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§1. Introduction

We shall consider the operator

P (x,D) = fσ(x1)D2
1 + x4

1D
2
2 + 1

in R
2, where

fσ(t) =

{
exp[−|t|−σ] (t �= 0),

0 (t = 0)

for σ > 0, f0(t) = 1/e, x = (x1, x2) ∈ R
2 and D = (D1, D2) = −i(∂1, ∂2) =

−i(∂/∂x1, ∂/∂x2). In [3] the first author proved that P (x,D) is hypoelliptic if
0 < σ < 2 (see Example 4.5 in [3]). It is obvious that P (x,D) is hypoelliptic
if σ = 0 (see [2]). On the other hand, L(x,D) = x4

1D
2
1 + fσ(x1)D2

2 + 1 is
hypoelliptic in R

2 for any σ > 0 (see Example 4.4 in [3]). Moreover, L(x,D)
is not hypoelliptic if σ = 0. Indeed, u(x) = x1 exp[ix−1

1 +
√

2ex2] (x1 �= 0)
is a non-smooth null solution of L(x,D) if σ = 0 (see, also, [1] and [4]). In
this paper we shall prove that P (x,D) is not hypoelliptic if σ ≥ 2. In doing
so, we shall construct asymptotic solutions using the Airy function. Although
our operator has a very special form, we believe that our method here can be
applicable to a wide class of operators.

Now we shall give the precise definition of hypoellipticity and our main
result.
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Definition 1.1. Let x0 ∈ R
2. We say that P is hypoelliptic at x0 if

there is a neighborhood ω of x0 such that

ω ∩ sing supp Pu = ω ∩ sing supp u for u ∈ E ′,(1.1)

where sing supp u denotes the singular support of u and E ′ = {u ∈ D′; supp u

is compact}.
Theorem 1.2. Let σ ≥ 0. Then P (x,D) is hypoelliptic at x = (0, 0) if

and only if (0 ≤) σ < 2.

Remark 1.3. In the above theorem x = (0, 0) can be replaced by x =
(0, a) with a ∈ R. Moreover, P (x,D) is elliptic at x = (x1, x2) with x1 �= 0
and, therefore, P (x,D) is hypoelliptic at x = (x1, x2) with x1 �= 0.

In the rest of the paper we shall prove the above theorem.

§2. Preliminaries

If P is hypoelliptic, then the Banach closed graph theorem implies that
some a priori estimates hold for P .

Lemma 2.1. Assume that P is hypoelliptic at x0. Then there is a
neighborhood ω of x0 such that for any non-void open subsets ωi (i = 1, 2)
of ω with ω1 ⊂⊂ ω2 ⊂ ω and any p ∈ Z+ there exist q ∈ Z+ and C > 0
satisfying

sup
x∈ω1
|α|≤p

|Dαu(x)| ≤ C{ sup
x∈ω2
|α|≤q

|DαPu(x)| + sup
x∈ω2

|u(x)|}(2.1)

for any u ∈ C∞(ω2). Here Z+ = N ∪ {0}, |α| = α1 + α2 and Dα = Dα1
1 Dα2

2

for α = (α1, α2) ∈ (Z+)2, ω1 ⊂⊂ ω2 means that ω1 is a compact subset of the
interior

◦
ω2 of ω2, and C∞(ω2) = {u ∈ C0(ω2); there is U(x) ∈ C∞(R2) such

that U |ω2 = u}.
Remark 2.2. If P is hypoelliptic, then the transposed operator tP of P

is locally solvable in D′ (see [6], [7]). The estimates (2.1) hold for u ∈ C∞
0 (ω1)

if tP is only locally solvable at x0.

