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Scattering Theory for a Stratified Acoustic Strip
with Short- or Long-Range Perturbations

By

Elizabeth Croc* and Viorel IFTIMIE**

Abstract

We consider the acoustic propagator H = —V - pV acting in L?(Q) with Q :=
' xR and €’ a bounded open set in R"~*, n > 2. The real-valued function p belongs
to L*°(£2), and is bounded from below by ¢ > 0. We assume there exist two strictly
positive constants ¢1 and ¢z and two perturbations, §° of short-range type and &%
of long-range type, such that p = ¢; + 6% 4+ 6% on Q; == {(z,z,) € Q(—1)z,, >
0}, 7 = 1,2. We build two modified free evolutions Uj(t), j = 1,2, such that the
wave operators Q;t =5 — lim¢— 400 e“HUj (t), 7 = 1,2, exist and are asymptotically
complete.
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81. Introduction and Results

Let Q' C R"~! n > 2 be a Lipschitz bounded open set (or according to
Stein [13] a domain with a “boundary with minimal regularity”). Then the
cylinder Q := Q' x R is also a Lipschitz domain and the Sobolev spaces H*(2)
and H§(2), s € R, have the usual properties.

We consider a function p : {2 +— R satisfying the following assumptions:

(i) p and 1/p belong to L>(Q).

(ii) There exist two strictly positive constants c1, ¢z and two real-valued
functions 6°, 6% : Q — R, such that:

a)p=rc;+6°+dlon Q= {z = (', 2,) € Q/(—1)/z, > 0},j =1,2.
b) % € L°°() is a short-range perturbation, i.e. there exist constants
C > 0 and 6 € (0,1] such that

(1.1) 16%(2)] < C{z)™'7? a.e. (almost everywhere) on Q,

where () := (1 + |2|?)'/? and |z| is the Euclidean norm of = € R™.
c) 81 € C*°(Q) is a long range perturbation, i.e. there exists a constant
6 € (0, 1] such that

(1.2) Vo € N*, 3C, > 0, 0% (z)| < Cofz)0711 on Q.

Remark 1.1.  a) We can assume that 6 depends only on z,. Indeed,
according to [11], each connect component of ' is a finte union of open sets
starred with respect to a ball. Therefore by applying conveniently Taylor’s
formula with respect to ', we get 6%(z) = 6% (z,) + r°(z) where r° is short-
range perturbation and JZ is a long-range perturbation.

b) We can also assume with a modification of §° that

(1.3) |6%(x)| < 1/2min{ci,ca}, © € Q.

The quadratic form h, with domain D(h) := H}(Q), defined by
(1.4) h(u,v) := / pVu - Vodr, u,v € Hy(Q),
Q

is symmetric, non negative and closed. Kato’s representation theorem (Chapter
VI of [10]) gives a unique self-adjoint operator in L?(£2) with domain

(1.5) D(H)={u € H}(Q)/ -V - pVu € L*(Q)},
Hu=-V -pVu ifue D(H).
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The spectral theory of the operator H, and a limiting absorption principle
(under more general assumptions), have been studied in [7] (refer also to [4] at
the origin of these works). When the perturbation 6% is zero (and c¢;,j = 1,2,
not necessarily constants), the scattering theory for H has been made in [5]
by comparing H to the “free” operators H;, j = 1,2, defined analogously to H
by substituting c¢; for p and by using some aspects in relation with a 3-body
Hamiltonian of quantum mechanics.

In our case where the functions ¢;,j = 1,2, are constant, the “free” oper-
ators Hj, j = 1,2, are the self-adjoint operators in L?*(Q) defined by

(1.6) D(H;) = {u € Hy()/ — Au € L*(Q)},
Hju=—cjAu if ue D(Hj).

Note that D(H;) = H$(Q) NH?(Q) if Q' would have the exterior ball property
(see [2]).

In the case of a long-range perturbation, it is no longer possible to compare
the evolution e~*# with the free evolutions e =7, j = 1,2, and we have to find
modified free evolutions U;(t),j = 1,2. There exist a lot of results concerning
the scattering theory for stratified media with short-range perturbations (see
for instance [3], [6], [14]). As far as we know, there is no result for such media
with long-range perturbations.

The main result of this paper is the following theorem:

Theorem 1.1 (Ezistence and completeness of the modified wave operators).
There exist modified free evolutions {U;(t)}ier,j = 1,2, where U;(t) are
bounded operators in L2(Q) determined by c;,) and 6¥, such that the modified
wave operators

(1.7) Q;t =s— lim e™U;(t)

t—too

exist and are asymptotically complete, i.e.

