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Resolvent Estimates and Scattering States
for Dissipative Systems

By

Mitsuteru KADOWAKI*

81. Introduction

Mochizuki [17] has studied the scattering problem for wave equations with
dissipative terms (see also Nakazawa [19]). In this paper we shall study the
similar problem for wave equations with dissipative terms in stratified media.

To explain our wave equations, we state acoustic operators in stratified

media.
Let n 2 1 and (z,y) € R™ x R. We set

ct (yzh)
co(y) =4 cn (0<y<h)
c. (y=0),

for some positive constants h and ¢4, c_, cp,.
Acoustic operators are

where

Considering the case ¢, < min(cy,c_) we find the guided waves (cf. Wilcox
[28] or Weder [27]).

Ly is a positive self-adjoint operator in G = L2(R"*L; ¢o(y) " 2dzdy). D(Lo)
is given by H2(R"™1), H*(R""!) being Sobolev space of order s over R" 1.
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We deal with the following dissipative wave equations:

(1.1) OFfu(z,y,t) + b(x, y)Opu(x, y, t) + Lou(z,y,t) =0
and
(12) 83“(% Y, t) + <atua (10>g(10('ra y) + LOU(I7 Y, t) = 07

where (z,y,t) € R" x R x [0,00) and (-, )g is the inner-product of G.
We assume that b(z,y) and ¢(x,y) are measurable functions which satisfy

0 < b(a,y) S CA+ |z +42) %

and
p(r,y) € LX(R™Y (1 + |2 + y?) 2 dady)

for some 6 > 1 and C > 0.
We shall show the existence of the scattering states for (1.1) and (1.2)
which are considered as the perturbed systems of

(1.3) Ofu(x,y,t) + Lou(z,y,t) =0, (z,y,t) e R" x R xR,

(see Theorem 3.1). [17] has already dealt with the case ¢, = c4 =c_ =1 and
n 2 2 of (1.1). His proof has been based on Kato’s smooth perturbation theory
[14] and some resolvent estimates for Lo as in Proposition 1.0 below.

Proposition 1.0.  Assume that ¢, < ¢ = c_. Then there exist positive
constants C' and n such that

(1.4) sup  |¢[1X g (Lo = ¢*) 7 X o || 2t 1) r2 et < C,
0<|Im¢|<n

where ( € C, X = (14 |z>+y*)~ /% and || - | p2(ro+1)— L2 mn+1) is the norm
of the bounded operator in L?(R"™*1).

Proof.  For the case ¢y = ¢p, = c_, see Kuroda [16] Theorem 4.4.1, Corol-
lary 4.4.3 and those proof (see also [17] Proposition 2.1 and that proof). For the
case ¢, < ¢y = c—, see Kadowaki [12] Theorems 1.1, 1.3 and these proof. O

Theorem 1.1 of [12] is stated low energy part (|| — 0) for the case ¢ <
min(cy,c_). Ben-Artzi, Dermenjian and Guillot [2] has also considered low
energy estimate for the case § = 1. In [12] the condition ¢ = c_ is needed to
get the estimate of the high energy part (|| — 00). It seems that this condition
is a technical one. However another case, ¢, < min(c4,c_) and ¢4 # c_, have
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not been dealt yet. In generally it is not easy to get the estimate of (1.4) type.
For instance, considering ¢, < min(cq,c_) we have to analyze thresholds (cf.
[28], [27] and [12]).

In this paper, to show the existence of scattering states we use the following
resolvent estimates of L.

Proposition 1.1.  Assume that the positiveness of ¢y, cp,c— only. Then
for any B > a > 0, there exist positive constants Co g and n such that

(1.5) sup H_X%(LO —C2)_1Xg||L2(Rn+1)_,L2(Rn+1) < Cop-
aZ|Re¢|=B,0<|Im(|<n

Proof. See DeBiévre and Pravica [5] Theorem 1.1, [6] Theorem 2.1 (a)
and these proof (see also Zhang [29] Theorem 2.2). O

In Proposition 1.1 we do not restrict ourselves to special cases, for instance
¢, <min(cy,c_) or ¢ =cq = c_.