Proof. The lemma is well-known. For completeness we shall give the
proof. Choose a neighborhood ω of x0 so that (1.1) holds. Let ωi (i = 1, 2) be
non-void open subsets of ω satisfying ω1 ⊂⊂ ω2 ⊂ ω. We define

X = {u ∈ C∞(ω2) ∩ B0(ω2); Pu ∈ B(ω2)},
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where Bk(ω2) = {u ∈ Ck(ω2); supx∈ω2,|α|≤k |Dαu(x)| < ∞} (k ∈ Z+) and
B(ω2) =

⋂∞
k=0 Bk(ω2). We introduce a topology into X which is defined by the

seminorms | · |X,p (p ∈ Z+), where

|u|X,p ≡ sup
x∈ω2, |α|≤p

|DαPu(x)| + sup
x∈ω2

|u(x)| for u ∈ X.

Then X becomes a Fréchet space. Indeed, let {uj} be a Cauchy sequence of
X . This implies that there are u ∈ B0(ω2) and f ∈ B(ω2) such that uj →
u in B0(ω2) and Puj → f in B(ω2), i.e., supx∈ω2

|uj(x) − u(x)| → 0 and
supx∈ω2, |α|≤k |DαPuj(x)−Dαf(x)| → 0 for every k ∈ Z+ as j → ∞. Note that
f = Pu in D′(ω2). By assumption we have u ∈ C∞(ω2), which implies that X is
complete. It follows from the closed graph theorem that X � u 
−→ u ∈ C∞(ω2)
is continuous. This proves the lemma since C∞(ω2) ⊂ X .

We shall construct asymptotic solutions uρ(x), which violate (2.1), in the
form

uρ(x) = Uρ(x1) exp[(4 log ρ)2/σx2]

when σ ≥ 2. Write

Pρ(x1, ∂1)Uρ(x1) = − exp[−(4 log ρ)2/σx2]P (x,D)uρ(x),

where ρ ≥ 4. Then we have

Pρ(x1, ∂1) = fσ(x1)∂2
1 + (4 log ρ)4/σx4

1 − 1.

Asymptotic solutions will be constructed in two intervals [t−ρ , t+ρ ] and [tρ, 1],
respectively, where

t±ρ = (4 log ρ)−1/σ(1 ± 2ρ−1) and tρ = (4 log ρ)−1/σ(1 + ρ−1).

In order to estimate and connect these asymptotic solutions we need the fol-
lowing

Lemma 2.3. Let ρ ≥ 4 and let R(t; ρ) be a real-valued function defined
for ρ ≥ 4 and t ∈ [tρ, 1] such that, with some M ∈ R,

|∂k
t R(t; ρ)| ≤ Ckρ−M+3k/2

for ρ ≥ 4, t ∈ [tρ, 1] and k ∈ Z+. Moreover, let u(t; ρ) be a solution of the
initial-value problem{

(∂2
t + p(t; ρ))u(t; ρ) = R(t; ρ) (t ∈ [tρ, 1]),

u(tρ; ρ) = α(ρ), (∂tu)(tρ; ρ) = β(ρ),
(2.2)
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where p(t; ρ) = fσ(t)−1((4 log ρ)4/σt4 − 1) and α(ρ) and β(ρ) are real-valued
functions of ρ(≥ 4).

(i) Assume that R(t; ρ) ≡ 0. Then we have

|u(t; ρ)| ≤ C(ρ4(log ρ)2/σ|α(ρ)| + ρ5/2(log ρ)2/σ|β(ρ)|)(2.3)

for t ∈ [tρ, 1].
(ii) Assume that α(ρ) ≡ β(ρ) ≡ 0. Then we have

|∂k
t u(t; ρ)| ≤ Ckρ−M−2+3k/2(log ρ)−1/(2σ)(2.4)

for t ∈ [tρ, t+ρ ] and k ∈ Z+.