(1.8) Hoe(H) = @ RaunQ;-IE
j=1,2

where Hao(H) is the subspace of absolute continuity of the operator H.

Let F,, be the partial Fourier transform on L?(Q) defined for u € C§°(9)
and (2/,€) € ¥ x R by

(1.9) Fou(z' &) == (27r)_1/2/u(x’,xn)e_iwngdxn.
R
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We set H = L2(Q), H* = {u € H/(Fy, flu(2,&,) = 0 if 2’ € ', F¢, > 0}
and H;tc) ; = Ran QJlL Then we have the following corollary:

Corollary 1.1. 1) One has Ker Qf = Ker Qf = H*.

2) The operators Qf : HF — H;tc)l and Q5 : HT — chg are unitary.

3) Setting QF = Qf @ QF, the scattering operator S = (QT)*Q~ is
unitary from H =H* ®H™ onto H- @ HT = H.

For the proofs, we use some results of [7], in particular the limiting ab-
sorption principle, and an idea of Isozaki and Kitada [9] improved by Yafaev
[17]. These authors have built wave operators for the Schrédinger operator
with an identification J, defined as a Fourier integral operator and allowing to
prove the asymptotic completeness. The modified free evolutions follow by the
stationary phase method. Nevertheless, the existence of thresholds gives some
problems.

The paper is organized as follows. In Section 2, we collect from [4] and
[7] the needed results concerning the operators H and H;. In Section 3, we
study the eikonal equation. It defines the phase function of a Fourier integral
operator on R considered in Section 4. The operators of identification are built
in Section 5. The existence of the generalized wave operators is proved in
Section 6, and their completeness in Section 7. Finally, the construction of the
free evolutions U;(t) and the proofs of Theorem 1.1 and Corollary 1.1 are given
in Section 8.

Let us give some notations. The norm (respectively the scalar product)
in a normed (respectively Hilbert) space E is denoted by || - |z (respectively
(-,-)r). The space of bounded (respectively compact) linear operators from
a Banach space E to a Banach space F' equipped with the uniform operator
topology is denoted by B(E, F) and by B(E) if E = F (respectively K(E, F)
and by K(F) if E = F). If H is a self-adjoint operator in a Hilbert complex
space, the spectrum of H, (respectively the essential spectrum, the singular
continuous spectrum, the absolutely continuous spectrum, the set of eigenval-
ues, the orthogonal projection on the subspace of absolute continuity Hec(H))
are denoted by o(H) (respectively oess(H),0sc(H), 0ac(H),0p(H), Poc(H)).

8§2. Spectral Preliminaries

We identify the space L?(£2) with the direct integral fﬂga L2(QY)d¢, so that
Fn, the partial Fourier transform (1.9), is unitary. We set H; = F,H;F} =
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Jis H;(€), with H;(€), € € R, the self-adjoint operator on L2(') defined by

(2.1) D(H;(€)) = {v € Hy()/A'v € ()},
H(€)v=—¢;A'v +¢;6%  if v € D(H; (),

where A’ is the Laplace operator on £'. The operator H (&) is with a compact
resolvent, and if (Ax)r>1, 0 < A1 < Ay < ..., is the sequence of eigenvalues
of the Dirichlet problem for —A’ on €' and (Vi)r>1 is an orthonormal basis
of L?(Q'), elements of which are real-valued eigenfunctions of the same prob-
lem associated to the above eigenvalues (Ax)r>1, then the Vi, k > 1 are also
eigenfunctions of H;(&) associated to the eigenvalues

(2.2) Mg =cj( M\ +&%), j=1,2k>1.

Note that Vi, € C(Q).

It is known (see [7]) that H, is purely absolutely continuous and that
o(Hj) = [ej\1,+0),j = 1,2. The generalized eigenfunctions of H; are inde-
pendent of j = 1,2, and defined by

(2.3)  Op(x, &) = (2m) V2V (2)), z=(2,3,) €Q, EER, k> 1.

For f € L?(Q) and k > 1, we set

(2.4) fr(zy):= " f@ ) V(2 )de', ©, € R,
£ = (2m) "2 | e nE £y (2 day = 2)®y (z, &)dx
Ful©) = @m 2 [ e fun)do, = [ iz de, €€ R

where both last integrals converge in L%(R).
The following properties can be found in [15], [4] and [7].

Proposition 2.1. 1) Forz € Q,j=1,2k>1,£ € R,
=€ A Pr(2,§) = Aj k() Pr(, §).
2) For f € L*(Q2),

(25) f@ =Y [ R©n o
k>17R
where the series converges in L?(Q).

