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Fixed Points in Topological *-Algebras
of Unbounded Operators

By

Fabio BAGARELLO*

Abstract

We discuss some results concerning fixed point equations in the setting of topo-
logical *-algebras of unbounded operators. In particular, an existence result is ob-
tained for what we have called weak T strict contractions, and some continuity proper-
ties of these maps are discussed. We also discuss possible applications of our procedure
to quantum mechanical systems.

8§1. Introduction and Mathematical Framework

Fixed point theorems have often proved to be powerful tools for abstract
analysis as well as for concrete applications, see [1], [2], [3] for general overviews.
In particular, contraction mappings have been successfully used in quantum
mechanics for the description of systems with infinite degrees of freedom, QM .,
see [2], Section 5.6.c, and [4]. In this last reference, for instance, the existence
of an (unique) fixed point has been used in the analysis of the thermodynamical
limit of (a class of) mean field spin models.

On a different side, it is well known to all the people working on the
algebraic approach to @M, [5], that C* or Von Neumann algebras are not
reach enough to be useful in the description of many physically relevant systems.
For instance, difficulties already arise in ordinary quantum mechanics, since the
commutation rule [x,p] = ¢ implies that the operators z and p cannot be both
bounded as operators on L£?(R). These physical difficulties have originated
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a wide literature about unbounded operators and possible extensions of C*-
algebras: quasi *-algebras, [6], partial *-algebras, [7], CQ*-algebras, [8], etc.
As for physical applications of these structures to @M, some are given in [9],
[10], [11], [12].

In view of these considerations, it is natural to extend the notion of con-
traction mappings to quasi *-algebras, and then consider the consequences of
this extension.

Before giving our definition of contraction mappings and in order to keep
the paper self-contained, we briefly review some relevant definitions concerning
quasi *-algebras.

Let H be a Hilbert space and N an unbounded, self adjoint operator defined
on a dense domain D(N) C H. Let D(N*) be the domain of the operator N*,
k € N, and D the domain of all the powers of N:

(1.1) D = D®(N) = Ng>oD(N¥).

To be concrete we take here N as the number operator for bosons, N = afa, a
and a' being the annihilation and creation operators satisfying the commuta-
tion relation [a,a'] = Z.

D is dense in H. Following Lassner, [6], we define the *-algebra LT (D)
of all the closable operators defined on D which, together with their adjoints,
map D into itself. It is clear that all the powers of a and a' belong to this set.

We define on D a topology t by means of the following seminorms:

(1.2) ¢ €D — |¢lln = [N"¢l,

where n is a natural integer and || || is the norm of H, [6]. The topology 7 in
LT(D) is given as follows: we start introducing the set C of all the positive,
bounded and continuous functions f(z) on R, such that

(1.3) sup f(z)z" < oo, Vk € N.
z>0

The seminorms on LT (D) are labeled by the functions of the set C and by the
natural numbers N. Therefore || ||/*¥ is a seminorm of the topology 7 if and
only if (f, k) belongs to the set C := {(C, N)}. We have

(1.4)

X € L5(D) — | X|7* = max {||f(N)XNF||, IN*XF(N)[I},  (f.k) €Cn.
Here ||| is the usual norm in B(H). From this definition it follows that

| X|F* = || XT||¥*. In [6] it has also been proved that L£L¥(D)[r] is a com-
plete locally convex topological *-algebra.
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Let us remark now that the two contributions in the definition (1.4) have
exactly the same form. It is clear that, therefore, the estimate of || f(IN)X N*||
is quite close to that of ||[N*X f(N)||, for any given X € £+ (D). This is why
we will identify || X||/* with || f(N)XN¥| in the following.

Moreover, using the spectral decomposition for N, N = Zfiolﬂl, the
seminorm || X ||¥*¥ can be written as follows, [6]:

(1.5) X e LHD) — [IX|7F = Y f(Os"ITLXTIL||.
l,s=0

The paper is organized as follows:

in the next section we introduce the notion of weak 7 strict contractions and
discuss the existence (and the uniqueness) of a fixed point for these maps;
in Section 3 we discuss the case in which the generalized contractions depend
continuously on a parameter; Section 4 is devoted to examples and applications
to differential equations, to ordinary quantum mechanics and to QM. The
outcome is contained in Section 5. In the Appendix we will introduce, for
practical convenience, a different topology 79, equivalent to 7 and prove the
non triviality of our construction. Of course £*(D)[r] is again a complete
locally convex topological *-algebra.

82. The Weak 7-Strict Contractions

Let B be a 7-complete subspace of LT (D) and T a map from B into B. We
say that T is a weak T strict contraction over B, briefly wrsc(B), if there exists
a constant ¢ €]0, 1] such that, for all (h, k) € Cy, it exists a pair (h/, k") € Cn
satisfying

21)  ||Tz = Ty|"* < cllz -y Va,y € B.