Proof. Put

U(t; ρ) = p(t; ρ)u(t; ρ)2 + (∂tu(t; ρ))2

for t ∈ [tρ, 1]. From (2.2) we have

2−1∂tU(t; ρ) = 2−1(∂tp(t; ρ))u(t; ρ)2 + R(t; ρ)∂tu(t; ρ)

and, therefore,

2−1U(t; ρ) − 2−1U(tρ; ρ)

= 2−1

∫ t

tρ

(∂sp(s; ρ))u(s; ρ)2ds +
∫ t

tρ

R(s; ρ)∂su(s; ρ)ds.

Since

∂tp(t; ρ) = −σt−σ−1p(t; ρ) + 4(4 log ρ)4/σt3 exp[t−σ]

≤ 4(4 log ρ)1/σ((4 log ρ)1/σt − 1)−1p(t; ρ),

4(4 log ρ)1/σ ((4 log ρ)1/σt − 1)−1 ≥ 4

for t ∈ [tρ, 1], we have

U(t; ρ)≤U(tρ; ρ) +
∫ t

tρ

R(s; ρ)2ds

+4
∫ t

tρ

(4 log ρ)1/σ((4 log ρ)1/σs − 1)−1U(s; ρ)ds

for t ∈ [tρ, 1]. Putting τ = (4 log ρ)1/σt− 1, V (τ) = U(t; ρ) and S(τ) = R(t; ρ),
we have

V (τ) ≤ V (1/ρ) +
∫ τ

1/ρ

(4 log ρ)−1/σS(s)2ds + 4
∫ τ

1/ρ

V (s)
s

ds
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for τ ∈ [1/ρ, (4 log ρ)1/σ − 1]. Therefore, F (τ) ≡ τ−4

∫ τ

1/ρ

(V (s)/s)ds satisfies

τ5F ′(τ) ≤ V (1/ρ) +
∫ τ

1/ρ

(4 log ρ)−1/σS(s)2ds.

This gives

F (τ) ≤ (ρ4/4 − 1/(4τ4))V (1/ρ)

+
∫ τ

1/ρ

(1/(4s4) − 1/(4τ4))(4 log ρ)−1/σS(s)2ds,

V (τ) ≤ ρ4τ4V (1/ρ) +
∫ τ

1/ρ

(τ/s)4(4 log ρ)−1/σS(s)2ds,

U(t; ρ)≤ ρ4((4 log ρ)1/σt − 1)4U(tρ; ρ)(2.5)

+
∫ t

tρ

((4 log ρ)1/σt − 1)4((4 log ρ)1/σs − 1)−4R(s; ρ)2ds

for t ∈ [tρ, 1].

(i) We first assume that R(t; ρ) ≡ 0. Since p(tρ; ρ) ≤ Cρ3 and p(t; ρ)−1 ≤
ρ/(4e) for t ∈ [tρ, 1], (2.5) yields (2.3).

(ii) Assume that α(ρ) ≡ β(ρ) ≡ 0. From (2.5) we have

U(t; ρ) ≤ Cρ−2M−1(log ρ)−1/σ for t ∈ [tρ, t+ρ ].

Since p(t; ρ)−1 ≤ Cρ−3 for t ∈ [tρ, t+ρ ], this proves that (2.4) is valid for k = 0, 1.
Note that

|∂k
t p(t; ρ)| ≤

{
Cρ3 ( k = 0),

Ck ρ4(log ρ)k/σ+k−1 ( k ≥ 1)
(2.6)

for t ∈ [tρ, t+ρ ]. Now suppose that (2.4) is valid for k ≤ l, where l ≥ 1. Let
k = l + 1. Then, from (2.2) and (2.6) we have

|∂k
t u(t; ρ)| ≤

k−2∑
j=0

(
k − 2

j

)
|∂j

t u(t; ρ)| |∂k−2−j
t p(t; ρ)| + |∂k−2

t R(t; ρ)|

≤Ckρ−M−2+3k/2(log ρ)−1/(2σ) for t ∈ [tρ, t+ρ ],

which proves the assertion (ii).
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§3. Proof of Theorem 1.2

In order to prove Theorem 1.2 it suffices to show that P (x,D) is not
hypoelliptic at x = 0 when σ ≥ 2. Assume that σ ≥ 2. As we stated in
Section 2, we shall construct asymptotic solutions uρ(x) in the form uρ(x) =
Uρ(x1) exp[(4 log ρ)2/σx2]. Note that

sup
|x2|≤1

exp[(4 log ρ)2/σx2] ≤ ρ4.

