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81. Introduction

The motivation for the study in this paper is twofold. On the one hand we
are interested in the study of the simplest non-compact semisimple quantum
group, namely the quantum SU (1, 1) group, and in particular in its correspond-
ing Haar functional. This quantum group is resisting any of the theories on
locally compact quantum groups like e.g. [39]. On the other hand we are inter-
ested in special functions associated to quantum groups, and in particular in
the so-called Askey-Wilson functions. Let us first say something on the second
subject, which is our main concern.

A very general set of orthogonal polynomials in one variable is the set of
Askey-Wilson polynomials introduced in 1985 in [5]. As the title of the memoir
indicates, Askey-Wilson polynomials can be considered as g-analogues of the
Jacobi polynomials which are orthogonal on [—1,1] with respect to the beta
integral (1 — x)®(1 + x)®. The Jacobi polynomials are the polynomial solu-
tions of the hypergeometric differential operator, whereas the Askey-Wilson
polynomials are the polynomial solutions of a certain second-order difference
operator. The Jacobi polynomials naturally arise as spherical functions on rank
one compact Riemannian symmetric spaces. On the other hand, the spherical
functions on non-compact rank one Riemannian symmetric spaces can be ex-
pressed in terms of Jacobi functions, which are non-polynomial eigenfunctions
of the hypergeometric differential operator. The corresponding Fourier trans-
forms are special cases of the Jacobi function transform in which the kernel
is a Jacobi function. By now these Jacobi function transforms, containing as
special cases the Fourier-cosine and Mehler-Fock transforms, are very well un-
derstood, see e.g. the survey paper [33] by Koornwinder and references therein.
There are inversion formulas, as well as the appropriate analogues of the theo-
rems of Plancherel, Parseval and Paley-Wiener. Furthermore, there are several
different approaches to the study of the L2-theory of the Jacobi function trans-
form. One particular approach is by spectral analysis of the hypergeometric
differential operator on a weighted L2-space.

Although the Askey-Wilson functions are known, see [19], [53], [59], [60], as
are all the solutions to the Askey-Wilson second order difference equation and
their interrelations, it was not yet known what the appropriate Askey-Wilson
function transform should be. The reason for this is our lack of understanding
of the Hilbert space on which the Askey-Wilson difference operator has to be
diagonalised. In case the Jacobi functions have an interpretation as spherical
functions, the weighted L?-space can be obtained by restricting the Haar mea-
sure to functions which behave as a character under the left and right action of
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a maximal compact subgroup. In this paper we show how the study of the Haar
functional on the quantum SU(1,1) group can be used to find the right Hilbert
spaces as weighted L?-space and this is one of the main results of this paper.
The actual analytic study of the Askey-Wilson function transform is done in
another paper [30], and that of the appropriate limit case to the big g-Jacobi
transform is done in [29]. This is for two reasons. The quantum group theoretic
approach does not lead to a rigorous proof, and secondly the interpretation on
the quantum group only holds for a restricted set of the parameters involved.
It has to be noted that the Askey-Wilson function transform that occurs in this
paper is different from the orthogonality relations introduced by Suslov [59)],
[60], see also [9] for the more extensively studied little g-Jacobi case, which is
analogous to Fourier(-Bessel) series.

The motivation for the method we employ is the relation between special
functions and the theory of group (and quantum group) representations. The
Jacobi polynomials occur as matrix coefficients of irreducible unitary represen-
tations of the compact Lie group SU(2) and the Jacobi functions arise as matrix
coefficients of irreducible unitary representations of the non-compact Lie group
SU(1,1) =2 SL(2,R), see [64], [65], [33]. These groups are both real forms of the
same complex Lie group SL(2,C). In the theory of quantum groups, the quan-
tum analogue of the complex case SL(2,C) is much studied, as is the quantum
analogue of the compact SU(2), see e.g. [10]. One of the first indications that
the relation between quantum groups and special functions is very strong, is the
interpretation of the little g-Jacobi polynomials on the quantum SU(2) group
as matrix elements on which the subgroup K = S(U(1) x U(1)) = U(1) acts by
a character. Since we can view little g-Jacobi polynomials as limiting cases of
the Askey-Wilson polynomials, this is a first step. The breakthrough has come
with Koornwinder’s paper [36] in which he gives an infinitesimal characteri-
sation of quantum subgroups. This gives a one-parameter family of quantum
subgroups, which we denote by K;. The subgroups K; and K are formally
conjugated, see [54, Section 4]. Then the matrix elements on which K, respec-
tively K, acts by a character from the left, respectively right, can be expressed
in terms of Askey-Wilson polynomials. The in-between case of the big ¢g-Jacobi
polynomials can be obtained in a similar way. As a corollary to these results we
get from the Schur orthogonality relations an explicit expression for the Haar
functional on certain commutative subalgebras in terms of the Askey-Wilson
orthogonality measure. For the spherical case, i.e. the matrix elements that
are left and right invariant under K, we state this in the following table for the
quantum SU(2) group. The spherical case is the important case to calculate.



624 ERIK KOELINK AND JASPER STOKMAN

subgroups Haar functional spherical functions

(K,K) Jackson integral on [0,1] | little ¢-Legendre polynomials
(K, K;) | Jackson integral on [—¢,1] | big ¢-Legendre polynomials

(K, Ky) Askey-Wilson integral 2-parameter Askey-Wilson

polynomials

Table 1.1. Spherical functions for SU,(2)

For the quantum SU(1,1) group the matrix elements that behave nicely
under the action of the subgroup K = S(U(1) x U(1)) = U(1) have been
calculated explicitly by Masuda et al. [45] and Vaksman and Korogodskii [61].
These can be expressed in terms of little g-Jacobi functions, and the Haar
functional is also known in terms of a Jackson integral on [0, c0), see [21], [22],
[46], [61]. This gives rise to the first line in the following table.

subgroups Haar functional spherical functions

(K,K) Jackson integral on [0,00) | little g-Legendre functions
(K, K;) | Jackson integral on [—t,00) | big g-Legendre functions
(K, K;) | Askey-Wilson type integral | 2-parameter Askey-Wilson

functions

Table 1.2. Spherical functions for SU,(1, 1)

The purpose of this paper is to prove the last two lines of Table 1.2. The
proof of the explicit expression for the Haar functional in the last two cases
of Table 1.2 is the main result of this paper. Koornwinder’s proof for the
cases in the compact setting listed in Table 1.1 cannot be used here, but the
alternative proof using spectral theory and bilinear generating functions given
in [32] can be generalised to the quantum SU(1,1) group. For this we give an
expression for a Haar functional on the quantum SU(1,1) group in terms of
representations of the quantised function algebra. In the last section we then
formally show how the big g-Jacobi function transform and the Askey-Wilson
function transform can be interpreted as Fourier transforms on the quantum
SU(1,1) group. Because the Fourier transforms associated with SU(1,1) are
special case of the Jacobi function transforms, see [33], we view the big g-Jacobi
and Askey-Wilson function transform as g-analogues of the Jacobi function
transform. The complete analytic study of the big ¢-Jacobi and Askey-Wilson
function transform is developed in [29] and [30].

We expect that the Askey-Wilson function transform will play a central
role in the theory of integral transforms with basic hypergeometric kernels.
Indeed, in the polynomial setting, the Askey-Wilson polynomials have had a
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tremendous impact in the theory of basic hypergeometric orthogonal polyno-
mials. Furthermore, the Jacobi function transform, which we consider as the
classical counterpart of the Askey-Wilson function transform, has turned out
to be an important integral transform in the theory of special functions and its
applications. In particular, due to the quantum group theoretic interpretation
of Askey-Wilson functions in this paper, we may expect that appropriate non-
polynomial analogues of the results on Askey-Wilson polynomials in e.g. [13],
[14], [27], [35], [48] exist.

The theory of locally compact quantum groups on the level of operator
algebras has not yet reached the state of maturity, but Kustermans and Vaes
have developed a satisfactory theory, including duality, if the existence of left
and right Haar functionals is assumed both for the C*-algebra [40], [39] as for
the von Neumann algebra approach [41]. The quantum SU(1,1) group does not
fit into these theories because it lacks a good definition of the comultiplication
defined on the C*-algebra level, see [66], and without a comultiplication it is
not possible to speak of left- and right invariance of a functional. In Section 2
we propose a weak version of the comultiplication, in the sense that we define
a product for linear functionals in terms of Wall functions. Then we can show
that our definition of the Haar functional is indeed left- and right invariant with
respect to this weak version of the comultiplication. In this context we would
like to mention the recent paper [28] of the first author and Johan Kustermans,
in which it is shown that the quantum analogue of the normalizer of SU(1,1)
in SL(2,C) can be made into a locally compact quantum group in the sense of
Kustermans and Vaes [40], [39], [41], both on the C*-algebra and von Neumann
algebra level. Some results of this paper play an essential role in [28].

Let us now turn to the contents of this paper. In Section 2 we introduce the
quantum SU(1,1) group and a corresponding C*-algebra, which can be seen
as the algebra of continuous functions vanishing at infinity on the quantum
SU(1,1) group. We work here with a faithful representation of the C*-algebra,
and we can introduce a weight, i.e. an unbounded functional, that is left and
right invariant in the weak sense. This analogue of the Haar functional is an
integral of weighted traces in irreducible representations of the C*-algebra. In
Section 3 we recall some facts on the algebraic level, both for the quantised
algebra of polynomials on SU(1, 1) and for the quantised universal enveloping
algebra. This part is mainly intended for notational purposes and for stating
properties that are needed in the sequel. In Section 4 we prove the statement
for the Haar functional in the second line of Table 1.2. This is done by a spectral
analysis of a three-term recurrence operator in £2(Z) previously studied in [11].
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In Section 5 we prove the statement for the Haar functional in the third line
of Table 1.2. A spectral analysis of a five-term recurrence operator in ¢%(Z)
is needed, and we can do it by factorising it as the product of two three-term
recurrence operators. The factorisation is motivated by factorisation results
on the quantum group level. At a certain point, Lemma 5.5, we require a
highly non-trivial summation formula for basic hypergeometric series, and the
derivation by Mizan Rahman is given in Appendix B. The result is an Askey-
Wilson type measure with absolutely continuous part supported on [—1, 1] plus
an infinite set of discrete mass points tending to infinity. In Section 6 we
mainly study the spherical Fourier transforms on the quantum SU(1, 1) group.
In this section we have to take a number of formal steps. We show that the
radial part of the Casimir operator corresponds to a 2-parameter Askey-Wilson
difference operator and we calculate the spherical functions in terms of very-
well-poised gpr-series. By the results of [30] we can invert the spherical Fourier
transform and we see that the Plancherel measure is supported on the principal
unitary series representations and an infinite discrete subset of the strange series
representations. Finally, Appendix A contains the spectral analysis of a three-
term operator on ¢?(Z) extending the results of Kakehi [21] and Appendix B,
by Mizan Rahman, contains a number of summation formulas needed in the
paper.

Notation. We use N = {1,2,...}, Z>o = {0,1,...}, and ¢ is a fixed
number with 0 < ¢ < 1. For basic hypergeometric series we use Gasper and
Rahman [17]. So for k € Z>oU{oo} we use the notation (a; q); = Hf;ol(l—aqi)
for g-shifted factorials, and also (ai,...,a;;q)r = [[i—;(a;;q)x. The basic
hypergeometric series is defined by

Aiy... ,0p > (a]_,... 7ar;q)kzk< k lk(k—l) s+1—r
s 10,2 | = —1)%¢> ) ;
<b1,...,bs > l;)((bbl,...,bs;q)k ( )

whenever it is well-defined. The series is balanced if r = s+ 1, b1...bs =

qay ...asy1 and z = q. The series is called very-well-poised if r = s + 1,

qa1 = agby = asby = ... = ag41bs and az = ¢ /a1, a3 = —qy/a;. For the
very-well-poised series we use the notation

1 1
2 2
a1,q4ai, —qaq,0a4,... ,0ds41
stiWs(ar;aa,. o 05013, 2) = sr1ps | 1 1 i, 2
aj,—aj 7qa1/a’4a v 7qa1/a’s+1

_ Z 1-a1g®*  (a1,a4,...,a541;0)02"
1—ar (g,9a1/a4,...,qa1/as41; )k
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§2. The Quantum SU(1,1) Group

The quantum SU(1,1) group is introduced as a Hopf #-algebra. In Section
2.1 we describe its irreducible *-representations in terms of unbounded opera-
tors. In Section 2.2 we use these representations to define a C*-algebra, which
we regard as the algebra of continuous functions on the quantum SU (1, 1) group
which tend to zero at infinity, and we define a Haar weight on the C*-algebra.
The Haar weight and the C*-algebra are the same as previously introduced for
the quantum group of plane motions by Woronowicz [66] and also studied by
Baaj [6], Quaegebeur and Verding [52], Verding [63]. We define a new product
on certain linear functionals in terms of Wall functions, which reflect the co-
multiplication of the quantum SU(1, 1) group. For this product we show that
the Haar weight is right and left invariant.

§2.1. Representations of A4,(SU(1,1))

We first recall some generalities on the quantum SL(2, C) group and a non-
compact real form, the quantum SU(1,1) group, see e.g. Chari and Pressley
[10] or any other textbook on quantum groups. Let A,(SL(2,C)) be the unital
algebra over C generated by «, (3, v and § satisfying

(2.1) af=qfa, ay=qya, [B0=qdéB, ~6=qdy,
By=7B, ab—qBy=da—q 'By=1,

where 1 denotes the unit of A,(SL(2,C)) and 0 < ¢ < 1. A linear basis for this
algebra is given by {a*BIy™ | k,I,m € Z>o} U {5¥B9™ | k € N,I,m € Z>o}.
This is a Hopf-algebra with comultiplication A: A,(SL(2,C)) — A,(SL(2,C))
®A4(SL(2,C)), which is an algebra homomorphism, given by

Ald)=a®@a+8®7, AB)=a®F+ 8R4,
A =7y®@a+i®7, A()=0R0+7®p,

and counit €: A4(SL(2,C)) — C, which is an algebra homomorphism, given by
e(a) =€(d) =1, e(B) = e(y) = 0. There is also an antipode S: A,(SL(2,C)) —
A4 (SL(2,C)), which is an antimultiplicative linear mapping given on the gen-
erators by S(a) =4, S(8) = —¢ 13, S(y) = —¢y and S(J) = a. We say that a
linear functional h: A,(SL(2,C)) — C is right invariant, respectively left invari-
ant, if (h®@id)A(a) = h(a)l, respectively (id®h)A(a) = h(a)l, in A,(SL(2,C)).
So h is a right invariant Haar functional if and only if hxw = w(1)h for any linear
functional w: A4(SL(2,C)) — C, where the product of two linear functionals
w,w’ is defined by wxw’ = (w ® W) 0 A.
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With A,(SU(1,1)) we denote the *-algebra which is A;(SL(2,C)) as an
algebra with * given by a* =6, * = ¢y, v* = ¢~ '3, * = a. So A,(SU(1,1))
is the x-algebra generated by a and ~ subject to the relations

(2.2)
ay=qya, oy =gy, Y =9"y, aat —Pyty=1=a"a— "

This is in fact a Hopf *-algebra, implying that A and e are *-homomorphisms
and S o x is an involution. In particular,

(2.3) Ala)=a®@a+q¢y" ®y,  Ay)=70a+a"®@7.

We can represent the x-algebra A,(SU(1,1)) by unbounded operators in
the Hilbert space ¢%(Z) with standard orthonormal basis {ej | k € Z}. Since
the representation involves unbounded operators we have to be cautious. We
stick to the conventions of Schmiidgen [56, Definition 8.1.9]: given a dense
linear subspace D of a Hilbert space ‘H, a mapping 7 of a unital x-algebra A
into the set of linear operators defined on D is a x-representation of A if

(i) m(crar + czaz2)v = c1m(ar)v + cam(az)v and w(1)v = v for all a; € A,
¢, €C (1=1,2)and all v € D,

(ii) m(b)D C D and w(ab)v = w(a)w(b)v for all a,b € A and all v € D,

(iii) (m(a)v,w) = (v,7(a*)w) for all a € A and all v,w € D.

Note that (iii) states that the domain of the adjoint 7(a)* contains D for any
a € Aand 7(a)*|p = w(a*), so that 7w(a) is closeable. See also Woronowicz [66,
Section 4].

By D(Z) we denote the dense subspace of ¢?(Z) consisting of finite linear

combinations of the standard basis vectors ey, k € Z.

Proposition 2.1. (i) Let A € C\{0}. There exists a unique *-
representation my of A,(SU(1,1)) acting on ¢*(Z) with common domain D(Z),

such that
7T,\(Oz) er=1/1+ |>\|2q_2’“ €k+1, 71')\(’}/) ek :)\q—k €k,
(@) e =1/1+ N2> 2k ep_1, m(Y")er = A F ey

(ii) The x-representation my is irreducible and for A,y € R = {z € C |
q < |z| < 1} the x-representations mx and m, are inequivalent for X # p.
This means that the space of intertwiners I, = {T € B({*(Z)) | T(D(Z)) C
D(Z), Try(a)v = ma(a)Tv, Va € Ag(SU(1,1)),Yv € D(Z)} equals {0} for X #
1, A, i € R and equals C- 1 for A = pu.
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Remark. These are precisely the representations described by Woronowicz
[66, Section 4].

Proof. To prove (i) we observe that ) (a) preserves D(Z) for a € {a, a*, 7,
~v*} so that we have compositions of these operators. It is a straightfor-
ward calculation to see that these operators satisfy the commutation relations
(2.2). Tt follows that 7, uniquely extends to an algebra homomorphism 7y of
A,(SU(1,1)) into the algebra of linear operators on D(Z). It remains to prove
that (m(a)v,w) = (v,mr(a*)w) for all a € A4(SU(1,1)) and v,w € D(Z),
which follows from checking it for the generators a = a and a = v.

For (ii) we fix an intertwiner T € I ,,. Then

(2.4) A K Tey, = T(ma(v)er) = mu () (Ter), keZ,

soTep=0forall k€ Zif \u=' & q¢” If \,u € R, then \u™ & ¢* & )\ # p.
Hence, I, = {0} for A, u € R with X # p.
If A = p, then it follows from (2.4) that Tey, = ciey for some ¢, € C. Since

T commutes with (), it follows that ¢ is independent of k, proving that
Iha=C-1 O

Remark.  There is a canonical way to associate an adjoint representation
73 to the representation 7y, see [56, p. 202], by defining its common domain as
the intersection of the domains of all adjoints, D* = Nyea,(sv(1,1)P(mar(a)),
and the action by 73} (a) = mx(a*)*

p+. For the domain D(Z) we do not have
self-adjointness of the representation my. However, if we replace the common
domain of 7y by

S(Z) _{ Z CL €k 662(2)‘ Z qunk|Ck|2 < OO,VTLEZ>0}

k=—0o0 k=—o0

we do have 7w} = m, i.e. the domains and operators are all the same. In-
deed, observe that D(mx(v")*) = {> pe . ckex € L2(Z) | > pe o q ™Ferer €
¢*(Z)} and hence D* C S(Z). By [56, Proposition 8.1.2] this implies that the
representation by unbounded operators is self-adjoint.

Having the irreducible *-representations of Proposition 2.1 we can form
the direct integral *-representation = = (27)! fOQTr Teiv do, see [56, Defini-
tion 12.3.1], with its representation space (27)~! OZW ?(Z)dg = L*(T;*(Z))
equipped with the orthonormal basis €'*¢ ® e,, for x,m € Z. The common
domain is by definition

(2.5)  D(L*(T;¢%(2))) = {f € L*(T;*(2)) | () € D(Z) a.e. and
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€' 1 w0 (a) f(e'?) € LA(T;4%(Z))VYa € A, (SU(1,1))}.

The last condition means in particular that (27)~! OZK |7eie (@) f(€)|?dg < o0
for all @ € A,(SU(1,1)). In this case D(L*(T;¢*(Z))) is dense in L*(T;¢*(Z))
since it contains finite linear combinations of the basis elements ¢**? ® e,,,. The
action of the generators of A,(SU(1,1)) on the basis of L?(T;¢?(Z)) can be
calculated explicitly from Proposition 2.1;

T(7) e @ em =g " T @ e,

e

() e @ epm=114q¢2me?? @ €mi1,
e
e

7_(_(7* ixp ® e = q—m ei(z—l)qﬁ ® em,
m(a*) e? @ e, = /1 4+ 272m e ® €,y

Lemma 2.2.  The direct integral representation m = (2r)~* OQW Teio AP
is o faithful representation of the x-algebra Ay(SU(1,1)), i.e. w(&)f =0 for all
[ € D(L*(T;¢%(Z))) implies € =0 in Ay(SU(1,1)).

Proof. The action of the monomial basis of A,(SU(1,1)) under the rep-
resentation 7 is given by

RINIY

ﬂ_(ar(,y*)s,_yt)eipe ® e = q—l(s+t)(_q—2l; q—2) ei(p-l—t—s)@ ® ergr,
. 1.
,ﬂ_((a*)r(v*)s,yt)esz Qe = qfl(s+t)9(_q272l; q2)7g ei(ertfs)O ® €.
It easily follows that 7 is a faithful representation of A,(SU(1,1)). O

In the next subsection we give a coordinate-free realisation of the repre-
sentation 7.

§2.2. The Haar functional

Let L?(X, p) be the Hilbert space of square integrable functions on X =
T x ¢% U {0} with respect to the measure

o~ L[
/fdu—k;wg/o F(de®)ap.
Then the map ¢: L?(T;¢*(Z)) — L*(X, u) given by

(2.6) Y1 e @ em (fm: 2 Oz g-m (é) )
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is a unitary isomorphism. Observe that () =1 = M,, ¥r(yv* )=t = M.
Pr(a)p~t = M\/WT(I and Ym(a*)yp~t = M\/WT(;l, where M, de-
notes the operator of multiplication by the function g and T, is the g-shift
operator defined by (T,f)(z) = f(gz).

These formulas for the action of the generators of A,(SU(1,1)) under
the faithful representation ¥ (-)1~! suggest the following formal definition for
the C*-algebra of continuous functions on the quantum SU(1, 1) group which
vanish at infinity: it is the C*-subalgebra of B(L?(X, 1)) generated by M, and
MyTyz1, g € Co(X), where Co(X) is the C*-algebra consisting of continuous
functions on X which vanish at infinity (here X inherits its topology from C,
and the C*-norm is given by the supremum norm || - || ). In other words, one
replaces the unbounded action of the subalgebra Cly,v*] C A44,(SU(1,1)) on
L?(X, i) by the bounded, regular action of Co(X) on L2(X, ).

To make the construction rigorous we use the notion of a crossed product
C*-algebra, see [51, Chapter 7]. The crossed product needed here is the same
as for the quantum group of plane motions, see Baaj [6], Woronowicz [66].
Let us recall the construction in this specific case. For k € Z we define the
automorphisms 7 of Co(X) by 7x(f) = (T,)*f. Then (Co(X),Z,7) is a C*-
dynamical system, see [51, Section 7.4].

Let (1(Z;Co(X)) be the £*-functions f: Z — Co(X) with respect to the
norm || fll1 = Sz [falloo- The subspace Co(Z; Co(X)) = {1 Z — Co(X)|#
supp(f) < oo} is dense in £}(Z; Cy(X)). Furthermore, ¢*(Z; Co(X)) is a Banach
x-algebra, with x-structure and multiplication given by

(2.7) ([ =7u((f=n)"), (f9)n = Z Jie Te(gn—k)-

k=—o0

The crossed C*-product Co(X) x, Z is by definition the strong closure of
0Y(Z; Cy(X)) under its universal representation, where the universal representa-
tion is the direct sum of the non-degenerate *-representations of ¢1(Z; Co(X)),
see [51, Section 7.6]. We regard Co(X) x, Z as the quantum analogue of the
C*-algebra consisting of continuous functions on SU(1,1) which vanish at in-
finity.

We interpret the faithful *-representation 7w of Section 2.1 as a non-
degenerate representation of Cy(X) X, Z in the following way. Let 7 be the
regular representation of Co(X) on L?(X, ), and let u: Z — B(L?(X, u1)) be
the unitary representation defined by u,f = (T,)"f. Then (7,u, L*(X,pu))
is a covariant representation of the C*-dynamical system (Co(X),Z, 1), i.e
T(Tnf) = up@(f)ul for all f € Co(X) and n € Z. In the notation of [51], we
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get a non-degenerate representation m = 7 x u of Co(X)xZ on L?(X, p1), which
is defined on C.(Z; Co(X)) by 7(f)g = >_,cz T(fn)(ung). More explicitly, we
have

an 9(q"z) f €CZ;Co(X)), g€ L*(X,pn), =€ X.

neZ

The *-representations m.ie of Section 2.1 can also be considered as a covariant

representation of Cy(X) %, Z. Let the representation 7, : Co(X) — B((*(Z))

of the commutative C*-algebra be defined by 7o (f)e; = f(g 'e?)e;, and let

the unitary representation u: Z — B(¢(*(Z)) be defined by u, = U", where

U: (*(Z) — (*(Z), e, — exy1 is the shift operator. Then this gives a co-

variant representation. The direct integral representation (27)~! OQW Teio df in
-1 fo% (*(Z) df = L*(T;¢*(Z)) is equivalent to 7 using ¢ as in (2.6).

Remark.  The matrix elements of m with respect to the orthonormal basis
fras k1 € Z, of L*(X, ), see (2.6), give the linear functionals

2m

r— 1 —5 i i(k—r
wsJk(f) = <7T(f)fk,l7fr,S>L2(X7u) = Y- ; fsfl(q € 9)6 (k=r)0 g

for f € C.(Z;Cy(X)), which can be uniquely extended by continuity to a linear
functional on Cy(X) % Z. Note that

wi(f9) = Zw (9)-

rYEL

Proposition 2.3. 7 is a faithful representation of Co(X) X, Z.