3) For f,g € L3(),

(2.6) ummmzzéﬁ@%@a
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4) For f € D(H;),

(2.7) (H; F)i(€) = Ar(©)Fu8).
5) For f € L*(Q) and ¢ a bounded Borel function on R,
(28) (HNDH(E) = P (€)Ful©):

6) The operator F : L*(Q) — fﬂf L2(SY) defined for f € L*(Q) by

(2.9) (FNE) =D el

k>1

18 unitary.

Proposition 2.2 (see Theorem 0.2 of [7]).

1) inf o(H) > 0.

2) Oess(H) = [, +00), with p := min{c1 A1, cada}.

3) 0sc(H) =90.

4) Let 7(H) := {¢; u/j = 1,2,k > 1} be the set of thresholds of H,
then o,(H) U T(H) is closed and countable. The elements of o,(H)\7(H) are
eigenvalues of finite multiplicity that can accumulate at the thresholds (or at
infinity) only.

To formulate the limiting absorption principle for H (see Theorem 0.3
of [7]), we need the weighted Sobolev spaces Hf,) (2) := {u € D'(Q)/{-Yu €
H5 ()}, t and s real numbers. These spaces are equipped with the natu-
ral norms ||(-)ull3=(q). When ¢ > 0, the injections H(;)l(Q) — H~1(Q) and
H(Q) — H(lft)(Q) are continuous.

Proposition 2.3.  Lett > 1/2 be a real number. Then for each compact
K included in R\(o,(H) UT(H)), one has

2.10 su H-—X\—ie) ! - < 4o00.
( ) /\EK,0£€<1 It ) HB(H“;(Q)’HLO(Q))

Finally, we need the following lemma.

Lemma 2.1 (see Proposition 5.7 of [7]).  Let ay,a2 € C®(Q) be two
functions depending only on x,, such that a1 = 0 when x,, is large enough,
ag = 0 when (—x,,) is large enough, and a1 +as = 1 when |x,| is large enough.
Then for every B € C§°(R), the operator B(H) — >_._; o a;B8(H;) belongs to
K(L*(Q)).
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§3. Eikonal Equation

We fix A := [a, b] a compact interval in R\(7(H)Uo,(H)) and 8 € C§°(R)
a real-valued function equal to 1 on A such that supp 3 (the support of 3) is
an interval Ag := [ag, bo] also in R\(7(H) U o,(H)).

For j = 1,2, there exists a unique k;(A) € N* such that CiAk;(a) < a <
b < cjAk;a)+1- We define the real-valued function 3 € Cg° (R) by

(3.1) Bik(§) == BAk(E)), EeRj=12k=>1

We have B, = 0if k > k;(A)+1 and there exists €;(A) > 0 such that 3;,(§) =0
if €] < ej(A) and k < k;(A).
For j =1,2,k > 1, let ajp € C*°(R) be a real-valued function such that

(3.2) ajp(w,) = 1if (1), > 2Ry, ajp(z,) =0if (1), < Ry, z, € R,

where Ry, will be chosen large enough.
Finally, we define the real-valued function v;;, € C°°(R?) by

(3.3) Vik(Tn, &) =t aji(zn)Bik(€), n, EER, j=1,2,k>1
We can assume 6 < 1 in (1.2). Then we have the following proposition:

Proposition 3.1.  For every j = 1,2 and k > 1, there exist functions
Yk and rj, in C°(R x R*), with the following properties:

1) ¥k is real-valued and if m € N* and m@ > 1, for all p,q € N, one has,
with constants Cpq depending also on j and k, the inequalities:

(34) 102, O¢E*  ji(an, E)] < Cpg()*™ Uan)' TP, wn R, EER™.

2) One has supp ;i C supp vk, and for every p,q € N, there exist con-
stants Cpq (depending also on j and k) such that

(3.5) |08, Ofrji(wn, &) < Chy(xn) 17077 2, €R, £ €R".
3) One has the equality
(3.6)
=V - (e + 05)V (e Bpyjn) = €V Dp [Nk ()vjk + k), € Q, L ER™.
Proof.  Suppose 1, satisfying 1): a direct calculation gives easily that

(3.7) =V - (c; + aL)V (¥ @y
= "Dy Nk ()i + ik Bk (O, Ysk) +751]  for z € Q, £ € RY,
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where rj;, satisfies 2) and
Ej(t) := (cj + 092 + 28(c; + 85t + (i + €265, teR.