As in the standard situation, see [1], [2], [3], this definition does not imply
that | Tz]|"* < ¢||z||""**" for all z € B since T is not a linear map in general. Of
course, because of this lack of linearity, 70 could be different from 0; however,
any such T defines in a natural way another map 7’ which is still a wrsc(B)
corresponding to the same quantities ¢, h’ and k’ as the original map T and
which satisfies 70 = 0. In fact, let us put Tz := Tx — T0, for all z € B.
Obviously we have 770 = 0, and || Tz —T"y||MF = | Tz —Ty||"* < c||lz —y|"*
for all choices of z,y € B. If T0 = 0, equation (2.1) implies that

(2.2) T ||™* < ¢f|a||* Vi € B.
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In what follows we will consider equations of the form Tx = x, T being a
wrsc(B). The first step consists in introducing the following subset of B:

(2.3) Br={zeB: sup |Tz—z|P* <L},
(h,k)ECN

L being a fixed positive real number. It is clear that, if L' > L, then By, C By.
Some of the properties of these sets are contained in the following

Lemma 1. Let T be a wrse(B). Then

(a) if TO =0 then any x € B such that sup(y, yyecy |lz||* < Ly belongs to
By, for L > L1(1 + ¢);

(b) if ||[TO|"* < Lo for all (h,k) € Cn, then any x € B such that
SUD (1, k)eCn llz||"* < Ly belongs to By, for L > Li(1 +c¢) + Lo;

(¢c) if x € By, then T™zx € By, for alln € N,

(d) By, is T-complete;

(e) if Br is not empty, then T is a wrsce(Byr).

ok

Proof.  (a) Due to the hypothesis on ||z||"" and to equation (2.2) we have

1Tz — z|™F < || T + [z < ez + ||z

<c sup |lz|"F + sup  [lz]|™F < Li(1+ ).
(h',k")ECN (h,k)eCn

(b) The proof uses the inequality
[Tz — || < | Tz — TO|"* + |70 — z||"*,

together with (2.1) for y = 0 and the bound on ||7°0||"*.
(c) We prove the statement by induction. For n =1 we have

|T(Tz) — Tz|"* < ¢|Tz — 2| * <c¢ sup |Tz—z|"* <cL<L,
(h',k")eCN

Taking the sup(j, xycc, of this inequality we conclude that Tz € Br. The
second step of the induction goes as follows:

T (T ) — T || = | T(T"H ) — T(T"2) |"F < | T e — T

<c¢ sup |T(T"z)-— T"x||h/’kl <cL <L,
(W k')eCn

which implies that 77"z belongs to B; whenever T™z does.
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(d) We will consider here the case in which By, is non empty. Since By, is
a subset of a T-complete set, it is enough to check that By, is 7-closed. Let us
take a sequence {z,} € B, T-converging to an element z. We have to prove
that z € By.

First of all, it is evident that T is 7-continuous: in fact, if {z,} is 7-
convergent to z, then {T'z,} 7-converges to T'z. Moreover, since x,, belongs to
By, for all n, we have sup, yyecy [|72n — 2, ||"* < L independently of n. We
can conclude, therefore, that

Tz —z|"* < lim | Tz, — z,||"* < L,
n—oo

which concludes the proof.
(e) This statement follows from the facts that T is a wrsc(B), that 7' maps
By, into itself, and from the 7-completeness of By . O

A consequence of this lemma is that, if B, contains a single element, then
By, is rather a rich set. What the lemma does not say, is whether or not By,
contains at least one element. Of course, due to its definition, the answer will
depend on the explicit form of the map T and from the family of seminorms
which define the topology. The non-triviality of the definition (2.3) is proved
in the Appendix.

We give now our main fixed-point result for a wrsc.

Proposition 2.  Let T be a wrse(B). Then
(a) Yo € Br, the sequence {x,, = T™xo}n>0 is T-Cauchy in By, Its T-limit,
x € By, is a fized point of T;

(b) if z0,y0 € By, satisfy the condition sup, yyecy |70 — yol|™*

< 00, then
7 — lim, T"xg = 7 — lim,, T™yo-

Proof. (a) First we observe that, due to the definition of By, we have
lTn1 — QCn”hJC = HTmn - CZ—‘QUn—IHhJC
<elan — @M <
< || Txo — ol % < Le™,
which implies, for any n > m,

Cm
1-¢’

|Tn1 — xm”h’k <L

which goes to zero for m (and n) diverging. Therefore the sequence {zy,}n>0
is 7-Cauchy. Since By, is 7-complete, see Lemma 1, there exists an element
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x € B, such that © = 7 — lim,, T"™xy. Now, the 7-continuity of 7" implies that
z is a fixed point. In fact:

Ter=T (7’ — lim T"xo) =7 —limT" ey =7 —limz,4 1 = 2.

(b) let us call x = 7 — lim,, T"x¢ and y = 7 — lim,, T™yy. Then, using n
times inequality (2.1), we get

|hn,kn

| —y|"* = lifln T o — T™yo || < li7rlnc"||zo — Yo

< [ sup |lzo — yol h’k] limc" =0,
n

(h,k)eCN
for all seminorms. Therefore z = y. O

Remarks. 1) The first remark is that if 2o and yo are two operators of

L1 (D) satisfying the bounds sup, yyec, 70| hk = L, and SUP (4 kyecy llyo || ¥
= L,, then, if T0 = 0, both x¢ and yo belong to By for L = max(Ly,(1 +
¢), Ly, (14 ¢)) as a consequence of Lemma 1. Moreover, it is easy to check that
xo and yo satisfy the condition in (b) of the proposition, and, for this reason,
they produce the same fixed point. To this same conclusion we arrive even if
T0 # 0 but ||T0||"* < L, for a positive constant Lo, independent of (h, k).