As results of the resolvent estimates of Ly, there are [27], Ben-Artzi, Der-
menjian and Guillot [1], Boutet de Monvel-Berthier and Manda [3] too.

We shall give an abstract framework which is used the idea of [17]. Ap-
plying our framework to (1.1) and (1.2) we show the existence of the scattering
states for those equations (see Section 3). Then (1.5) will be used.

Below we state our framework.

Let H be a separable Hilbert space with inner product (-,-)#. This norm
is denoted by || - ||. Let Ag and B be self-adjoint operators in H. We suppose
that B is non-negative, D(Ay) C D(B) and the following assumptions.

(A1) 0(Ap) = 04c(Ap) =R or [0, 00).

(A2) B is Ag-compact.

(A3) V'B(Ag—¢)~'/B can be extended to a bounded operator Q(¢) which
satisfies that for any 8 > « > 0, there exist positive constants Cy g and 7 such
that

(1.6) sup 1Q(O)]| £ Cass,

aS|Re¢|S8,0<(Im¢|<n

where ¢ € C and || - || is the norm of the bounded operator in H.
According to [14], [15] or Reed and Simon [24], (1.6) implies that

(1.7) sup [Im¢[[|[VB(Ag — )7} £ Cag
a<|Re¢|<3,0<|Im¢|<n

and (1.7) means that B is Ag-local smooth (see also (2.1) of Section 2).
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3] (see Theo-
bezo(V () =
er(Uo(t) =

Weset A= Ag—iB,D(A) = D(Ap). Then Reed and Simon [2
rem X-50) implies that A generates a contraction semi-group, {V (t)
e~"4). The unitary group generated by A is denoted by {Uy(¢)}+
e*itA()).
Remark 1.2.  If (VB)~! is densely defined, it follows from (A3) and [24]

(see Theorem XIII-20) that Ag is absolutely continuous. Then we may suppose
o(A4p) =R or [0,00)
instead of (Al).
Abstract result is

Theorem 1.  Let Ay and B be self-adjoint operators in H. Assume that
B is non-negative, D(Ag) C D(B) and (Al) ~ (A3). Then

(1) A has no real eigenvalues.

(2) The wave operator

W =s— lim Uy(—t)V(¥)

t—oo

exists. Moreover W is not zero as an operator in H.

We shall use (1.5) to get (1.6) or (1.7) (see Section 3).
Theorem 1 (2) implies that there exist scattering states of dV (t)g/dt =
—iAV(t)g,g € D(A) as follows:

Corollary 2. Let Ay and B be self-adjoint operators in H. Assume
that B is non-negative, D(Aog) C D(B) and (Al) ~ (A3). Then there exist
non-trivial initial data f € H and fi € H such that for any k = 0,1,2,--- |
and (o € C satisfying Ry > 0

Jim [[V(£)(A = o)™ = Us(t) (Ao — o) ™" fillre =0

The proof of Theorem 1 and Corollary 2 will be given in Section 2.

Abstractly, Mochizuki’s result [17] can be explained as follows. Let Ag
and B be self-adjoint operators in H. If we suppose that B is non-negative,
bounded and there exist positive constants C' and 7 such that

(1.8) sup  [[VB(4o—¢)"'WB| £ C

0<|Im¢|<n

instead of (A1), (A2) and (A3), we can prove the same conclusion as in Theorem
1 (see Lemma 2.1 of Section 2).
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(1.8) implies that

(1.9) sup  [Im[|VB(4o - )P = C

0<|Im¢|<n

(cf. [14], [15] or [24]). (1.9) means that B is Ag-smooth.

We give some remarks concerning our results and the framework as in [17].
The proof of (1.6) or (1.7) is easier than that of (1.8) or (1.9). [17] does not
argue the conclusion as in Corollary 2 because he uses no compactness like (A2).
From these points of view, our abstract result is a extension of framework of
[17].