We determine j; as an approximate solution of the eikonal equation
E;;(0z,%jr) = 0. We set

e + &2

L *
mé (Tn), = €ER, £ €RY,

(3.8) Aji(@n, §) =

and choose Ry, in (3.2) such that |A;x| < 1/2 on suppyjx. Then on this support
of i, we have Eji(Bj;) = 0 where Bj; := £(1/1 — Ajr — 1). Now, we define
Bjr : R xR* — R by

=11 1 (—Aj1)®
(3.9) Bji ._522 (2 1) (2 s+1> o
and ¥j; : R x R* — R by

(3.10) Yk (T, §) := /OM Bji(t, §)dt.

Using (1.2), (3.8), (3.9) and (3.10), we see that v, satisfies 1). Now with
Taylor’s formula, using (1.2), (3.8), (3.9) and with the choice of m, we see that,
if Dy, := B, — Bjx on supp v;k, then ;D ;) satisfies inequalities of type (3.5).
Finally we have 0., ¢;r = Bjr = Bji + Djj and then

Vi Bk (0w, Vi) = vk Bk (Bjk) + (¢j + 6")vjxDjr(Djk + 2Bjr + 26).

To get (3.6), we use (3.7) and choose rj =} +v;xDjx(c; +6%) (D) + 2B +
2). O

84. A Class of Fourier Integral Operators

With the notations of Section 3 and for j = 1,2,k > 1, we define the
real-valued function ¢ € C®(R x R*) by @jk(an, &) = zn€ + @jr(zn, §) and
the operator Fj; by
(4.1)

Fjif(an) = (2m) 71/ Aei%k@mﬂwmxn,@ (©)d¢, feSR), v, €R,

with f(£) := (2m)~1/2 Jpe e f(t)dt.
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Lemma 4.1. 1) Fj; : S(R) — S(R) is continuous.
2) Fji, has a unique extension as an operator of B(L*(R)).

Proof. For 1), we use the inequalities (3.4).
For 2), we remark firstly that the formal adjoint of F}, satisfies the equality
(4.2)

—

(Frrg)(€) = (2m) 112 / Ry Oglyn)dya, g € S(R), € € R.
Then
(43)  (FpFg)(aa) = (2m)~" / K@ yn)a(un)dym, 9 € S(R),

where
(4.4)

Kjk(mnyyn) - /Rei[wjk(wn’g)_tpjk(ymg)]'yjk(mn7§)7j7€(yn7é‘)dé‘a TpyYn € R.

We have
(4.5) ©ik(@n, &) = @ik (Yn, &) = (Tn — Yn) (€ + Gk (Tn, Yn, §))
with
1
(4'6) Cjk(mmymf) = /O (axn"/}jk)(txn + (1 - t)yn)dt'

If (z,&) and (yn,§) are in supp vk, we have |tz, + (1 — t)y,| = t|z,| + (1 —
t)|yn| > Ry for every ¢ € (0,1). Then using (3.4), we find a constant C' > 0 such
that |9k (n, yn, €)| < OR;? < 1/21if Ry, is large enough. In the integral (4.4),
we can do the change of variables 7 = & + (g (Tn, Yn, &), 1.e. & = Ep(Tn, Yn, 1),
since the derivatives with respect to n of ;5 are bounded on the support of the
integrand. After an integration by part, we get for every p € N

(4.7)
Kji(n, yn) = (0 — yn>_2p /]R ei(wn—yn)n(l - 62)1)[%'16(55717fjk(xmynan))
X’ij(yn7£jk(xn7yn’7]))(1 + (aECJk)(Inaynaﬁjk(xn7yn’7])))il]dn'

Thus there exists a constant C' > 0 such that |Kx(zn, yn)| < C(xn — yn) 2P
for every x,,,y, € R and p € N. Now using the Schur lemma, we deduce that
Fji Fj;, has a unique extension as an operator of B(L3(R)), so that F, and Fjj
have the same property. [l
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Remark 4.1.  In fact Fj, € B(L*(R), H*(R)) for all s € R.

Lemma 4.2.  The operator Ljj, := (-)~UFO/2[(NHO/2 Fu] well de-
fined on S(R), has a unique extension as an operator of B(L?(R)).