2) The second remark concerns the non uniqueness of the fixed point given
by our procedure. In fact, the statement (b) above implies uniqueness only
within a certain class of possible fixed points, those obtained starting from ele-
ments of By,. It is useless to stress that other possibilities could exist for finding
completely different fixed points which are not considered here. However, there
exists a simple situation in which uniqueness is also ensured: it happens when
the map T is a 7 strict contraction over B. Such a map differs from a wrsc(B)
in that the new seminorm ||[|***" in the r.h.s. of inequality (2.1) coincides with
the original one:

(2.4)
Je €]0, 1] such that ||Tz — Ty||™* < ¢|lz — y||* Yz, y € B and V(h, k) € Cx.

For such a contraction everything is much easier since a standard result, see
[2], Theorem V.18, can be adapted here without major changes, and gives the
existence and uniqueness of the fixed point.

3) The fact that the fixed point of the map T belongs to By, should not be
a big surprise. As a matter of fact, this is true just because of the definition of
fixed point. In fact, since Tz —z = 0, it is clear that sup;, xyec, |Tx—z|* =0,
which implies that = € By.
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4) This fixed point result is different from the one given in [2], Theorem
5.18, where the sequence {T™z} could be constructed starting by any element
x of the complete metric space on which T acts. Here, on the other way, the
role of By, as the set of the starting points for the sequences {x, },>0 producing
the fixed points, is crucial!

5) We also remark that the hypothesis of Proposition 2, point (b), is verified
by the pair (zg,yo = T™x0), m being a fixed natural, so that the related fixed
points coincide. This is, again, not surprising since, of course, the two sequences
{T"zo}n>0 and {T™(T™x0)}n>0 must converge to the same element.

6) The same procedure can be generalized to the situation in which £*(D)
is replaced by an algebra (or a *-algebra, if needed) A, which is complete with
respect to a locally convex topology o defined by a (non countable) family of
seminorms p,. In this case, if B is a o-complete subspace of A and T is a map
from B into B we say that T is a wosc(B) if there exists a constant ¢ €]0, 1] such
that, for any seminorm p,, there exists a (different) seminorm pg for which

pa(Tx —Ty) < cpg(z —y), Va,y € B.

Lemma 1 and Proposition 2 can be stated with only minor changes.

83. Continuity of Weak 7-Strict Contractions

In this section we consider the case in which the wrsc(B) depends on a
(real) parameter assuming that some kind of continuity holds. Besides its math-
ematical interest, this situation has a certain relevance in quantum mechanics,
which will be discussed in the next section.

Let I C IR be a set such that 0 is one of its accumulation points. A family
of weak 7 strict contractions {T, }aer is said uniform if

1) T, : B— B Va € I, B being a 7-complete subspace of L (D);

2) V(h,k) € Cn and Va € I there exist (b, k') € Cn, independent of «,
and ¢, €]0, 1], independent of (h, k), such that

(3.1) |Toz = Tay|™* < calle —yl|"*,  Va,y € B;

3) c— = limg 0 co €0, 1].

Again, it is worthwhile to remark that none of the T, is supposed to be
linear, so that T,z — T,y needs not to coincide with T, (x — y).

An important consequence of this uniformity is that the element (h,,, k) €
Cy in the r.h.s. of the inequality below is independent of the order of the maps
T, and only depends on the initial pair (h, k) and on the number of maps, n:

(3.2) | Toy Ty -+ _Tanx”h,k < CayCay * Cay, Hx”hmkn~
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We further say that the family {T,}aer is 7-strong Cauchy if, for all
(h,k) € Cx and Vy € B,

(3.3) 1Ty — Tpy|"* — 0,

whenever both a and § go to zero.
With natural notation, we call B(La) the set B, related to the map T,,

B(La) ={xecB: sup |Tax—z|"*<Lp.
(h,k)eCnN

We stress that, even if the set B is unique for all the maps Ty, the sets B(La)
may differ from each other.

Proposition 3.  Let {T,}acr be a T-strong Cauchy uniform family of
wrsc(B). Then
1) There exists a wrsc(B), T, which satisfies the following relations :

(3.4) | Ty — Toy||™* — 0 VyeB, V(hk)ecCy
and
(3.5) Ty — Tz|"* < c_|ly—2|""* Vy,z€B,

where (', k') are those of inequality (3.1).

2) let {zq tacr be a family of fized points of the net {Ta}acr : TaZa = Za,
Va € I. If {xo}acr s a T-Cauchy net then, calling x its T-limit in B, x is a
fixed point of T.

3) If the set ﬂaeIBgl) is not empty and if the following commutation rule
holds

(3.6) To(Tay) = Ts(Tay), Ya,B €l andVy e B,
then, calling
(3.7) To =7 — lim 772" 20 ¢ ﬂaeIB(La),

each xo is a fized point of Ty, TaTe = o and {Ts}acr is a T-Cauchy net.
Moreover T — limg—0 To @S a fixved point of T.

Proof.

1) Since B is T-complete and since {Ty}aer is 7-strong Cauchy, for any
y € B there exists an element z € B such that z = 7 —lim, 0 Toy. We use z to
define T as
(3.8) Ty = z.
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It is evident that 7 maps B into itself and that || Ty — Tny||* — 0 for every
y € B and for all (h,k) € Cy.
Equation (3.5) follows from:

Ty — Tz||"* = lim [|Tay — Taz||™* < lim colly — 2" = c_|jy — 2|**,
a—0 a—0

for all y, z € B.