Previous framework [13] using Enss method (cf. Enss [8], Simon [25] and
Perry [20]) has not been applied to (1.1) and (1.2) with ¢; < min(e4,c—). Since
generalized eigenfunctions of acoustic wave propagation in stratified media with
¢, < min(cy, c—) have thresholds (cf. [28] or [27]), the key estimates of [13] has
not been obtained in the neighborhood of each threshold (cf. Kadowaki [11]).
Present framework can be applied the wider class of unperturbed systems than
the ones in previous framework [13]. But the class of perturbation in [13] (for
instance, elastic wave with dissipative boundary conditions in Ri) is wider
than the class in this paper.

We shall also consider Schrédinger equations with absorption as applica-
tions of present framework (see Section 3). In this paper we give only two
applications. However present framework can be applied to other wave equa-
tions with dissipative terms, for instance acoustic wave in two unbounded media
(cf. Eidus [7] and Kadowaki [10]) and elastic wave in a half space (Dermenjian-
Guillot [4]) or stratified (two-layered) media (cf. Shimizu [22]). Scattering
problem in exterior domain as in Mochizuki-Nakazawa [18] can also be consid-
ered.

Considering scattering problem for dissipative systems we have to note de-
cay states (see Section 2 (2.10)). It seems that there is little literature which
study dissipative systems with energy scattering and decay states, for instance,
Georgiev [9] and Stefanov-Georgiev [26]. They have dealt with Maxwell equa-
tions with dissipative boundary conditions in exterior domains. In Section 4 we
shall given an example of (1.2) which has energy decay (see (4.9) and (4.10))
and scattering states. Energy decay states will be constructed by using eigen-
functions associated with complex eigenvalues of the reduced wave equation
from (1.2) (cf. Perry [20] P. 47 and P. 92). The existence of scattering states
will be due to Theorem 1 (2).
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§2. Proof of Theorem 1 and Corollary 2

For the sake of simplicity, we shall restrict ourselves to the case o(Ag) =
0ac(Ap) = R only.
Let E(X) be the spectral family of Ag. Then we have

Ao = / ~ B

— 00

For 8 > a > 0, we denote E((—3, —a) U (o, 8)) by Eq g(Ao).
(A3) implies that vVBE, g(Ag) is Ag-smooth, i.e. for any g € H

(2.1) / IVBUs(t) Ea,5(A0)gll7dt < Capllgll3,

(cf. Kato [14], Kato and Yajima [15] or Reed and Simon [24]), where C, g
is a positive constant which depends on « and 8 only. Moreover we note the
following identity of V'(¢)f, f € D(A):

t
(2.2) IV () f113, +2/0 VBV (1) f3dr = I1f 13,
Using (2.1) and (2.2) we prove the following lemma.

Lemma 2.1.  Let >« > 0. Then for any f € D(A) one has

lim _|[Eo,5(A0)(Uo(=t)V (t) — Uo(=8)V (5)) flln = 0.

t,s—00

Proof. The proof is same way as in Mochizuki [17] Section 3. So we give
a brief sketch of the proof only.
For any f € D(A) and g € H we have

(B (A0) Uo(—1)V (1) — Uo(—)V (), g
= [ BV VBU ) Fus A
Thus Schwarz inequalitysand (2.1) imply
(23) | Bas(A0)(Uo(—)V (1) — Uo(—5)V (5)) 1 |
<ot < ([ VBVl )

It follows from (2.2) that

(2.4) / T IVBV() 2 < £
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By (2.3) and (2.4) the proof is complete. O
By Lemma 2.1 and (A1) we have the following lemma.
Lemma 2.2.  One has

w— lim V(t) =0.

t—o0
Proof. Since D(A) is dense in H, it is sufficient to show that for any
feD(A)and g e H