Proof. Recall that 7 is the regular representation of Co(X) on L?(X, p).
The regular representation of Co(X) X, Z induced by 7, which we denote here
by p, acts on ¢*(Z; L>(X, ) by

meZ meZ

for f € C.(Z;Co(X)), g € £3(Z; L?>(X, pn)) and z € X, see [51, Ch. 7]. Explicitly,
the action of p in terms of the orthonormal basis gi i m = 0x(-) fim, k,I,m € Z,
of (?(Z; L*(X, u)) is given by

1

2m
p(N)grim =Y (% ; frk(qm’”ew)ei(ls)edﬂ) Grsm-

T8
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So the closure H,, of span{gi,im | k,! € Z} is an invariant subspace for p and
we have the orthogonal direct sum decomposition ¢2(Z; L? (X, p)) = ®mezHm.
From the explicit formulas for m and p with respect to the orthonormal basis
fris kL € Z, of L*(X, ), respectively gk 1.m, k,l,m € Z, of £*(Z; L*(X, p)), it
follows that L?(X,pu) — Hp, fi.k & Gk—m,1,m is a unitary intertwiner between
7 and p|g,,, so that p ~ P, ., 7 as representations of Co(X) %, Z. By [51,
Corollary 7.7.8] we know that p is a faithful representation of Co(X) X, Z,
hence so is 7. |

Recall that a weight on a C*-algebra A is a function h: AT — [0, o0]
satisfying (i) h(Aa) = Ah(a) for A > 0 and a € A7, (ii) h(a +b) = h(a) + h(b)
for a,b € AT. The weight h is said to be densely defined if {a € AT | h(a) < oo}
is dense in A™. Furthermore, we say that h is lower semi-continuous if {a € A™ |
h(a) < A} is closed for any A > 0, and that h is faithful if h(a*a) = 0 implies
a=0in A. A weight can be extended uniquely to N;Nj, = {a*b| a,b € Ny},
where N, = {a € A | h(a*a) < co}. See Combes [12, Section 1], Pedersen
[61, Ch. 5] for general information and for application of weights in quantum
groups see Kustermans and Vaes [40], Quaegebeur and Verding [52], Verding
[63].

Let h be a lower semi-continuous, densely defined weight on A. The GNS-
construction for weights gives a Hilbert space Hj and a representation o of
A in Hy, and a linear map Ay, from Np = {f € A| h(f*f) < oo} onto a dense
subspace of H}, satisfying

() h(F*g) = (Anlg). An(f)) for all f,g € Ny,

(ii) on(f)An(g) = An(fg) for all f € A and all g € Ny,

(iii) the representation oy, is non-degenerate, i.e. the closure of the linear
span of elements of the form o,(f)g for f € A and g € Hy, equals Hy,

(iv) the map Ap: Nj, — Hy, is closed.

Properties (i) and (ii) hold by the general GNS-construction of weights, see [12,
Section 2], and properties (iii) and (iv) follow since h is lower semi-continuous,
see [12, Section 2], [63, Proposition 2.1.11]. If h is faithful, we obtain H}, as the
Hilbert space completion of Nj, with respect to inner product (f,g) = h(g* f).

The following theorem has been proved by Baaj [6, Section 4] in the setting
of weights on von Neumann algebras and later in the C*-algebra framework by
Quaegebeur and Verding [52, Section 4], Verding [63, Section 3.2].

Theorem 2.4. Leth=73 .- q_2kw27k, then h is a densely defined,
faithful, lower semi-continuous weight on Co(X) X, Z.

Remark 2.5.  Note that C.(Z; C.(X)) C Ny, since for f € C.(Z;C.(X))
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we have f*f € C.(Z;C.(X)) so that w ,(f*f) = 0 for k sufficiently large.
Also, the dense subspace C¢(Z; C.(X)) of Co(X) X Z is contained in Nj Ny, so
that the Haar functional is well-defined on C.(Z; C.(X)). Indeed, take g(™ €
C.(Z;C.(X)), gﬁlm)( ) = 6noul™(z), where u(™ is a compactly supported
approximate unit in Co(X) with support in |z| < ¢=™. Then (¢(™)* € Ny,
and g™ f = f for f € C.(Z;C.(X)) and m sufficiently large.

Remark. We regard Hj in this paper as the g-analogue of the L2-
functions on SU(1,1) with respect to the Haar measure. It was shown by
Baaj [6] and Quaegebeur and Verding [52] that H}, is isomorphic to £2(Z3).
This corresponds nicely with the fact that SU(1,1) is a three-dimensional Lie
group.

82.3. Invariance of the Haar functional

The weight h is left and right invariant when considered as a weight cor-
responding to the quantum group of plane motions, see Baaj [6, Theorem 4.2].
For this we have to have the comultiplication of the quantum group of plane
motions on the C*-algebra level, and this has been done by Woronowicz [66].
This seems not to be possible for the quantum SU(1, 1) group, see Woronow-
icz [66, Theorem 4.1]. However we can introduce the comultiplication for the
quantum SU(1, 1) group on the C*-algebra level in a weak form, and then the
Haar weight is also left and right invariant. For this we first have to encode
the comultiplication as in (2.3) in terms of a product for the matrix elements.
See Baaj [6] for a similar procedure for the quantum group of plane motions.

Lemma 2.6.  For xz,m,k € Z define the normalised Wall function by

1
(—1)kq(k_m)(l+w)(—q2_2k;q2)§o (q2+2a: q )

2 ()
_q2+2m72k 9 940k 9
><1</91< e e m)-

The product of linear functionals wy , given by

S (k) =

(_q272m, _q272k+2m; q2)

z Yy
wk,l * wr,s

l k—y Z r—k r—s+l—k
—5l k—y,s— r+m +l k— y (T) wn,n-ﬁ-l—k—y

n=—oo

is well-defined as a linear functional on Co(X) X, Z.
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Remark 2.7.  In order to motivate the definition of Lemma 2.6 let us
first consider the case of the compact quantum SU(2) group. The analogue
of the representations s are in terms of bounded operators on ¢?(Z>) and
the tensor product decomposition 7.0 ® 7w =2 (27) 71 fo% Tei¢ d¢ holds, see
[34], [67]. Moreover, the Clebsch-Gordan coefficients are explicitly given in
terms of Wall polynomials, see [34], and the Clebsch-Gordan coefficients are
determined by a spectral analysis of the compact operator (mgio ® meiv )A(y*y).
This is done by interpreting this operator as a three-term recurrence operator,
i.e. as a Jacobi matrix, corresponding to the Wall polynomials. The Clebsch-
Gordan coefficients then determine the product wx w’ = (w ® W) o A of the
matrix elements w,w’, see also [6, Proposition 4.3] for the quantum group of
plane motions. From this result the multiplicative unitary for the compact
quantum SU(2) group can be constructed explicitly, see Lance [42]. For the
quantum SU(1,1) group we can formally follow the same method using the

representations 7.0 as in Section 2.1. In this case we have from Proposition
2.1 and (2.3)

(Teio @ Teiv )A(Y"Y) ex @ €
= (@0 +a) +q 1+ er @ e
) 1
+e O (14 ) (L + ) P epi ® e
] 1
e gL (1 272 (14 2 2)) ey @ ey

Hence, the unbounded operator (mqio @iv )A(y*y) leaves the subspace (D(Z) x
D(Z)) N H, invariant, where H, is the closure of span{ex_, ® ey | k € Z},
so that H, = (*(Z) for any x € Z. Restricting the unbounded symmetric
operator (mgio @ Teivw )A(Y*y) to D(Hy) gives an unbounded symmetric three-
term recurrence operator in ¢?(Z), i.e. a doubly infinite Jacobi matrix, of the
form

Ley=axery1 +brex +ar—1ex-1, ar >0, by €R,
1
2

ar = q(mfl)72k((1 + q2(m7k))(1 + q72k)) ,
b=q 2 (1+¢*) + > (1 + %),

where ey is given by etk(W=0)¢, & e. This operator fits into the general
framework as studied in Appendix A. Since we have solutions in terms of Wall
functions, see Gupta et al. [18, Section 5], as well as the asymptotically well-
behaved solutions we can work out the details. We find that the elements

F:fl = Z(_l)meizwei(kfm)wfw)fsl(k) ehw @ er € eZ(Z % Z)
keZ
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are eigenvectors of (70 ® Teiv )A(Y*y) in H, for the eigenvalue ¢=2™, m € Z.
The vectors are contained in the domain of the adjoint L*. Using contigu-
ous relations we can formally show that the action of (7.6 ® 7w )A(a), a €
A,(SU(1,1)), on F? is the same as the action of 7 on the orthonormal basis
{fem} of L*(X,p) by identifying FZ with f, ., see (2.6)). However, L has
deficiency indices (1, 1) and there is no self-adjoint extension of L possible such
that these eigenvectors are contained in the domain of the self-adjoint exten-
sion of L, so the {FZ} are not orthogonal, see [11]. Note that this observation
corresponds to the no-go theorem of Woronowicz [66, Theorem 4.1]. Ignoring
this problem and regarding the *-representations (7eie ® meiw)A in £2(Z x Z)
and 7 in L?(X, ;1) equivalent and using the identity, see [11, (4.3)],

(28)  a@e= Y (~)me IO pol(s) Pt

mez

we formally can rewrite

(wkl®wrs OA

2m 27
47T2 / / 77.:69 zy’/’<( 0it0 & Teiv )A()el R es, e 6r> d@dd)

as the linear combination of Lemma 2.6 using (2.8). So we cannot make this
method rigorous, but the results of [29, Section 2], as well as the results of
Korogodskii [37], suggest that we should consider L on a bigger Hilbert space,
see also the recent paper [28] of the first author and Kustermans.

Finally, we note that for the quantum group of plane motions the interwin-
ing operator consisting of the Clebsch-Gordan coefficients can be used to find
a multiplicative unitary, see Baaj [6, Section 4]. For the quantum SU(1,1) we
only obtain a partial isometry and we do not expect a multiplicative unitary
from this construction.

Proof of Lemma 2.6. Since |wi,(f)| < ||f|| for any f € Co(X) X, Z, it

suffices to show that

Z kg (8) (1)
is absolutely convergent. Since {fZ (k)}mez € (P(Z), 1 < p < oo, see the next
lemma and the remark following it, this follows immediately. O

Lemma 2.8.  For z,m,k € Z the Wall functions of Lemma 2.6 satisfy
fE(k) = f2(k+ x). Furthermore, for x >0,

2—2k 2—-2m. 2
- m’q )

oy < S

(_q272k+2m; q2)
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gk—m) () m <k,
Y gmR Ate) gm—k)(m—k=1) >

Remark.  The ¢P-behaviour of {fZ (k)}>°___ follows from Lemma 2.8,

since for fixed 2 and k we see fZ (k) = O(q~"0+1?D) as m — —oo and fZ (k) =
C’)(q(l/z)m(m_l)qm(l‘*‘gﬂ_%)) as m — oo using the theta product identity

(2.9)

(ad",¢" % /a; @)oo = (—a) Fq~2** V(a,q/a;9) e,  a € C\{0}, k € Z.

Proof. First observe

(210) i (ql_n;q)oocp _ i (ql n+p,q oon i ,q oCp+n
= (6 may = (@D — (¢,¢"™;0)p

for n € 7Z provided that the sums are absolutely convergent. Applying this
with n = —z gives f (k) = fZ (k + x).

In order to estimate fZ (k), z > 0, we use the following limit transition of
Heine’s formula, see [17, (1.4.5)],

(2.11) (@)oo 101(a5 65 ¢, 2) = (2;9) 00 191 (02/C5 25 ¢, €),

to rewrite the ;p;-series in the definition of the Wall function as follows

242z, 2 - 2+2m72k, 2 242k—2m
(212) (q aq )OO 1<)01 q2+2$ 7q aq

_ ( 242k—2m. 2 —*7P™ 5 giag
= (q 147 )oo 101 g+2hozm 40
o0 —
_ otok—omial, 2y (=€ d%) 1)l gi(2+22)
=> (g 10 o5 (—=1)'¢"" g :
= (4% %)

Note that for kK — m > 0 the sum starts at [ = 0, but for Kk — m < 0 the sum
actually starts at [ = m — k, cf. (2.10). In case k > m we estimate the right
hand side of (2.12) termwise to find the bound
(=g %) - g2+ — (g —q %)

1=0 %q

by [17, (1.3.16)]. Combining this with the definition of fZ (k) gives the desired
estimate in this case.
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In case m > k we rewrite the sum on the right hand side of (2.12), by
introducing | =n +m — k, as, cf. (2.10),

(_1)m—kq(m—k)(m—k—1)q(m—k)(2+2x) (_q2—2m; q2)

m—k

- (=¢* 2% ¢*)n
« Z(q2+2m72k+2n; q2)oo ) (_1)nqn(n71)q2n(1+m+m7k)
n=0

(4 6°)n
and the sum is estimated by (—q?~2F, —g?T22+2m=2k. 42) < (—¢?72F g2 +27,
¢%)s in the same way. This gives the result for the case m > k. O

In (Co(X) x7 Z)* the set {wf,} is linearly independent. This follows by
applying it to the elements gy m € Co(Z;C.(X)), see Proposition (2.3). So
we have a well-defined product on linear functionals from B C (Co(X) x, Z)*,
B being the space of finite linear combinations of the functionals wy,. For
w € B we extend the definition of the product to w x h by requiring that for
any f € C.(Z;Ce(X)) the expression (w * ZIJCV:iN q_%wg’k)(f) converges as
N — oo. By definition, the resulting expression is (w % h)(f). We choose
C.(Z;C.(X)) C Co(X) X+ Z because h is defined on C.(Z; C.(X)), see Remark
2.5. A similar definition is used for h x w.

Theorem 2.9. Let £ € L*(X,p) be a finite linear combination of the
basis elements fo;m, v,m € Z, see (2.6), and let we(f) = (7(f)E, &) L2(x ) be
the corresponding element from B C (Co(X) X, Z)*. Then h is right and left
invariant in the sense that (we xh)(f) = [|€]|Ph(f) = (hxwe)(f) for all f in the
dense subspace C.(Z;C.(X)) of Co(X) X, Z.

The theorem can be extended using the same argument to we, x h =

(&;mh = hxwey for wey(f) = (7(f)€,m)L2(x,u), Where & 1 are finite linear
combinations of the basis elements fy ,, z,m € Z.

We start by proving a crucial special case.

Lemma 2.10. h x w!, = §,00-sh and Wi * h = 0z00k1h on
Ce(Z; Ce(X)).

Proof. Take f € C.(Z;C.(X)) and consider

N
S gl w0l ()
k=—N

o0 N
= Syrms(=1)¥ ( Yo a ) ZJ(T’)) Wit (f)-
k=—N

n=—oo
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Note that the sum over n is finite. Lemma 2.8 implies {g7*f37%(s)}5o_ €

(2(Z), since ¢ Ff:%(s) = O(g7F0+I"D) as k — —oco and ¢ Ffi E(s) =
O (g /2HFk=1) gk(1=25=n)) a5 | — 00. So we can take the limit N — oo. Recall

that

(2.13) Z q_% . k 5 m+r s( ):5r,sq_2ma

k=—oc0
which is [11, (4.3)] for the special case o and ¢ replaced by s —m and ¢*>~2% in

base ¢*>. Now we can use (2.13) to find

(h*wg,s)(f)—ayr sUr.s Z q72"w2n

n=—oo

which is the desired result.
For the other statement we proceed analogously, now using

Z k) R ¢ = Skag

r=—0o0

which is the same sum as (2.13) using f,,*(k) = f% (k+z), see Lemma 2.8. O

Proof of Theorem 2.9. Let £ = ZI oo &aos fos € L*(X, p) with only

finitely many &, s # 0, then we = >°, (Zw_w,:y ot sEar )WY wY,, so that for
f € C(Z;C.(X)) we have

(2.14)

o0

(hxwe) ()= D (1) *Carbomriost LT fir (1) 0n 35 s (),

r,8,&,m,k=—00
provided that the sum is absolutely convergent. If this holds, we can use (2.13)
to find the result. The Cauchy-Schwarz inequality applied to (2.13) gives

oo

(2.15) Dol ) < g
k=—oc0
Use of the estimate (2.15) for the sum over k leads to the termwise estimate

(2.16) Do Larlléomrissla™ T lwn T nes ()]

= Z |w:,gs(f)‘qisir Z |£z+r,r7n”£m+s,sfn 5

r,8=—00 T,n=—00
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for the right hand side of (2.14). The sum over x,n is estimated by ||¢]|?, and
w5*(f) = 0for r > N, [r —s| > M for some N, M € N. Hence, the sum is

absolutely convergent for f € C.(Z;C.(X)) and the result follows. For we x h
we proceed analogously. O

Remark 2.11.  We can rewrite the Haar functional h in a coordinate free
way. Use the covariant representation 7o of Co(X) X- Z to get wi ,(f) =
(2m)~t 027T(7Tew(f)el, ex)e” ™ df and introduce the unbounded operator
Q: D(Q) — (*(Z), ex, — q e, which is self-adjoint on its maximal domain
D(Q) = {3, cker | Yop lex?g™ 2 < oo}. We can rewrite h defined in Theorem
2.4 by

27
(217) b7 = 3= | Tl (rao(HQ) s
for any f € Co(X) X, Z such that m.e(f)Q? is of trace class and 6
Tr|p2(z) (meio (f)@Q?) is integrable. Note that for any decomposable operator
T € B(LX(T;2(2))), ie. T = (2m)~" [77 T(e) dd, with T(e")Q* of trace
class in (?(Z) and 6 — Tr|e) (T(e)Q?) integrable we can define h(T) by
(2.17). Note that the order of the operators in the trace in (2.17) is important.
E.g. define the bounded operator S on ¢%(Z) by Sep = e_j for k > 0 and

Ser = 0 for k < 0, then Q28 is of trace class and SQ? is unbounded.

Remark 2.12.  Recall that every element from the algebra A,(SU(1,1))
can be written uniquely as a sum of elements of the form o*~y!p(v*y), k,l €
Z>o, *(y)p(v*Y), k € Zso, I € N, (a*)iy'p(v*7), | € Z>0, k € N, and
(@) (v p(v*y), k,1 € N, where p is a polynomial, cf. Theorem 3.6. We can
give a meaning to the Haar functional evaluated on such elements if we change
p from polynomials to sufficiently decreasing functions. Let us do this explicitly
for an element of the first type. Applying .o we see that afy!p(y*y) corre-
sponds in the representation 7.is to the operator U*e'?(—Q?; q72)11€/2le(Q2)
on (?(Z), where U: (*(Z) — (*(Z), ej — ej41, is the unilateral shift. Hence,
for a function p satisfying ZTGZ(—q_%;q_2)11€/2q_r(l+2) Ip(g=2")| < oo we see
that the corresponding operator times Q? is of trace class on ¢%(Z). Its trace
is non-zero only for k = 0, and for k = 0 we have Tr|p2(z) e’ Q' ?p(Q?) =
e't? Y ez q_r(l"’?)p(q_QT). Integrating over the circle gives zero unless [ = 0,
hence for p sufficiently rapidly decreasing we have

* - —ar —ar 1 o
hab'p(r™) = Buadio 3 a2 pla™) = Suabio = /0 p(z) e,

r=—00
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where the last equality defines the Jackson g-integral on (0,00). In a similar
fashion the Haar functional applied to any of the other types of elements of
A,(SU(1,1)) described in the beginning of this remark gives zero. So we see
that Theorems 2.4 and 2.9 with Remark 2.11 correspond precisely to [45], [46,
Lemme 2.2], [61]. So we have linked the Haar functional to the Jackson integral
on (0,00) when restricted to the subalgebra corresponding to the self-adjoint
element y*v, see [21], [22], [61] for the further analysis.

83. The Quantised Universal Enveloping Algebra
and Self-Adjoint Elements

In this section we gather the necessary algebraic results on the quantised
universal enveloping algebra U, (su(1,1)), which is the dual Hopf *-algebra to
A,(SU(1,1)) introduced in Section 2, see [10] for generalities on quantised uni-
versal enveloping algebras and Hopf *-algebras. The proofs of all statements
in this section are analogous to the corresponding statements for the compact
quantum SU(2) group, see [25], [26], [27], [36], and are skipped or only in-
dicated. The main idea is due to Koornwinder [36] resulting into a quantum
group theoretic interpretation of a two-parameter family of the Askey-Wilson
polynomials as spherical functions. Then Noumi and Mimachi, see [47], [49],
[50], have given an interpretation of the full four parameter family of Askey-
Wilson polynomials, see also [25], [26], [27]. As indicated by the results in
[31] the algebraic methods apply to Uy (su(1,1)) as well in case of the positive
discrete series representations.

83.1. The quantised universal enveloping algebra

This subsection is a reminder and is used to fix the notation. The material
of this subsection is standard, and we refer to e.g. [10] for further information.
By U, (sl(2,C)) we denote the algebra generated by A, B, C' and D subject to
the relations, where 0 < ¢ < 1,

(3.1)
A2 _ D2
AD=1=DA, AB=¢BA, AC=q 'CA, BC-CB-= —
q—4q
It follows from (3.1) that the element
—1 42 2 _ -112 2 _
(3.2) g A +aeD 2 . po-4 D? +gA 2. op

(¢t —q)? (q—q71)?
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is a central element of U,(sl(2,C)), the Casimir element. The algebra
Uy(s1(2,C)) is in fact a Hopf algebra with comultiplication A: U,(sl(2,C)) —
Uy(s1(2,C)) @ Uy(sl(2,C)) given by

AA)=A®A, AB)=A®B+B&D,
AC)=A®C+C®D, A(D)=D&D.

The Hopf algebra U, (s[(2,C)) is in duality with the Hopf algebra A,(SL(2,C))
of the previous section, where the duality is incorporated by the representations
of Theorem 3.1. There are two ways to introduce a x-operator in order to make
U,(s1(2,C)) a Hopf x-algebra. The first one is defined by its action on the
generators as follows; A* = A, B* = —C, C* = —B, D* = D. We call the
corresponding Hopf x-algebra U, (su(1,1)). The other s-structure is given by
A* = A, B* =C, C* = B, D* = D. The corresponding Hopf x-algebra is
denoted by U,(su(2)). Note that Q* = Q = Q*.

Theorem 3.1 (See [10, Ch. 10]).  For each spinl € (1/2)Z>¢ there ex-
ists a unique (21 + 1)-dimensional representation of Uy(s\(2,C)) such that the
spectrum of A is contained in ¢V/7. Equip C*+1 with orthonormal basis {el},
n = —l,—l+1,...,1 and denote the representation by t'. The action of the
generators is given by

(3.3) t(A)el, =g e, t(D)é, =q e,
(q—l+n—1 _ ql—n-‘rl)(q—l—n _ ql+n)
#(B)el, = ¥ -
g —q
\/(qflJrn _ qlfn)(qflfnfl _ ql+n+1)
tH(C) e, = p €nits

PN |
where €41 = O0=e’, ;.

The representation ' of U,(sl(2,C)) is not a =representation of
Ug(su(1,1)), but it is a *-representation of Ugy(su(2)).

Then A4(SL(2,C)) is spanned by the matrix elements X — ¢! (X) =
(t'(X)el,,€l), and the link is given by

m-n

1
1 .3
(34) t% == _1%7_% _1 = @ ﬂ .
t2 t2 v
2 2

Also

[SE
(S

[

o? mﬂa 32
(3.5) = I+¢®ya 1+ (g+q By 1+¢283
o6 V1+ 26y 5
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§3.2. Self-adjoint elements in A4(SU(1,1))

The definition of the self-adjoint elements in A,(SU(1,1)) we give here is
strongly motivated by the paper by Koornwinder [36] for the compact quantum
SU(2) group and the results of [31] for the positive discrete series representa-
tions of Ug(su(1,1)). We define

—1
(3.6) Y,=¢*B—qiC+ st_q(A—D) € U,(su(1,1)),

then Y; is twisted primitive, i.e. A(Y;) =AY, +Y; ® D, and Y, A = (Y A)*
is self-adjoint for s € R\{0}, and without loss of generality we assume |s| > 1.
The convention is
(3.7 Yoo = liH(l) s(g'—qYe=lim s (¢ —q)Y; =A—-D.
The definition of Y5 is as in [31].

Then #(Y;A) € Matg1(C) is completely diagonalisible. Since the proof
is completely analogous to the proof of [36, Theorem 4.3], we do not give the
proof here.

Lemma 3.2.  The tridiagonal matriz t'(YsA) is completely diagonalisi-
ble with spectrum
5¢* +571q7 — (s +571)

Ay(s) = p . oye{=l,—l+1,...,1},

and corresponding eigenvector

! -2
(@507, 1 D) Iem
vl(s)zzﬁqz n)(l—n—1) gl
n=-—1 (Q7 )

xRy (@7 + 5727572 20547 €,

N ol

where

_ _ g et N
R, (¢ " +cq” N§C,N§Q)—3</72< N0 14,9

s a dual g-Krawtchouk polynomial.

It is straightforward to check that !(Y;A)*, where * denotes the adjoint
of a (21 +1) x (21 + 1)-matrix, equals —t!(Y_,A), since (Y;4)* = —Y_,A. Note
that Ay (—s) = =X, (s), Ay(s) = A_(s71), and that \,(s) # A, (s) for y # o/,
v,y € {—1,...,1}if s? §Zq2Z.
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Next we define the matrix elements with respect to the basis of eigenvectors
of t!(YsA) by al S8 0(X) = <tl(X)v§-(t),v§(—s)> for real s,t satisfying |s|, |t| >
1, so that

a; (s, )(XYA) = Nj(D)aj (s, )(X),

and

al (5, ) (Vs AX) = (1 (X (1), (1Y, 4)) vl (~5))
(00 (), 11V AYol (=)
= —Xi(=s)al (5, 0)(X) = A(s)al (5, )(X).

Or, using the notation X.£,£&.X € A,(SL(2,C)) with X,Y € U,(sl(2,C)) for
the elements defined by X.£(Y) = &(YX) and £.X(Y) = £(XY), we have

(3.8) (YgA).aé)j (s,t)=A; (t)aid (s,t), aé)j(s,t).(YsA) = )\i(s)aé)j (s,t),

Vbl (s, t) =N (0D, j(s,t), bl (s,8).Ys = Ni(s)b} ;(s,t).D
for b} (s, t) = A.al ;(s,t). Here we have used X.(Y.§) = (XY).£, (£.X).Y =
E(XY) and (X.£). Y = X.(€Y), ie. the applications X.{ and £.X define

mutual compatible left and right actions of U,(s[(2,C)) on A4(SL(2,C)).
As before assume s,t € R, [s],[t] > 1. Write v} (s) = p vl (s)nel,,

n=—10"y
then al ;(s,t) = St 0L () mul(=s)nth, ,, and

n,m=—1"J
l S
bt = D0 U Omvl(=$)ng "t
n,m=—1

since we have A.tﬁhm = q*mtﬁhm. The case | = 1/2 of Lemma 3.2 gives

1
v?