2) Since {4 }aer is T-Cauchy, there exists in B an element x = 7—lim,, 4.
We use the equality Tpxq = x to prove that Tz = x. In fact

|ITa — 2| < Tz — Tozl|™* + | Toz — za|™* + |20 —2|™* — 0.

This is because all the contributions in the rhs goes to zero for o going to zero:
the first because of the equation (3.4), the third because of the definition of x
and the second for the same reason, since

[Tox — xaHth = |Tox — TaxaHh7k < callz - xaHhJC‘

0 ¢ ﬂaeIB(La), Proposition 2 implies that

3) Since it exists an element x
To = T — lim, o T"2° is a fixed point of T,, and 3 =T —lim, o0 Tgxo is
a fixed point of Tj3. This means, using the definition of the limit, that for any

fixed € > 0 and for each (h, k) € Cy, there exists an integer m such that

2
(3.9) 172 = wa"* + [ T5'2® — wa]™* < T

For this fixed m we now estimate ||T"z" — Té"xOHh’k. It is possible to show
that the following inequality holds:

(3.10) 1T — T a®|"* < m|| Taa® — Tpal||Pom-tFm—

where (hy,—1, km—1) only depends on the origin pair (h, k) and on m, but not
on « and 8. We prove this inequality only for m = 2. Its generalization to
larger values of m is straightforward.

IT22° — T3a®|"* < ||Ta(Tar®) — Ta(Tpa®)|""* + | Ta(Tpa®) — T(Tpa®)|"*
= HTa(TaxO) - Ta(TﬂxO)Hh’k + HTB(Taxo) - TB(TﬂxO)”h’k
< (Ca + )| Tax® — Tpa®|" " < 2| Toa® — Tpa®|| 5.

Here we have used condition (3.6) together with the remark leading to inequal-
ity (3.2).
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Now we can collect all these results to prove the statement: let m be the
fixed integer introduced in equation (3.9). We have

lza = 25)"* < llwa = Toa®||M* + | Ta® — T a®|"* + | T5a® — zg| ™"
2
S ge + mHTaxo _ TﬁonhnL—hknL—l'

Since {Ty }acr is T-strong Cauchy then there exists a ball, P(0, ), centered
in zero and with radius v, which depends on (hy,—1, km—1), € and m, such that,
for all  and 3 inside this ball, the inequality ||T,z® — Tz ||hm-1:Fm-1 < ¢/3m
holds. In conclusion we have proved that

Ve > 0, V(h, k) € Cy 3P(0,7) such that ||z, — z5]|"* <€, Va,3 € P(0,7).

This implies that {z4 }aer is a T-Cauchy net. The last statement finally follows
from point 2). O

We now consider a different kind of problem: let {7, }acs be an uniform
family of wrsc(B), T-strong convergent to a wrsc(B), T; let x be a fixed point
of T and z, a fixed point of T,,, « € I. We wonder if the net {z,}aecr is 7-
converging to x. Of course, sic stantibus rebus, the answer cannot be positive,
because of the non uniqueness of the fixed points of a generic wrsc. In order to
say something more we must impose other conditions. We prove the following

Proposition 4.  Let {T,}acr be an uniform family of wrsc(B), T-strong
converging to the wrse(B) T and satisfying condition (3.6).
If the set (ﬂaeIBéa)) N B contains an element z° then, defining

To =7 — lim T;’xo and x =7 — lim T"2°, ael,

n—oo n—oo

o — z||™* — 0 for all (h,k) € Cx.

Proof. First of all we observe that a consequence of condition (3.6) is the
analogous commutation rule for the maps T, and T

To(Ty) =T(Twy), VaelandVyeB.

Using this result, the statement follows from the same argument as the one
used in the proof of Proposition 3, point 3). O

An easier result can be obtained under stronger assumptions. First we call
{Ta}aer an uniform family of 7sc(B) if it is a wrse(B) and if (b, k) = (h, k),
in inequality (3.1). For any fixed a we have already observed in Section 2 that
the fixed point of T, is unique. Here we have:
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Proposition 5.  Let {Ts}aecr be an uniform family of Tsc¢(B), T-strong
converging to the Tsc(B) T, and such that co, < ¢t Va € T with ¢t < 1.

If {xa}tacr C B and x € B are such that Toxe = 4o for all « € I and
Tz =z, then ||zq — x||"* — 0 for all (h,k) € Cx.

Proof. Under these hypotheses we have

|Ta — xHh’k = |Tora — TQU”h’}lc <N Taa — TaxlthIC + [[Toaz — TxHh’k

< callwa — 2|* + || Toz - Tz||"* < cH|lza — a|™* + || Taz — Tz |™*.

Using the bound on ¢ we conclude that ||zo — z||"* < = || Tox — Tx||™*,

which goes to zero by assumption. [l

84. Examples and Applications

We start this section giving few examples of wrsc (we omit the space B
whenever this coincides with the whole £1(D)).

Using the same notations as in the Introduction, we define the following
maps acting on x € LT (D):

To(f’j)x =aN'zN/,

and
Tz = [N', 2] = N'z — 2N".