First we shall construct asymptotic solutions Uρ(x1) satisfying Pρ(x1, ∂1)Uρ(x1)
∼ 0 in [t−ρ , t+ρ ]. Putting t = ρ{(4 log ρ)1/σx1 − 1} and Vρ(t) = Uρ(x1), we can
write

ρ−2(4 log ρ)−2/σfσ(x1)−1Pρ(x1, ∂1)Uρ(x1) = P̃ρ(t, ∂t)Vρ(t)

for t ∈ [−2, 2], where

P̃ρ(t, ∂t) = ∂2
t + 4ρ(4 log ρ)−2/σt + (4 log ρ)−2/σ(6t2 + 4ρ−1t3 + ρ−2t4)

+
∑

j≥k≥1

cj,kρ1−j(log ρ)−2/σ+ktj+1.

Indeed, we have

(1 + ρ−1t)−σ = 1 +
∞∑

k=1

(−σ

k

)
ρ−ktk,

fσ(x1)−1 = exp[(4 log ρ)(1 + ρ−1t)−σ]

= ρ4

1 +
∑

j≥k≥1

c′j,kρ−j(log ρ)ktj

 ,

if ρ ≥ 4 and |t| ≤ 2. Write

Vρ(t) = Ai(−cρt)V 0
ρ (t) + ρ−1/6(log ρ)1/(3σ) Ai′(−cρt)V 1

ρ (t),(3.1)

where cρ = 41/3ρ1/3(4 log ρ)−2/(3σ) and Ai(t) denotes the Airy function. The
Airy function Ai(t) is defined, for example, by

Ai(t) = π−1

∫ ∞

0

cos(s3/3 + ts)ds

and satisfies Ai′′(t) = t Ai(t). A simple calculation gives



� �

�

�

�

�

On Hypoellipticity 141

P̃ρ(t, ∂t)Vρ(t)

= ρ1/3(log ρ)−2/(3σ) Ai′(−cρt)
{
−2 · 4(1−2/σ)/3∂tV

0
ρ (t)

+ρ−1/2(log ρ)1/σ∂2
t V 1

ρ (t) +
∑

j≥k≥0
j≥1

cj,k ρ1/2−j(log ρ)−1/σ+k tj+1V 1
ρ (t)

}
+ρ1/2(log ρ)−1/σ Ai(−cρt)

{
2 · 42(1−2/σ)/3 t∂tV

1
ρ (t) + 42(1−2/σ)/3V 1

ρ (t)

+ρ−1/2(log ρ)1/σ∂2
t V 0

ρ (t) +
∑

j≥k≥0
j≥1

cj,k ρ1/2−j(log ρ)−1/σ+k tj+1V 0
ρ (t)

}
,

where c1,0 = 6 · 4−2/σ, c2,0 = 41−2/σ, c3,0 = 4−2/σ and cj,0 = 0 for j ≥ 4. Put

J(j) = {−µ/σ + l; µ, l ∈ Z, |µ| ≤ j and 0 ≤ l ≤ j}
for j ∈ Z+, and write J(j) = {νj,1, νj,2, . . . , νj,r(j)}, where νj,1 > νj,2 > · · · >

νj,r(j). Note that J(0) = {0}, r(0) = 1 and ν0,1 = 0. We define I(· ; j) : R �
δ 
−→ I(δ; j) ∈ {0, 1, . . . , r(j)} (j ∈ Z+) by

I(δ; j) =

{
k if δ ∈ J(j) and δ = νj,k,

0 if δ /∈ J(j).