Proof. If a(x,) := <mn>(1+‘9)/2, b(zn,yn) = a(z,) a(z,) — a(y,)] and
Pik(Tny Yn, §) = (Tn — Yn)& + VYjk(an, ), we have

(4.8)  (Ljnf)(xn) = (27T)_1/2/Rﬂ(wmyn)f(yn)dym feSR), z, €R,

where

(4.9) I/(\];(xn,yn) = / e”’j"'(“’y"’g)b(‘rn,yn)’yjk(mn,f)d@ ZTn,Yn € R.
R

If |z, —yn| > (1/2)]2,| and ¢ € N, ¢ > 3/(26), we have |I/{\]7€(mn,yn)\ =
(@0 = yn) "29b(@n, yn) fp €' mYmE (1 — 0F) e ir (o (2, €)]dE and there
exist constants C%j, and Cfj; such that

(4.10)
‘Kjk(mmyn” < C;'k<mn - yn>72q‘xn - yn|<xn>2q(170) < C;’/k<xn - yn>72‘

If |2n —yn| < (1/2)]zy], then (2/3)|ys| < [2n| < 2|y,|. Forp € N, p > (2-6)/6,
we write

(4.11) b(Tn, yn) = Sp(xmyn) + Tp(xmyn)v
where
_ 1
(4.12) $p(Tn, Yn) 1= —a(zy) ! Z E(yn - xn)ta(t) (zn)
t=1
and
(4.13)

1 1
rp(mnyyn) = —a(;vn)_lp(yn - xn)p+1 / (1- T)pa(p+1)(mn + T(yn - xn))dT‘
. 0

According to the decomposition (4.11), we write

—_— — "

(4.14) Kji(Tn,yn) = Kj (Tn,Yn) + Kjk (Tn, yn)-
On the one hand, the identity

(yn _ xn)p+1eipjk(93nvyn7£) — [(_Dg)p"l‘lei(wn_yn)f]ei"b]’k(i’jnvg)
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and integrations by part give a constant C, ; such that, for |z, — y,| <

(1/2)|znl,
—
(4.15) 1K (T, Yn)| < Cpjilmn) P < Cpjin(an — yn) ™2

On the other hand, with similar integrations by parts, we see that the kernel

—

K (xn,yn) verifies an inequality similar to (4.10) for |z, — yn| > (1/2)|zx].
—

Thus for every z,,y, € R, there exists a constant Cjj, such that |Kjr (2n, yn)|

< Cj k{(Tn — yn) "2, so that the operator T%; with the integral kernel (27)~1/2

K]k is bounded on L2(R).
—/
Finally the operator T%; with the integral kernel (27)~'/2K}), is written
as

~

(Tjif)(zn) = / et tle (2,6 f(€)dE,  feSR), z, €R,

R
where e;;, € C(R x R), suppejr C supp~; and all the derivatives of ej;, are
bounded. Using the proof of Lemma 4.1, we get T € B(L?(R)). The proof is
complete since L, = T, + T according to (4.8) and (4.14). O

§5. Identification Operators

With the notations of the previous sections, we consider the operators
Gj; =Gj(A),5 =1,2, defined for f € C§°(Q2) and z € Q2 by

61 GN@ = Y [ e O RO,
k>1
Remark 5.1.  The sum in (5.1) is finite since v;, = 0 if k& > k;(A) + 1.
Lemma 5.1. 1) G; has a unique extension as an operator of B(L*(2),

H5(2)).
2) For all f € L*(Q),G; f is in C*(Q).

Proof. It is sufficient to take into account the following expression of G;:

(5.2) =Y Vi@ (Fifu)(@n), f € C(Q),

k>1
where fj, is defined by (2.4) and to use Remark 4.1 and the fact that Vj, €
HI(Q) N C=(Q). O

Remark now that for a fixed interval A and for 1 < k < k;(A),j = 1,2, we
can choose Ry, in (3.2) independent of k, and consequently a;i =: a;.
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Proposition 5.1.  The following relation holds:

(5:3) Y [a35%(H,)) - G;G5] € K(L*(Q)).

j=1,2
Proof. Using (2.5) and (2.8), we get
(54) > []B°(H;)f(x)

j=1,2

— e 2 Y Y ) / €02 (1) B2 (A (€)) Fu ()

j=1,2 k>1 R

for f € C5°(Q2),z € Q. On the other hand, the formal adjoint of G; satisfies

(5.5) (Gig)e = Fiugr, g€ CF(Q), j=1,2,k>1.
Then we have
(5.6)

(6@ = @) S Vle!) [ Kyplan o) el f € CF(€),

k>1

where K, is defined by (4.4) or(4.7). Using the identities

1
05 (00) = 5n) = (v = ) [ + bl = )i
0
1= (14 0eGin) ™" = DeGin) X+ 0eGin) ™, 1 = & = Cin(Tn, Y Ei),
(4.6) and the inequalities (3.4), it is easily seen that K, = K’ + K7 with
(5.7) Kj(Tn, yn) = / e oY (2 0)dn,  Tn,yn € R,
R

while, for every p, ¢ € N, there exists a constant Cpq (depending also on j and
k) such that

(5.8) |agn g'lk(xmyn)‘ < Cpq<xn>70<mn - yn>72p7 Tn,Yn € R.