1 1
b21 1(S7t) b21 1(s7t) - _1t_ Qg ¢ - 6575
(3.9) —2:73 —2:3 _
: 1 1
bi ,l(&t) bi 1(57t) t ’757t 657t
2 2 222
with
(3.10) st = q%a + qiétﬂ — qésv — q7%5t5,

Bt =q3ta+q 30 — q3sty — g %s0,
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1 _1 1 _1
Vst = —q2sa—q 2stf+q7y+q 20,
Jep=—qista—q 2sB+qty+q 20
Similarly, using the vector spanning the kernel of ¢! (Y A);

1

1 11 s5+s

v(s) =q ey + ——
V1+¢?

and (3.5) we see that bg (s, t) equals, up to an affine transformation,

1,1
€+ e

(@®+0%+ gy +q '8+ (t+t ) (67 + Ba)
—(s+s (gra+08) — (t+t ) (s+s1)B7)
= %(Oﬂ + (@) +4a(r* + (v)) +at+t )@y +77a)

—q(s+s D(va+a*y) —qt +t ") (s +s "))

N | =

(3.11)  pes=

Remark that (3.8) remains valid for p,, instead of bf(s,t), since 1 €
Ay(SL(2,C)) satisfies Y;.1 = 0 = 1.Y,. Observe that ps; = pez1 21 = piy,
since s and ¢ are real.

Remark 3.3.  There is also a certain symmetry between s and t. To be
explicit, let A,(SU(1,1))°PP be the opposite Hopf -algebra, see e.g. [10], then
interchanging v and v* gives a Hopf *-algebra isomorphism 9: A,(SU(1,1)) —
A4(SU(1,1))°PP which maps pst to p—¢,—s.

We calculate the Haar weight on the subalgebra generated by the self-
adjoint element p, ; € A,(SU(1,1)) in Section 5 explicitly.
The following limit case plays an important role in the sequel;
—2s

—2
312) poot=lim ——p. ;= lim —p,; = g+ (t+t gt
(312) pooyp = iy = =po = T = Zpsi =70+ q 08 +( )~ By

=a* y* +ya+ (E+t )"

This element also satisfies poot = poo 1 = ph, 4, and we calculate the Haar
weight on the subalgebra generated by the self-adjoint element po: €
A,(SU(1,1)) in Section 4 explicitly. We need the appropriate limit case of
(3.10):
(3.13) ae=limas =qta+q 4, fuos=lim o =qitatq 20,

s S§—

Yoot = M s = QFY+q 0, Gy = lim 4, = qety +q 7.
s— s5—
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Note that we can express the elements defined in (3.10) in terms of these ele-

ments by
(314) Qs t = Ooo,t — $Voo,t ﬂs,t = ﬂoo,t - Saoo,ta
Vs,t = Yoo,t — SQoo,t, 5s7t = 500,15 - Sﬁoo,t~
83.3. Cartan decomposition
The matrix elements ¢}, ,., | € (1/2)Zx>o, n,m € {—I,—1+1,... 1} form a

linear basis for Aq = Ay(SL(2,C)). Put AL = spanc{t! ,, | n,m = —I,... I}
for I € (1/2)Z>0. Note that b, ,,,(s,t), n,m € {=l, =l +1,... 1}, form a basis
for Aé(SL(2, C)) as well if s%,t2 & ¢?Z.

Proposition 3.4.  Let s, ¢ ¢°*Z.
(i) Let § € AL, 1 € (1/2)Z>0, be a (s,t)-spherical element, i.e. ;.6 =0 =
£Y,, and let n € Ay satisfy

(3.15) Yim=AD.n and n.Yy=punD

for some A\, € C. Then n€ satisfies (3.15) for the same X\, p. Moreover, if
A 1 € R, then n*n is a (s, t)-spherical element.

(ii) If n € Alq satisfies (3.15) for some A, u € C and n is non-zero, then
A= XNi(t), p = Xi(s) for somei,j € {—l,—l+1,...,1} andn is a multiple of
béyj(s,t).

It follows that p,; generates the x-subalgebra of A4(SL(2,C)) of (s,t)-
spherical elements for 52,2 ¢ ¢?%.

Proposition 3.5.  Let n € Ay satisfy (3.15) with A = X\j(t) and p =
Ai(s), then

(1) agq2i 1q2am satisfies (3.15) with X = X;_1/2(t) and p = X\i_1/2(s),

(ii) Beg2i 1q2im satisfies (3.15) with A = Xj11/2(t) and p = X;_1/2(s),

(iii) Voq2i 1q2im satisfies (3.15) with X = X;_1/2(t) and p = Nip1/2(s),

(iv) O0gq2i 1q23m satisfies (3.15) with X = XNji1/2(t) and p = Aijq/2(s).
In case s = oo the result remains valid with Yoo defined in (3.7) and Aj(o0) =
¢ —1.

We skip the proofs of Propositions 3.4 and 3.5, since they are completely
analogous to the proofs of [26, Propositions 6.4 and 6.5], see also [25, Propo-
sition 2.3]. We note that Proposition 3.5 can also be proved by direct calcu-
lations using (3.9), Y; = Y32 — Aj(t)(A — D), Y; being twisted primitive and
Ai(8) + Ai1/2(56%) = Ni(1/2)(5)-
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A direct consequence of Propositions 3.4 and 3.5 and Lemma 3.2 is the
product structure of the matrix elements b 4 (s,t) with max(|i],|j[) = . For
this we define elements I'{") (s,t) € Aq(SU(l, 1) for m € {1, =1 +1,... 1},
I € (1/2)N in terms of products of elementary elements with the convention
Hf:o & = Ep€rk—1 - .. & and the empty product being 1;

I+m—1 l—m-—1

(3.16) T\ (s.) = [ Guqmtisgm—rss [ vsara—s = C1 bl (s,0),
=0 7=0
l—m—1 I+m—1

2
F( ) S t H asql+m i tqil m—1i H 'ysq] tq j — 02 7l(87t)7

I+m—1 l—m—1

3
F( ) (s,1) H Osqm-—t+i ygi—me+i H Bsq=itgi = C3 ml(s t),
=0 7=0
I+m—1 l—m—1
4
1"( ) H 65(] I+m—i tqilerJ“ H asq J tq Jj — C4b lm(s t)
=0 7=0

for certain non-zero constants C;. Initially, the second equality in each line
of (3.16) holds for s2,t? ¢ ¢?%2, and this condition can be removed by conti-
nuity. An analogous expression as in (3.16) holds for the case s = oo, where
T\") (00,t) = limy_o T\") (s, ) by (3.13).

The explicit expression of b ;(s,t) for max(|il,|j|) = [ in (3.16) and

Propositions 3.4 and 3.5 imply the following Cartan-type decomposition of
A, (SL(2,C)).

Theorem 3.6.  Let s*,t2 ¢ ¢*2. A,(SU(1,1)) is a free right Clps]-
module, with Clps,]-basis given by

1 2 3 4
{1} U {Fl(ﬂzm}lE%N,mEIi U {Fl(,rzz}leél\l,me[g U {Fl(,rzz}leéN,melg U {Fl(,fzm}lE%N,melfy

where It = It = {1 = 1,2 —1,... 1}, I} = {-1,1 - LU, and I = {1 —
2—1,...,1—1}.

So any element & € A,(SU(L, 1)) can be written as a finite sum of the form

(3.17) P(ps. +Z S>3y, D(pst)

i=1 e LNmeI!

for uniquely determined polynomials p, pl( 7)71
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Remark 3.7. (1) We also have a corresponding decomposition for the
case s = 0o, and for the case (s,t) = (00, 00) we are back to the case discussed
in [45], [46], see also Remark 2.12. Note that h(§) with £ as in (3.17) is not
well-defined, but it can be defined properly after replacing the polynomials
in (3.17) by sufficiently decreasing functions, cf. Remark 2.12. For (s,t) =
(00, 00) the Cartan decomposition is formally orthogonal with respect to the
Haar functional h by (&1, &) = h(£5&1), see [21]. For the general case (s,t) this
is not clear.

(ii) The Cartan decomposition of Theorem 3.6 is the decomposition of A,
(SU(1,1)) into common eigenspaces of the left action of AY; and right action
of YsA on A,(SU(1,1)), i.e. of the left and right infinitesimal action of a
“torus” depending on a parameter. Since the Casimir operator 2 defined in
(3.2) commutes with these actions, the Casimir operator preserves the Cartan
decomposition.

(iii) For £ as in (3.17) we have

(3.18) 7(€) = p(r(ps)) + > 7L (5,8) P (1 (pst))

i,lm

as an unbounded operator on L?(X, u). Now m(ps¢) is a symmetric unbounded
operator. Suppose that D(s,t) is the domain of a self-adjoint extension of
7(ps,¢) which is preserved by W(Fl(?n(s,t)), then the right hand side of (3.18)
makes sense as an unbounded linear operator on L?(X, u) with domain D(s, t)
for all continuous functions p, pl(?n by the functional calculus of unbounded
operators. If the functions p, pl(lr)n are such that the right hand side of (3.18)
are in m(Np), the formal decomposition (3.18) of the corresponding unique

element £ € N, is called the Cartan decomposition of €.

It follows from (3.16), (3.8), Proposition 3.4 and since p,; generates the
algebra of (s, t)-spherical elements that (Fl(?n(s,t))*Fl(le(s,t) is a polynomial
in ps¢. From (3.16) and (3.11) we see that the degree of this polynomial is
2. If we use the one-dimensional *-representation of A,(SU(1,1)) sending «
to e(1/2 and + to zero, 6 € R, we obtain

(3.19)T3Y) (s,0)"T (L) (s,8)

m
. . s . S .
= C1 (gste” gste™;¢%) ., (q—ew,q—e 19;q2> |cos 0=ps .15
m t t l—m
2 w1 (2
{2 (s,1) T2 (5, 1)

_ S .9 S _. qd 0 9 —ip. 2
= C. S2l 2m ( —610, —-€ 10; 2) (_el , —€ ¢ ; ) s 0= y
2 qt qt q I+m st st q l—m |CO§9 Payt
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3 3
) (s,8) T} (5,1)
o . . t . t .
= C3s? 72" (gste” qste™; %), <q—6”,q—6 19;(12) |cos 6=ps.c»
l—m
4 4
IfY (s, 8) T} (5,1)

t . t . q ; q _;
= Cys! (q—e"’,q—e 19;q2> (—6’9,—6 ”;q2> lcos 6=ps.0»
S S Itm st st I—m

for positive constants C; independent of § and s, cf. [26, Section 7]. In (3.19)
we also have the appropriate case for s = oo using (3.12) and (3.13);

(3.20)

T (00, 8) T (00, ) = CL(—ta% Pt @) itm (— 4% oot/ )i,

() (00,8) T2 (00,8) = Ca (=% poc.t/t: 42)1em (—t0* 2" o 1367 1=om,

I (00,) T (00,8) = Ca(~*tpoc.t5 )i (—0° 2 poc o /5 42)1 -,

T4 (00,8)*T\2) (00,8) = Cu(—a> 22 pog o /1 ¢®) 1 (— 0% 242" pog 1421

for positive constants C;.

83.4. Factorisation and commutation results

In order to obtain recurrence relations in later sections we need factori-
sation and commutation relations in the algebra A,(SU(1,1)). The following
corollary is a consequence of Propositions 3.4 and 3.5, see [27, Section 2] for
the analogous statement for the case A,(SU(2)). Since the proof is the same
we skip it.

Corollary 3.8.  The following factorisation and commutation relations
hold;

Bsqrta—1 Vst = —28tpes +q 't* + qs*,
g-1tqBst = —2stps s+ qt’ +q7 ',
Qsqtq0s.t = —2qstps ¢ + 1+ ¢* %%,

Ooq1,q-10s,t = =24 'stpsp + 1+ ¢ 25,

and

As,tPs,t = Psq=1,tq—1 Xs,t) 6s,tps7t = psqfl,tqﬁ&t,

Vs,tPs,t = psq,tqfl Vs,ts 5s,tps,t - psq,tq6s,t~
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Combining Corollary 3.8 with (3.14) gives

(321) _2Stps,t + q_1t2 + q82 = 6sq,tq*1’787t

= (ﬂoo,tq*1 - Sqaoo,tqfl)(’yoo,t - 50[00775)7

which is one of many ways of writing ps: in products of matrix elements
b/ % (00, t).

4,J
The limit case s = oo, i.e. s — 0, of Corollary 3.8 immediately gives the

following.

Corollary 3.9.  The following factorisation and commutation relations
hold;

q_lﬂoo7tq*17007t = tpooﬂt + q_2t2> q_llyoo,tqﬂooﬂt = tpoo,t + t27

q72aoo,tq5oo,t =1pPoo,t + q 2, Ooo,tq—1000,t = tPooyt + 1,

and

oo, tPoo,t = qPoo,tq—1 Xoo,ts ﬂoo,tpoo,t = qpoo,tqﬂoo,ta

—1 —1
VYoo,tPoot =4  Poo,tq—1Voo,ts 5oo,tpoo,t =q poo,tq(;ooﬂt-

§4. The Haar Functional on the Algebra Generated by p,¢

The Haar functional on the Cartan decomposition of Theorem 3.6 for
(s,t) = (00,00) is related to the Jackson integral on (0,00), see [21], [22],
[46], [61] and Remark 2.12. In this section we show that the Haar functional on
the Cartan decomposition of Theorem 3.6 for the case s = oo, t > ¢! finite,
is related to the Jackson integral on [—d, c0) for some d > 0. The key ingre-
dient is the spectral analysis of the unbounded symmetric operator mgis (poo,t)
given in [11] yielding an orthogonal basis of eigenvectors of ¢?(Z). To use the
expression for h of Remark 2.11 we have to calculate the matrix elements of Q2
in this basis of eigenvectors in order to calculate the trace. We also show that
the elements of (3.13) in the representation m.e act as shift operators in the
basis of eigenvectors. The results and approach are motivated by the results for
the quantum SU(2) group case considered in [32, Section 5] and we consider
the Jackson integral on [—d, c0) as the non-compact analogue of the Jackson
integral on [—d, ¢]. The proofs are more involved due to the unboundedness of
the operators.
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§4.1. Spectral analysis of 7ei6 (Poo,t)
Using Proposition 2.1 and (3.12) we get

Teio (Poo.t) €k
=+t g e+l NI+ g e +e g1+ g2 ey,

and by going over to the orthonormal basis fi, = e**’¢;, we obtain

oo (poot) fro = (E+E7 g fo+a7 V1 + 472 frpn+a V1 + @22 i

This operator is unbounded and symmetric on the domain consisting of finite
linear combinations of the basis vectors. This unbounded symmetric operator
has been studied in detail in [11] for ¢ € R\{0}. It turns out that the operator
in question is essentially self-adjoint for [t| > ¢~!. Then the spectrum consists
completely of point spectrum plus one accumulation point at zero, which itself
is not in the point spectrum. The domain of .o (poo,t) is its maximal domain,
ie. {Y.cker € L2(Z) | X2, ckmeio (poo,t)er € €2(Z)}. Proposition 4.1 is the
analogue of [32, Proposition 5.2] and has been proved in [11].

Proposition 4.1.  Let t € R satisfy |t| > q. There exists an orthogonal
basis of (2(Z) of the form {vi(t) | p € Zzo} U{wi(t) | p € Z} given by

o0 o0
vg(t): Z PV (=Pt ) ey, wg(t): Z e*VL (PPt t) ep,

k=—oc0 k=—o00

where Vi(xz;t) = (_qQ*Qk;q2)(1x/>2q(1/2)k(k+1)(_t)fkl(pl(_(xt)—l;q2t72;q2,
wg?* 21y,
Teio (Pooyt).  Moreover, ﬂeie(poovt)’l}g(t) - —q2pt’1vg(t), p € Zso, and

Teio (Poo,t) wz (t) = ¢*°t wz (t), p € Z. The lengths of the orthogonal basis vectors

are given by

These wectors are all contained in the maximal domain of

H,Uﬁ(t)HQ _ t2q72p (q2§ q2)p (q2a _t727 _q2t2; q2)oo
P (@t%¢%)p  (@P%¢%)x

—* 2%, 7% —* 1 %) o
(=g® 22, %72, %% %) 00

D € Zxo,

ll(@)])? = 2 beZ.

For |t| > q71, the operator Teio (poo.t) is self-adjoint on its mazimal domain.

In particular we find that the spectrum of m.e(poo,) consists of
o(meio (Poo,t)) = {—a*t " }pezoy U {q*t}pez U {0}, which is independent of
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6. This also follows from T'(e'?)m i0 (poo,t)T(€9)* = 71(poo,t) With T(e?) the
unitary operator on ¢2(Z) defined by ej, +— e~ *%¢;. Using [15, Chapter 1I.2,
Section 6] we find for a bounded continuous function g

(A1) gln(pmon)) = — / e (po) 48 = T* (i ® (1 (poo) T,

2m
T = (1/27) 0% T(e)df, using L*(T;¢*(Z)) = L*(T) ® (*(Z) as tensor
product of Hilbert spaces. So ¢(m(pso,)) is a decomposable operator on
(1/2m) OQW (*(Z)df = L*(T;¢*(Z)), since T commutes with multiplication by a
function from L2(T), see [15, Chapter I1.2, Section 5].

Note that Proposition 4.1 gives an orthogonal decomposition ¢?(Z) =
VO(t) @ WO(t), with VO(t), respectively W?(t), the closure of the linear span
of the vectors v§(t), p € Zxo, respectively w(t), p € Z. Using [15, Ch. IL.1] we
obtain the decomposition L?(T;¢%(Z)) = V(t) ® W(t) with V(t) =
2m)~! [2TVO(t)dO and W (t) = (2m)~" [T W (t) df.

84.2. Calculating the trace

In this subsection we calculate the trace of g(meio (poo.t))@?, cf. (2.17), for
sufficiently decreasing function g using the basis described in Proposition 4.1.
We start with the partial analogue of [32, Lemma 5.5]. The operator Q? is
self-adjoint with respect to its maximal domain D(Q?) = {}", cker € (*(Z) |
>k lex?¢™* < oo}, The proof of Lemma 4.2 is a lengthy calculation, and can
be skipped at first reading.

Lemma 4.2.  Let [t| > ¢!, then v§(t), wh(t) € D(Q?). Moreover,

(@%vp(1), vy (1)) ¢ (Q2wy (1), wp(t)) >

<Ug(t),fug(t)> = 2 _ 1 pEZZO> <wf,(t),wg(t)> = 1—2 pEZ.

Proof. Since (—q2*2k;q2)<1x/>2q(1/2)k(k“) = O(¢*) as k — oo, we see that
Vi(z;t) = O((q/t)*) as k — oo. In order to have vf(t), wf(t) € D(Q?) we need
|qt| =% to be square summable for k — oco. Hence, we need |t| > ¢~!. Assuming
that [t| > ¢! we see that Q?vf(t) and Q?wf(t) are well-defined elements of
2(Z).

The calculation of the diagonal elements of Q2 in this basis is based on
orthogonality properties that follow from Proposition 4.1. The idea of the proof

is taken from the proof of [32, Lemma 5.5], but since it is much more involved
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we give the details. Let us consider the first case, and for this we introduce a
moment functional for the ¢g-Laguerre polynomials defined by

oo

L) = 3 (—g7 R oag D2 f(g%h),
k=—o0
cf. [11, Section 4]. Let Py(x) = 101(¢7%; qt2%; ¢*, —2¢*T?Pt~2) be the corre-
sponding orthogonal polynomials, which are ¢-Laguerre polynomials in which
the usual parameter o of the ¢-Laguerre polynomials corresponds to ¢ via
t=2 = ¢®>>. Then we have

1242 (@d®)p (-t —**¢%)
(@t2%%)p  (@PT%¢%)

which follows from Proposition 4.1, cf. [11]. It turns out that we can calculate

the general matrix element (Q?vf(t),v?, (t)) without any extra difficulty. Since

yvm
Q? is self-adjoint and the vectors vg

loss of generality that m < p. The matrix element can be expressed in terms

E(Pppm) = 5mp m,p € ZZO)

(t) are in its domain, we can assume without

of the moment functional;
<QQU§(t)ann(t)> = ﬁ(xile(m)Pp(x)) = CT(Pm)‘C(xile(m))v

where CT(P,,) means the constant term of the polynomial P,,. This is valid
since 271 P, () = CT(Py,)x~ '+ polynomial of degree less than m, since we
have L£(P'P,) = 0 for any polynomial P’ of degree less than p. It remains to
calculate

L(z7Py(x))
o0
_ Z (_q2—2k; qQ)Oqu:(k:—l)t—?k:l(pl(q—?p; P22 2, _q2k+2p+2t—2)

k=—o00
p —2p. 2

(q 4 )T qr(rfl)t72rq2r(p+1)
= (P73 ¢P)r

o0
% Z (_q272k;q2)mqk(k71)t72kq2rk’

k=—o0

where interchanging summations is allowed since the sum converges absolutely.
Using the theta product identity (2.9) and Ramanujan’s 1¢-summation for-
mula, see [17, (5.2.1)], we can evaluate the inner sum as

(t_2' q2) t2rq—r(r—1) (q27 _t_2> _q2t2; q2)00
bl T .
(t72:6%) o0
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Since CT(P,,) = 1 we obtain for m <p

(¢*,—t% =% ¢%) “ap -2, 2,—
(@) (t), vh, (1)) = %) N C B Y Bty N )
(A =P ) (50
(t26%)s (t%¢%)p

by the g-Chu-Vandermonde summation, see [17, (1.5.2)]. Using the norms given
in Proposition 4.1 we obtain

(Q%vp (1), v, (1))t 2qrtm ((qQ;q2)p(q2t2;q2)m)5

log@Olllve O 1 =172 \ (g% ¢*)m(@®t 2% 6)y

Now take m = p to find the first statement.

(4.2)

For the other statement we proceed in the same way. However, this time
we cannot get rid of a summation so easily since there are no orthogonal poly-
nomials around. We consider the functions

My(z) = 101(—q 2Pt %%t % ¢, 2g®P )

(z¢*"2; ) s
B Wlw(—x;xq”’”,q N

by the transformation (2.11). Using (2.9) we find

(4.3)
(Q%wy (1), w, (8)) = L (2™ Mp(2) M (2))
_ (1% )
(th 27q )2
_ 2
X k_z_oo - (@22, ) 1o (q%ipﬂ e q_)

2k+2m+2, 2 —q 2 4
x (q ,q)oo1<p1<q2k+2m+27q,t2)

Now consider the following generating functions, see [11, Lemma 5.1],

> k+1. k .
ki1 k (q 7q)OO aq /b (Q7az7x/zaq)oo —1
E bt ———— i, br | = ———"— 0 b
= 5 ad b ) “"1<qk+l ) = b O PN
and
ZOO g™t /y (d, ¢, y/w; q)
n/ n+l, . — ) ! e d 1
w (q 7Q)oo 1¥1 < qn+1 34,Y (w7d/w7q)oo ’ ‘ ‘ < "LU‘ < 1,

n=—oo
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to see that for 0 < |z| < |t|* we have

(6,62, —t 20 %2400 _p oy
z Pt
(=¢7%,2t7%¢%)

_ EOO Zkt%wl%< —¢* g2 ﬁ)
- _ 2k 2k4+2p+271 7 42 |
Mt (—°%:¢%) oo g t

and for 1 < |z| < [t|?¢*™ we have

(=

272 @2 2Pt ,612)002m

-t~
(1/z,—t72¢72"2;¢?) o

- 2n+2m+2. 2 - 2 ¢
. —-n n m . .
= > 2 (g 14 o011 <q2n+2m+27q t—2) :

n=—oo

Note [t| > ¢~! by assumption and assume first the additional condition
[t|?¢*™ > 1, so that multiplying these generating functions is valid in the
annulus 1 < |z| < min(|t|?, |t|?¢®™). The constant term is the series in (4.3).
Hence, this series equals the constant term of

(0%, q%, —t 7272 ¢?) oot 2" P (=727 P24 ) pmm
—47%:¢%) o 1—1/2)(1 = 2t~2)
(—q=?P;q

assuming without loss of generality that p > m. Since 1 < |z| < t? we have

1 —k p—2p
1—1/2)(1— 2t-2) Z Z”

k=0 p=0
1 -1 00
— ! —21 1
l=—00 =0
and by the g-binomial formula [17, (1.3.14)] we have
N (@)
(726 ) g = (LR ymepth (=2 2myk,

m 2. 12
= (%P

So

or (TP s ) | N (@0 (_t,Qq,Qm)kt*Q(P*m*’ﬂ
(1—-1/2)(1—2t2)
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again by the ¢-binomial formula [17, (1.3.14)]. We conclude that for p > m

) i §2k (2R 2t g2) ¢, ﬁ
: (0% %) o 1¥1 q2k+2p+2’q 2

k=—oc0
2k 2
2k+2m—+2. 2 —-q .2 4

X (P22 ) o101 <q2k+2m+2,q t—2>

(@, ¢% —t72"" ") "
(=47 ¢%) 01—t
This identity is valid under the extra assumption |¢|2¢®>™ > 1. The right hand

side of (4.4) is analytic in ¢ for |¢| > 1. Each summand on the left hand side

of (4.4) is analytic in ¢ for [t| > 1. As k — co the summand behaves like ¢~ 2,
k k(k—1)
q

and as k — —oo the summand behaves like t2Fg2(P+m) using (2.10), so
that we obtain uniform convergence on compact sets for the left hand side of
(4.4). Hence, (4.4) holds for all ¢ with [¢| > 1.

Since (4.4) gives the evaluation of the sum in (4.3) we obtain for p > m
(Q2w0(t) w? (1)) = £2m (-1, —% q2)oo (q2> I q2)oo
pee (@®t72¢%)3% (=075 o(1—172)
_ (@, 2 —t72, — 22, — 22 %) oo
(%72, %2, —t2¢* M ¢%) oo (1 — t72)

and using the norm of wg(t) given in Proposition 4.1 we obtain for p > m

1
(45) (Q2wp(t), win (8) _ q" ™™ (—2¢*T%, —* 2™ %)
lwp@lllwin O 1 =72 (_yzg2e2m 242, g2)3)

Now take m = p. O

Remark. By an analogous computation we obtain

<Q2U9(t) w? (t)> _ (_17 _q27q27q27 _t_2q_2m§q2)oot2m
PR (P27, =72 ¢?) o

so that all the matrix elements of Q? with respect to the orthogonal basis of

s pEZZO,mEZ,

Proposition 4.1 are known.