We also define I(δ; j) = 0 if j < 0. Let us determine V i
ρ (t) (i = 0, 1) in the

form

V i
ρ (t) ∼

∞∑
j=0

r(j)∑
k=1

ρ−j/2(log ρ)νj,kV i
j,k(t)(3.2)

so that P̃ρ(t, ∂t)Vρ(t) ∼ 0, i.e.,∣∣∣∣∣∣∂l
tP̃ρ(t, ∂t)

N∑
j=0

r(j)∑
k=1

ρ−j/2(log ρ)νj,k{Ai(−cρt)V 0
j,k(t)

+ρ−1/6(log ρ)1/(3σ) Ai′(−cρt)V 1
j,k(t)}

∣∣∣∣∣ ≤ CN,lρ
−aN,l

for ρ ≥ 4, t ∈ [−2, 2] and N, l ∈ Z+, where aN,l → ∞ as N → ∞. Then we
have the transport equations

−2 · 4(1−2/σ)/3∂tV
0
j,k(t) + ∂2

t V 1
j−1,I(νj,k−1/σ;j−1)(t)

+
∑

µ≥ν≥0, µ≥1 cµ,νtµ+1V 1
j−2µ+1,I(νj,k+1/σ−ν;j−2µ+1)(t) = 0,

42(1−2/σ)/3(2t∂t + 1)V 1
j,k(t) + ∂2

t V 0
j−1,I(νj,k−1/σ;j−1)(t)

+
∑

µ≥ν≥0, µ≥1 cµ,νtµ+1V 0
j−2µ+1,I(νj,k+1/σ−ν;j−2µ+1)(t) = 0

(3.3)
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for j ∈ Z+ and 1 ≤ k ≤ r(j), where V i
j,0 ≡ 0 for j ∈ Z+ and i = 0, 1. Let

V i
j,k(t) (i = 0, 1, j ∈ Z+ and 1 ≤ k ≤ r(j)) be solutions of (3.3) with the initial

conditions {
V 0

0,1(0) = 1,

V i
j,k(0) = 0 if i = 0, 1, i + j ≥ 1 and 1 ≤ k ≤ r(j).

Then the V i
j,k(t) are determined inductively by

V 0
j,k(t) = δj,0 + 2−1 · 4−(1−2/σ)/3

{
∂tV

1
j−1,I(νj,k−1/σ;j−1)(t)

−(∂tV
1
j−1,I(νj,k−1/σ;j−1))(0)

+
∑

µ≥ν≥0, µ≥1 cµ,ν

∫ t

0

sµ+1V 1
j−2µ+1,I(νj,k+1/σ−ν;j−2µ+1)(s)ds

}
,

V 1
j,k(t) = −2−1 ·4−2(1−2/σ)/3

∫ t

0

t−1/2s−1/2
{

∂2
sV 0

j−1,I(νj,k−1/σ;j−1)(s)

+
∑

µ≥ν≥0, µ≥1 cµ,νsµ+1V 0
j−2µ+1,I(νj,k+1/σ−ν;j−2µ+1)(s)

}
ds

(3.4)

(j ∈ Z+ and 1 ≤ k ≤ r(j)). Since t−1/2(tθ)−1/2 = t−1θ−1/2 for t �= 0 and
0 ≤ θ ≤ 1 and∫ t

0

t−1/2s−1/2f(s)ds =
∫ 1

0

θ−1/2f(tθ)dθ ∈ C∞([−2, 2])

for f(t) ∈ C∞([−2, 2]), we have V i
j,k(t) ∈ C∞([−2, 2]) (i = 0, 1, j ∈ Z+ and

1 ≤ k ≤ r(j)). Substituting (3.2) and (3.4) in (3.1), we have P̃ρ(t, ∂t)Vρ(t) ∼ 0.
Indeed, we see that

