /N E||B(S,Xs)/¢||§1st <Ky - eer/2,

N

which, letting 3, = e~ "N/4

such that

, immediately implies there exists a constant K3 > 0

P{ sup  X¢[¢]? > 6?\,} < K3-e TN/A
tE[N,N+1]

Finally, a Borel-Cantelli’s lemma type argument completes the proof. [l
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84. An Example

In this section, we shall investigate a semilinear stochastic differential equa-
tion driven by nuclear space-valued Wiener processes to illustrate the results
derived in the last section.

Example 4.1.  [11] White noise current injection at a point (d > 1). Let
L = —A + I be an operator on H, where

oh
6.%7;

H = {h € L*(X,dx) :

T =0

and X = [0, 7]¢. Then L is a nonnegative-definite and self-adjoint operator on
the separable Hilbert space H with discrete spectrum. Let Aj . ., @i, jas
J1,--+,7Ja = 0 be the eigenvalues and eigenvectors of L, respectively, i.e.,

)\jl ,,,,, Jd :j%+"'+j3+1, ¢j1 ,,,,, jd(x)zd)jl(xl)"'qud(xd)

and
2

1172 e
) ; ¢jk($k)=(;) cos(jrrr), Jr > 1.

$o(wr) = (;
Forr € R and h € H, let

”h‘”? = Z <h7 ¢j17~~7jd>§‘1(1 + >‘j17~">jd)2r

J1s-eesdd

and
®:={he€H:|h| <oo,VreR}

where (-, -}y is the inner product on H. For each r, let ®,. be the completion

of ® with respect to the norm || - ||,. Let ® be the union of all ®,., » € R. Note

that ®g = H. Then @ is a countably Hilbertian space and ®’ its dual space.

Likewise, it can be easily proved that the canonical injection from @, into @,

is Hilbert-Schmidt for some 1 > 0 with ¢ > p+ r; and therefore ¢ is a CHNS.
Suppose process & is the unique solution of equation

dé = —L'&dt + (1 +)e " ?g(&)dWs, & =0,

where L’ is the dual of L and ¢(-) : &’ — R is a bounded, Lipschitz continuous
function in a strong sense. W; is a ®’-valued Wiener process with EW;[¢] = 0
and

EWL[o]W[y] = (A s)d(wo)(zo),  ¢,9 € P
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W, is ®'-valued in a degenerate sense for we may take Wy = Z,,, where Z; is
a real-valued standard Wiener process and d,, is the Dirac measure at xg.
For the equation (2.8), at the moment A(t,v) = —L'v and B(t,v) = (1 +
t2)e~t/2g(v)I, where v € ® and I is the identity operator from @ into ®’. For
simplicity of notation we denote (ji,...,ja) by j. It could be proved [11] that
Vp > 0, 3¢ = p + 1 such that A is a continuous map from ®_, into ®_, and

HA(t>v)||—q < ||'UH—p, Yv € (P_p.

As N
o)< (2) 7, veeloa,
we have
2\ d
Bleo)l” < (2) (0.0 h 1+ 29 S+ A) 7 = bl
J i

for 7o > d/4. Then for p > d/2, the canonical injection from Hg to ®_, is
Hilbert-Schmidt, i.e., B(:,-) is a continuous map from ®_,, to L(z)(Hg,®_;).
It could also be proved that & € C([0,T],®_,), VT € R (cf. [11]).

Note that, for CONS (¢7) and v € ®_,,

(4.1) D 1+ X) TP Ly, ¢V (v, ¢7)

5

< _1/2||U“3(p+1/2)

which immediately yields that for any v € ®_,, there exists a positive constant
M (p) > 0 such that

2
(42 2AL0),0) i)+ IBED) R (0w
< _||U||27(p+1/2) +M(p)(1+ t2)26_t-

Therefore, applying Theorem 3.2 to (4.2) immediately implies that the strong
solution is exponentially stable in mean square. Moreover, there exist constants
7> 0, C(p) > 0 such that

(4.3) Bll&% pr1/2) S Clp) e

where p > d/2. In the meantime, by Theorem 3.3 the solution is also almost
surely stable.



254

KA1 Liu AND TomAS CARABALLO

Acknowledgements

The authors would like to thank the anonymous referee and editor for their

careful comments on this work.

References

Caraballo, T. and Liu, K., On exponential stability criteria of stochastic partial differ-
ential equations, Stoch. Proc. Appl., 83 (1999), 289-301.

Caraballo, T. and Real, J., On the pathwise exponential stability of non-linear stochastic
partial differential equations, Stoch. Anal. Appl., 12(5) (1994), 517-525.

Friedman, A., Stochastic Differential Equations and Applications, 1, 2, Academic Press,
New York, 1975.

Friedman, A. and Pinsky, M., Asymptotic stability and spiraling properties of stochastic
equations, Trans. Amer. Math. Soc., 186 (1973), 331-358.

Gel’'fand, I. M. and Vilenkin, N. J., Generalized Functions, 4, Academic Press, 1964.
Haussmann, U. G., Asymptotic stability of the linear It6 equation in infinite dimensional,
J. Math. Anal. Appl., 65 (1978), 219-235.

Ichikawa, A., Stability of semilinear stochastic evolution equations, J. Math. Anal. Appl.,
90 (1982), 12-44.

Kallianpur, G., Mitoma, I. and Wolpert, R. L., Diffusion equations in duals of nuclear
spaces, Stochastics, 29 (1990), 1-45.

Kallianpur, G. and Perez-Abreu, V., Stochastic evolution equations driven by nuclear-
space-valued martingale, Applied Mathematics and Optimization, 17 (1988), 237-272.
Kallianpur, G. and Wolpert, R. L., Infinite dimensional stochastic differential equation
models for spatially distributed neurons, Appl. Math. Optim., 12 (1984), 125-172.
Kallianpur, G. and Xiong, J., Stochastic Differential Equations in Infinite Dimensional
Spaces, Lecture Notes Monograph series, Inst. Math. Statis., 26 (1995).

Liu, K., On stability for a class of semilinear stochastic evolution equations,
Stoch. Proc. Appl., 70 (1997), 219-241.

Mao, X. R., Ezxponential Stability of Stochastic Differential Equations, Marcel Dekker,
Inc, 1994.

Da Prato, G. and Zabczyk, J., Stochastic Equations in Infinite Dimensions, Cambridge
Univ. Press, 1992.

Tuckwell, H., Stochastic Processes in Neurosciences, Society for Industrial and Applied
Mathematics, Philadelphia, 1989.

Walsh, J. B., A stochastic model of neural response, Adv. in Appl. Probab., 13 (1981),
231-281.