Corollary 4.3.  Let [t| > ¢~ and let g be a bounded continuous function
on the spectrum of m1(poo,t) such that g(m.io(peot))@? is of trace class, then

2 2 1 >olt)
(1= )l (9l (oo NQ) = =7 [ ola)diea

¢
= (1= ¢*)h(g(m(pso.t)))-
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Here we use the notation for the Jackson g-integral, see [17, Section 1.11],
cd >0,

oo(c) 0 0
(4.6) / @)= (1= d oA+ (1= q)e Y aled )
- p=0 p=—00

Note that any finitely supported g gives a trace class operator g( eie (pOO ))Q?,
(@) dg2 ()

and Corollary 4.3 implies that it suffices to take g satisfying f —
< o0.

Proof. Calculate the trace with respect to the orthogonal basis of Propo-
sition 4.1 using Lemma 4.2 for the first equality. Use Remark 2.11 to get the
second equality from the first. (|

84.3. Shift operators

In this subsection we consider the unbounded operators 7o (oo,t),
Tei0 (Boo,t)s Teio (Yoo,t) and meio (800 ¢) on €2(Z). By Proposition 2.1 these opera-
tors are initially defined on D(Z), but we see, using (3.13), that these operators
are defined on D(Q) = {3, cxex € (3(Z) | 3, |er|?q 2% < oo} and that the
actions are given by the same formulas. The commutation relations of Corol-
lary 3.9 show that we may expect that these operators act as shift operators in
the basis of eigenvectors of 70 (poo,t) of Proposition 4.1. The next proposition
shows that this is the case.

Proposition 4.4.  Let [t| > 1, then v}(t),w’(t) € D(Q). Moreover,
19,01 1— -
Teio (Qoo, t)vg(t):q% Ot 1mvp_1(tq l)a P € Lo,

61,6(0600 t)wg(t):q e - t mwp(tqil), pEZ,

Tei0 (/Boo,t) Uz(t) = _t2 %671-9(1 - t72)1}p (tq)a pE ZZOa
Teio (Boot) WO (t) = —t2q% e~ (1 — t2)w’_, (tq), p € Z,

0 gl =R
Teio (Yoo,t) vy (£) = —q7€ ﬁ%(tq ), D E Lo,
1 +q2+2p
T i (’Yoont) wg(t) =—q?2 €ZGW g+1(tq 1), p € Z,

Tei0 (0c0,t) vz(t) = ei‘gtq%(l - t_2)vp+1(tq), D € ZL>o,
Tei0 (0o t) wg(t) = ei‘gtq%(l — 16_2)102(75(])7 pEZ.
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Proof. To see that for [t| > 1 we have vf(t),w%(t) € D(Q) we pro-
ceed as in the first paragraph of the proof of Proposition 4.2. Note that the
commutation relations of Corollary 3.9 suggest that the operators mgio (oo t)
and 70 (Yoo,t), respectively muio(B8o0) and meie(0so,r), map eigenvectors of
Teio (Poo,t) into eigenvectors of meio(poo,i/q), Tespectively meio(poo,tq), With a
possible g-shift in the eigenvalue. However, this is not sufficient since we do
not have a priori estimates implying that 7o (eo,t) 09 (t) € D(meio (Pos,t/q))-
So we have to prove it in a direct manner.

Let us prove the first two statements. From Proposition 2.1 and (3.13) we
get

1 1 .
meio (Qoot) €k = a2V 1+ q 2 ey +¢2 e ey
so that we get, using the notation of Proposition 4.1,

oo
Teo () D MVt

k=—o0

ST qEe T+ @RV (a3t) + ¢ R V(s t) ber,

k=—o0

for x = —¢*"/t, p € Z>o, or x = tq*", p € Z. We use (2;q)oc201(a,b;0;¢q,2) =
(bz; @) o101 (b; b2; ¢, a2), see [17, (1.4.5)], to evaluate the term in curly brackets.
So in terms of a 9(pp-series we have
1
Vk(l‘; t) _ (_q2—2k; q2)goq%k(k+l)(_t>—k
(Pt ) =, - 5 L
(q2t72;q2)00 2§11 0 g, —¢q n .

The contiguous relation 21 (agq, b; 0; ¢, 2)—a¢1 (a, b; 0; ¢, 2) = az(1—b)a¢1 (ag, byg;
0;q, z), see [17, Exercise 1.9 (ii)], gives

1 t
V14 @226V (v5t) + ¢ FtVi(ast) = ¢ R ———Vi(zq 'itg ")

1—q2t 2

for |z| < |t|g~2, and which is valid for  # 0 by analytic continuation. This

gives
oo
Teio (oo, t) Z eV (x5t) ey,
k=—oc0
1 4.1 1wt %6 1., -1
=g2e ! = Z eV (zq 5t ) ex,
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for z = —¢?Pt™!, p € Z>o and x = t¢**, p € Z, which is the desired result for
Teio (Qoo,t)-

The statements for 7, (d00,¢) follow from the ones for m o (aso ) already
proved and Proposition 4.1. From the factorisation in Corollary 3.9 we get
Teio (000, tq—1)Teio (Qoo,t) = tTeio (Poo,t) + 1. Hence, the result for meio (doo,) fol-

lows for [t| > ¢~

The result for [¢t| > 1 follows by component wise analytic
continuation in t.

Next we consider o (Voo,t). This derivation is completely similar to the
one for mis (oot ), but now we use 2¢1(a, b; ¢; ¢, 2) — (1 — a)a2p1(ag, b; ¢;q,2) =
aspi(a, b;c;q,qz), which is directly verified. The statements for o (8s0,t)
follow from the ones for 70 (700,¢) together with the factorisation in Corollary

3.9. O

8§4.4. The Haar functional

In Remark 2.11 we have defined h(T) € [0,00] for any decomposable
bounded operator acting on L?(T;¢%(Z)) such that T'(e?)Q? is of trace class.
We want to give an explicit form for the sesquilinear form (&1, &2) = h(m(£5¢1))
per bi-K-type in the Cartan decomposition of Theorem 3.6 for the case s — co.
We have to adjust the definition of the sesquilinear form in order to apply it
to sufficiently decreasing functions in Theorem 3.6. For a formal element of
the form ¢ = I‘l(fgl(oo, t)9(poo,i) for a bounded continuous function g on the
spectrum of 71 (peo,t) We define the corresponding quadratic form by

(€,€0) = h(g(m(poe.))m(Lf), (00, ) T, (00, ) g (m(poc.r)))-

By (4.1) and (3.20) we regard the operator in parentheses as a decomposable
operator for suitable functions g and we assume it satisfies the conditions of
Remark 2.11. For a,b > 0 and cd > 0 we put for functions f and g

oo(c) - iy ¢, — 2. d; 2 o
6 = [ e e

provided that the g-integral is absolutely convergent.

Theorem 4.5.  Let g be a bounded continuous function on the spectrum
of T1(poo,t), and 1l € (1/2)Z>o, m € {—1, =1+ 1,... 1}, |t| > ¢~'. Assume that

§(mein (poc.))mein (T, (00,1) T, (00, 1)) 9 (meio (poc.1)) Q°
is of trace class on (*(Z). Then

(€W,6M) =Cilg, 9) ™, (€D,€P) = Calg, g s
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(€D, 63) = Ca(g, ghpaiat s (€6 = Culg, 9yttt s oo

for positive constants C; independent of g.

Proof. We have 70 (Fl(fr)n(oo,t)*l"l(fgl(oqt)) = Cipg?(wew (Poo,t)) as an
unbounded operator defined on D(Z) by (3.20) and Proposition 2.1 for explicit
polynomials p;) of degree 2]. We can now use Proposition 4.1 to extend this op-
erator to an unbounded self-adjoint operator for [t| > ¢~!. The last statement

is a consequence of Corollary 4.3. O

Remark 4.6. (i) The sesquilinear form in (4.7) is positive semi-definite
if ¢?d/c < 1. For i = 1,2 this condition is satisfied. For i = 3 we need
g22Atem g2

of the quadratic form in Theorem 4.5. To explain this phenomenon we note

2—4m < t2

and for ¢ = 4 we need ¢ for positive semi-definiteness

that in general

(4.8)  Trlee(z (9(meso (poc,e) oo (T}, (00, ) T\ (00, 1)) g (eio (poo.t) ) Q2)

is not equal to the square of the Hilbert-Schmidt norm of the operator S with
S = T (Fl(fgl(oo,t))g(ﬂew (Poo,t))@. First of all, the trace is not cyclic for
unbounded operators, cf. Remark 2.11. Secondly, it is not true that, under
the conditions of Theorem 4.5, S extends to a bounded operator on ¢?(Z).
Initially, S is only defined on {v € D(Z) | g(7eio (Poo,t))v € D(Z)}, which does
not even have to be dense in ¢?(Z). However, if we assume that S and also
T = SQ~' are defined on finite linear combinations of the orthogonal basis
of £2(Z) given in Proposition 4.1, and then have an extension to a bounded
operator on ¢?(Z), then (4.8) indeed equals the square of the Hilbert-Schmidt
norm of S, and positivity follows. Let us consider the case ¢ = 3, the other
cases are similar. By Propositions 4.1, 4.4 and (3.16) for s = co, we see that
we can caleulate Tvf (t) and Tw!(t) explicitly for [t| > ¢' 2. From this we can
determine conditions on g that imply that T extends to a bounded operator
on (?(Z), e.g. it suffices to consider compactly supported g with 0 & supp(g).
For such g we can also extend S to a bounded operator on ¢?(Z), since we can
estimate the growth of [|Quf(#)|| and |[|Qub(t)|| from Lemma 4.2. Note that
t| > ¢*~2 implies [t|> > ¢?~2F2™ since |m| <.

(ii) In case ¢*d/c < 1, (-, >Z§ gives an inner product. The corresponding
Hilbert space is a weighted L2-space, on which the big g-Jacobi function trans-
form lives, see [29] and Section 6 for a quantum group theoretic interpretation.

Remark 4.7. It would be desirable to interpret the elements
W(Fl(’?n(oo, t))g(m(poo,t)) in Theorem 4.5 in terms of affiliated elements for the
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C*-algebra 7(Co(X) X, Z) or more generally, in terms of regular operators for
Hilbert C*-modules, see Woronowicz [66] for the notion of affiliated elements
and [43], [38] for regular operators. This would give rise to an interpretation
of 1"1(3)71(007 t)9(poo,t) as a uniquely defined element affiliated to the C*-algebra
Co(X) %X, Z, see Kustermans [38]. In general this seems not to be possible
due to the fact that the density requirements in either the definition of affili-
ated element in [66] or in the definition of regular operator in [43] is not met.
Let f € C.(Z;C(X)) such that it is supported in precisely one point. It is
straightforward to check that multiplication by w(f) is a regular operator of
the C*-algebra m(Cy(X) x, Z) viewed as a Hilbert C*-module over itself, see
Lance [43, Chapter 9] and Woronowicz [66, Section 3.C]. However, it is not
clear if this remains true for f € C.(Z; C(X)) supported in more that just one
point, such as for f corresponding to 7(peo,t)-

Moreover, it is also unclear that for functions g € Co(R) the operator of
multiplication by g(7(pso,)) is a multiplier of the C*-algebra m(Co(X) x, Z).
The problem is that it is not clear if this multiplication operator preserves the
C*-algebra m(Co(X) X, Z). However, in this particular case s = oo, estimates
can be obtained that show that ¢g(m(peo)) € m(Co(X) x; Z) for g finitely
supported on the spectrum.

§5. The Haar Functional on the Algebra Generated by ps+

In this section we calculate explicitly the Haar functional related to the
Cartan decomposition of Theorem 3.6. The result is given in terms of a non-
compact analogue of the Askey-Wilson measure, and it is obtained using the
spectral analysis of 7.0 (ps¢) and (2.17). This operator is considered in two
invariant complementary subspaces V() and W¥(t) of ¢2(Z). The spectral
decomposition of 7 (ps) on VO(t) is obtained using orthogonal polynomi-
als and is analogous to [32, Section 6]. On WPY(t) the spectral analysis is
related to the little g-Jacobi function transform. Matching these two results
involves non-trivial summation formulas for basic hypergeometric series. The
main new summation formula has been proved by Mizan Rahman, and its proof
is presented in Appendix B. Recall the basic assumption that s and ¢ are real

parameters, and we also assume that |s|, |t| > ¢~1.

§5.1. Spectral analysis of meio (ps,t)|ve ()

In this subsection we calculate the spectral measure for meio(ps,t)|ve (s
which is a bounded operator that can be viewed as a Jacobi matrix. This
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enables us to link it to the Al-Salam and Chihara polynomials. The analysis
in this part follows [32, Section 6].

The operator 7o (ps,) is an unbounded five-term recurrence operator in
the standard basis {ey, | k € Z} of £?(Z) densely defined on D(Z) by Proposition
2.1 and (3.11). We can extend the domain of me(ps:) to D(Q?), since ps+
consists of quadratic elements in the generators « and «. Since Ug(t) € D(Q?)
for |t| > 7! we see that mee(ps,¢)vl(t) is well-defined. It follows from (3.21)
and Proposition 4.4 that w6 (ps,) is a three-term recurrence operator in the
basis v} (t), p € Zz>o;

(5.1) 2meio (ps,e)vy (8) = —qe® (1 — ¢* 24 2)up 1 (1)
+q1+2pt_1(8 + s_l)vf,(t) — q_le_%e(l — q2p)vgfl(t).
Note that 70 (ps,¢)|ve (1) is a bounded operator. By going over to the orthonor-
mal basis f, = (—e??)Pv0 (1) /|06 (#)||, p € Z>0, see Proposition 4.1, we obtain
(5.2) 2meio (ps.)fp = apr1fprr +0pfp +apfo-1, P € Lxo,
ap = (1=t 2)(1—¢?%),  by=q"Pt7 (s +s7),

which is, by Favard’s Theorem, a three-term recurrence for orthonormal poly-
nomials since [t| > 1. Note that ag = 0, so that (5.2) is a well-defined operator.
The spectral measure can be determined completely in terms of the orthogo-
nality measure of the corresponding orthonormal polynomials, see e.g. [1], [31],
[32], [58]. The polynomials can be identified with the Al-Salam and Chihara
polynomials.

We recall that the Al-Salam and Chihara polynomials, originally intro-
duced by Al-Salam and Chihara in [2], are orthogonal polynomials with respect
to an absolutely continuous measure on [—1, 1] plus a finite set, possibly empty,
of discrete mass points as established by Askey and Ismail [3]. The Al-Salam
and Chihara polynomials are a subclass of the Askey-Wilson polynomials by
setting two parameters of the four parameters of the Askey-Wilson polynomials
equal to zero, see Askey and Wilson [5], or [17, Chapter 7].

The Al-Salam and Chihara polynomials are defined by

q ™, ae“", ae” W
34,9 ) -

(5.3) Sm(costh;a,blq) = a”™(ab; q)m 32 ( ab. 0

Let Sy (x;a,b|q) = sm(x;a,blq)/+/ (¢, ab; @)m denote the orthonormal Al-Salam
and Chihara polynomials, which satisfy the three-term recurrence relation

(5.4) 22 Sp(z) = apt1 Sny1(z) + ¢"(a 4+ b) Sp(z) + an Sn—1(x),
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an =+/(1—abg"~1)(1 - ¢").

We assume ab < 1, so that a, > 0. Since the coefficients a, and b, are
bounded, the corresponding moment problem is determined and the orthonor-
mal Al-Salam and Chihara polynomials form an orthonormal basis of L?(R,
dm(-;a,blg?)), with dm(-;a,blg?) the normalised orthogonality measure. The
explicit form of the orthogonality measure is originally obtained by Askey and
Ismail [3], and it is a special case of the Askey-Wilson measure. Since the
Askey-Wilson measure is needed in the next subsection we recall it here, see
[5, Section 2], [17, Chapter 6]:

(5.5)
/p(x)dm(x;a,b, ¢, dlq) =
R

g . 1
O)w(e?) do + — )
h027r/0 p(cosQ)w(e™) d —|—h0 ;p(xk)wk

Here we use the notation w(z) = w(z; a,b, ¢, d|q), ho = ho(a, b, ¢,d|q) and

(abed; g) oo
(g, ab,ac,ad, be,bd, cd; @)oo’

(56) hO ((l, bu C, d‘q) =

(#*, 2% @)oo
(az,a/z,bz,b/2,cz,c/z,dz,d]2;q) o’

and we suppose that a, b, ¢ and d are real or a = b, and ¢,d € R and such that

w(z;a,b, c,d|q) =

all pairwise products are less than 1. The sum in (5.5) is over the points xj of
the form p(eq®) = (eq® + e~1q~*)/2 with e any of the parameters a, b, ¢ or d
whose absolute value is larger than one and such that |e¢®| > 1, k € Z>q. The
corresponding mass wy, is the residue of z — w(z)/z at z = eg®. The value of
wy, in case e = a is given in [5, (2.10)], [17, (6.6.12)]. Explicitly,

(5.7)  wi(a;b,c,d|q) = (67 )
' RS H S (q,ab,b/a,ac,c/a,ad,d/a;q)s

(1—a2%¢**)  (a?, ab,ac,ad;q)x q \*
(1-a?) (q,aq/b,aq/c,aq/d;q)x (abcd)

The orthogonality measure for the Al-Salam and Chihara polynomials is ob-

tained by taking ¢ = d = 0 in (5.5), so dm(-;a, blq) = dm(-;a,b,0,0|q).

Now compare (5.2) with (5.4) in base ¢* with a and b replaced by gst—!
and gs~'t~!. This shows that we can realise meio(ps:)|ve(r) as a multipli-
cation operator on the weighted L2-space corresponding to the orthogonal-
ity measure dm(-;gst—!, gs~ ' 1|¢?) using the unitary isomorphism V?(t) —
L2(R,dm(-;qst™!, gs71t71|¢?)) mapping f, to the corresponding p-th orthonor-
mal polynomial S, (+; gst ™1, gs71t1|¢?), see e.g. Akhiezer [1, Chapter 1], Simon
[58]. This proves the following proposition.
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Proposition 5.1.  Let s,t € R with |s| > 1, |t| > ¢~*. The spectrum
of the bounded self-adjoint operator m.io(ps.t)|veq) consists of the continuous
spectrum [—1,1] and the finite discrete spectrum, possibly empty, {q*+?kst=1 |

"t st > 1, k € Zxo}. Eaplicitly, with f, = (—e*?)Pud (1) /|05 (#)],

<7"ei9 (pS,t)fna fm>
:/x(SnSm)(x;qst_l,qs_lt_llf)dm(x;qst‘l,qs‘lt_l\ff)-
R

Proposition 5.2.  Let s,t € R with |s|,|t| > ¢! and let P be the or-
thogonal projection onto V(t) along the decomposition (2(Z) = VO (t) @ W(¢).
Then PQ?|voy: VO (t) — VO(t) is bounded. Let f be a continuous function
on the spectrum of Teis (ps.t)lve ), and assume that f(meie (ps,t)\ve(t))PQQ 18
of trace class on VO(t). Then its trace is integrable over [0,27] as function of

0 and
1 2 5
2/, Trlyo ) (f (meio (ps,i)lve(r)) PQ™) dO

(1— /)1 - e+20)
/fcose (2 — 1)(1 — Zetif)(1 — Leki)

qs q
X8W7<t25q27 1 :th’St i197q q ) do

Ly mleselbasel?) 1

2
k€Z>o,|q T2k s/t|>1 ho(gs/t, q/st, qt/s, qstlg?) 1

where p(z) = (1/2)(z + 27Y). The +-sign means that we have to take all
possibilities.

The positivity of the weight for the discrete mass points in Proposition 5.2
follows from

—1 wi(gs/t;q/st qt/s, qstlg®)  (¢*HFs? —12)q 2 2F
1—q? ho(gs/t,q/st,qt/s,qstlg®) (s> =12 —1)

using (5.6), (5.7). For |¢**2*s/t| > 1 this is positive.

Note that in the sWr-series, see Section 1, a lot of cancellation occurs,

¢
q4s 0 95 —i0 4 0 9 —io. 2 2
W 2 v —e =", =e7";

8 7(t27q’t at ,St ,St 7QaQ)

1— 22tk
1—1¢t2¢2

o0

k=0
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(1—22e)(1— Lem)(1— Le¥)(1 — Le ™) ok
X (1 — 4%:1561'9)(1 _ q2k:1567i9)(1 _ q2:t+1 61.9)(1 _ q2§:1 671‘9)(]

This can be used to integrate the function f = 1 explicitly over the interval
[0, 7] in Proposition 5.2.

Proof of Proposition 5.2. Since (4.2) implies

<Q2U791 (t)7 v%(t» S Cqm-&-n’

ez
[EANCA s £z

using that Q2 is self-adjoint and that v¢(t) € D(Q?) for [t| > ¢, it follows
that PQ2|Ve(t) is bounded. The rest of the proof of Proposition 5.2 is com-
pletely analogous to the proof of [32, Proposition 6.3], see also the proof of
Proposition 5.4. Use Proposition 5.1 and (4.2) to calculate the trace formally
as a double sum involving an integral of a product of f and two Al-Salam and
Chihara polynomials. Since the -dependence in Tr|yo ) (f (7o (ps,e))Q?) is
easy, integration over [0, 27| reduces to a single sum. Interchanging summation
and integration gives an integral involving the Poisson kernel for the Al-Salam
and Chihara polynomials. This can be justified using the same estimate as in
the beginning of the proof and the asymptotics for the Al-Salam and Chihara
polynomials, see [3, Section 3.3]. The Poisson kernel for the Al-Salam and Chi-
hara polynomials is given in terms of a very-well-poised gp7-series by Askey,
Rahman and Suslov [4, (14.8)], see also [20, Section 4] and [62] for other deriva-
tions. The very-well-poised gyr-series is summable for points in the discrete
spectrum. See [32, Section 6] for details. O

§5.2. Spectral analysis of i (ps,t)|we(s)

In this subsection we calculate the spectral measure for m.io(pst)|we (s
which is an unbounded operator that can be viewed as doubly infinite Jacobi
matrix. The operator has been studied by Kakehi [21], Kakehi, Masuda and
Ueno [22] in connection with the spherical Fourier transform on the quantum
SU(1,1), i.e. corresponding to the Cartan decomposition of Theorem 3.6 for
the case (s,t) = (0c0,00). This is the little g-Jacobi function transform, and it
is discussed in Appendix A.

As in the previous subsection, cf. (5.1), we can apply meie (ps,¢) to wh(t) for
[t| > ¢~'. From (3.21) and Proposition 4.4 we see that 7 (ps.¢) is a three-term
recurrence operator in the basis wg(t), p € Z, of WO(t);

(5.8) 2mgio (ps,t)wg (t) = —qe*?(1 + q2+2p)wg+1 (t)

—q' T ?Pt(s + S_l)wg(t) — q_le_%e(l + t2q2p)w§71(t).
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By going over to the orthonormal basis f_, = (—e*?)Pwf (t)/||wi(t)[], p € Z,
see Proposition 4.1, we obtain
(5.9) 2meio (ps,t) fp = apr1fpr1 + bpfp + apfp-1, pEL,

iy = VITEFOAFED), by = g t(s + 57,

This is an unbounded symmetric operator that has been studied in [21], [22],
see also Appendix A, Theorem A.5. So the spectral measure of the operator
Teio (Ps,t)lwe(p) is determined in terms of little g-Jacobi functions.

Put
—1,-1 —-1,-1_-1
qs~ tTz,q5" "tz
P (255, tlq%) = 2001 < fs? ;q2,—q2”> ;
1 —1
r=p(s) = 2 (=427,

for the little g-Jacobi function adapted to our situation, see Appendix A for its
definition in case n < 0. Put, cf. (A.13),

C1m1yn (5P 6%) s

?72":¢%)

b

so that the little g-Jacobi function transform is given by

oo oo

(gu)(x): Z wn¢n(z;37t|q2)un7 U= Z Unfnewe(t)v

n=—oo n=—oo

initially defined for finite sums and extended to W?(t) by continuity, see Ap-
pendix A. In order to describe the spectral measure we introduce the following
measure

(5.11) / F(x) do(a; 0, b dlg) = ho(a, b, q/d, dlg) / J(2) dm(z:a.b,q/d, dlg)
(25a,b,4/d,d|q)

+ Z f(:u‘(dq_k))ReSz:dq*k v

kEN z
using the notation of (5.6). Observe that
~a.b d.d _d2(k—l) —k(k—-1) 1— 292k
(5.12) Resz:dqfkw(zya, q/d;dlg) _ “ g q )
z (¢, 9, adq™",bdq=", aq" /d, bq"* /d; q)o

by a straightforward calculation, wich equals —wy_1(¢/d; a, b, d|q) using (5.7).
It follows that this measure is supported on [—1, 1] plus a finite, possibly empty,
set of discrete mass points of the form {u(eq®) | k € Zxo,|eq"| > 1}, where e
is a or b, plus an infinite set of discrete mass points of the form {u(dg=") | k €
Z,|dg7*| > 1}.
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Remark.  The measure dv(z;a, b; d|q) defined in (5.11) is positive for ab <
1, ad < 0, bd < 0 or for a, b in complex conjugate pair with ab < 1, and
has unbounded support. The measure in (5.11) can be obtained from the
standard Askey-Wilson measure by a limiting procedure; consider the Askey-
Wilson measure with parameters a, b, cg' and dg~', and let [ — oo. The
parameter ¢ disappears in the limit. Then we formally obtain the measure of
(5.11), and in this way we formally obtain the little g-Jacobi function transform
as a limit case of the orthogonality relations for the Askey-Wilson polynomials.
In the corresponding quantum group theoretic setting this corresponds to the
limit transition of the compact quantum SU(2) group to the quantum E(2)
group of orientation and distance preserving motions of the Euclidean plane.
In that case, (5.11) gives an expression for the Haar functional on a certain
subalgebra, and Z labels the representations of the quantum group of plane
motions, see [23, Chapter 3].

The results of [21] on the little g-Jacobi function transform imply the
following proposition, see also Theorem A.5, case (3).