Here a is a complex number with modulus strictly less than 1, while 4, j and
[ are natural numbers. We also assume that N ! exists (as a bounded operator)
and satisfies the bound 2||N ||’ < 1. Both 7" and Ty are linear and it can
be easily checked that they are wrsc. In fact, introducing the function h;(z) =
x'h(x), which still belongs to the set C, we get HT(f’j)chh”C = |al||z|/*+7 and
| Tyz||% < 2||N =YY |z||"-*+!. Our claim finally follows from the linearity of
the maps.

More relevant is the following application to differential equations which
shows that it is possible to associate a wrsc to some differential equations over
LT (D).

Let 6 be a positive real number, {dp x }n.x)ecy @ net of positive real num-
bers and zp an element of the algebra £*(D) (corresponding to the initial
condition). Let us now introduce the following sets:

(4.1) Is =10,4],
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(4.2) Ly qay.e ={X € LT(D): V(h,k)eCn
(0 k) € Cn : | X — xo||™* < 6dp o},

and, finally,
(43) F=1s x on,{d},é-

It is clear that this set is not empty; in fact, among other elements, it contains
xo for any values of 0 and for any choice of the net {d} = {dnx}(n k)ecy- (In
order to simplify the notation, we do not write the explicit dependence of F on

xo,{d} and §.)

We further introduce the following set of functions:

(4.4) M={z(t): Is — LT (D), — continuous and such that V(h,k) € Cx
(0 k) € Cn : ||2(t) — xol|™F < ddps i}

Let now f(t,z) be a function defined on F which takes values in £ (D),
and for which a constant M exists, with 0 < M < 1/§, such that for all
(h,k) € Cn, there exist two pairs (', k'), (R, k") € Cy satisfying
(4.5) | £(t, ) ||"F < dp g V(t,x) e F
4.6)  |f(ta) = fEI"* < Mz —y|"* V(@) (Ly) € F.

For such a function we consider the following differential equation

dx(t)
dt

(4'7) = f(tﬂ?(t)), :13(0) = Zo,

which can be written in integral form as

(4.8) x(t) = zo + /0 dsf(s,z(s)).

Let us now introduce the following map U on M:

(4.9) (U2)(t) =z +/0 dsf(s,z(s)),

t € Is. Tt is obvious that, for a generic function f(¢,x), the map U is not linear
and U0 # 0. It can be proven that U is a wrssc(M), M being endowed with
the topology 75 defined by the following seminorms:

h.k
(4.10) 2[5 = sup [

cls

The proof follows these lines:
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first of all, it is easy to check that M is 75-closed;

secondly, due to the bound (4.5), we can verify that the function (Uz)(t)
is T-continuous. In fact, since z(s) belongs to M, then (s, z(s)) belongs to F.
This implies that, for all (h,k) € Cn there exists another pair (', k') € Cn
such that

IU2)(t) = (U2) (ko)™ < /t 1£ (s, 2(s))I"*ds < dps g [t = to] — 0,

when t — tg.

Yet, with analogous estimates, we also conclude that ||(Uz)(t) — xo|"* <
ddps i for all ¢t € I, and that, therefore, U maps M into itself;

finally, condition (4.6) produces the following estimate

Uy —Uz|3* < Md|ly —z[|5 ",
for all y, z in M. Therefore, since M§ < 1, U is a wrssc(M).

Simple examples of functions satisfying conditions (4.5) and (4.6) are:

(a) fi(t,z) = ()1, with |¢(t)] <1 for all ¢ € Is. For this example we fix
the net {d} as follows: dj i, := ||1||"*, while 2y and & are completely free;

(b) fa(t,z) = @(t)X, with |p(t)] < 1/26 for all t € I5 and X € LT(D).
Here we take for convenience 2y = 0 while  and {d} are free;

(c) f3(t,z) = p(t)N' X, with |p(t)| < 1/26 forallt € I5,1 € N, X € L1(D)
and N is the number operator introduced in Section 1. Again, we fix zg = 0,
while 6 and {d} are free.

In order to apply Proposition 2 to the analysis of the differential equation
(4.7) we first have to check that the set By is non-empty. In other words, it is
necessary to check that there exists (at least) an element zo(t) € M such that

(4.11) sup  [[(Uz0)(t) — 20(t)||1§3* < L,
(h,k)ECN

for a fixed positive constant L.
In general this check is not easy. However, if the function f(¢,z) and the
initial condition xg satisfy, for a given L’ > 0, the estimate

(4.12)  ||f(t,z0)|I™* < L, vt € I5, V(h, k) € Cx.,

then we can conclude that condition (4.11) is verified by choosing zo(t) = o
for all t € Is. In fact, with this choice, we have

/fsxo

1T 20)(£) = 20 (t) I = sup

tels

<Sup/ Il f(s,z0)||"*ds < L'6,
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which implies the bound (4.11). In other words, if condition (4.12) holds, g
can be considered as a good starting point to construct the solution of the
differential equation.

A simple example in which condition (4.12) is satisfied is f(t,z) = ¢(t)z.
Here ¢(t) is a “regular” function and the initial condition z( is defined using
the strategy used in the Appendix in the proof of the non triviality of the set
BL.

In conclusion we have shown that, under some conditions on the function
f(t,x) (which are not very different from the ones usually required in connection
with the Cauchy problem), the existence, but not the uniqueness, of the solution
of the differential equation (4.7) follows from our results.