{1, 2, . . . , r(j)} ⊂ {I(νj+1,k − 1/σ; j) ; 1 ≤ k ≤ r(j + 1)} ,

{1, 2, . . . , r(j)} ⊂ {I(νj+2µ−1,k + 1/σ − ν; j) ; 1 ≤ k ≤ r(j + 2µ − 1)}
if j ∈ Z+, µ ≥ 1 and µ ≥ ν ≥ 0. We have also used the estimates{

|Ai(k)(t)| ≤ Ck(1 + t)−1/4+k/2 exp[−2t3/2/3],

|Ai(k)(−t)| ≤ Ck(1 + t)−1/4+k/2
(3.5)

for t ≥ 0 (see, e.g., [5]). We note that V 0
2j−1,k(t) ≡ V 1

2j,l(t) ≡ 0 if j ∈ N,
1 ≤ k ≤ r(2j − 1) and 1 ≤ l ≤ r(2j). Put

UN
ρ (x1) =

N∑
j=0

r(j)∑
k=1

ρ−j/2(log ρ)νj,k [Ai(−c′ρ(x1 − sρ))V 0
j,k(c′′ρ(x1 − sρ))(3.6)

+ρ−1/6(log ρ)1/(3σ) Ai′(−c′ρ(x1 − sρ))V 1
j,k(c′′ρ(x1 − sρ))],

RN
ρ (x1) = ρ−2(4 log ρ)−2/σfσ(x1)−1Pρ(x1, ∂1)UN

ρ (x1)
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for x1 ∈ [t−ρ , t+ρ ] and N ∈ Z+, where c′ρ = 41/3ρ4/3(4 log ρ)1/(3σ), c′′ρ =
ρ(4 log ρ)1/σ and sρ = (4 log ρ)−1/σ. Then we have

RN
ρ (x1)(3.7)

= Ai′(−c′ρ(x1 − sρ))
[r(N)∑

k=1

ρ−N/2−1/6(log ρ)1/(3σ)+νN,k∂2
t V 1

N,k(t)

+
N∑

j=0

∑
2µ≥N+2−j

µ≥ν≥0

r(j)∑
k=1

cµ,ν ρ5/6−µ−j/2(log ρ)−5/(3σ)+ν+νj,k tµ+1V 1
j,k(t)

]

+ Ai(−c′ρ(x1 − sρ))
[r(N)∑

k=1

ρ−N/2(log ρ)νN,k∂2
t V 0

N,k(t)

+
N∑

j=0

∑
2µ≥N+2−j

µ≥ν≥0

r(j)∑
k=1

cµ,ν ρ1−µ−j/2(log ρ)−2/σ+ν+νj,k tµ+1V 0
j,k(t)

]
,

where t = ρ{(4 log ρ)1/σx1 − 1}. From (3.5) we have

|∂k
1RN

ρ (x1)|(3.8)

≤
{

CN,0ρ
−N/2(log ρ)1−2/σ+(1+1/σ)N (k = 0),

CN,kρ−1/12+3k/2−N/2(log ρ)1−11/(6σ)+(1+1/σ)N (k ≥ 1)

for x1 ∈ [sρ, t
+
ρ ], and

|∂k
1 RN

ρ (x1)| ≤


CN,0ρ

−N/2(log ρ)1−2/σ+(1+1/σ)N

× exp[−2(c′ρ)
3/2(sρ − x1)3/2/3] (k = 0),

CN,kρ−1/12+3k/2−N/2(log ρ)1−11/(6σ)+(1+1/σ)N

× exp[−2(c′ρ)
3/2(sρ − x1)3/2/3] (k ≥ 1)