Proposition 5.3.  Let s,t € R with |s|,|[t| > ¢~'. The operator
Teio (ps,t)lwor) is essentially self-adjoint and its spectral decomposition is given
by

<7Tei9 (psyt)fna fm> = CAanwm (¢n¢m) (I; S, t‘q2) dl/(:c; q/st, qt/s; _q5t|q2)

with C' = (¢?s72, =1, —q¢% ¢*)%,. The support of dv(-;q/st,qt/s; —qst|q?) is the

spectrum of meio (ps.t)|wo t)-

Proposition 5.4.  Let |s|, |[t| > ¢!, and assume s*t*2 & ¢*2. Let f be
a continuous, compactly supported function on the spectrum of m.ie (ps7t)|W9(t)7
integrable with respect to the measure dv(-;qs— 1t~ qts™1; —qst|q®), and such
that f(mgio (ps7t)‘W9(t)) (1—P)Q?, with P as in Proposition 5.2, is of trace class
on WO(t). Then

0 — Trlyo ) (f (meio (pse) lwo) ) (1 — P)Q?)

is integrable over [0, 27| and

1 27
o TT|W9(t)(f(7Te'i9 (ps7t)‘W9(t))(1 - P)Q2)d9
0
2.2 —1.— 2. .2)\2
SpChm g / F(@)Ry-2 (@ 5,tlq) dv(w;qs~ 1" qts ™ —qstle?)
R

1—t2



668 ERIK KOELINK AND JASPER STOKMAN

where Ry (z;s,t|q?) = > oo u™w2|gn(; s, t|q?)|? is absolutely convergent for
u = q~2, uniformly for x in compacta of the support of dv(-;qs~t=1, qts™1;
—qstlg?).

Proof. Using f_, = (—e*?)Pwi(t)/||wf(t)|| and the spectral decomposi-
tion of Proposition 5.3 we calculate the trace as

(513) Tr‘WG(t)(f(ﬂ—ew (ps7t))Q2)

oo

S R /e R S G o

CEMORTING)
[, Ol O]

x / F(@)bn (2)dm () dv(as g5~ ¢ qts™; —gstlg?).
R

= (¢°s~

Wn W

Note that by symmetry in n and m, since Q? is self-adjoint and w? (t) € D(Q?)

for |t| > ¢, we may restrict to n < m. We estimate the double sum

6
> 2% i, _"Eg|)|>w"wm¢’n<f>¢m<x>|

||||w
n=—o00 m=n

and this suffices for most points of the spectrum. The weight function is only
needed for the cases z = £1.
Using (4.5) we obtain

(@ w?, (), w?,,(t))
lw?, (8) [, (£

|St|7n7m( t2q2 2n7q )

1=1t72 (=¢*7"¢%)ws
Clts|™™ ™, n <0,
Cl|t/s|™|st|~™,n >0,

wnwm‘ =

using (5.10) and (2.9). From the definition of ¢y, (+; s, t|¢?) it is immediate that,
for x in compact subsets of supp(dv), |én(+;s,t|¢g?)| is uniformly bounded for
n > 0. Hence, the Y 2 > >_  part of the double sum can be majorised
by CY 07 o> |st|=™[t/s|™ < oo, uniformly for z in compact subsets of
supp(dv).

It remains to consider 22:700 > .. For this we have to estimate
bn(x;8,t|g?) for n < 0 for z in the support of the measure. Using the c-
function expansion, see [17, (4.3.2)] or (A.10), or e.g. [21], [22], [29], we find
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(5.14)

1
Pn (5(2 +27Y; s,tqz) =c(2)®n(2;8,t;¢%) + c(z7 (27 s 8,85 ¢7),

( ) (qt/SZ, q/8t27 _qZ/Sta _qSt/Z7 q2)oo
cl\z)= )
(2_27 q2/827 _17 _q27 q2)oo
qz\ " qz/st,qzs/t 5 5 9 9
P, (25,1 2 :(—> g7, —t "

’”«( |q ) st 2¥1 q2Z2 q q
for 22 ¢ ¢?%. See also Section A.2 for the definition of ®,,(z;s,t|¢?) in case
[t2¢>~2"| > 1. For n sufficiently negative we can estimate ®,(e¥;s,t|q?) by
|st/q|™ times a constant for 0 < ¢) < 7 by continuity. Hence, for n,m < 0 we
get, using that (2%, e=2"; ¢?), is part of the weight function of the measure,

(€2, €5 %) oo (cos 15 5, 8|q%) i (cos s 5, 8|¢%)| < Clst/q|" ™.

So, on the interval [—1,1] the sum Z?l:_oo S, after multiplication by
(e*?¥; ¢?) o, is estimated by

0 0 oo
Z qg " (Z qg "+ Z |st|_m> < 00.
n=—oc m=n m=0
This deals with the convergence of (5.13) on the absolutely continuous part.

For the discrete part we observe that for z; = tq**?% /s, k € Z>o, |2x| > 1,
or for z, = —stq™1 2% k € Z, |z1] > 1, we see that c¢(z;) = 0 and by (5.14)
|pn (p(21))| < Clg/stzg|~™ for n < 0. This estimate then shows that the double
sum is absolutely convergent, and uniform for x in compact subsets of the
support of the measure. Note that we have used s2/t2,5%t? ¢ ¢** to avoid
zeroes in the denominator of the c-function of (5.14) at z = z.

The above proves that the double sum in (5.13) is absolutely convergent.
Since the estimates are uniformly in 8, we see that

0 = Tr|yo (o) (f (Tero (ps,0) lwo ) (1 — P)Q°)
is integrable over [0, 27] and moreover that we may integrate term by term in
(5.13) and interchange summation. This gives using Lemma 4.2,
1 2 9
2 /. Trlwo sy (f (Teso (ps,)lwo ) ) (1 — P)Q7) df
(¢®s% -1, -¢% ¢*)%
(1—t72)

o0

></f(ﬂﬁ) D a T wildn(wss, tlg?)P dv(wigsT T gts ™ —gstlg”)
R

n=—oo
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which is the expression stated.

Using the explicit form of R, (z;s,t|¢?) and the estimates already in use
on the little g-Jacobi functions we immediately obtain that the sum in R,-»
is absolutely convergent both for x in the absolutely continuous part and for
x in the discrete part of the measure dv(-;qs~'t=1 qts~!; —gst|q?), and even
uniformly for  in compact subsets of the support of the measure. O

§5.3. The trace of f(meie(ps,t))Q?

We calculate the trace of f (.0 (ps,+))@? in this subsection and we integrate
the result over [0,27]. This gives the Haar functional on f(ps,), see Remark
2.11, as an explicit Askey-Wilson type integral with unbounded support of the
form (5.11).

Since f(mqio(ps,t)) preserves the decomposition (2(Z) = VO(t) @ WP (t)
arising from Proposition 4.1 we have that

Tr'EQ(Z)f(We“’ (ps7t))Q2
= Tr[yo () f(meio (ps,0)) PQ? + Trlwo 4y f (eio (ps,)) (1 = P)Q?

under suitable conditions on f, cf. Propositions 5.2 and 5.4. In order to sum
these two expressions using Propositions 5.2 and 5.4 we first have to sum the
kernel R, introduced in Proposition 5.4. The summation formula needed is
stated in the following lemma, which has been proved by Mizan Rahman. The
proof is presented in Appendix B.

Lemma 5.5 (Mizan Rahman).  We have for |s|, [t| > 1, satisfying st &
+¢ ",
Ry-2(cos 5 5,t]q”)
(% ¢% —g*2s, —t7272 gle gle T g?)
(s72,¢%572,—q2, —1, gste’¥, gste~"¥; ¢?)
(%2, q‘%e“", q3§e*“/’, %ew, %e’w, @ste’ @Bste™ ™V, —gste™ | —qste™ ¥ ¢?) oo

(=1, =%, —q2, —1,¢%e?¥  q2e=2¥ gste¥, gste= ™, %572, ¢?) oo

_ieiw7 _iefiw; 2 t . t X i X
S st e sW+ <q2t2;q2,q—ew,q—e_“p,qste“",qste_w;q2,q2>
S S

(®s72,¢"*1¢*) oo
and it remains valid for the discrete mass points of the measure in Theorem
5.3, i.e. for eV = —stq' =% k€7, | — stq*7%F| > 1. Eaplicitly,

Ry (u(—stq*=2*); s, t|¢?)
(q2 q2 —q2t282 —t_28_2 —q2_2kt2 _q2krs—2.q2)oO
(s72,¢%572, =% —1, —¢*72ks2t%, —¢*; ¢%) oo
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Rahman’s lemma gives the explicit evaluation of the Poisson kernel cor-
responding to the little g-Jacobi function in one specific point v = ¢~2. Note
that the explicit expression for R,-=(u(—stq'=2*); s, t|¢?) follows from the fact
that the second term in the general expression vanishes since the factor in front
of the gWr-series is zero and the gWr-series is non-singular for this value.

The condition st & £¢~ ensures that the right hand side in Lemma 5.5
does not have simple poles for 1) = 0, or ¥ = 7. In the subsequent application
of Lemma 5.5 we multiply the result by the weight function as in Proposition
5.4, which cancels the poles.

Theorem 5.6.  Let [ be a continuous, compactly supported function on
the spectrum of mee(psy) and assume that f(mgo (ps,)lve)) PQ? is of trace
class on VO(t) and that f(meie (ps,e)lwo ) (1—P)Q? is of trace class on WO(t).
Let |s| > [t| > ¢71 and s*tF2 & ¢°Z, then

1 27
E/o Trl2(z) (f (oo (ps,t)) Q%) d9:C/Rf(l") dv(x;qs/t, qt/s; —qst|q?),

(¢ =%, —¢*s™ 2, =12, —*t ™%, ¢*) s

¢= 2 —1)(s>—1)

where the measure is defined in (5.11).

Remark.  Note that the right hand side is symmetric in s and ¢ and
invariant under (s,t) — (—s, —t). Since 7o 0 1) = T, on A,(SU(1,1)) and
Y(ps.t) = p—t,—s with ¢ defined in Remark 3.3 we see that the left hand side is
also invariant under (s,t) — (—t, —s). So the condition |s| > [t| is not essential.

Proof. Propositions 5.3 and 5.1 imply that the discrete spectrum of
f(meio(ps,e))lwe ) and the discrete spectrum of f(meio(ps,t))|ve(:) do not over-
lap, but the continuous spectrum is the same in both cases. We consider the
continuous and discrete spectrum separately.

Let us consider the absolutely continuous part on [—1,1] first. Using
Propositions 5.2 and 5.4 we have to consider

(5.15)

(1—¢?/t?) (1 — e2¥) W ¢ a5 xip 4 iy, 2 2
(2 —1) (1— Lexib)(1— Leziv) 77 s 74

t_Qaq ) t t )
(@®s % =1, —a% "3 Ry-2(costss, tlg®) (e ¢°)o

(1—-¢2) (qei’i”’ qte®iv —gstetiv, — qesit“” 142 oo ’

st ) s ) )

+




672 ERIK KOELINK AND JASPER STOKMAN

where we have also used (5.11) and the +-signs means that we have to take
two terms, one with + and one with —. Now we can use Lemma 5.5 to write
R,—2 as a sum of a very-well poised gWr-series and an explicit term of infinite
g-shifted factorials. The two very-well poised gWr-series can be summed using
Bailey’s summation formula see [17, (2.11.7)]. In this case we write Bailey’s
formula as, cf. [32, p. 413],

(1 —ab)(1 — eF2¥)
(1 — aeT@)(1 — beti?)
1— 2 b)(1 — +2i1) ) ]
_i ( q/a )( c : ) 8W7 q_aq7 gCilw? geinLq
ab (1 — gt /a)(1 — qe*¥ /b) ab’ " a b

_ (ab,q/ab, aq/b,bq/a, q, 45 ) oc (€ @)oo
(ae*™, betiv, gtV [a, g™ [b; q)os

SW7 (ab7 q, aeiid)? beii¢; q, q)

Using Bailey’s summation shows that (5.15) equals

(q27 q27 _q2t232> _t_28_27 _17 _q27 €i2iw; q2)oo
(=5 2)(L— 1) (gste®, L0, —gste= 0, — L ekiv; @)

_ (212, 2172, ¢ 2, ¢25%, ¢2, ¢, eF2¥; ¢?) oo
(qLeV, qste=i¥, q2ex, LeFiv; ¢2)
(@*,¢% e %)
(1 —t=2)(1 — s72)(gster?, %6:‘:“[’; e

% ((—q2t282, _t_28_27 _17 _q27 q2)00 (t_27 q2t27 CI2327 8_2; q2)oo)

(st —FF ) (e qleE i)

Use the notation ©(a) = (a,q?/a;q?)s for a theta-product in base ¢? and
S(a,b,c,d) =0(a)O(b)O(c)O(d) for the product of four theta products in base
¢%. The following identity for theta-products,

(5.16)  S(aAw/ v, pfv) = S(avia /v s, u/N) = §S(@p /2w, \v),
see [17, Example 2.16], can be used to rewrite the term in parentheses as
S(—1,—t72572 gse™ /t,qte'V [s) — S(t72,572, —qste’V, —qe™ /st)
S(—gste®, —qste=" qse'¥ /t,qse="¥ [t)
q i S(qelw/5t7 67iw/q5t7 _827 _t2)
=——c : . , .
st S(—qste™, —qste= " qse [t, qse~ ¥ [t)

_ 1 (qeii¢/8t7 qSteii¢7 _827 _q23_27 _t27 _q2t_2; q2)oo
S22 (gset V[t qtet ¥ [s, —qed i [st, —qsteFV; %) o
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by taking z = 1/st, u = ge®¥, A\ = —st, v = s/t. Plugging this in for the term
in parentheses we have evaluated (5.15) explicitly as
(q27 q27 _827 _q28_27 _t27 _q2t_2; q2)oo
(t2—-1)(s2-1)
y (21 ¢%)oo
(—deF, —gste ¥, g2etiv gletiv; ¢2)

o0

This proves the statement concerning the absolutely continuous part.

It remains to check the discrete mass points. Since |s| > |¢|, we only have
an infinite set of discrete mass points from Proposition 5.4 and possibly a finite
set of discrete mass points from Proposition 5.2. In case discrete mass points
arise from Proposition 5.2 we have to verify

—1 wi(qs/t;q/st, qt/s, qst|q?)
1 —q? ho(gs/t,q/st,qt/s, qst|q?)

and this is a straightforward calculation using (5.7) and the value for C. For

= Cwi(qs/t; qt/s, —q/st, —qst|q®)

the infinite set of discrete mass points arising from Proposition 5.4 we have by
Lemma 5.5 and (5.12)

(¢®s2,—-1,—¢% ¢*)? ok
e Ry (p(—stg! 72 )is,tlg?)

2(k—1) (o242, 24k _
1 q t q 2\ _ ¢ (s*t%q 1)
XReSz:—stq1*2k <Z w <Za EaQEa _gv _q5t|q >) = (t2 — 1)(82 — 1)

using (2.9). From (5.12) and (2.9) we also obtain

q2(k71)(52t2q274k _ 1)
(t2-1)(s>-1) ~’

so that we have the desired result for the infinite set of discrete mass points. [

s
CReSz:—stqlfmczilw Z;q_7q_7_i7_q5t|q2 =
t s st

It follows directly from (5.1) and (5.8) that the unitary operator T;(e®’) de-
fined by wh (t) — e~ 2P0 (t) and vg(t) — e~ 2000 (1) satisfies Ty (e")meio (ps,e)
Ty(e??)* = m1(ps,t). Note that Ty(e) is unitary by Proposition 4.1. So using
[15, Chapter I1.2, Section 6] we find that for a bounded continuous function f

27
(517)  f(pen)) = = [ F(ren(per)) d8 =Ty (id @ f(m(per))) Ty

a 27 0
T, = (1/27) fo% Ty () df, using L*(T;¢?(Z)) = L*(T) ® ¢*(Z) as tensor prod-
uct of Hilbert spaces, cf. (4.1). As before, T} commutes with multiplication by
a function from L?(T), so that f(m(ps:)) is decomposable. So we can apply
the Haar functional to it, see Remark 2.11.
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Corollary 5.7.  Let |s| > [t| > q7' and s*t*2 & ¢*2. Let f be a con-
tinuous, compactly supported function, such that f(m (ps:))Q? is of trace class
on (%(Z), then f(m(pst)) is a decomposable operator from B(L?(T;¢*(Z))) and

h(f(7(pss)))

(q2,q2,—s2,—q28_ ,—t2,—q t—2;q2)oo/ )
= dv(x;qs/t, qt/s; —qgst
(2 —1)(s2—1) Rf(m) v(z;qs/t, qt/s; —qst|q”)

with the measure defined in (5.11).

Proof. Since f(m1(pst))@Q? is of trace class on (?(Z), we have
f(mi(ps.t))PQ? as trace class operator on VO(¢) and f(m1(pss))(1 — P)Q?
as trace class operator on WO(t). Then f(mio(ps:))PQ? and f(meio(psit))
(1 — P)Q? are trace class operators on V9(t) and W?(t). Now apply Theorem
5.6 and Remark 2.11. O

85.4. The Haar functional

In this subsection we give the measure for the Haar functional on a specific
bi-K-type of the Cartan decomposition of Theorem 3.6. This gives an explicit
measure space of Askey-Wilson type. The Haar functional on bi-K-invariant
elements is obtained in Corollary 5.7.

In order to describe the Haar functional on the non-trivial K-types of
the Cartan decomposition of Theorem 3.6 we need to generalise the measure
dv(-; a,b;d|q). Define, cf. (5.6),

(22,272, qz/d, q/2d; )0
(rdz,rd/z,qz/rd,q/rdz,az,a/z,bz,b/z,cz, ¢/ q) 0o

Wi (20,0, ¢;dlq) =
and observe that it differs from the Askey-Wilson weight function by a quotient
of theta functions; W,.(z;a, b, ¢; d|q) = ¥, (2)w(z; a, b, ¢, d|q) with

(dz,q/dz,d/z,qz/d; q)eo
(rdz,q/rdz,rd/z,qz/rd; q) o

Pr(z) = = (u(2)).

The corresponding measure is defined in terms of the Askey-Wilson measure of
(5.5) by

(5.18) /Rf(m) dvy(z;a,b, ¢;d|q)

:ho(a,b,c,d\q)/Rf(m)z/?r(x)dm(x;a,b,c,d|q)
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- Wy (z;a,b, ¢;d|q
Y g rd)Res, g LrE b cidl)

z
k€Z,|rdg—F|>1

cf. (5.11). Note that any possible discrete mass points of the Askey-Wilson
measure at u(dg®), k € Zso, are annihilated by ¥, (u(dg*)) = ¥, (dg¥) = 0.
So the support of the measure defined in (5.18) is given by [—1, 1], where the
measure is absolutely continuous, plus a finite discrete set of points of the form
u(eq®), k € Zxq such that |eg®| > 1 for e = a, b or ¢ and an infinite discrete set
u(rdg®), k € Z, with |rdq¥| > 1. Note also that for r = —1, ¢ = ¢/d we obtain
the definition (5.11) of dv(; a,b;d|q) as a special case. Note that the measure
dvy-(+;a,b, ¢;d|q) is symmetric in a, b, and ¢. The measure dv,(-;a,b, ¢;d|q) is
positive if r < 0,0 <b<a<d/q,0<c<a<d/q bd>q,cd>q,ab<l,
ac < 1, where we assume that a is the largest of the parameters a, b and c. For
the general discussion of this measure we refer to [30].

For an element £(*) = 1"1(17)71(57 t)f(ps,¢) corresponding to the Cartan decom-
position of Theorem 3.6, we define the corresponding quadratic form

(€D,€Dy = h(F(m(ps))m(TL) (5, £) T (5,6) F(m(ps))-

By (5.17) and (3.19) we regard the operator in parentheses as a decomposable
operator for suitable f and we assume it satisfies the conditions of Remark
2.11, cf. Section 4.4.

Theorem 5.8.  Let f be a continuous, compactly supported function on
the spectrum of m1(ps.t) and l € (1/2)Z>o, m € {1, =1+ 1,... 1}, |s| > [t| >
q 1, s%tT2 ¢ ¢*2. Assume that

Fm(ps,))mi (TS (5,6 T (5,0)) f (m1(pss)) Q2

is of trace class on (*>(Z). Then we have for positive constants C; independent

of f,
(€D ey 01/ F (@) dv o (m Zq1+2l 2m7qt7ql+2l+2m X q2>
(€260 =Ca [ 1P v (302027 L 22 gt ).
(€3 B 03/ (@) dvope <x 0 tq1+2l om i2ttam gy 4 q2>

t
t
<£(4) 5(4 04/ ‘f |2 dv_ 1 <1, q- ql+2l+2m ql+2l Qm/st qsﬂq)

t’
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Proof. This is a direct consequence of Corollary 5.7 and (3.19), cf. the
proof of Theorem 4.5. o

Observe that the quadratic forms in Theorem 5.8 are not always positive
definite, cf. Remark 4.6.
The content of Remark 4.7 applies here as well up to some minor changes.

86. Spherical Fourier Transforms

In this section we give a formal interpretation of the Askey-Wilson function
transform as studied in [30] as a Fourier transform on the quantum SU(1,1)
group. Parts of these results only hold at a formal level, so this section mainly
serves as the motivation for the study of the Askey-Wilson function transform.
In this section we derive which symmetric operators on the function spaces
of Theorem 5.8 have to be studied and what are the natural eigenfunctions of
this operator to be considered. For the spherical case we calculate the spherical
functions and the related action of the Casimir operator. For the Fourier trans-
forms related to the other parts of the Cartan decomposition we only sketch
parts of the formal arguments.

§6.1. Unitary representations of U, (su(1,1))

The irreducible unitary representations, i.e. *-representations, of
Uy(su(1,1)), are known, see Burban and Klimyk [8], Masuda et al. [45], Vaks-
man and Korogodskii [61]. We are only interested in the admissible represen-
tations, i.e. we require that the eigenvalues of A are contained in ¢(*/?Z, that
the corresponding eigenspaces are finite-dimensional, and that the direct sum
of the eigenspaces is equal to the representation space. We now recall the clas-
sification, see Masuda et al. [45] and Burban and Klimyk [8] for a more general
situation. The irreducible admissible unitary representations act in ¢?(Z>g) or
in 2(Z), and we use {e,, } with n € Z>¢ or Z for the standard orthonormal basis
of £?(Z>g) or £*(Z). There are, apart from the trivial representation, five types
of representations; positive discrete series, negative discrete series, principal
unitary series, complementary series and strange series. The representations
are in terms of unbounded operators on ¢?(Z) or on ¢*(Z>o) with common do-
main the finite linear combinations of the standard basis vectors ey, cf. Section
2.1. We also give the action of the Casimir operator €2, see (3.2), in each of the
irreducible admissible representations. The Casimir operator is central, so it
acts by a scalar [A+(1/2)]? for some X € C, where [a] = (¢ —¢~%)/(¢g—q ) is
the g-number. The eigenvalues of A are contained in ¢° 7% fore = 0 or ¢ = 1/2.
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In the following list of irreducible admissible unitary representations of
Ug(su(1,1)) we give the action of the generators of U,(su(1,1)) on the or-
thonormal basis {er}, and the A € C corresponding to the action of Q@ and
e € {0,1/2} corrresponding to the set ¢°*Z in which A takes its eigenvalues.
We remark that the scalar [\ + 1/2]? and the eigenvalues of A determine the
irreducible admissible representation of U,(su(1,1)) up to equivalence.

Positive discrete series. The representation space is ¢?(Z>q). Let k €
(1/2)N, and A = —k, and define the action of the generators by

A- €n = qk+n€n7 D €n = q_k_n€n7
(= q)B-ep=q " n\/(l — @2nt2)(1 — gtkt2n) e,y
(¢t =q)C-en= _qf—k ”\/(1 — g2)(1 — g¥+2n-2)¢,

with the convention e_; = 0. We denote this representation by le . Now
e=1/2ifkel/2+Nande=0if ke N.

Negative discrete series. The representation space is ¢2(Z>g). The neg-
ative discrete series representation is T, = T} o ¢, where ¢ : U, (su(1,1)) —
Ug(su(1,1)) is the x-algebra involution defined by ¢(A) = D, ¢(B) = C. The
parameters A and ¢ are the same as for the positive discrete series.

Principal series. The representation space is ¢?(Z). Let A = —(1/2) + ib
with 0 <b < —(7/2Ingq) and € € {0,1/2} and assume (X, &) # (—(1/2), (1/2)).
The action of the generators is defined by

n—e

A'Bn:qn+s€n, D'en :qi €n,
_ Ll e i
(q 1 _ q)B cen=q 3—N—¢ 7.b(1 _ q1+2n+25+2zb) Cnils

_ 1 _ Y
(q 1 _ q)C’ cep=—q2 n €+2b(1 —q 14+2n4-2¢ 2zb) €n_1.

We denote the representation by fs In case (A, e) = (—(1/2),(1/2)) this
still defines an admissible unitary representation. It splits as the direct sum
Tf(1/2),(1/2) = T;}Q & Tl_/2 of a positive and negative discrete series repre-
sentation by restricting to the invariant subspaces span{e, | n > 0} and to

span{e, | n < 0}.

Complementary series. The representation space is £2(Z). Let € = 0 and
—1/2 < A < 0. The action of the generators is defined by

n

A'en:qne’m D-e,=q "epn,
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(@' —@)B-en=q "2 \/(1 — ) (1= ¢ enga,

(67 = Q)0 - en=—q " Hy /(1= M) (1 - g2n-2-2) ¢,y

We denote this representation by T,€o-

Strange series. The representation space is £2(Z). Let € € {0,1/2}, and
put A = —(1/2) — (iw/2Inq) + a, a > 0. The action of the generators is defined
by

A-e,= qn+5€n7 D-e,= q_n_€€n>

(q71 _ q)B ey = q—n—e—% \/(1 + q2n+2s+1+2a)(1 4 q2n+2672a+1) enil,

((fl _ q)C en = _qfnfer% \/(1 T q2n+25—1+2a)(1 + q2n+28—2a—1) €n_1-

We denote this representation by T;'i -

Remark 6.1.  The matrix elements of the irreducible admissible unitary
representations in terms of the standard basis {ej} satisfy (3.15) for (s,t) =
(00,00), and can be written in the form 1"1(’1‘7)71(007oo)g(poo,oo)7 where ¢ is a
power series and poo,00c = 77, cf. the Cartan decomposition of Theorem 3.6.
The corresponding power series have been calculated explicitly in [45], see also
[61], using the explicit duality between Ug(su(1,1)) and A,(SU(1,1)). The
power series is a o1-series, and can be interpreted as a little g-Jacobi function.
In the next subsections we compute explicitly matrix coefficients which behave
as a character under the left AY;, respectively right Y; A-action, and we identify
them with big g-Jacobi functions and with Askey-Wilson functions.