This procedure can be applied straightforwardly to a generic quantum
mechanical dynamical problem.

Let = be an element of the algebra £ (D) related to some quantum me-
chanical problem whose time evolution we are interested in. For instance, we
can think of D as the domain of all the powers of the number operator N = afa,
a and a' being as in the Introduction. Let H = N be the hamiltonian of the
system, which will be used to construct the seminorms: ||Y||"* = |h(H)Y H*||.
The time evolution z(t) is driven by the following Heisenberg equation:

dx(t)
dt
with initial condition z(ty) = xg.

(4.13)

= i[H,z(t)],

It is well known that a formal solution of this equation does exist, and that
its form is 2(t) = e'txge~H!. Now we want to show that the existence of the
solution of the equation (4.13) can also be obtained by using our analysis of ab-
stract differential equations. In particular, we will prove that to the Heisenberg
equation of motion for an observable x can be associated a wrsc(M).

Calling f(t,x(t)) = i[H, z(t)] we can write the differential equation (4.13)

in the integral form
t
z(t) =z —|—/ f(s,z(s))ds.
0

It may be worthwhile to notice that this is an example in which the function
f(t,2) is linear in z and does not depend explicitly on t. We now check that
the function f(¢,z(t)) satisfies conditions (4.5) and (4.6). First of all, we define
the net {d} by dp 1. := |lzo]|*. Secondly, fixed a § > 0, we introduce the sets
defined in (4.1)—(4.4). In the following we will assume also the following bound
on H~1:

1
0 < 557y
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Needless to say, this is not a strong assumption since, in any case, a constant
can be added to H without affecting the equation of motion. We have, for
(t,z) e F,

Lf ()" = (|h(H) f(t, 2)H*|| = |[n(H)[H, 2] H||
< Hh(H)Hsz” + Hh(H)ZHk—HH < 2”]{—1HHZ”hl,k-i-l7

where hy(x) = xh(x). Now we use the fact that z belongs to Ly, ¢4},5. This
implies that, for all (h, k) € Cy, it exists another element in Cy, (h', k'), such
that || z—zo[|"* < édps k. Therefore |[z[|"*1 can be estimated by ddp; (41 +
dh,y k+1. Moreover, defining (h', k') as (hf, (k +1)") if dp; (k1) > diy k41 and
as (h1,k + 1) otherwise, we conclude that ||z[|"**1 < (§ + 1)dps . Therefore,
recalling the bound on ||H~!||, we find that

1t 2) 1" < dps e,

whenever (¢,z) € F, which is exactly condition (4.5).
Moreover, for any (¢,z) and (¢,y) in F,

1f(t,x) = f& )™ < |h(H)H(x — y) H*|| + [h(H)(z —y) H*|

< 2/|H ||y (H) (2 — y)H*HY|

=2l — R < e — g
We conclude that both conditions on the function f(¢,z) are satisfied since
M =1/(1446) < 1/4, so that the map U related to H as in (4.9) is a wrsc(M).

For what concerns the starting element which produces the fixed point,

the situation is again very close to that of general differential equations: if our
initial condition z satisfies the bound ||zo||™* < m for all (h, k) € Cy, then
we can check that the choice zo(t) = z¢ for all ¢t € Is produces an element of
the set My, := {y(t) € M : sup, pyecy IUY — y|»* < LY, for L = md/1+ 4,
which can be used to construct the sequence {U™zg}nen Ts-converging to the
solution of the Heisenberg equation.

We end this section with another physical application, consequence of the
results discussed in Section 3. We want to stress that now the philosophy is
rather different from that of the previous application where an existence result
for the Heisenberg equation of motion was deduced. Here, on the other hand,
we want to find the time evolution for a Q M, system in the thermodynamical
limit.

Let us consider a physical system whose energy is given by a certain un-
bounded self-adjoint operator H, densely defined and invertible. We define D
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to be the domain of all the powers of the operator H, and L1 (D)[r] the topo-
logical *-algebra given in the Introduction. The seminorms are the usual ones,
| X||"F = |h(H)X H¥|, (h,k) € Cn. As widely discussed in the literature, the
rigorous approach to the physical model implies, as a first step, the introduc-
tion of a cut-off @ which makes it well defined, and the related hamiltonian
H, a self-adjoint bounded operator. In what follows we will assume that «
takes value in a given subset I of R and that the limit « — 0 corresponds to
the removal of the cutoff. Moreover we will assume that H and H, satisfy the
following properties, for a given § > 0:

4.14) [H,,Hsg) =0, Ya,B€I;
4.15) co =20|H Y||H Hyl| <1, VYael,

(4.16) lim 2/ | B | > 0;

(p3)
(4.17) lim [ — H,,Y]|"* =0, VY eLt(D);
(p4)

1 1
(4.18) [H < W6+

Before going on, we remark that conditions (p1) and (p3) together imply that
(4.19) [H H,| =0, Vael.

As discussed before, a typical problem in QMs,, consists in solving first
the Heisenberg equations of motion

Za(t)

(4.20) 7

= i[Hq,2a(t)], with 24(0) =2

for a general observable x in LT (D)[7], and, as a second step, trying to remove
the cutoff a. This is equivalent to find the 7-limit of x,(¢) for o going to zero.
In this way we obtain the dynamics of the model and the time evolution of z,
x(t) =7 — limg x4 ().