Let M > 1. Then we have

(25)  [(Uo( =tV (t) = Uo(=5)V(s))f, 9)n]
= [fllre x 1(a = By (Ao))glln
Fl1E1 /1,00 (A0) (Uo(=1)V () = Uo(=5)V (s)) fll2¢ % [lgll3e-
Therefore noting that Lemma 2.1 and for any € > 0, there exists M > 1 such

that
|(Id — E1/M,M(A0))9HH <g,

we have by (2.5) that there exists f € M such that
Taking s — oo in (2.5) and putting g = Up(¢)h for any h € H, we have

lim ((V(t)f — Uo(t)f+), h)a = 0.

t—oo

Since (A1) implies
lim (Uo(t) f+, h)n =0,

t—oo
we have
tlim (V(t)f,h)rn =0.
Hence the proof is complete. [l

Using Lemma 2.2 we prove Theorem as follows.

Proof of Theorem 1.  We give the proof of (1) by a contradiction. Assume
that there exists f € D(A),\ € R such that Af = A\f. Then we have

(VO Form = e I F 13-
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This yields a contradiction with Lemma 2.2.

Below we prove Theorem 1 (2). First we show the existence of W. Set
F(\) = (A—1i)72\. Theorem (1) and Lemma 1.1.6 of Petkov [21] or Simon [25]
imply that

(2.6) {F(A)f e H: f € D(A)} isdensein H.

By (2.6) it is sufficient to show that {Uo(—t)V (¢t)F'(A)f};>o is Cauchy in H as
t — oo, where f € D(A). We estimate as follows (cf. [25]):

4
IUo(=0)V (£) = Uo(=5)V () F(A) flle < D 1Tl
j=1

where
Ty = Up(=t)(F(A) = F(A))V (1) f
Ty = Uo(=s)(F(A) = F(A0))V(s)f
Ts = F(Ao)(Ia — E1/n,ne (Ao)) (Uo (=) V (t) — Un(—=5)V () f
and
Ty = F(Ao)Erynr,a (Ao) (Uo(=t)V (t) = Uo(=5)V (s)) .
We note that for any e, there exists M > 1 such that
(1 = X(=nt,—1/a00/m,00) FllLom) < €.
Thus we have
(2.7) I T5ll# < el flln-
By (A2), F(A) — F(Ay) is a compact operator. Hence Lemma 2.2 implies
(2.8 Tim [Tyl = lim |Tafl = 0.
Lemma 2.1 implies
(2.9) i [Tyl = 0.
(2.7), (2.8) and (2.9) imply the existence of W.

Next we prove W # 0 (cf. [17], Section 3). Assume that W = 0 i.e. for
any f € H

(2.10) Jim [V (£) £l = 0.
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We set G(A) = (A — i)~1. Then noting
(U~ OV (DG(AY, G Ao) Fe
= (G, G(A0) 1~ [ (o(=r)BY ()GA)S.GAo) P
we have by (2.10) and Schwarz inequality

(2.11)
(G(A)f, G(Ao) [)nl

< ([T WBveIcusigar) < ([T IVBUnGcan i)

(2.2) and (2.10) imply

(2.12) 2 / T IVBV(G(A) fIdr = G2

Hence we have by (2.11) and (2.12)

G o) £ < 17 {n(G(A) — G
+ (5 [ VB0 IR } .

Let fix M > 1. Put f = Uo(s)g, g satisfying 1 /ps,01(Ao)g = g. Then we have

(2.13) |G(Ao)gll3; = llglln {II(G(A) — G(A0))Uo(s)gll

+ (% /:o \/EEl/M,M(AO)Uo(T)G(AO)g%dT) } _

(A1) and (A2) imply

(2.14) lim [[(G(A) — G(Ao))Uo(s)gll= = 0.

(2.1) implies

(2.15) lim [ VBB (Ao)Us(1)G(Ao)gll3dr = 0.

§— 00
S

Therefore it follows from (2.13), (2.14) and (2.15) that g = 0. This is a contra-
diction. Therefore we have W # 0. O
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Proof of Corollary 2. First we consider the case k = 0. Since Up(t) is
unitary in H, we have by Theorem 1 (2) that there exist non-trivial initial data
f € H such that W f # 0 and

Jm V(&) f = Uo(t)W fll = 0.