86.2. K-fixed vectors

In this subsection we look for (generalised) eigenvectors of Y,A €
U,y(su(1,1)) for the eigenvalue zero. For the discrete series representations
this involves the Al-Salam and Chihara polynomials. For the other series this
involves transforms with a opj-series as kernel, which can be considered as
Al-Salam and Chihara functions. For each of the series of representations of
U,(su(1,1)) we use the notation of Section 6.1.

Irreducible representations in (*(Z>o). For the positive discrete series
representation the spectrum of Y; A has been calculated in [31, Section 4] using
the Al-Salam and Chihara polynomials, see Section 5.1. From [31, Proposition
4.1] we conclude that zero is a (generalised) eigenvalue of T, (Y5 A) if and only if
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u(s) is in the support of the orthogonality measure dm(-; ¢**s, ¢** /s|q?), where
we use the notation of Section 5.1. Since |s| > 1 we have |u(s)| > 1, so this can
only happen if there exists a discrete mass point. As k > 0 implies |¢%*/s| < 1,

we have to have ¢2¢+2"

s = s for some n € Zx>q, which is not possible. We
conclude that in the positive discrete series we do not have eigenvectors of YA
for the eigenvalue zero.

It follows immediately from Section 6.1 and (3.6) that for the spectrum of

T, (YsA) we have to study the recurrence relation

(6.1)
((qg— q_l)Tk_ (Y;A) —s— s_l) “en =apen—1+byen+antient1, nEZL>o,

a, = q172k72n\/(1 —2n)(1 — gtktan-2) b = g2k (g 4 g,

In order to determine the spectrum we have to study the corresponding or-
thonormal polynomials = p,(z) = apn pn-1(z) + bp pr(x) + ant1 pryi(x). We
let

SN

2. 2
pala) = (-1 L
(q*;¢?)
so that P, (z) satisfies the recurrence relation

(L =¢"")Puga(2) = (—¢ (s +57") —2¢”) Pul) = (¢~ = ¢*"7?) Puoa(2).

P, (x),

Swol=

This is precisely the form of the Al-Salam and Chihara polynomials in base
q~? > 1 as studied by Askey and Ismail [3, Section 3.12, Section 3.13]. It
follows from [3, Theorem 3.2] that for |s| > ¢! the associated moment problem
is determinate, and in that case the support of the orthogonality measure is
{2p(=sq=272%) | p € Z>0}, [3, (3.80)—(3.82)]. Part of this statement can also
be found in [2, p. 26]. So we see that T, (Y;A) has an eigenvalue zero if and
only if 2u(—s) is in the support of the orthogonality measure. Since k > 0
and s € R, |s| > ¢!, we see that this is impossible. We conclude that in the
negative discrete series we do not have eigenvectors of Y A for the eigenvalue
Zero.
We formalise this into the following lemma.

Lemma 6.2. Let s € R. For |s| > 1, the operator T, (YsA) is self-
adjoint, and zero is not contained in its spectrum. For |s| > q~! the operator
T, (YsA) is essentially self-adjoint, and zero is not contained in its spectrum.

Irreducible representations in ¢?(Z). For the spectrum of Y, A in the case
of the principal unitary, complementary and strange series representations we
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have to study the recurrence relation
6.2)  ((¢' = q)T/{)E(YSA) +s4+s5 e, = ap en—1+bpen+ad eng1,

with b, = ¢*"*2¢(s + s7!) and e € {P,C,S} for the principal unitary, com-
plementary or strange series. The various values for af, e € {P,C, S}, follow
immediately from (3.6) and Section 6.1;

(6.3)

P __ ib 2n—1+2e—2ib 7
a — e <0, = 0<b< b =
n q ( q )7 {72}, > o1 5 (,E)#(O, ),

1
af = /(1= @)= g2 ), —2 <A<,

1
af = /(1 + @2n2e—142a)(] 4 g@ni2e-1-2a) ¢ ¢ {07 5} a0

Define a new orthonormal basis {f#}xez of £2(Z) by f2 = e®ne_,, with ¢2 a
sequence of real numbers satisfying ¢y, = ¢y, | — arg(a®,,), then

(67 = TRV A) 5+ 57) - f2 = au flay +ba F 4 anon £,

with ay, b, as in Lemma A.2 in base ¢% and ¢, d, z replaced by ¢®s~2, ¢*t? s~ 1,
g %72\ where A = —(1/2) +ib, 0 < b < —7/2Ingq, ¢ € {0,1/2}, (b,e) #
(0,1/2) for ¢ = P, e = 0, —=(1/2) < A < 0 for « = C, and A = —(1/2) —
ir/2lng+a, a >0, e € {0,1/2} for ¢ = S. This recurrence relation is related
to the second order g-difference equation for the 9(p-series, see Appendix A. In
case of the principal unitary series, the parameters satisfy the conditions of case
(1) of Lemma A.2. For the complementary series, the parameters satisfy the
conditions of case (2) of Lemma A.2. and for the strange series, the parameters
satisfy the conditions of case (3) of Lemma A.2. Now Theorem A.5 implies
the following result, since all conditions are met in the respective cases for
s[> ¢ "

Proposition 6.3.  Assume |s| > ¢~ so that T3 (Y5 A) is essentially
self-adjoint. With the notation of Section 6.1 we have that zero is in the dis-
crete spectrum of T\ ;(YsA), e € {P,C, S}, and zero is not in the spectrum of
T/{yl/Q(YSA). The eigenvector v§ of T% ,(YsA) for the eigenvalue zero is given
by vs =

oo
(6.4) Z ei(w7n+¢1n)‘q272/\3|n

n=—oo

(a2 ¢%)oo
(q2k+2+2n; q2)oo

242X .—2 242X
q s 4 L2 _—2p—2X
X221 q28_2 4,49 €n
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where Yy = P + arg(¢2t s (1 — ¢~ 28+2))). Here we use the analytic
continuation of the op1-series as described in Section A.2.

Remark.  Since we have Y, = A — D, we obtain directly from Section
6.1 that Ty _(A% — 1) has a vector in its kernel if and only if ¢ = 0 and e €
{P,C, S}, and in that case ey spans the kernel. We can formally obtain this
from Proposition 6.3 by taking termwise limits s — oo.

86.3. Zonal spherical functions

In this subsection we will now give a formal derivation of the zonal spherical
functions that may occur in the spherical Fourier transform on the quantum
SU(1,1) group.

With the eigenvectors of Proposition 6.3 at hand we can consider the linear
functional

(6'5) f;\ Uq(su(L 1)) - C, X = <T£,O(XA)U;7U;>€2(Z)7

where we take s,t € R with |s|,[t| > ¢~!. Then we formally have for e €
{P,C,S}

(6.6)
(Ve f)(X) = (I o(XY: A)vy ,v3)e2(z) = 0,
(XY )(X) = (IR o(Ys X AP, 03) 2 (zy = (TN o(DX A}, TR o (Ys A)v3)e2z) = 0

by Proposition 6.3 and the fact that T%  is unitary and (Y;4)* = Y;A. Note
that (6.5) and (6.6) can be made rigorous for the limit case s — oo, so that
Y, A has to be replaced by 4% — 1, which has only an eigenvector for the eigen-
value zero in the principal unitary series, complementary series and the strange
series for ¢ = 0. In these cases eg is the eigenvector, and the analogue of
fr: Ug(su(1,1)) — C for this case is given by X — (vf, T} ((AX")eo)r2(z),
which is well-defined for every X € Uy(su(1,1)) since T} ,(AX*)eo has only
finitely many terms.

The matrix elements 7% ., .+ X + (T o(X)em, en) have been calculated
by Masuda et al. [45], see Remark 6.1. We can formally write
(6.7) =00 (0 em)(en v)a™ TR oinm:
Note again that for the case s — oo this can be made rigorous, since the
double sum reduces to a single sum and pairing with an arbitrary element
X € U,y(su(1,1)) gives a finite sum in this case.
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Because of (6.6) we consider fy as the zonal spherical function. Because of
the Cartan decomposition of Theorem 3.6 we formally have that the expression
in (6.7) is a function in ps ¢,

o0

f; = Z <Ut.a 6m><en, U;>qm T:,O;n,m = d)A(ps,t)-

n,m=—oo

In order to determine ¢ we evaluate at A”, v € Z, with A~! = D. Since A4 is
group-like, i.e. A(4) = A® A, we have that pairing with A is a homomorphism.
Since ps+(A”) = pu(q”) and T3 ., ,,(AY) = (T o (A" )em, en) = ¢""0p,m We see
that we can determine ¢, from

o0

Aa(u(@”) = Y (vf en)len,v3)g" Y.
Now we can use the following summation formula. This lemma has been
proved by Mizan Rahman, and the proof is given in Appendix B.

Lemma 6.4 (Mizan Rahman).  Let |s|,[t| > 1, assume st > 0. For A
corresponding to the principal unitary series, complementary series and strange
series, i.e. XN = —(1/2) +ib, 0 < b < —7w/2Ilngq, or —(1/2) < A < 0, or
A=—(1/2) +a—ir/21ng, a > 0, and for z in the annulus |q/st| < |z| < |st/q|
we have

o0

Z (v, en)(en, v3)q" 2"

n=-—oo
(%, 2 /%2, ¢ 2 zst, ¢ 72 /st; ) oo
(g2, %27 /212, qz/st, q/ zst; ¢2) oo
xsWr(q~ 2 /s*t2q7 2 )s%, ¢ 22 12,72 qz/st, g/ zst; 62, * ).

From Lemma 6.4 we formally conclude that the spherical elements of (6.7)
can be expressed in terms of a very-well-poised gW7-series;

(6.8)

12— br(per) = (%, ¢? /%2, ¢ 72 zst, 722 /515 %) oo
A s,t) —

(q=2*,q>=2 5212, qz/st, q/ zst; ¢%) o

xsWr(q~ 2 /s*2q7 2 )s%, ¢ 2 12,72 qz/st, g/ zst; ¢, *T2)

w(z)=ps,e

Note that the right hand side is symmetric in z and 27!, so that we can make
this specialisation.
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Remark 6.5.  Using the limit transition —2p, /¢S — poo,t as s — 00, see
(3.12), we formally obtain the limit case s — oo of the spherical function in
(6.8) as

(0% 0> poo,i [t 4%) o q72>‘t’2,q*2>‘,—q2poo,tt*1. 2 2421
@2, —poot/tP)oe 392 22, — 22 pog 4t 14,4 J

which is, up to a scalar, a special case of the function considered in [29, (3.8)]

and is the big g-Legendre function. Next letting t — oo using ¢t 'pe; —
Poo,co = 7Y, cf. (3.12), we see that the spherical function in the case s,t — co
is

2-2

(6, =% ** Poo,003 %) oo o <q2>\a_q2poo,oo.q2 q2+2x)
(q_2)\>_q2poo7oo;q2)oo _q2_2)\poo,oo ’ ’
_ (* 40P TG,
T @ PN ) g 1T P
by [17, (1.4.5)]. This gives back the spherical function, the little ¢-Legendre

function, as studied by Kakehi, Masuda and Ueno [22] and Vaksman and
Korogodskii [61]. So the function ¢, of (6.8) is a 2-parameter extension of

the little g-Legendre function.

8§6.4. The action of the Casimir element

Since the Casimir element {2 acts in any of the irreducible unitary repre-
sentations of Section 6.1 by the constant [\ + 1/2]%, we see from (6.7) that we
formally have that the spherical function is an eigenfunction of the action of
the Casimir operator; Q.fy = [\ + 1/2]2fs.

On the other hand, observe that the (s,¢)-spherical elements as defined in
Proposition 3.4 are invariant under the action of the Casimir operator, since {2
is in the centre of Uy (su(1,1)). So we can restrict its action to the subalgebra of
(s,t)-spherical elements, or the subalgebra generated by ps.. For this we have
to calculate the radial part of €2, and this is stated in the following lemma. The
proof is the same as Koornwinder’s proof of [36, Lemma 5.1], so we skip the
proof.

Lemma 6.6. Put

(1 —gstz)(1 —gsz/t)(1 —qzt/s)(1 — qz/st)
v (121 ) |

then

ala™! = P AR = (") (A2 =A%) + (g ) (4772 — A7) + (1 ) A"
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modulo Uy(su(1,1))Y; + YU, (su(1,1)).

As for the polynomial case discussed by Koornwinder [36], we derive from
this equation that the action of the Casimir operator on the subalgebra of
(s,t)-spherical elements is given by the Askey-Wilson ¢-difference operator [5];

6.9 ala™" = @)*Q(f(ps.t))
= (@) (Flula”*2) = (@) + a™) (f ("))

—F@ ) + (1= FluaD)|
1(g¥)=ps,s

Combining (6.9) with the scalar action of € in the irreducible representations

we formally find that the spherical function ¢ (u(z)) is an eigenfunction of

(6.10) Loa(u(2)) = (=1 — ¢* + q(¢®" + ¢ 1)) o (u(2)),
L=v(2)(T — 1) + (27 ) (Ty-2 — 1), (T, f)(2) = f(qz).

This is only a formal derivation, due to the fact that the series (6.7) is only
a formal expression. Note that the eigenvalues in (6.10) are real for A cor-
responding to the principal unitary series, complementary series and strange
series. The function ¢y (u(z)) given in (6.8) is indeed an eigenfunction of the
Askey-Wilson g¢-difference equation as in (6.10), see Ismail and Rahman [19],
Suslov [59], [60]. So we call ¢y of (6.8) an Askey-Wilson function.

Remark 6.7.  For the limit case s — 0o we obtain the same eigenvalue
equation as in (6.10) but now with the operator

(6.11)  L=A(2)(Ty2 — 1) + B(z)(T-2 — 1),

A(z) = ¢ <1+q2—1tz> <1+q2%>’ B(z) = <1+%> <1+£).

Then it is known [18] that the spherical function given in Remark 6.5 is indeed
a solution to the eigenvalue equation. See [29] for more information. For the
limit case s,t — oo we find the same eigenvalue equation (6.11), but with now
A(z) = ¢*(1 + ¢ 2271) and B(z) = 1 + 271, The little ¢g-Legendre function as
in Remark 6.5 is a solution of the eigenvalue equation as follows from (A.8),
see also [21], [22], [61].

Proposition 6.8.  The action of the Casimir operator on the space of
(s,t)-spherical elements is symmetric, i.e.
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/R (LF) (@)g(x) dla; gs )t at/s; —qstla®)
- / F(@)Tg)@) dv(as as/t, at/5: —gstl?)

for continuous, compactly supported functions f and g such that the functions
F(2) = f(u(z)) and G(2) = g(u(z)) have an analytic continuation to a neigh-
bourhood of {z € C | ¢*> < |z| < ¢ ?}.

So we interpret this as h(g(ps,)*Q.f(ps,t)) = h((Q2.9(ps,))* f(ps,t)) using
Corollary 5.7.

Proof. This is a calculation using Cauchy’s theorem and shifting sums,
see [30] for details. O

Proposition 6.8 remains valid for the limit case s — oo with the same
proof, see [29]. Taking furthermore ¢ — oo leads to the situation considered by
Kakehi, Masuda and Ueno [22], see also [21], [61].

86.5. The spherical Fourier transform
Suppose that s >t > 1, and define

(6.12)

Y S

@, q% g P72, P22 P2 P ) o
- (q3+2/\xil/st; q2)oo
(g2, A2, 272, qrtL st ) o

S
X8W7(q2+2)\/t2; qzxﬂ:l, q2+2)\, q2+2)\’ q2+2)\/t2_ q2, q72)\572)

D20y (1)) = ( oa(u(x))

)

by an application of [17, (II1.24)]. Here ¢, is defined in (6.8). For (6.12) to be

1+2X and q7172)\,

well-defined we need that ¢, is invariant under interchanging ¢
or changing A into —1—A. This is not obvious from (6.8), but it can be obtained
from Bailey’s transformation for a very-well-poised gpr-series [17, (2.10.1)], or
directly from the proof of Lemma 6.4 as given in Appendix B. The quantum
group theoretic interpretation of the invariance is that the principal unitary,
complementary and strange series representations are all obtained from the so-
called principal series representations which are equivalent for A and —1 — A,
see Burban and Klimyk [8], Masuda et al. [45].

We now define the spherical Fourier transform of a (s, t)-spherical element

& = f(ps,t), with f continuous and compactly supported on the spectrum of
m1(ps,t), by
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— t s
©13) (0 = [ 1@ (sadafi-astl?) = (F1)(o)
R
which is, up to constant, formally equal to h((¢x(ps.))*€) with o = p(g' ).
The spherical Fourier transform (6.13) is a special case of the Askey-Wilson
function transform as studied in [30]. There an inversion formula is obtained,
which reduces to the following theorem in this situation.

Theorem 6.9. Assume s >t > 1. The spherical Fourier transform of
(6.13) is inverted by

C/ FI)( () dv_g-a5-2(25 4,0, qt 5 q5°|q%),
C=(g5)"" (% ¢t 2, 72, %72 ¢*)2.0(—¢*)?O(—t2)O(—s7?),

as an identity in L?(R,dv(-;qs/t,qt/s;—qst|q?)). The notation ©(a) =
(a,q%/a; q?) oo for a (normalised) theta product is used.

Remark 6.10. (i) We refer to [30] for complete proofs and the appropriate
generalisation of Theorem 6.9. Note that the spherical Fourier transform is self-
dual for the case s =t = 1. In compliance with the situation for the compact
quantum SU(2) group case, we could call the spherical functions for the case
s =t = 1 the continuous g-Legendre functions, cf. [5], [25], [26], [27]. For
the SU(1,1) group the spherical Fourier transform is given by the Legendre
function transform, which is also known as the Mehler-Fock transform, see
[33], [64, Chapter VI], [65, Chapter 7]. So the transform (6.12) and its inverse
of Theorem 6.9 is a two-parameter g-analogue of the Legendre function (or
Mehler-Fock) transform.

(ii) We see that the support of the Plancherel measure of the spherical
Fourier transform is [—1, 1], which corresponds to all of the principal unitary
series representations, plus the discrete set {u(—q¢'~2*)|k € N}, which corre-
sponds to the strange series representations with A = —14+k—in/21lng, k € N,
(and ¢ = 0). Note that the support is independent of s and ¢. Indeed, the
existence of a non-trivial kernel of Y;A in an admissible irreducible unitary
representation of Uy(su(1,1)) is independent of s.

(iii) For the limiting cases we obtain the big ¢-Legendre function transform,
which is studied and inverted in [29], for s — oo, and the little g-Legendre
function transform, which is studied and inverted in [22], [61], [21], Appendix
A, for s,t — oo. In all these cases the support of the Plancherel measure is as
in part (ii) of this Remark.
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§6.6. Other K-types

In the previous subsections we have interpreted in a formal way a special
(2 continuous parameters) case of the Askey-Wilson function transform as the
spherical Fourier transform on the quantum SU(1,1) group. This is connected
to the (s,t)-spherical part of the Cartan decomposition in Theorem 3.6. It is
also possible to associate a Fourier transform related to the non-trivial K-types
in the Cartan decomposition of Theorem 3.6, and this allows us to interpret
a 4-parameter (2 continuous, 2 discrete) case of the Askey-Wilson function
transform on the quantum SU(1,1) group. Since the derivation lives on the
same formal level we only shortly discuss this more general case, and we refer to
[30] for the precise analytic proof of the Askey-Wilson function transform. For
the limiting cases we refer to [29] for the big g-Jacobi function transform and
to [21], or Appendix A, for the little g-Jacobi function transform. We stress
that the formal results of this subsection have served as the motivation for
the analytic definition of the general Askey-Wilson, respectively big ¢-Jacobi,
function transform in [30], respectively [29].

First we consider the action of the Casimir operator ). Since 2 is central,
it preserves the Cartan decomposition. So we have, cf. Theorem 3.6,

(6.14) Q.(CP (s.) F(psia)) = T (s.6) (Lf)(ps,e)

for some linear operator L. In the rest of this subsection we take p = 2, the
other cases can be treated similarly. In order to determine L we proceed by
determining A2 modulo Uy (su(1,1))(AY; —A_;(¢))+ (Ys A— X, (s))Uq(su(1, 1))
with X;(¢) as in Lemma 3.2. This is done as in Lemma 6.6 using Koornwinder’s
method, and we find that it is a linear combination of A¥*2 A and A”~? with
explicit rational coefficients in ¢¥. Next we evaluate (6.14) in A”. Since A" is
group-like in Uy(su(1,1)), i.e. A(A”) = A” ® A, this is a homomorphism. So

D) (5, 6)(A") (L) (u(g”)) = (0F) (5, £) (LF)(par)) (A”)
= (P2 (s,1) f(ps.)) (A )
= (")) (5,6)(A°F2) F(ulg" ™))
+0(¢M)0P) (5,)(AY) f(p(q”))
(g0 (5,6)(A"72) f(ula"™2))

for certain explicit rational functions 1+, 1° ¢~. Using (3.16) and the homo-

morphism property we can calculate FEQJ (s,t)(A”) explicitly in terms of fi-
nite ¢-shifted factorials. For j € {—i,1 —i,...,i} we have F(-i-)(s,t)(A”) =

K2
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Cq V("™ /st; ¢*)i—j (¢ Ts/t;¢*)it; for a non-zero constant C independent
of v. In this way we can determine L in terms if an Askey-Wilson difference
operator. We find

(6.15)
e =) L=9() (T = 1) + 9z (T2 — 1) + (1 - ¢* )%,

b(z) = (1 —qtz/s)(1 — ¢ T2 2 2 /st)(1 — gstz)(1 — ¢ T2 T2 52 /1)
A=) -2

With respect to the measure dv_q(-; ¢ 72725/t qt /s, q1 721721 /st; gst|q?), the
operator L is formally symmetric, ¢f. Theorem 5.8, Proposition 6.8, and see
[30] for the general case. See also [26, Section 7] for the compact case.

To find the appropriate eigenfunctions of L we have to determine to which
of the irreducible admissible unitary representations of U, (su(1,1)) as in Section
6.1 we formally can associate an element in the corresponding part of the Cartan
decomposition. So we have to determine for which of the representations there
exists eigenvectors of Y; A and Y; A for the eigenvalues A;(s) and A;(¢) as defined
in Lemma 3.2 with ¢, 5 € (1/2)Z. This is done in Appendix A, cf. Section 6.2,
where essentially the complete spectral analysis of YA in any of the irreducible
admissible unitary representations is described. Now for the principal unitary,
complementary and strange series we have an eigenvector of T3 .(Y;A) for the
eigenvalue \;(s) for every ¢ € {P,C,S} and A\ with € = ¢ mod Z. In order
to have \;i(s) in the discrete spectrum of Ty (Y, A) we need |s¢*’| > 1. In the
discrete series, T (Vs A) has an eigenvector for the eigenvalue );(s) for only
finitely many values of k. Moreover, we need k¥ = ¢ mod Z and for i < 0
the eigenvalue can occur only in the negative discrete series and for ¢ > 0 it
can occur only in the positive discrete series. Here we assume |s| > ¢~ ! so
that we are dealing with essentially self-adjoint operators. Let us denote such
an eigenvector, if it exists, by vs(¢). Assuming that the irreducible admissible
unitary representation 7% _ or T7F contains both v,(j) and v;(—i) we formally
see that fr(X) = (T% (X A)vi(—1),vs(5)) satisfies (3.15) with A = A_;(¢),
w=2X;(s). Incase j € {—i,1—14,...,i} we formally obtain

Pr= 3" w0e(=0), emden, v (NG TR e = T3 (5,8) 657 (pst)

n,m

for some function ¢g\lg ). Here n,m run through Z if T} _ is in the principal
unitary, complementary or strange series representations and through Z>¢ if
3. = Tki is in the discrete series representation. Evaluating in A” we can
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obtain d)E\l’Ej) from

Z<Ut(—i), en){en, Vs (j)>q(n+s)(1+,,)

= Cq " (g /st %)im i (6 5 /t0%)ins 00 (u(g).

From this we can, in a similar way as for Lemma 6.4 determine d) Ae )

explicitly
for the principal unitary, complementary and strange series representations for
the diagonal case i = —j. An extension of Rahman’s method in Appendix B
can be used to sum the other cases. (This is pointed out to us by Hjalmar
Rosengren.) In case of the positive discrete series the sum runs through Z>
and the coefficients of v:(j) are Al-Salam and Chihara polynomials, see (5.3)
and [31]. The sum can then be evaluated using the Poisson kernel for the Al-
Salam and Chihara polynomials obtained by Askey, Rahman and Suslov [4,
(14.8)]. In the case j € {—i,1—1,...,i} we find, up to a scalar independent of
z, in the case of the positive discrete series T,j ,

2 ()
N (q 22 ql+2j—2AStZ ql+2j—2ksz/t’ q1—2i—2)\8tz’ ql+2i—2>\sz/t; q2)oo
(P22 5222, g1 202 Astz, qsz [t qz /st ' 272tz 514%) oo

x sWr(q 2=2X 42,2, ;qstz, qsz/t, q2]_2’\32,

14+25—2i 14274275 . —2X—25 —2
q T stz q Isz/t;q%,q 7577)

7

where A is equal to —k, see Section 6.1. After application of [17, (2.10.1)] we
can relate the right hand side with the asymptotically free solution of Lf(z) =
[(1/2)+A]2f(2) for 2 — 0 as considered in [30]. Using the connection coefficient
formula [17, (2.11.1)], see [30], we can show that the right hand side is indeed
invariant under z to z~', and that it coincides, up to a constant, with the
Askey-Wilson function, i.e. the spherical function for the Askey-Wilson function
transform, since one of the connection coefficients vanishes. By comparing with
[19], [59], [60], we see that these functions are indeed solutions to the Askey-
Wilson difference operator of (6.15).

Next we formally associate the corresponding Fourier transform to the
diagonal case by

I F @ +2) = (0205, 06577) TE (5,0 (ps)

The explicit expression of h, see Theorem 5.8, and of (b&l; ? can be used to

formally invert this transform by a spectral analysis of the operator L related
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to the Casimir element €2, assuming that the measure for the case p = 2 in
Theorem 5.8 is positive. See [30] for the rigorous analytic derivations and for the
explicit inversion formulas. From this result we see that the Plancherel formula
is supported on the principal unitary series and the same discrete subset of the
strange series, cf. Remark 6.10 (ii), plus on the discrete series representations
that allow a map f) as before, i.e. for those discrete series representations that
contain the appropriate eigenvectors of Y;A and Y;A. For all other cases we
can proceed in a similar fashion.