Then the operator T} defined by

(:9) (f)(e) = @n) " S Vile') | K)oy f € CF@),
k>1 R

is such that (-}T; € B(L*(Q), H}(Q)), so that T; € K(L*(2)),j = 1,2.
Finally, comparing the relations (5.4), (5.6) and (5.7), the operator on the
left-hand side of (5.3) is equal to Ty + T5, and the proof is ended. O
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86. Existence of the Generalized Wave Operators
We use the following result of existence for the wave operators.

Proposition 6.1.  Let J be an open set in R, H be a separable complex
Hilbert space, Th and T be two self-adjoint operators in 'H, S be an operator
in B(H), Ax and Bi,k = 1,...,N, be operators with dense domains in H.
Suppose that

1) J = U,en+ Ji where each J; is a bounded open interval, and J;N Ty = 0

2) Ay is Ty-bounded and locally Th-smooth on J;, for 1 <k < N,i> 1.

3) By is Ta-bounded and locally To-smooth on J;, for 1 <k < N,i> 1.

4) ToS — ST, = Z,ivzl B} Ay, holds in the sense of forms, that is

(Tyu, Sv)p — (u, STyw)y = Y (Bru, Axv)y, u € D(Ty), v € D(TY).
1<k<N

5) Both sets o(T1)\J and o(T2)\J have Lebesgue measure 0.
Then the generalized wave operators s — limy_, 1 oo etT2 Ge—itTh P,.(Ty) and
s —limy_ 4o €182 P, (T) emist.

The proof of this proposition is in [12] for S = Idy and in [16] for the
general case S in B(H).

Remark 6.1 (see [12] and [1]). If T is a self-adjoint operator on H and
A is a T-bounded operator, in order to verify that A is locally T-smooth on an
open interval I C R, it is suffcient to verify, for every compact set K C I,
(6.1) sup AT — X —ie) " A*|| gy < +oo0.
AEK,0<e<1
Theorem 6.1.  With the assumptions (i) and (ii) of the introduction and
with G; defined by (5.1), there exist the following generalized wave operators:

(6.2) Q;':(A) =5 tiiinoo MG e =12,
(6.3) WE(A) =5 — Jim eMiGre ™ P, (H), j=1,2.

Proof. 'We apply Proposition 6.1 with 77 = H;,T» = H,J = R\(7(H) U
op(H)),S = G;(A),H = L?(2). The assumptions 1) and 5) are fullfilled. Using
point 4) of Proposition 2.1 and (5.1), we have, for v € D(H;),j =1,2,z € Q,

(6.4) GiHjv(x) = Z/Rew"’”’(m"’g)@k(%E)wk(ﬂﬁmf)/\jk(ﬁ)Ak(ﬁ)dé-

k>1
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On the other hand, if w € D(H),v € D(H;) and if we take into account
the support of v, we have

(6.5)  (Hu,Gjv)r2(0) = /Q(cj + 65)Vu - VGvdr + A §9Vu - VGjv d.

With (3.6) and (6.4), we see that the first integral on the right-hand side
of (6.5) with u € C§°(2) is equal to

(6.6) —/ uV - (¢j + 6")VGjvda = (u,G;Hjv)r2(0) + (u, @U)Lz(g),
Q

where

(6.7) Gyu(z) =Y /R ek En Oy (2, €)1 (20, )T (E)dE,  j=1,2, 2 €

k>1

Then the assumption 4) will be satisfied with N =n + 1,

By = (2,)1065 (2,) D29, u, Apv = (2,)"FD/29, G if 1 < k < n,

Bpiiu:i= <zn>_(1+9)/2u and Apiv = (:cn>(1+0)/2évjv.