Setting f1 = W f we have Corollary 2 for £k = 0. Next we consider k = 1.
Noting the following

V() (A= o)™ f = Un(t)(Ao = Go) " frlln
SI(A=Co) ™" = (Ao =) IV flln + 1 (Ao — Co)~H (V(£)f — Uo(t) f) |-
We have Corollary 2 for k = 1 by Lemma 2.2, (A2) and Corollary 2 for k = 0.

To show the cases k = 2,3,4,---, we should use the induction. Here we
omit to prove. O

83. Applications

Application 1 (Acoustic wave equations with dissipative terms in strati-
fied media).

We apply Theorem 1 (Corollary 2) to (1.1) and (1.2). We set f(t) =!
(u(t), dpu(t)). Then (1.3) and (1.1) or (1.2) can be written as 0y f = —iAgf and
O:f = —iAf respectively, where

0 1 0 1
1 Ag =1 A=Ay —i1B =1
(3 ) 0 ? <_L0 0) ) 0 ? ? <_LO —b(.’L',y)) )

where
0 0 0 0
b= (0 b(%y)) o (0 <-,<p>g<p>'

Let H be Hilbert spaces with inner product

G = [ (o) Tanle9) + oo s)ale vy () dedy,

and | - ||3 is the corresponding norm, where f =t (f1, f2),9 =' (g91,92) and
V = (8/0x1,0/0za, ... ,0/0x,,0/0y).
The domain of Ay is

D(AO) = {f eH;Afy € LZ(Rn+1)7f2 c Hl(R"+1)},

Then Ay is a self-adjoint operator in H and generates a unitary group
{Uo(t) }ter in H. B is non-negative and bounded.
Concerning (1.1) and (1.2) we have the following result.
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Theorem 3.1. Ay and B as in (3.1) satisfy (A1)~(A3). Therefore A =
Ag — iB generates a contraction semi-group V (t) and the same conclusions as

in Theorem 1 and Corollary 2 hold for V(t) and Uy(t).

Proof. 'We make a check on (A1), (A2) and (A3). Note that

_ VL 0
s = ()

o L (Vo
0 VLo —i

and Ty is a unitary operator from H onto G x G. It follows from (1.5) that for

where

any u € G

sup Tm((£v/ Lo — €)' Xou, Xou)g| < co.
aS[Re¢|<4,0<|Im¢| <y c

Therefore we have (A1) by Reed and Simon [24] Theorem XIII-20. By Rellich’s

theorem,
0 0 0 0
B = and
(0 b(m;)) (0 <-790>gso>

are Ag-compact and compact operators, respectively. Therefore, since (A2)
holds, we have by Reed and Simon [23] Theorem X-50 that A generates a
contraction semi-group V (t) = e~#4.

In the same argument as in Mochizuki [17] Section 3 we can show (A3) as

follows. Let g = (g1, 92) € H. We set
U2 g2
First considering (1.1) i.e.
0 0
B =
(0 b(x7y)>

(Lo — ¢*)uz = (V/b(z,y) g2

we have

and

(3.2) VB(Ay — ¢)"'VBg = VBu =t (0, /b(z,y)uz).
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Therefore we can calculate as follows:

(33) VB4 — O~'VByln = [¢lIVb(x, ) (Lo — ¢ b(x,y)92ll-

(1.5) of Proposition 1.1 and (3.3) imply (A3). Thus we have the conclusion of
Theorem 1 and Corollary 2 for the between V (t) by (1.1) and Upy(¢).
Next we consider (1.2) i.e.

Note that

(3.4)  [ImC||VB(Ao — )7 fll3 < ImC|[[ X g (Ao — )7 2llg x 1X gl

B = 00 .
0 Xy
we have

[ [| X g (Ao — Q)" allg = [Tm[[[v/B1 (4o — )~ fII%
S IVBi{(Ao = )7 = (Ao = O IV Billl f113
Note (3.3) which is changed B and b(x,y) to By and Xp, respectively. Thus

(3.4) implies (1.7). Since (1.7) means that (2.1) holds, we have the conclusion
of Theorem 1 (Corollary 2) for the between V' (¢) by (1.2) and Upy(¢). O

for any f € H.
Setting

Application 2 (Schrédinger equations with absorption).