The limit case s — oo gives a 3-parameter family of big ¢-Jacobi function
transforms in this way, see [29] for the analytic proofs. Taking moreover ¢t — oo
brings us back to the case studied by Kakehi [21].

Appendix A. Spectral Analysis of a Doubly Infinite Jacobi Matrix

In this subsection we give the spectral analysis of a doubly infinite Jacobi
matrix that arises from the second order g-difference equation for the basic
hypergeometric series 2p;. In a way the results can be viewed as the spectral
analysis of a g-integral operator on (0,00) with a basic hypergeometric series
as kernel. The result covers in particular the little g-Jacobi function transform
as studied by Kakehi [21], see also [22], [61]. The method of proof is similar to
the one used in [21], so we are brief. The result is more general.

A.1. Generalities

In this subsection we collect some generalities on the study of the symmet-
ric operator on the Hilbert space ¢?(Z) defined by

(Al) Lep =ager+1 + brer +ar_1€k_1, ag 75 0, b € R,

where {ey }rez is the standard orthonormal basis of £2(Z). By replacing ey by
ek ey, with oy = Y41 — arg ai we see that we may assume that ay > 0, which
we assume in this subsection from now on. We use the standard terminology
and results as in Dunford and Schwartz [16, Chapter XII], see also Berezanskil
[7], Kakehi [21], Kakehi et al. [22], Koelink and Stokman [29], Masson and
Repka [44], Rudin [55], Simon [58].

The domain D of L is the dense subspace D(Z) of finite linear combinations
of the basis elements e, then L is a densely defined symmetric operator. Let
L* with domain D* be the adjoint and L** with domain D** the closure of L.
The deficiency indices are equal since L commutes with complex conjugation
and they are less than or equal to 2, so that L has self-adjoint extensions.
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For any two vectors u = Y oo
the Wronskian by

u(k)ep and v =3 72 wv(k)e, we define

— 00

(A.2) [u, v](k) = ar (u(k + 1)v(k) — v(k + 1)u(k)).

Note that the Wronskian [u, v](k) is independent of k if Lu = zu and Lv = zv
for € C. In this case we have that u and v are linearly independent solutions
if and only if [u, v] # 0.

Associated with the operator L we have two Jacobi matrices J* and J~
acting on (*(Zxo) with orthonormal basis { fx }rez.,, which are given by

+bi fr +ag—1 fr—1, fork>1
A3 Tt fp= ] O S ’ ’
(A.3) Ir {a0f1+bofo, for k=0,
I fe— a—g—1 fr41 +b—p fu + a—p fr—1, for k>1,
"7 ) ac 1+ bo fo for k =0,

initially defined on D(Z>¢). Then J *+ are densely defined symmetric operators
with deficiency indices (0,0) or (1,1) corresponding to whether the associated
Hamburger moment problems is determinate or indeterminate, see Akhiezer
[1], Berezanskil [7], Simon [58]. Moreover, by [44, Theorem 2.1] the deficiency
indices of L are obtained by summing the deficiency indices of J* and J~.

From now on we assume that aj is bounded as & — —oo. Then
ml_i)moo[u, 7](m) = 0 for u,v € D*. By [7, Theorem 1.3, p. 504] it follows that J—
is self-adjoint, hence the space S; = {u | Lu = zu, Z,JCV:_OO |u(k)|? < oo for
some N € Z} is one-dimensional for x € C\R by [1, Section 1.3]. Let us say
that @, spans S, for x € C\R. The similarly defined space S}t = {u | Lu
= 2u, Y ey |u(k)[? < oo for some N € Z} is either one-dimensional or two-
dimensional according to whether J* has deficiency indices (0,0) or (1,1), see
[1, Chapter 1].

For the purposes of this appendix, it suffices to consider the case that J+
has deficiency indices (0, 0), which we will assume from now on. In particular
L is essentially self-adjoint, i.e. D* = D**. The closure L** of L satisfies the
same formula (A.1), so we denote it also by L. We thus have that S} is one-
dimensional, say spanned by ¢,, and we have that [¢,, ®,] # 0. Indeed, P,
cannot be in S since otherwise Lu = iu would have a non-trivial solution in
(7).

We also have to deal with possible non-real solutions of (A.1). Note that
if ¢, is a solution of L1, = x1),, then so is 1z defined by ¥z (k) = m, since
we assume that the coefficients a, and by are real. Observe in particular, that
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¢z and @, are multiples of ¢, and ®,, respectively, since the subspaces SIi are
one-dimensional.

Having the solutions ®, and ¢, at hand we can define the Green kernel
for z € C\R by

(A.4) Galle,l) = — {‘I’x(k)%(lL for k < 1,

(@2, 2] | @2(1)dz(K), for k>1

and the operator (Gyu)(k) = (u, G, (k,)) = > 2 u(l)Gy(k,1) for u € ¢*(Z).
Note that this is well defined, since G (k,-) € £*(Z) for all k. Special cases of
the following proposition are proved in [22], [21] and [11].

Proposition A.1.  Let L with domain D be essentially self-adjoint, then
the resolvent of the closure of L is given by ((z—L)~u) (k) =>_p= __ u(l)Gy(k,1).

Since L with domain D** is self-adjoint we have the spectral decomposition,
L= thdE (t), for a unique projection valued measure E on R. This means
that for any vectors u € D**, v € (*(Z) we have a complex measure F,_, on
R such that (Lu,v) = [ tdE, (t), where E, (B) = (E(B)u,v) for any Borel
subset B C R, see [55, Theorem 13.30]. The measure can be obtained from the
resolvent by the inversion formula, see [16, Theorem XI1.2.10],

(A5) Eu,v ((zlv xQ))

1 w2—5
= lim lim — x —ie — L) tu,v) — ((z +ie — L), v) de,
imim o [ ) lu,v) = (o + i — 2)u,v)
where 1 < z2. Combined with Proposition A.1, we see that the Wronskian is
crucial for the structure of the spectral measure. In particular, if {(z— L) !u, v)
is meromorphic in a subset of C we find that £, , has discrete mass points at
the real poles, and for a real pole xy we can rewrite (A.5) as

1 —1
= ?{wo)«x — L) u,v)dx

21
-1

(A.6) By ({zo})
where the contour is taken in the subset where ((z — L)™', v) is meromorphic
and such that it encircles only the pole zg.

Finally, observe that from the explicit formula for the Green kernel (A.4)
we get for x € R and € > 0,

(A7)

(w+ie— L) u0)=> Potie (k) Poic (! (u(l)o(k

k<l [Potic, Paric)

S~—
+
g
—~
=N
=
S
=
=
S—
/N
—
|
| =
=9
ol
~_
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A.2. The g-hypergeometric difference equation

Consider the second-order g-difference equation, see [17, Exercise 1.13], in
the following form

(A8)(y+y ") f(k)
c —k c 1—-k
- (d— sz ) Flk+1) +q*’<—c‘l:q Fk) + <d1 _ qdz > Flk—1).

We assume that d and z are non-zero, and as usual we take 0 < ¢ < 1. For the
difference equation we have the following solutions in terms of basic hypergeo-
metric series;

dy,d/y - 1 _
(A9) fugy) (k) = 241 Woged),  cga™, uy)=sw+y ),
c 2
which is symmetric in y and y~! and
- dy,qdy/c_¢' "¢ _
Fy(k) = (dy) ™" 201 < w0 ) v éq

so that we also have Fj-:(k) as a solution to (A.8). Here we use Jackson’s
transformation formula [17, (1.5.4)] to give a meaning to f,(,(k) and F, (k) in
case that |2¢¥| > 1 and |¢*~%c/d?z| > 1, respectively, for z,d?z/c ¢ ¢”.

These solutions are related by the expansion

(A.10) Fut (k) = c(y) Fy (k) + c(y™") Py (k),

o(y) = LW Uy, A2y, 6/ d2y; @)
(y72,¢,2,0/2 )0

)

for d,c,z # 0, |arg(—2)| <, c & ¢~ %20, y? & ¢7, see [17, (4.3.2)] and use the
theta-product identity (2.9).
Next we consider the associated operator

cq™F _pCc+ _ 1=k
(A.11) §k (d— ((]iz ) Skr1t+ ¢ k?qﬁk-l- (d t— %) k-1,

where we now assume that {£; }rez is an orthogonal basis of £2(Z). We can now
ask for what values of the parameters d, ¢ and z we can rewrite the operator as
a symmetric operator of the form as in (A.1). Inserting the orthonormal basis
er = &k/||€k|l in (A.11) shows that we have to have that (¢ + q)/dz € R and
I€esll® _d'—g*/dz 1 1-q7%/z

A2 - _ 1 t=gt/E
( ) 1€k 1|2 d—cq=%/dz |d|? 1 —cq=F/d?z
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Hence the right hand side of (A.12) must be positive for all k£ € Z. Note that
we assume that the numerator and the denominator are non-zero for all k£ € Z,
in order not to reduce to the Jacobi matrix case. So we assume z,c/d%z ¢ ¢”.
On the other hand, if the right hand side of (A.12) is positive for all k € Z
we can define ||€ || recursively from (A.12) and we find a symmetric operator
of the form (A.1) assuming that (¢ + ¢)/dz € R. So positivity of the right
hand side of (A.12) and (¢ + q)/dz € R are necessary and sufficient for the
mapping in (A.11) to be symmetric. In the following lemma we give an explicit
description of the parameter domain which satisfy these conditions. The proof
is similar to the determination of unitary structures on irreducible principal
series representations of Uy(su(1,1)), see [45, part II, Section 2].

Lemma A.2. Assume z,c/d?z & q*. The right hand side of the q-
hypergeometric difference equation (A.8) can be written as a symmetric operator
on (2(Z) of the form (A.1) if and only if (c+q)/dz € R and one of the following
conditions holds: (1) Zc = d?z, or (2) z > 0, ¢ # d? and z¢"*! < ¢/d? < zq™,
where ko € 7 is such that 1 < ¢*z < ¢, or (3) 2 <0, ¢ # d? and c/d* > 0.
In these cases the parameters of (A.1) are given by by, = ¢~ *(c+ q)/dz and

w02 (- )

after multiplying the basis {er} with suitable phase factors.

Remark.  For later purposes, we furthermore assume that ¢,dz € R. For
the cases (2) and (3) this implies ¢ > 0, d € R, while for case (1) this implies
that ¢ > 0 and ¢ = |d|?, since |z|? = (dz)?. Note that we may assume ko = 0
by replacing k by k + ko in (A.8), and replacing z by zq".

We now consider the cases described in Lemma A.2. The symmetric op-
erators are given by 2Ley = arex4+1 + brex + ax—1ex—1 with ar and by as in
Lemma A.2. Put

A "= d\/ FEIET

where ¢, € R are such that ¢, — ¥ = arg(d(l — ¢7%/z)) = arg(d(1 —
cq ¥ /d?z)) for all k. Then u = wf =Y, , w(k)f(k)ey is a solution to Lu =
p(y)u if f(k) is a solution to the hypergeometric ¢-difference equation (A.8).

Observe furthermore that for k — —oco we have |arg(1 — ¢ %/2)| = O(¢*), so
that ¥+1 — ¥r (mod 27) — arg(d) as k — —oo.
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Lemma A.3. Letc,dz € R and assume that the parameters satisfy the
conditions as described in Lemma A.2. Then the operator L with domain D(Z)
is essentially self-adjoint for 0 < ¢ < ¢°.

Proof. The aj, are bounded for kK — —o0, so it suffices to show that the
Jacobi matrix JT associated to L is essentially self-adjoint, see the previous
subsection. By [7, Chapter VII, Section 1, Theorem 1.4, Corollary] we have
that J¥ is essentially self-adjoint if aj + ax_1 = by is bounded from above as
k — oo for a choice of the sign. Use ay, = ¢~ *+/c/d222—(1/2)(2+d%z/c)+O(q"),
k — o0, then the boundedness condition is satisfied if the coefficient of ¢ in
ar + ar_1 * bg is non-positive. Since ¢ > 0, dz € R, this is the case when

(1+¢q)y/e<c+q. For 0 < ¢ < ¢? the inequality holds. O

From now on, we will assume throughout this appendix that c¢,dz € R,
0 < ¢ < ¢?, and that the parameters satisfy the conditions as described in
Lemma A.2. Let S& be the eigenspaces of L corresponding to the eigenvalue x
as defined in the previous subsection, and [, -] the Wronskian associated to L.

Lemma A.4.  The solution wF, spans S, fory € C, ly| < 1, and
W fu(y) spans 5:(?/) for u(y) € C\R. Furthermore,

[y why] = el D~y ™)

when p(y) € C\R, where c(y) is defined in (A.10).

Proof. Since F,(k) = O((dy)™*) as k — —oo0, the first statement follows
from (A.13). Since f,(,)(k) = O(1) as k — oo and, by (2.9),

w(k) = eiwk\d\k<c_5)k/2 (7q", d?z/c, cq/d?2; q)
d*z (d®2q*/c,2,4/% q)oo

= |w(k)| = O(c?*), k — oo,

we have wf,) € S:(y) for |¢] < 1. By Lemma A.3 and the generalities of
the previous subsection it follows that wf,(,) spans the one-dimensional space
+
S () —
It remains to calculate the Wronskian. By (A.10) and the fact that wFy

is a constant multiple of wFy, see Section A.1, we have

(W whyl = @ H[wky-1,wF,].
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The lemma follows now from

[WF,,wF;-1]= lim [wEF,, wF;-](k)

k— —o0
o
= tim ()l + 1)
x (e 1=V B (k + 1) Fy-1 (k) — €'~ ) By (k) Fy—1 (k + 1))
o Lor
. Kk . — k-1
X(ezarg(d) (yd)—k—l(yfld) _ e—zarg(d)(yd)—k(yfld) )
Lo

We define for z € C\R, ¢, = wf, and ®, = wF,, where y is the unique
element in the open unit disk such that = u(y). By Lemma A.4 and Propo-
sition A.1, we can give an expression of the resolvent (x — L)™! in terms of
the two functions ¢z and ®,. In order to use (A.5) for the computation of
the spectral measure of L, we have to calculate the limits as € | 0 in (A.7).
Note that ¢pi,e — wf, as e | 0 for x € R. For the asymptotic solution ®, we
have to be more careful in computing the limit. For z € R satisfying |z| > 1
we have ;4. — wFy as € | 0, where y € (—1,1)\{0} is such that u(y) = =.
If € [-1,1], then we put = cosx = u(e?X) with xy € [0,7], and then
D,_je —» wFix and Ppyie — wWF,—ix as e | 0.

Let us for the moment assume that the zeros of the c-function of (A.10)
are simple and do not coincide with its poles. For the case |z| < 1, x = cosx =
p(eX) and u,v € D(Z) we consider the limit

(A.14) l;fgl((z —ie — L) tu,v) — ((x +ie — L) tu,v)

w(k) Foix (K)w(l) feosy (1) w(k)Fomix ()w (1) feos (1)
_22<(C) E)()f (1)  w(k) _()()f ())

(eX) (e~ — eiX) c(e=)(eix — e=iX)

k<l

X (U(Z)U(k) + U(k)m) <1 — %5167[) .

Observe that the term within the big brackets can be written in the following

two ways,
w(k) feos x (K)w(l) feos x (1)
|c(eX)[?(e=X — e'X)

_ w(k) Feix (F)w(l) feos x (1) _ w(k)Fe-ix (k)m
(e — o) (e M) (e — e x)

(A.15)
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_ l W(k) foos x (K)w(l) feos x (1)
2\ c(eX)c(e= ™) [wFp-ix,wF,x] )

Here the first equality follows from the connection coefficient formula (A.10)

and the fact that |c(e™X)| = |c(e~%X)| by the conditions on the parameters. The

second equality follows again by the connection coefficient formula (A.10), and

the fact that for y € C\{0} with p(y) € C\R,

wk, _ wky N 2wk, wky
(WFy, wF;-1]  [wFy, wFy-1] y~ -y [U}Fg,ngfl]’

since wFy is a constant multiple of wF} and using the last step of the proof of
Lemma A.4. From the second identity for the term in big brackets in (A.14)
we see that it is symmetric in &k and [, so we can symmetrise the sum in (A.14).
Using then the first identity for the term in big brackets in (A.14) we obtain
hﬁ)l«x —ie — L) tu,v) — ((x +ie — L) tu,v)
€
—9 i w(k)fcosx(k)u(k)w(l)fcosx(l)m.

|e(e)[2(ex — eix)

k,l=—o0

Hence, with dz = (i/2)(e?X — e~X)dx, we obtain for 0 < x; < y2 < 7 and
u,v € D(Z),

Euw((COSX%COSXl))—%/XQ(;EU)(COSX)WMZ);)Q,
where
(A.16) (Fu)(@) = (wwh) = 3 wb)w
k=—o0

for uw € D(Z) is the corresponding Fourier transform.
Next we consider the case |z| > 1, € R, then we have from (A.7) and
Lemma A.4 that

lim((z e — L) tu,v)
el0

k<l C(yil) y=! - y)

where u,v € D(Z) and where y € (—1,1)\{0} is such that x = p(y), provided
that y~! is not a zero of c(-). It follows by the bounded convergence theorem
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that Ey . ((21,22)) =0 when (z1,22)N[—1,1] = @ and (x1, z2) does not contain
zo = p(yo) with yo € (—1,1) a zero of the map y — c(y~1).

Suppose now that (z1,z2) N[—1,1] = @ and that (z1,22) contains exactly
one point g = p(yo) with ¢(yo) = 0, where yo € R is such that \y0| > 1.
Suppose furthermore that yo is a simple zero of ¢(-), and that c(y, b #£o.
Then it follows from (A.6) after the change of variable x = u(y), that

<E({CL‘0})U7U> = <E((w1,x2))u,v>
— ZReSy:yJ1 (%) w(k)F,y -1 (k)w(l) fz (1)

c(y=ty

< (o) + u(k)o (D) (1 - %5,“) .

Now using the connection coefficient formula (A.10) and the fact that ¢(yo) = 0,
we have w(k)F, -1 (k) = c(yg ') w(k)fo, (k). Since w(l) foy (Dw(k) fu, (k) is

symmetric in k and [, cf. (A.15), we can symmetrise to find

(E({wo})u, v) = Z Resy—y,

O e Bk D, (001D
k,l=—o00 C

Observe that (z,q/z;q)eoc(y) is real for y € R and that all zeros of the
c-function outside the unit disk are real. For parameters satisfying condition
(2) or (3) of Lemma A.2 and ¢ > 0, dz € R, this is obvious. For parameters
satisfying condition (1) of Lemma A.2 and ¢ > 0 and dz € R, this follows from
the fact that |d| = |¢/d| < 1 since |d|*> = ¢ < ¢*. Tt follows now easily that,
for generic parameters, the support of the resolution of the identity E of L is
given by [—1, 1], which is exactly the continuous spectrum of L, together with
the discrete set {zo = p(yo) | yo € R\[-1,1], ¢(yo) = 0}, which is exactly the
point spectrum of L, cf. [22] and [29]. These remarks prove a large part of the
following theorem, see [22], [29] for more details.

Theorem A.5. Considerd, z as non-zero complex parameters such that
dz € R. Suppose that 0 < ¢ < ¢, and that z,c/d*z & ¢*. Assume furthermore
that the parameters satisfy one of the following three conditions: (1) ze = d?z,
or (2) z > 0, ¢ # d?® and zqg*t < ¢/d® < zg*, where ko € Z is such that
1< gz <q or(3) 2<0, c#d?® andc/d> > 0. Consider the following
unbounded operators on (*(Z) defined initially on the domain D of finite linear
combinations of the orthonormal basis vectors {ex}rez;

2Lep=ag epy1 +br e +ap—1e5-1,
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—k q* cq®
be=q "(c+4q)/dz € R, ay = (1—7> (1— d22>>0.

Then L is essentially self-adjoint, and the closure L** of the operator L is

giwen by the same formula on D**. The spectral decomposition L = fodE(z)
is given by

(Lu,v) = \(c,z,q/z;q)m|2/ﬂ{x(.7:u)(x) (.771))(;1:) dv(z;c/d,d;q/dz|q),
u € D, v € 13(7),

where the measure dv(-;a,b;d|q) is defined in (5.11), (5.5), and where the
Fourier transform F : (*(Z) — L*(R,dv(-;c/d,d;q/dz|q)) is the unique con-
tinuous linear map which coincides with the formulas (A.16), (A.13) and (A.9)
on D.

Remark. (i) This theorem extends the result by Kakehi [21] to a much
larger parameter set. Kakehi’s result corresponds to case (3) with z = —1 and
c and d in a discrete subset. The proof is essentially the same.

(i) The Fourier transform F: ¢*(Z) — L2*(R;dv(-;c/d,d;dz|q)) is in fact
an isometric isomorphism after scaling it by (¢, z,¢/2; ) oo-

(iii) It can be shown that the closure of L has deficiency indices (1,1) if
one replaces the condition 0 < ¢ < ¢? by ¢*> < ¢ < 1. Indeed, since |¢| < 1 we
have wf, € S for x € C\R. On the other hand,

- qdy/c, qd/cy

92(k) = ¢"c¢ ¥ 201 ( /2 / ;q,zq’“) ;o w=py),
¢*/c

is also a solution of the g-hypergeometric difference equation (A.8). Since

lw(k)g. (k)| = O(¢¥|c|~*/?) as k — oo, we find a new ¢*-solution of Lf = xf as

k — oo for 1 > ¢ > ¢2, which is linear independent of wf,. So S}, z € C\R,

is two-dimensional for ¢?> < ¢ < 1, which implies that L has deficiency indices

(1,1).
Appendix B. Summation Formulas by Mizan Rahman

In this Appendix the proofs of Lemma 5.5 and Lemma 6.4 are given. In
both cases it involves an expression for the Poisson kernel of the little g-Jacobi
functions. The structure of the proof is similar in both cases. The proof of
Lemma 5.5 splits into two cases; one for the absolutely continuous part and
one for the infinite set of discrete mass points. This is treated in the first two
subsections. The proof of Lemma 6.4, treated in the last subsection, is similar
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to, but simpler than, the proof of Lemma 5.5 for the absolutely continuous
case.

B.1. Proof of Lemma 5.5 for the absolutely continuous part

The idea of the proof is to write the product of two little g-Jacobi functions
as an infinite sum of Askey-Wilson polynomials, and next to use an integral
representation for the Askey-Wilson polynomials. Interchanging summation
and integration gives a summable series as the integrand. The resulting inte-
gral can then be evaluated, and after some series manipulation we arrive at
the desired result. We give the proof in several steps. Recall that our basic
assumption is that the real parameters s and ¢ satisfy |¢| > 1, |s| > 1.

First use [17, (1.4.6)] to write the little g-Jacobi function of Section 5.2 as

¢ (ms t|q2): (—q2nt_2;q2)oo th/S,qt/SZ 2 _ant_Q
e (—a*™:4%)oc s ’
1
v=p(2) = 5(z+27"),

2

where we use the analytic continuation of the spi-series as in [17, Chapter 4].
Using the theta-product identity (2.9) we see that we have to evaluate

©© 2 i0 —i
uge\" qte’ /s, qte S o
(B.1) Z (8—2> 2@1( / / (g%, ="t 2)

L G252
i0 —i0
qe*’ /ts, qe ts
X901 ( /q252 / ;q2’ _q2n
—1.— 2. .2
= Qu(cosb) = (=1, =¢% ) Ru(cos®;s,t|g?).

(=%, =172 ¢%) oo
Recall the definition of the Askey-Wilson polynomials, see [5], [17, Section
7.5),

ab, ac, ad 4

-m ,m—1 b d
(B.2) pm(250,b,¢,d|q) = 43 (q »q abed, ax,a/x ) .

We can take the first step, which allows us to separate the summation variable
n from the product of the two o¢p;-series in (B.1).

Lemma B.1.  For |w| < 1 we have
qte’® /s, qte" /s _ qe'?/st, qe= /st
2%01( 9 o g wt? ) 2 5o $q%w
q-s q-s
o0 (2 —2.2i0, 2 0 .00 =i o —if
sT%e*?, 1 i e qe? ge e
) Sl ul 53 Jo (wgse™ ") ", (t;q T Iq2>~
0 (q ' q )m S S S S



FOURIER TRANSFORMS ON THE SUg(1,1) GROUP 701

Proof. Since |w| < 1 and |t| > 1, we have |wt~2| < 1. Use the series
representation of the two 2(p-series to write the left hand side as an absolutely
convergent double sum. Next split off the power of w in order to write the left
hand side as

oo

Zm: (g™ /st,qe” " /st; q )m k (gt /s, qte™/5:¢%) _op
= (572050 me (¢%s72, 4% %)k

m=0

Using elementary relations for the g-shifted factorials, see [17, Section 1.2], we
can rewrite this as
i " (qew/st, qe_w/st; q2)m q—2m 82q—2m qtei‘g/s, qte_w/s 5 o
w , g, .
(@®52, ¢ ¢%)m 73\ 252, gl-2msteit gl—2mgpe—io 1 01

m=0
Since the 4¢s-series is terminating and balanced we can transform it using
Sears’s transformation [17, (2.10.4)] with a, d replaced by qte? /s, ¢>s~2. Then
the 4p3-series can be written as an Askey-Wilson polynomial, and keeping track
of the constants proves the lemma. O

Our next step is to use an integral representation for the Askey-Wilson
polynomial in Lemma B.1. There is a number of (¢-)integrals for the Askey-
Wilson polynomial available.

Lemma B.2. We have the integral representation for the Askey- Wilson
polynomial,

. qeiG qeie qe—iG qe—iG )
Pm ) ) y T —‘q
S S

S S

1™ (LZemi0H); ¢2),, <q€i<9+w>)m

9 o
_ _ S
2 J_ . (aqT et0+9): g2),, os

kt i o i i 2 . 3 i(0 .92
(Eetv, qk—te W kote™ W, el Loeil04v); g2)

a

(%ei(9+w), %ei(g‘i‘d’)’ %67:(7’!}70), (nfe*iw’ %6*&0; q2)oo

P U qte’ /s, qe' /st qte™" |5, qe™" /st, qte' /s, qe™ /st; ¢%) so
a (k, @[k, 12k, ?/t?k, ¢2€*9 /2?52, ¢>572%; ¢%) oo ’

dip,

X

where o and k are free parameters such that there are no zeros in the denomi-
nator.