(3.9)

for x1 ∈ [t−ρ , sρ]. Indeed, for example, we have

|∂k
1 Ai(−c′ρ(x1 − sρ))| ≤

{
C0 (k = 0),

Ckρ−1/12+3k/2(log ρ)1/(6σ) (k ≥ 1),

|∂k
1 Ai′(−c′ρ(x1 − sρ))| ≤Ckρ1/12+3k/2(log ρ)−1/(6σ)

for x1 ∈ [sρ, t
+
ρ ]. Moreover, we have

ρ1−µ−j/2(log ρ)ν+νj,k ≤ ρ−N/2(log ρ)1+(1+1/σ)N
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if 0 ≤ j ≤ N , 1 ≤ k ≤ r(j), 2µ ≥ N + 2 − j and µ ≥ ν ≥ 0, and

(log ρ)1/(3σ)+νN,k ≤ (log ρ)1−5/(3σ)+(1+1/σ)N

if 1 ≤ k ≤ r(N). Similarly, we have

|UN
ρ (tρ)| ≤ CN ρ−1/12(log ρ)1/(6σ),

|(∂1U
N
ρ )(tρ)| ≤ CN ρ17/12(log ρ)1/(6σ).

(3.10)

Let ŨN
ρ (t) be a solution of (2.2) with R(t; ρ) ≡ 0, α(ρ) = UN

ρ (tρ) and β(ρ) =
(∂1U

N
ρ )(tρ). We choose a function χ(t) ∈ C∞(R) so that χ(t) = 1 for t ≤ 1

and χ(t) = 0 for t ≥ 2, and put

uN
ρ (x1) = {χ0

ρ(x1)UN
ρ (x1) + χ1

ρ(x1)ŨN
ρ (x1)} exp[(4 log ρ)2/σx2],

where N ∈ Z+, ρ ≥ 4 and

χρ(x1) = χ(c′′ρ(x1 − sρ)),

χ0
ρ(x1) = χρ(x1)χ(c′′ρ(sρ − x1)),

χ1
ρ(x1) = 1 − χρ(x1).

Lemma 3.1. (i) For every k,N ∈ Z+

|(∂k
1 uN

ρ )(sρ, 0)| = 4k/3ρ4k/3(4 log ρ)k/(3σ)
(
|Ai(k)(0)| + o(1)

)
(3.11)

as ρ → ∞. In particular, there are cN,k > 0 and ρN,k ≥ 4 such that

|(∂3k
1 uN

ρ )(sρ, 0)| ≥ cN,kρ4k(log ρ)k/σ(3.12)

if ρ ≥ ρN,k.
(ii) For N ∈ Z+ and ρ ≥ 4

sup
|x2|≤1

|uN
ρ (x)| ≤


CNρ4 exp[−2(c′ρ)3/2(sρ − x1)3/2/3] if x1 ≤ sρ,

CNρ4 if x1 ∈ [sρ, tρ],

CNρ95/12(log ρ)13/(6σ) if x1 ∈ [tρ, 1].
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(iii) For N ∈ Z+, α = (α1, α2) ∈ (Z+)2 and ρ ≥ 4

sup
|x2|≤1

|DαP (x,D)uN
ρ (x)|(3.13)

≤



0 if x1 ∈ (−∞, t−ρ ] ∪ [t+ρ , 1],

CN,M,αρ−M if x1 ∈ [t−ρ , s−ρ ] and M ∈ Z+,

CN,αρ2+3α1/2−N/2(log ρ)1+1/(6σ)+2α2/σ+(1+1/σ)N

if x1 ∈ [s−ρ , tρ],

CN,αρ3+3α1/2−N/2(log ρ)1−1/(3σ)+2α2/σ+(1+1/σ)N

if x1 ∈ [tρ, t+ρ ],

where s−ρ = (4 log ρ)−1/σ(1 − ρ−1).

Proof. (i) Note that uN
ρ (x1, 0) = UN

ρ (x1) for x1 ∈ [s−ρ , tρ]. This, together
with (3.6), yields (3.11). Since Ai(0) = 3−2/3Γ(2/3)−1 and Ai(3k)(0) = 1 · 4 ·
· · · · (3k − 2) Ai(0) (�= 0) for k ∈ N, we have (3.12).