Let z € R™, where n = 1. We assume that Vj(z) and ¢o(z) is measurable
functions which satisfy
g

0= Vo(z) SO+ |z*)”

and
o(z) € L*(R™; (1 + |2|*) % dx)

for some 6 > 1 and C > 0, respectively.
We set H = L*(R"™). Define

Ag =Ny, D(Ao) = H*(R"),
(3.5) and
Bu = Vy(x)u(z) or (u,vo)npo(x)
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where
Jj=1
Ap is a self-adjoint operator in H. B is non-negative and bounded operator.

Thus we have D(Ay) C D(B).
We consider

RN )

(3.6) i0wu(z,t) = —Agu(z,t) —iVo(x)u(z, t),
and
(3.7) iOpu(r,t) = =Agu(z,t) — i{u, po)rpo(r),

where (z,t) € R" x R;.
These are similar to (1.1) and (1.2), respectively. Defining A = Ay —
iB, D(A) = D(Ay) we write (3.6) and (3.7) as follows:

10u(t) = Au(t).
Then we have

Theorem 3.2. Ay and B as in (3.5) satisfy (A1)~(A3). Therefore A =
Ag—1iB generates a contraction semi-group V (t) and the same conclusions as in

Theorem 1 and Corollary 2 hold for V(t) and the unitary group Uy(t) generated
by Ao.

Proof. For Ap as in (3.5), (A1) is the well-known results. Rellich’s theo-
rem implies that operators B as in (3.5) are Ap-compact and compact operators,
respectively.

Finally we can show (A3). Indeed, for Bu = Vy(x)u(z), (1.6) is an imme-
diate result from Kuroda [16] Theorem 4.4.1 (2) and Corollaries 4.4.3 and 4.4.5.
For Bu = (u, o)1 o (), noting a similar relation as in (3.4) and [16] Theorem
4.4.1 we have (1.7). Hence the proof is complete. g

Remark 3.3.  'We can also deal with V5 (z) having some singularities, for
instance
Vo(z) = O(lz™") (2] — 0).

Then moreover assuming n = 3 and using the Sobolev theorem
H'(R") — LY(R"),

where 1/2 —1/n=1/q,q > 2, we have (A2) and (A3).
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Remark 3.4.  If we apply the framework as in [17] to (3.6) or (3.7) we
should restrict ourselves to the cases n = 3 and 6 = 2 (see Proposition 3.5 as
below). Because for other cases, n = 1,2 or 1 < 8 < 2, it is difficult to be held
(1.8) with Ag = —A, B = (1 + |z]?)~%/2 (for detail, see [16] Theorem 4.4.1 (4)
and Corollaries 4.4.3, 4.4.5 and those proof). For the casesn = 3 and 6 = 2 we
note the following proposition which is concerning the low energy part (for the
high energy part, see Proposition 1.0).

Proposition 3.5.  Assume that n 2 3 and 0 2 2. Then one has
IV (—00 — O3]l = 0(1) (1¢] = 0),

where ¢ € C, Y, = (14 |2[2)~0/2) and || - || is the norm of the bounded operator
in L>(R™).

This is the well-known estimates and an improvement of [16] Theorem
4.4.1 (4) and Corollary 4.4.3 for n = 3 and 6 = 2. For the readers, in Appendix
we give the proof which is due to that of [16] Theorem 4.4.1 (4). The conclusion
in [16] Theorem 4.4.1 (4) and Corollary 4.4.3 for n =2 3 and 6 = 2 is

15 (=00 = O Yyl = O(log [¢l) (1] — 0)-

§4. Energy Decay States for (1.2)

In this section we give a simple example of (1.2) which has energy decay
states.
By choosing ¢(z,y) we construct complex eigenvalues and eigenvectors for