Using (2.10) with ¢t = (14 6)/2 and (6.1), we see that the operators By, 1 <
k < N, satisfy the assumption 3). We write now the identity (z,) 'G;v =
() "Gy, (@n) @) v+ G {xy,) " tv. Lemma 4.2 and the relation (5.2) imply
that Ag,1 < k < n, satisfy the assumption 2). Finally, with the inequalities
(3.5), we see that the operator <xn>1+96¥; has the properties of GG;. In order to
verify the assumption 2) for A, 41, it is now sufficient to remark the identity

<$n>thv = (<wn>7t[<$n>2ta;7 <$n>t]<xn>7t + <$n>2ta;<mn>it)v- O

87. Asymptotic Completeness

Remark 7.1.  The following statements follow directly from the general
properties of the generalized wave operators.

a) (G (M) =WF(Q), j=1.2

b) Ran QF(A) L Ran Qi (A).

c) If E(-) (respectively Ej;(-)) is the spectral measure of H (respectively
H,), one has, for every Borel set J C R,

(7.1) E(T)QEN) = Q5N E;(T), j=1,2
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Theorem 7.1.  Under the assumptions (i) and (ii) of the introduction,
one has the following property of asymptotic completeness:

(7.2) Pac(H) = Y QF(A)W(A) on E(A)H.

j=1,2
Proof. Tt is sufficient to prove that if f € E(A)H (in particular f €

Hae(H)), and f]le = VVjjE (A)f,7 = 1,2, then the following equality holds:

(7.3) lim [le™™f — " Gje ™ f5]| 12y = 0.

t—too
j=1,2
From limy 4o, [|Gie™ " f — e71H; fjiHLz(Q) =0, j=1,2, we get
: * —1 —itH; p% .
(7.4) im [|G;GFe Hf—Gie ™6 fF ]2 =0, j=1,2.

Using Lemma 2.1, we see that the operator Ky := ($%(H) — dim1o o2 3%(Hj)
is in K(L?(2)). From Proposition 5.1, the operator Ky := Zj:m[a?ﬂ2 (Hj) —
G;G3] is also in K(L*(R)). Since limy_, 400 e “H f = 0 for the weak topology
of L2(Q2), we get limy— 1 oo ||(K1 + K2)e "2 f|| = 0. Finally, the relation (7.4)
and the equality 82(H)e "2 f = e~"H f imply (7.3). O

88. Free Modified Evolutions

We use the notations of the Sections 3 to 5, and denote by x; : 2 — R the
characteristic function of {z,, € R/(~1)/z,, > 0}, j =1,2.

Proposition 8.1.  There exist real-valued functions aj, bj, € C(R x
R*),5 = 1,2,k > 1, uniquely determined by the functions ;i of Proposition
3.1, such that

1) The following identity holds for ,, € R and £t > 0:

2

T oz
(8.1) aji(Tn,t) = 5 + ?Zt(%j — 1) — ¢ Aut + bjg(zn, t).
J

2) bk is zero if i = 0.
3) The following relations hold for j = 1,2 and f € L*(Q) :

(8.2) im 1G5 (A)e™ ™ f — U (£)B(H;) fll 2() = 0,
where U;(t),j = 1,2,t € R*, are the operators of B(L*(Q)) defined by
(8.3)

U (011(0) = xs ()2t 2 3 Via )b @nd (

k>1

LTn
2Cjt

), f e L3(9).
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Proof. Tt is clear that U;(t) € B(L?(f?)) since, for j = 1,2,+¢ > 0 and
f e L),

(8.4) U5 @) f11* = Z/ X5 ()| fu(@n) Pdan < ) f720)-

k>1

We fix f € C5°(Q2). Pointing out that lim;_, 1o e i f = 0 for the weak
topology of L?(€2) and that x; — ajk,j = 1,2,k > 1, is with a compact support
in R, it is sufficient to prove (8.2) with a;(A) instead of G;(A) (where é’v](A)
is obtained from G;(A) by substituting x; for o) since G; — @; € K(L*(Q)).
Using (2.8) and (5.2), we write

(85) G (@) =Y Vi) (Fufi)@n), @€ Qi=1.2,

k>1

where

(8.6) (Fjkg)(zn) = (27T)71/2/]R e Pk SN AT (2, ©)G(€)dE, g € CF(R),
with

(8.7)
Vik(@n, €) = x;(xn)Bjk(§) and
éjk(mnagﬂt) ::xntilg - CJ(AIC + 52) + tilq/}jk(‘rnag% Tn € R7€at € R*.
We fix ¢ > 0 small enough and p € C§°(R) an even real-valued function,
such that p(s) = 1 if |s] < /2, p(s) = 01if |s| > . We set pji(z,,&,t) ==
((35<I>]k)(wn,§ t)) and pJk := 1 — pli. According to 1 = pl + plfk, we write
ij = ij + ij We set also

Aji = {(zn, &, t) € supp pjx/dist (£, supp Bj) = d/2,[t| > T}

where d := dist (0, supp 5;x) and T > 1 chosen large enough. We have

(0e®jp) (2, & t) = == — 2¢,€ + (351%1:)(%, £).