As we know, the solution of equation (4.20) is, for finite «,

(4.21) Zo(t) = exp (iHqt)zexp (—iHat).
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Quite often, this expression is of little use since removing the cutoff in (4.21)
is much harder than working with the integral version of equation (4.20):

t
(4.22) o (t) = + z/ ds[Hy, o (8))-

0
To analyze the removal of the cutoff, we first define
(4.23) Fo(zy(s)) = i[Ha, zy(s)], a,nel
Due to equations (4.14) and (4.21), we have:

(4.24) Fo(yn(s)) =exp (iHys)Fo(y) exp (—iHys)
Ya,n € I and Yy € LT (D).

It is convenient to introduce the set £ (D) defined as follows: we fix a value
7y in the set I; L¥(D) is the set of all the elements y € £L*(D) such that an
element yo € LT (D) exists which satisfies y = exp (iH~t)yo exp (—iH,t). Here
both y and yo could depend on time. Obviously, using equation (4.19), it is
easily checked that L,JY“(D) is again 7—complete. Moreover, it is also clear that
L (D) does not differ significantly from £*(D) even from a purely algebraical
point of view. As a matter of fact, its introduction is clearly only a technicality.
We define on this set the following map U,:

(4.25) (Uats)(t) = 2 + / dsFo (4+(s).

Under the hypotheses (p1)—(p4), and using the results of Section 3, we will now
prove that {Us}aer is an uniform family of wrsc(£7), which is also 7-strong

Cauchy.
First, it is evident that each U, is a WTSC(E:";).
Secondly, taking y,,zy € LI, we have y, = eriy,e” " and 2, =

etz where y, and z belong to LT(D) and could, in principle, de-

pend on t. Therefore, using equations (4.24), (4.19) and the unitarity of the
operators exp (+iHs), we get

1Uay)(®) = (Uazy) ()11

/ | exp (i 8)(Fa (9s) — Fa(2:)) exp (—iHys)| 1

- / 1(Fa(5s) — Fa(2)) | ds.
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Since ||(Fa(ys) — Fu ()| = |h(H)[Ha, ys — zs | H||, we have, inserting twice
HH™! in each term below:

1(Fa(ys) = Fa(z:) ™"
< |P(H) Hays — 2) H* || + [|h(H)(ys — 25) Ho H" |
<2/ H M| H™ Hallllys — 2+
< 2A[HTHH ™ Halllly(s) = 2y (s)]|" 15
<20 HHH T Hallly, = 25"

where we have used again the unitarity of the operators exp (+iH.,s) and the
definition of ||||§LIC Finally, definition (4.15) gives

hk Bin k41
(4.26) HUay’y - Uaz’yHé < Ca”y'y - Z’yHa“ .

Of course, due to hypothesis (4.16), we also get that
¢ = lim ¢q = lim 2|HH|||H Hyl| > 0.

This is enough to conclude that {Us}aer is an uniform family of wrsc(LY).
To prove that it is also a 7-strong Cauchy net, we have to check that [|[Uyy, —
Ugyv\\g’k — 0 for all (h,k) € Cy and for any y, € LI when both a and 3 go
to zero.

Using the same procedure as above, we first obtain

IUa) ) = o)1 < [ 1Pl = Fplon) s

This implies, after some easy estimates, that
h.k h.k
Uayy — Upyylls™ < 0ll[Ha — Ha, ylll5™,

and the rhs goes to zero because of the (4.17).

Therefore, we conclude that Proposition 3 can be applied. This means
that the dynamics for the model can be obtained as a 7-limit of the regularized
dynamics, as obtained from the equation (4.25).

We end this section, and the paper, with an explicit QM. model in which
conditions (pl)—(p4) are satisfied. We refer to [9] for further details.

We take 6 = 1. The starting point is the pair of the annihilation and
creation operators a, af, which satisfy the canonical commutation relation
[a,a] = 1. Let N = a'a be the number operator (which we will identify
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with its self-adjoint extension), with spectral decomposition N = >"° IE;.
We take N as the hamiltonian of the one mode free bosons. Of course, from
the point of view of the dynamics, nothing change if we add a constant to the
hamiltonian. Therefore we define, for reasons which will be clear in the fol-
lowing, H =41 + N = Y_,° (4 +1)E;. As in [9], we introduce an occupation
number cutoff H — Hy = 41 + QL NQ, where Q = ZzL:o E; is a projec-
tion operator. We can write Hy, = Z?io cl(L)El, where Cz( ) is equal to 4 +1 for
1=0,1,2,.., Land is equal to 4 for | > L. We also have H~' = "7 (44+1) 1 E
and H Hy, = HLH- = 30 b By, where b = ¢(") /4 +1.

Obviously we have:

e [H,,H =0, VL, L%

e since |[H || =1 (g m = %) and ||[H 1HL| =1, as it can be easily
checked, then

1
Llim 2|HY|||H *H|| = 3> 0;

|"* = 0. In fact we have

o limy .o ||[H — Hyz,9|

[ — Hy, gl
<\ — Hy)yl™* + ly(H - Hy)|*
< IW/AE)H — Hy)||I|/AEH | + |h(H)yH || (H - H)H ).