(0 1
A= <—L0 —<'a¢>g¢> '

Note that

Assuming z # 0, we have
(4.1) Lov —iz(v,0)gp — 220 = 0.
Finding z and v which satisfy

(4.2) iz{v,p)g =1
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and setting
(4.3) p = (Lo — 2°)v,

we get v which is a solution of (4.1). Indeed, choosing v from C§°(R"*!) and
introducing (4.3) to (4.2) we have

_ 1 —iz

Put z = A+ ik, A € R,k < 0. Then it follows from the real and imaginary
parts of (4.4) that

(4.5) 19012y = O = 2)0llE = 573

and

(4.6) 2Xk|[v]|g = A = A=0 or 2lv||E= _71
A%+ K2 A%+ K2

Thus we have by (4.5) and (4.6) that

(4.7) { A=0

/@3“1;\% + /1||VU||%2(RH+1) +1=0

or
IV0l[72(gasay — (A = K2)]J0[IG = 262[[0]3

T lllg
<: Rz T Vol

L2(Rn+1)

260G = x5

The above equation implies

N =+ \/(QHV'L)H?Iz(RnJr])71)(2‘|V'L’H§12<Rn+1)+1)
(48) 2[Voll L2 @mn+1yXllvllg
R =

—1
2HV'UHL2(RH+1) :

For any non-trivial v € C§°(R™*1), the equation of « in (4.7) has a unique
solution £ < 0. Therefore we have
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Moreover assuming that u satisfies || V|| p2(gn+1) > 1/v/2, we also have by (4.8)

1 1
A <A+inv> — ()\ + Zli) <)\+imv>
v v
and
S — . S
(4.10) V(t) | MinT | = elmA Rt [ AfisT )
v v

where A and & are as in (4.8).
In the same way as above we also have an energy decay state of

(4.11) i0pu(r,t) = —Agu(e,t) — (a+1iB){u, po) L2 ®m)P0(),

where (z,t) € R" x Ry, a € R, 3 > 0 and ¢o(z) is same as in Application 2.
Indeed, setting

B ||VU0||2L2(Rn) > 1
HuOH%2(Rn) a? +62 HuOH%2(Rn)
-8 1

K= X
a? + 32 ||UOH%2(Rn)

and
wo = (—Dz — A — ik)ug

for non-trivial ug € C§°(R™), we have
—Agup — (a+ i) (uo, o) 2 (rm)Po = (A + ik)uo.
Therefore we have an energy decay state of (4.11).

Appendix

Proof of Proposition 3.5. Note that |¢| is small. We consider the following
decomposition:

1< 3[¢| 1
(7 [T ) P vyt IVEN
N (/0 + I¢] ) M—gygt(“ ) tn )Y%dl“ryg(—ﬁz -O7'E (T’OO)) Yg,

where t(u'/?) is a trace operator, from L2(R™; (14 |z[?)~(#/?dz) to L?(S"~1),
given by

[

t(p )v(w)z?‘éu%l(%r)_%/ e_iw'”%wv(m)dx

n
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for v € C°(R™) and E()) is the spectral family of Ag = —A,.
[16] has already gotten

L.
/ a Ygt(u%)*t(u%)ygdﬂ —0(1)
o M—C 2 o
and
s 1
RV 1 L -
/'g uc st >Y9du‘ =o()

as [¢| — 0 (see the proof of Theorem 4.4.1 of [16]).
Next, note that the well-known inequality

u
/ M@ 11 < OVl
e 7]

for some C > 0.
Then we can calculate as follows. For any u € H = L?(R™) we have

‘Yg(—A 0 E<<3|C| ))Y%UH
<c| o, -0e (Bl ) vy

<c H—Am (-0,-0)'E (%oo) UHH

H
and

Since
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(w2 -078 (Bl ) vy) =vywaic-a. -8 (L)),

we have

vit-oa =075 (B ) ] <o -aucae -0 ()|

ussan-oe (1)

=0(1)  (I¢[ —0).

Now the proof is complete.

O
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