t

Taking (3.4) into account, we can find two constants m and M,0 < m < M,
such that if T" is large enough, the following estimates hold on Ajj:

(8.8) m <

< Mand |2 -] < o

2c]t - 40]
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We can assume ¢/(4c;) < d/4. We have also

so that |(“)£2<I>jk\ > ¢j on Ajj, if T'is large enough. We see that for 7" large enough,
for x,,,t € R, |t| > T, such that dist (z,,/(2¢;t),suppfir) < (d/4), there exists a
unique solution &; = &k (xn,t) of the equation (0¢®,i)(xn,E;,t) = 0 such that
|zn/(2¢;t) — €| < e/(4c;) and thus (x,,&;,t) € Aj,. Using (8.8) and (3.4), we
get that the derivatives of ®;, are bounded on A;, and then, with Theorem
7.7.6 of [8], we have

(8.9)  (Fyo 9)(an) ~ et @nban @)D (920) (2, &1 (2, 1)) — 205t 772
e%sgn[(agwjk)(wmﬁjk(m,t))—20jt]%(mm (@0, 1) (Ei (T, 1))

modulo terms the L?(R)-norms of which go to zero if |t| — oo. Thanks to the
inequalities (3.4) and (8.8), for every s € N, there exists a positive constant Cj
such that |(95¢;r) (@n, &k (@n, 1)) < Cs[t|'~%,[t] > T. In particular, using the
equality

Tn 1

+ 5 (Oe¥jk) (@n, &k (Tn, 1)),

1 (T, t) = —=
(8.10) Gnlant) = 205 + 5.7

we get the inequality |&jx(@n,t) — (zn/2¢;t)] < (2¢;)7Cs|t]7%, [t| > T. On
the other hand, to eliminate some terms (depending explicitely on &;z) of @y,
we replace & by its expression coming from (8.10) and we use a Taylor’s
development of finite order to express (01 )(zn, &k (n, 1)) in function of the
derivatives (0f¥jk)(%n, (¥5/2¢;t)), the powers of &k (zn,t) — (zn/2¢;t) and a
convenient remainder. Repeating several times these two operations, we find
the functions aji and b, satisfying (8.1), independent of &, (xy,t) and such
that [t®x(vn, &k (Tn, 1)) — ajr(@n, )| < C[t|~2 holds on Aj; with two positive
constants C' and §. We deduce

! - iaik(Tn, Ln ~ Ln
(8:11)  (Fje g)(wn) ~ g (wn) 25t 2e o) gy, <m)g<2m>'

—!
To estimate Fj; , we write it under the form

812 (B gwn) =~z [

R

//
itk (xn,8) D ( Pyk ".’A) d
(& k .
3 9§(I)jk% g|dg

In (8.8), we can assume M large enough. If |z,/(2¢;t)] < M,|¢t| > T, T
large enough, we have also (z,,)/2¢;[t| < M + 1 and the derivatives of @, are
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bounded. Therefore there exists a constant C' > 0 such that for |z, /(2¢;t)] <
M, |t| > T, we have

(8.13) (Fpt ) ()| < Clt| ™ < C(2e5(M + 1)/ 4t~/ (@) /4,

If |z, /(2¢;t)| > M, the derivative of pji is zero for & € supp 3, and
the only term with problems is (97®;1,)(9s®;x)~%. But if M and T are large
enough, there exist positive constants ¢ and C such that \agq)jk(mn, o <C(1+
1t~ z,) 7)) and [0 @k (2, €)| > et~ (zy,). On the support of pf, we have
also |0 Pk (xn, &)| > €/2 and then we can find another constant Cy such that
for |z, /(2¢t)| > M, |t| > T,

(8.14) (F3n 9) ()| < Colan) ™" < Col2e; M)At~/ () =34,

From (8.13) and (8.14), we get

—1
(8.15) im [y gl = 0.
The relation (8.2) follows from (2.8), (8.3), (8.5), (8.11) and (8.15). O

Proof of Theorem 1.1.  Using Theorem 6.1 and (8.2), we deduce

(8.16) OF(A) =s— lim MU;()B(H;), j=1,2,

t—+oo

so that there exist the operators Q;t defined by (1.7) and
(8.17) OF(A) = Q7 B(Hy), j=1,2

Property (1.8) of asymptotic completeness follows from (8.17) and Theorem
(7.1). O

Proof of Corollary 1.1. Tt is sufficient to use the relation (8.4) which
implies

10 2y = / i ()| fi(aon) Pdan, € L2(9), -

k>1
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