(ii) Note that

uN
ρ (x) =


0 if x1 ≤ t−ρ ,

χ0
ρ(x1)UN

ρ (x1) exp[(4 log ρ)2/σx2] if x1 ≤ tρ,

UN
ρ (x1) exp[(4 log ρ)2/σx2] if x1 ∈ [s−ρ , tρ],

ŨN
ρ (x1) exp[(4 log ρ)2/σx2] if x1 ∈ [t+ρ , 1].

(3.14)

From Lemma 2.3 and (3.10) it follows that

|ŨN
ρ (x1)| ≤ CN ρ47/12(log ρ)13/(6σ) for x1 ∈ [tρ, 1].

This, together with (3.5), (3.6) and (3.14), proves the assertion (ii).
(iii) It is obvious that

|f (k)
σ (x1)| ≤ Ckρ−4(log ρ)(1+1/σ)k

for x1 ∈ [t−ρ , t+ρ ]. For x1 ∈ [t−ρ , s−ρ ] we have

P (x,D)uN
ρ (x) = − exp[(4 log ρ)2/σx2]{[Pρ, χ

0
ρ(x1)]UN

ρ (x1)

+ ρ2(4 log ρ)2/σfσ(x1)RN
ρ (x1)χ0

ρ(x1)},
[Pρ, χ

0
ρ(x1)] =2fσ(x1)(∂1χ

0
ρ(x1))∂1 + fσ(x1)(∂2

1χ0
ρ(x1)).

Therefore, by (3.5), (3.6) and (3.9) we can see that (3.13) is valid if x1 ∈ [t−ρ , s−ρ ].
For x1 ∈ [s−ρ , tρ] we have

P (x,D)uN
ρ (x) = − exp[(4 log ρ)2/σx2]ρ2(4 log ρ)2/σfσ(x1)RN

ρ (x1).
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This, together with (3.8) and (3.9), shows that (3.13) is valid if x1 ∈ [s−ρ , tρ].
For x1 ∈ [tρ, t+ρ ] we have

P (x,D)uN
ρ (x) =− exp[(4 log ρ)2/σx2]

×Pρ(x1, ∂1){χ0
ρ(x1)(UN

ρ (x1) − ŨN
ρ (x1))}.

Since

(∂2
1 + p(x1; ρ))(UN

ρ (x1) − ŨN
ρ (x1)) = ρ2(4 log ρ)2/σRN

ρ (x1),

UN
ρ (tρ) − ŨN

ρ (tρ) = 0, (∂1U
N
ρ )(tρ) − (∂1Ũ

N
ρ )(tρ) = 0,

Lemma 2.3 and (3.8) give

|∂k
1 (UN

ρ (x1) − ŨN
ρ (x1))| ≤ Ck ρ3k/2−N/2(log ρ)1−1/(3σ)+(1+1/σ)N

for x1 ∈ [tρ, t+ρ ]. This proves that (3.13) is also valid for x1 ∈ [tρ, t+ρ ].

By Lemma 3.1, for any neighborhoods ωi (i = 1, 2) of x = 0 with ω1

⊂⊂ ω2 ⊂ {x ∈ R
2 ; |x1| ≤ 1 and |x2| ≤ 1} and any N ∈ Z+ there are c > 0,

ρ0 ≥ 4, C > 0 and Cj > 0 (j ∈ Z+) such that

sup
x∈ω1, |α|≤6

|DαuN
ρ (x)| ≥ cρ8,

sup
x∈ω2, |α|≤q

|DαP (x,D)uN
ρ (x)| ≤ Cq ρ4+3q/2−N/2,

sup
x∈ω2

|uN
ρ (x)| ≤ Cρ95/12(log ρ)13/(6σ)

if ρ ≥ ρ0 and q ∈ Z+. This, together with Lemma 2.1, implies that P (x,D) is
not hypoelliptic at x = 0.
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