We know that, if & € C then also vk € C. Since the function h goes to zero
faster than any inverse power, using the spectral decompositions for H, Hy, and
h(H), it is easy to check that limy, o ||\/h(H)(H — H)|| = 0. Analogously
it is not difficult to check that ||(H — Hy)H 3| goes to 0 in the same limit.
In this way we have checked that for the free bosons all the points of the
definition of a uniform family of wrsc 7-strong Cauchy are satisfied, so that the
existence of the thermodynamical limit of the model follows from the analysis
proposed in this paper.

85. Concluding Remarks

In this paper we have discussed a possible extension of the notion of con-
traction map to a quasi *-algebraic framework, with particular reference to the
existence of fixed points and to the continuity of contractions depending on
a parameter. Both the mathematical and the physical interest of the subject
is, in our opinion, quite evident. In particular, we believe that the possibility
of setting up a new general approach for the problem of the existence of the
dynamics for physical problems in many-body theory, quantum field theory or
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quantum statistical mechanics can be considered as a nice result, which deserves
further studies. In particular, we believe that a deeper analysis of the set By, is
certainly worth. Also, a weakening of the hypotheses of Propositions 2 and 3
could be relevant in order to enlarge the class of models whose thermodynam-
ical limit can be analyzed following the procedure proposed here. Finally, we
plain to find additional conditions which ensure uniqueness of the fixed point
and to consider the problem of the thermodynamical limit in the Schrédinger
representation.
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Appendix. On the Non-triviality of B,

The proof of the existence of non zero elements in the set By is better
carried out working with the topology 79 we mentioned in Section 1.

The building block for defining this new topology is a subset Cy of C. We
start introducing a fixed positive real number, m, a finite subset of N, J, and
a corresponding set of positive real numbers, {z;,! € J}. Further, we define

(A1) Co={feC: flxz)<m,lelJ}

It is evident from this definition that Co C C. It is also clear that to any
function f(z) € C can be associated, in a non-unique way, a function fo(x) € Co
which is proportional to f(z). It is enough to take this proportionality constant
to be

b= mmin(f(z) ™),

where J' is the largest subset of J such that f(x;) # O for all | € J'. (If
f(x;) = O for all [ € J then we can define fo(x) = 0.) We put fo(z) = kf(z).
To is the topology defined by the following seminorms

(A2) X €LH(D)— | X|/* = max {||f(N)XNF||, [N*X f(N)] },

where k > 0 and f € Cy. As for the topology 7, we will consider only the first
term above, || f(N)XNF||. Tt is evident that the two topologies are indeed very
close to each other. In fact, they are equivalent since the above construction
implies that:

e all the seminorms of the topology 7y are also seminorms of the topology

T
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e all the seminorms of the topology 7, ||f(N)XNF||, can be written in
terms of a seminorm of the topology 7o, k|| fo(N)X N*||, where the functions f
and fo = kf belong respectively to C and Co.

For this reason £1(D) turns out to be also m9-complete. It is evident that
the use of one or the other set of seminorms is completely equivalent and that
this choice is only a matter of convenience. For instance, the use of 7y simplifies
the proof of the non-triviality of the set By,.

The first step of this proof consists in an analysis of the spectrum of the
operator H involved in the definition of the seminorms. We require to this
unbounded self-adjoint operator to have a spectrum with a discrete part and
with a finite number of eigenvalues h; with modulus not larger than 1. We
call G the set of the corresponding indices: |h;| < 1,Vi € G. For instance, if
N is the usual number operator, whose spectrum is {0,1,2,3,4,...}, then the
operator H = (1/5)N satisfies the above condition with G = {1,2,3,4,5,6}.

We use now the set {h;}icg and a positive real m to define the set of
functions Cy as above and, by means of Cy, the topology 79. The role of the
hamiltonian in the construction of the topology here is evident, as in the original
Lassner’s paper, [6].

Calling E; the spectral projectors of the operator H, which from now on
will be assumed to have discrete spectrum only to simplify the notation, we
can write:

H = ZhlEl = ZhlEl + ZhlEb
=0

leg 44

which implies that

HY =3 W E+Y hiE, h(H)=Y h(W)E+Y h(h)E.

leg 1¢G leg 244

Let now consider a set of complex number {c; };c¢ satisfying condition ), s [
< v/L/m, L > 0. Starting with this set we define the operator Y = 37, _; i .
Our aim is to show that the operator X = Y? = Y ¢} E; belongs to some
By, at least under some conditions on the wrsc T

First of all we consider the following inequality ||X ||"* < ||h(H)Y||||Y H¥||.
Secondly, we estimate separately the two contributions. We get

IYE =Y aB | Y hfE+ > hiE | <> lallulFIE] < lal,

leg leg 1¢G leg leg



418

FABIO BAGARELLO

and, since |h(h;)| < m for all [ € G,

IRE)Y]| = || D p)E+ D h)E| Dk

leg g6 leg

<> lallt)lI Bl < m)_ el

leg leg

Now, recalling the bound on the set {|¢;|}icg, we can conclude that

2
X" <m > el ] <L
leg

Therefore, due to Lemma 1, point (a), we find that X belongs to By, at least

if T0 = 0. We get a similar conclusion even in the weaker hypothesis on T of

Lemma 1, point (b). Of course, it is not difficult to generalize this strategy in

order to construct many other elements of By,.
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