Proof. We start with the integral representation for a very-well-poised
spr7-series given in [17, Exercise 4.4, p. 122], which can be proved by a residue
calculation. We use [17, Exercise 4.4, p. 122] in base ¢ and with the parameters
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a=g=qe%os, b=qe %/os, c =0ot,d=0c/t, f =s5¢""?e?/0 and h =
5qe’® /o where o and k are free parameters. This gives an integral representation
for a terminating very-well-poised g(p7-series;

1 T (ﬁeiib’ q]j_fe—ill)’ k(ﬂfe_w), kq_2teiw7 q3+23m ei(G-HZ))’ §q1—2mei(9+w); q2)oo
_ o o gs o d
27‘(/7 (Lei(e-i-w)’ iei(G-‘rw), %ei(d}—e), ate_“/’, %e—id)’ %‘Iei(@—i-w); qQ)OO w
242m
(k, . ,t2k7 tQk;’ 52 6220 q Stezé‘ql 2m, iewa Zm’ q26219 q 7(]2)

T (g2 i0 etfeq i0 i6 i6 i0 922 2i6. ;2
(q aQEel a_el q e’ ) t6 -t QEBI 7361 aqStel anel yd mest 4 )oo

X8W7(q72m6219; 52q72m’ 82q72m62i0’ qt@iG/S, qeié‘/st7 q —2m ,q q2+2m 72)

Now we can apply Watson’s formula [17, (2.5.1)] with d = gte® /s, e = qe'? /st
to transform the terminating very-well-poised gy7-series into a terminating bal-
anced 4ps-series. This shows that the gWr-series equals
(g22me2if §2q=2m. g2) ge® qe® ge= gei
m (t; ’T'q ) ;

(q172m,36i6‘/t7 q172m8t6197 q )m b s ’ s ’ s

the desired Askey-Wilson polynomial. Collecting the results proves the lemma.
O

In the proof the freedom to choose k wisely is crucial, but the o-dependence
is not essential. Combining Lemmas B.1 and B.2 gives the following expression
qte /s, qte /s, qe’/st,qe= /st

(BS) 21 ( q23*2 7q°, wt 2¥1 q2572 4, w
s

1 .
g [ meaa
™ —T

4

q2572 219 qU 77.(04»1/)) ) we'? dw
q_Bez<e+w> ot ’

(kt ) qk;T e~ kO’teilw kQ_Qew Ly 1(9+¢) q)

g

(;el(e'f‘w)’ %etw-&-w)’ Eel(w 0)70'te 1'¢'7 ?e l'kl)?q )oo

B(e') =

and A as in Lemma B.2. For |w/ot| < 1 interchanging integration and sum-
mation is justified. Note that (B.3) also gives the analytic extension of the left
hand side to w € C\[1, 00) using the analytic continuation of the 3¢;-series in
the integrand, e.g. using [17, (1.4.4)],

(B.4)

q28—2e2i97%€—i(9+w). , wei
2 @ i) D g
os3

(%€ /52 wqe™ /st; ) o qe' V0 Jos,we™ ot o 5 9 o
= — B . ; 9’ € S '
(q367«(9+7/’)/0'53, we“ﬁ/gt; q2)oo 21 wqe‘zg/st 4
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We use (B.3) with (B.4) in (B.1) and we interchange summation and inte-
gration, which is easily justified. Then we have to evaluate a sum where now
the summand consists of one 2¢p;-series. This is done in the following lemma.

-2

Lemma B.3.  For max(1,|so/q|) < |u| < s?¢~2 we have

2.2 2i6 —i(6 .
i N e i
e @ ey T g

n=—oo
(¢ 2e®s?, qe! TV o su, qoe OTV)s —ots?e T u, —ugPe™ fots?; ) o
(€20, uq?/s?, ose~ {0 jqu, q3ei0FY) o s3, —ei/ot, —q2ote=iY; ¢2) o

(o)

Proof. Use the analytic continuation of (B.4) and interchange summation
to write the left hand side as

(2e2i0572; ¢%) i (g9 /o5; ) (q2€219)
(@3’ 053 ¢%)os = (6%¢%)m 52
gir2nt2me—if /ot 02 2. n
Y e ) (1)
n+2mezw/0-t q ) 82

n=—oo

The inner sum can be evaluated by Ramanujan’s 14;-summation formula [17,
(5.2.1)] for |so/q| < |u| < |s2¢~2|. The dependence on m of the result is easy
using the theta-product identity (2.9). Explicitly, the inner sum equals

2\ (¢?, qaeﬂ'(é’*w)/s7 —ug?e™ [ots?, —e~Wats? Ju; %) o
ug? (ug?/s2, soe~i¥+9) [qu, —ei¥ [ot, —q2ote ¥ ¢2) oo

Then the inner sum to be evaluated reduces to

i qelw 0 /0'8 @)m (e2i9)m (@@ fosu; %)
m=0

*)m u (€29 Ju; ¢2) oo

by [17, (1.3.2)] for |u| > 1. Collecting the intermediate results gives the lemma.
O

Combining (B.3) and Lemma B.3 gives an integral representation for
Qu(cosf) on [—m, ] where the integrand consists of a quotient of eight infi-
nite g-shifted factorials in the numerator and denominator. If we specialise one
of the free parameters, k = —¢2, this reduces to six infinite products in the
nominator and denominator. Explicitly,
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(B.5)
Qu(cos )
B T (—qztew' —ge ¥ qeiw+9) qaefi(Hw) —otsle” Y —uqzeiw . 2)
_ o ’ t > osu s ’ u ) ots? o dw
- €1 qet(¥+9)  qei(¥+0)  gei(v—90) _ip O —ip ose i) o )
- ( os os os ,ote » ¢ € ¢’ qu ) )OO

(¢%, 4% qte® /s, qe /st qte™ |5, qe™" /st, qte |5, qe™ [ st; ¢*) o
(=1, =2, —¢?t2, —t72,e% Ju, ¢%572, %572, ug?s72; %) o

B =

The integral in (B.5) is of the type considered in [17, Subsection 4.9-10] in
base ¢ meaning that we can evaluate the integral by residue calculus. Indeed
we may apply [17, (4.10.8)] with the specialisation A = B = C = D =

m = 0 and the twelve other parameters given by a; = —¢*t/o, az = qe'’ /osu,
az = —uq?/ots?, by = —c/t, by = qoe ¥ /s, b3 = —ats®/u, c; = c1 = qe¥ o,
c3 = qe %/os, dy = ot, dy = o/t, d3 = ose”"/qu. Then the condition [17,
(4.10.2)] is trivially satisfied, so that we may apply [17, (4.10.8)] to write the
integral (B.5) as a sum of three gyps-series. Due to a1b; = ¢, asbs = ¢?, these
sps-series reduce to g4ps3-series. So we have written the integral in (B.5) as a
sum of three 4p3-series in this way. If we further specialise u = ¢~2 two of these
4ps-series reduce to gps-series. The result is independent of o and it reads

(B.6)
24 i i Bi(¥+0) —i(0+v) ) i
T q“te —oe q e qgoe 2.2 —1 —e' v, 2
i ( o ’ t ’ o5 ’ S —O'tS q-e 1/” ots2 4 )oo d’(/J
o qei(W+0)  qei(¥+0)  gei(v—0) ge” Y [’ a2
- ( os os os sote” “p T 1 0sqe” « +¢)7q )OO
3, i0 —i6
242 gqte —2 qe
(_qt7 S 7_8 _t _qqu)
B 2 qtel® gqtei® qte=i® ,_o gse~% o
(q 9 s s s at 9 t 4 )OO
qte’® qtefle qste
s 7 2 2
X3p2 242 q3tew )
q te, ——
3 _i6 .
2 qge 72 -2 t —i6 2.242. 2
(_q 9 7_t _1 q-@ —q-s t 34 )OO
+ st
0 4 .10 4 10 42 —if. 42
(q ’St e’ astel te -t t thB ! 4 )OO
0 9 ,—i0 s 10
% ste ? ste ’qte L2 2
32 & gio 42 19,9
st ) t2
Bgpe—if g4 —ae —e (-2 4o i0. 2
+(_q36 yd st Stq’S y —Sstge aq)oo

2 2 2 2,-2i0 tel? ef o
(6,6, % q*e ™21, o=, S0

X4 7, ¢*e 0, g%s* ¢,
4 g q3seﬂeq5t€ i’
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Combining (B.6) with (B.5) and (B.1) gives an expression for
R,-2(cos0;s,t|g*) in terms of two gpa-series and one 4pz-series. In order to
bring the very-well-poised gy7-series into play we use Bailey’s extension of
Watson’s transformation formula [17, (2.10.10)] in base ¢*> with parameters
a=q*t? b=qste " c=q? d=qte’ /s, e = qte™" /s, f = qste’®. This gives
the possibility to write the 4¢p3-series in (B.6) as the sum of a very-well-poised
series as in Lemma 5.5 and a sgo-series with the same parameters as the first

3po-series on the right hand side of (B.6);

(B.7)
(_q3st6—i0 4 —qe” 0 _¢if

-2 i0. 2
q, st stq ) S 7_Stqel 1 q )oo

2 12 42 2,—2i0 1t ,i0 €. 2
(q7q7q7q6 las_qelaE7Q)oo

y q2,q2,q26_2i97(]232 9
493 q4,q3%€_i9,q38t€_i07q » 4

(q2t27 8727 q33t6i97 q3t6i0/87 q3t€7w/87 _Stqgeiwv _ew/qStv _qStewv _qeiie/st; q2)oo

B (4%, q%, q*2, q%e=29 qtetd /s, qte=0 /s, qste®?, qte'® /s, €% [qst; q?) oo
xsWr(q*t*; qte™ /s, qte ™" /s, qste qste ", ¢*: 4%, ¢%)
(%%, %t /s, q?s?, 572, —e™ Jqst, —stgPe ™ —qste’?, —qe™ [st; ¢%) o
(q%, q3ste=9, sqe=1 /t, qte?d /s, qte?? /s, qte=1 /5, qste®d, € /qst; ¢2) oo

qteie &qte‘w s,qsteie
><3<p2( / / %47 ).

@12, 3tei® /s ;
If we now use (B.7) in (B.6) and (B.5) we obtain the gWr-series on the right
hand side of Lemma 5.5 with the factor in front using straightforward manip-
ulations of g-shifted factorials.
It remains to show that the remaining terms can be summed explicitly.
For this we first consider the factor in front of the first gpo-series in (B.6) after
having plugged in (B.7) for the 4¢ps-series. This factor is

. (¢t /514%)o0 .
(q2, qte® /s, qte?? /s, qte= /s, qse=1 [t, qstet?, q3ste=10, e /qst, 1725 ¢%) oo

2,2 .9 o 2.9 g " w0 3., o €7 o
X —q t 9 —t , =S , —q S, 7q5t6 ,q ste 9 'q
o0

st gst
—_ge— " ] RS 1
- q2t27t727872>q2827 d ’ _(ZStew, _q38t67197 aq2
st qst oo

(qSteie/Sﬂ qseie/t7 _17 _q27 _q232t2> _S_2t_2; q2)00
(qte® /s, qste?, qste=", qe'? [st, ¢, 1725 ¢%) oo
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6

)

where we used the theta-product identity (5.16) with A = ¢st, p = —e
x = —qt/s and v = —qst, see [17, Exercise 2.16]. Having used this identity we
see that the resulting sum of two sp2-series in (B.6) after having applied (B.7)
can be summed by the non-terminating version of the Saalschiitz summation
formula [17, (2.10.12)] with e = ¢?t2, f = tg®e" /s in the form

-2 _t 0 .t _—if 0 q° _if. 2 9q .0 9 ,—i0 s 0
(t aQEe aQEe ,QStG 5 st 34 )003 ) (ste ’ste qte .q2 q2>
4

9 .1 q ,—1 S 1 t_i6.
(t273610,§€ 197q?6197q3§eu9’q2)00

qte’® qte i0 —2 2 2.92i0 2/.2..2
P e ,qste o) = (t7%,4°,¢°¢”", 4% /5%, 4% ) oo
3¥2 3teif ) ) (49 ,i0 49 ,—i EPN t ,i0.
q%%% (3610736 197(]?6197(]3;6197(12)00

This gives the term with g-shifted factorials in Lemma 5.5. O

B.2. Proof of Lemma 5.5 for the infinite set of discrete mass points

Since the radius of convergence for u of R, (w;s,t|q?) depends on z, we
cannot use the result obtained for « € [—1,1] in the previous subsection to
obtain the value for x = u(q'~%¥st), cf. [32, Section 6]. In order to prove
Lemma 5.5 for the infinite set of discrete mass points we take z = p(q'~2#st)
in the definition of R, (z;s,t|¢?) in Proposition 5.4. For this argument we can
use [17, (1.4.4), (1.4.5)] to rewrite the little g-Jacobi function as

2—2k 2k . —24—2
—q ,—q"sT
21 ( i g2, —q2")

q2s2
B (—q2k8_2t_2,q2+2"_2k;q2)oo _q2—2kt27_q2n' - 2"
- (252, — >, ¢%) oo 21 g2 +2an—2k 14 5242

(—g?ks™2, 222k, g2) R =
IR e I 1( g2 +2n=2k ;q’_8_2>'

This shows the g-Bessel coefficient behaviour of the little g-Jacobi function at
these discrete mass points. In case the absolute value of the argument is greater
than one we can use Jackson’s transformation of a 2(pp-series to a spa-series,
see [17, (1.5.4)], to give the analytic extension which respects the g-Bessel
coefficient behaviour. Hence, we find

(B.8) Ru(u(—stq'~*"); 5,tlg*)
e e Bt G e L Y WL

(-1,-¢%,¢?s72,¢*s7%¢*)

. i ug?\" (¢ 25 g?) o —g2 g, g
Z 52 ¢ D)o 27 g2 D T
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24+2n—2k. 2 _ ong—2 _ 2-2k 2k
(q 1407 ) oo "t —q 2 q
x omp—2. 2\ 2%1 24 2n—2k 4T3
(—¢*"t72;¢%) gt s
—1 71]

Recall the identity, see [24, Proposition 2.2, with n =0, w = tx ™'y

Z w™ ™ e 201 (aqm’b'q —HC)
7q) gmt’

m=—0o0
TS (cqm, d )
21 g, —
(g™ q)ee 27H\ gt 70T
q 4 9)oo (a,b;9)p
(a, ¢ q)o Z q,q (¢,4:9)p
X2 - pr [ TC g0
2¢¥1 qlipail’ 9 aw 2¥1 qlipb717 5 b .
After specialising a = —y/w, ¢ = —x/w we can use the ¢-Chu-Vandermonde

sums [17, (1.5.2), (1.5.3)] to sum the two terminating 5¢1-series in the summand

on the right hand side. This gives
i wm(qm-‘rl’q) _%7 b

— iq, —
2 (g fwi g T\ gt 7Y

(@0 —%,d.q L
(—=2q™ /w; @)oo gt Y
_ (q7q7q)oo 201 (—yd/m—bx/wq U))
(=y/w, —z/w; q)s q )

valid for 1 > |w| > |zy|. Indeed, using (2.10) we see that

(@™ q) oo . —%,d.q ) O(1), m — 00,
(C2qmjw;q)o 2\ gt T O((=x)™™), m — —o0.

X

Use thls 1dent1ty in base q with b = —¢?>72%¢2 d = —¢>72k, 2 = ¢®ks7 2172,
2. 50 we spemahse u = g~ 2. Note that s72 < 1 since

y=¢q*s72 and w = s~
—4472 < ¢?s72, since we have to evaluate at the discrete

|s| > 1, and |zy| = ¢**s
1=2kst) so that |¢'~2¥st| > 1. So we may use this identity to

mass point u(—gq
—2

see that the sum in (B.8) for u = ¢
o (0% o <q2,q2.q2 S_2>
(—a%%, —¢* 172 ¢%) ¢
_ s (>, 4% ¢*)
=572 (=" —¢*" 7% %)

equals
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Using this gives

Ry-2(u(—stq"=?*); 5,t|q°)

(=t s s 0 P s
(=1,=¢%¢*s72,¢%s72, =%, —¢*"172;¢%)o 1 =572

2k

Note that specialising e = —¢'~2Fst in Lemma 5.5 results in the same answer

after manipulating theta-products, since the gWy-series is not singular for this
value and the factor in front of the gWr-series is zero. Taking into account the
first term gives the result. O

B.3. Proof of Lemma 6.4

The proof of Lemma 6.4 is similar to the proof given in the first subsection
of this appendix, but it is simpler. It again uses the Askey-Wilson polynomials
and a corresponding g-integral representation. However, we have to distinguish
between the principal unitary series on the one hand and the complementary
and the strange series on the other hand in some derivations.

We first observe that |(vf, en)| behaves as |s/q|™ as n — —oo and as |s|™"
as n — oo. This follows from the results from Appendix A. It follows that
the doubly infinite sum of Lemma 6.4 is absolutely convergent in the annulus
la/st] < |2] < Ist/al.

The analogue of Lemma B.1 is the following.

Lemma B.4.  With the notation of Sections 6.2 and 6.3 and with the

assumptions of Lemma 6.4 and assuming n < 0 we have

o0
(W8, en)(en,v3) = ()"0 > ¢ " pn(a' ™ q,0572, gt 77, qlq?)
m=0
for e € {P,C, S} using the notation (B.2) for the Askey-Wilson polynomials.

Proof. The proof is similar to the proof of Lemma B.1, but we have to
choose the right form of the 5p;-series in order to have the 4p3-series balanced.
We start with, cf. (6.4),

(B.9)
(8, en)(en,v3)

_ (st)" an(1awN) (q72)\+2n, qu,\+2n; qz)oo
q (q2>\+2n+2, q25\+2n+2; qz)

oo
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242112 242X\ 242X . —2 242X _
q t7%q 2 _op—2) q $7%,q 2 _op—2X
X 34, 34 .
21 < -2 q,9 21 252 q,9q

Note that for n < 0 both 5(;-series are absolutely convergent, since |¢>*2*| < ¢
for A as in Lemma 6.4. As in the proof of Lemma B.1 we rewrite the product
of the two o¢1-series as

)

(®,¢*572,¢*)m

2+2)‘S_2,

i q—2m(n+X) (q

m=0

24+2X4—2 242\ -2 —2m .2
X4 <q e TS q_4§R/\>
3 _ _ _9) _ _ox )
q2t 27 q 2m 2A827 q 2m—2\

and the yps-series is balanced if A = —1/2, i.e. for A corresponding to the
principal unitary series. We can apply Sears’s transformation [17, (2.10.4)] with

242X

a and d specialised to ¢ and ¢*t~?2 to rewrite this as, using R\ = —1/2,

S —2m 24+2my4—2 ,—2 242\ -
_ q yq t7%s7%q »q
(B.10) > g 2’”"4«93( ;qQ,qQ)

24—2 426—2 2
= q°t7=,q757,q

and the 4¢p3-series is the Askey-Wilson polynomial as in the lemma. Note that
the square root of g-shifted factorials in (B.9) reduces to 1 for RA = —1/2.
This proves the lemma for the principal unitary series.

For the complementary series and the strange series we use Heine’s trans-
formation formula [17, (1.4.6)];

242X . —2 242X _
q s 7q _op—
2@1( q? g ”)

q2572

— M N PP S
(q72n725\;q2)oo 21 q2572 4,4 .

The theta product identity (2.9) can now be used to rewrite (B.9) as

(B.11)

(v, en){en, v3)

i~ Qn(l)\+>\)\/(q2>\+2n,q2)\+2n+2;

q
q =
(g2 +2n+2 =27 +2n; o2

)

242X4—2 242X —2X —2X -2 _
T g —on— q g s _
X221 ( 22 g% q " 2A> 21 ( 2.9 ;q2,q2+2A 2") .
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The product of the two o¢1-series can be written as

i q—2m(n+)\) (q

m=0

2+2/\t—2 q2+2)\ . q2)
) )

(@2, ¢*t72¢*)m

—2X —2XA.—2 ,—2m ,—2p42 _
q g sTE g g _
X 103 ( . 2,q2+2>‘ 2,\>

m

— — — —_ —_ )
G282, q2m—202 g—2m—2)

and the sp3-series is balanced if ¢** = ¢?*. Since this is the case for the
complementary series and the strange series, we apply once more Sears’s trans-
formation [17, (2.10.4)] with a and d specialised to ¢~2* and ¢2s~2 to rewrite
this sum as (B.10) for A satisfying ¢** = ¢**. Observe that ¢2* = ¢®* makes
the square root of g-shifted factorials in (B.11) equal to 1. This proves the
result for the complementary series and the strange series. O

We next employ the following g-integral representation for the Askey-
Wilson polynomials of (B.2);

(B.12)  pm(z;a,b,c,d|q)
—1 (be; @)m
= (A(z;a,b,c;d —
(A€ ) (ad; q)m

X/Q/wd (dux,du/x,abedu/q;qQ)oo  (q/u;q)m (adu)md

u7
go/a (adu/q,bdu/q, cdu/q; @)oo (abedu/q; @)m \ q 1
A(z;a,b,c;d|q)

q(l - Q) (I2,1'72,q,(1b, ac, bC, q)oo
~d(x—z7Y) (ax,a/z,bx,b/T, cx, /T Q)00

where the g-integral is defined by, cf. (4.6),

/ ’ fla)dyr = / " fe)dg - / " f@) dye,
/O ) dgr = (1 - q)céﬂch) &,

cf. Section 4.2. The g¢-integral representation is in Exercise 7.34 of [17]. The
proof consists of rewriting the g-integral into the form [17, (2.10.19)], which can
be done in such a way that the very-well-poised g¢r-series is terminating. The
terminating very-well-poised gpr-series can then be rewritten as a terminating
balanced 4p3-series by Watson’s transformation formula [17, (2.5.1)], which can
be recognised as an Askey-Wilson polynomial in the form (B.2).
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Using (B.12) and Lemma B.4 we have for n <0

(B.13) (vf,en){en, vs)
(ts)"g~2" A / T (g ug s %07
= S q
q

2422 (s 2u, ut=2, u; %) oo
25-24~2 g2
qs T 7 u —2n
><2<p1< q23_2t 2u q2, uq dgu,

where A™' = A(¢"T2};¢572,¢,qt72;q|¢?). Interchanging g¢-integrating and
summation is justified, since all sums are absolutely convergent for n < 0
because |¢?t2}| < g and |¢=?*| < ¢. We can next use (B.13) for the expression
to extend the left hand side to the case n > 0 by using the analytic continuation
of the g¢1-series in the g-integral of (B.13). The analytic continuation of the
2¢p1-series is given by [17, (4.3.2)], a formula we already used for the c-function
expansion of (A.10). In this particular case the second term vanishes for n € Z
and the factor in front of the remaining o¢;-series can be simplified using the
theta product identity (2.9). This gives

2.-24-2 2
st g% fu 9
(B.14) 2@1( 25— 2t 2u ¢, ug™ "
2.-24-2 2
s g s, 4% u
= (¢*s™%t 2)"2@1( R ;qz,uq2">~

For another way to see this, rewrite the left hand side using Heine’s transfor-
mation [17, (1.4.5)] to recognise the ¢-Bessel coefficient behaviour. Next (2.10)
provides the requested relation.

Lemma B.5.  For z in the annulus |q/st| < |z| < |st/q| we have

0

25—24=2 2
_ q-s /U’ —2n
> (ts)"q 2n(qz)n2<p1< s 2 1q%, ug )
W q?s 2t 2u
“24-2 42
q*s %t %, q¢%/u
+E (ts)""(gz) 2(,01< qs‘2t 2u 2, ug? >

_ (1 —?/s*%)  (q*/s*,q2, qu/zst, quz/st; ¢7) oo
(1 —q/zst)(1 — qz/st) (¢3/zst, q3z/st, ¢?u/s%t2 u; q2) o

Proof. We can write the left hand side as

2 —24-2 0

i S CI2/U q2)] ’U/] Z (tS)n —2n—2n] i n 271]
(42, q%s ™2t %u; ¢%); ! —

7=0 n=-—oo
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Both sums in parantheses are geometric sums and absolutely convergent for z
in the annulus. The sums in parantheses equal

(1—¢**/s%?)
(1= g?*1/zst)(1 — g2+ 2/ st)

(1—¢?/s’?) (1 —q¢*"/s°?) (q/zst, qz/st; ¢%);
(1—q/zst)(1—qz/st) (1 —q>/s%t2) (¢*/zst, ¢®2/st;q%);

Plugging this back gives the left hand side as a very-well-poised gys5-series;

(1-¢*/5°t?)
(1 —q/zst)(1 — qz/st)
(1—¢?/s*?)  (q*/s*t?,¢% qu/zst, quz/st; ¢*)
(1 —q/zst)(1 — qz/st) (¢®/zst, ¢3z/st, ?u/s%%, u; ¢%) oo’

6Ws(q®/s°t%; qz/st, q/zst, ¢*Ju; ¢°, u)

where we used the summation formula [17, (2.7.1)]. O

Combining (B.13) and Lemma B.5 we see that for z in the annulus as in
Lemma B.5 we have

o0

Z (v, en)(en, v3)q" 2"

n=—oo
(1—¢?/s*?) (¢*/5°1, 4% ¢*) o
(1—gq/zst)(1 — qz/st) (¢3/zst, ¢*2/st; 4*)
x /q% (ug?* 2 ug=?, qu/zst, quz/st; ¢*) s
g2+2x (8_2u7 ut=2, u, u; q2)00

d2u

q

The g¢-integral is of the same type as used for the Askey-Wilson polynomial,
and it can be explicitly evaluated in terms of a very-well poised gpr-series by
[17, (2.10.19)]. The g-integral is equal to

1 -q%)
(@, T P J2, 22,7572, 2 st 2 st ) oo
(q2+2/\/82, q2+2)\/t27 q2+2/\7 q—2)\/827 q—QA/t27 q—2)\7 q—2k7 q2—2k/82t2; (]2)00

xsWr(q~ /%1272 8%, ¢ 2 12, g7 qz/st, q/2st; 2, 2 T2).

Plugging this back in and using the value for A proves Lemma 6.4 for z in the
annulus |g/st] < |z| < |st/q]. O
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