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Abstract

We consider the boundary value problem of the equation of motion of viscous
compressible fluid in a 3D exterior domain. We shall give the Lo, estimates of the
solutions and Ls-estimates of the derivative with respect to space variable of the
solutions.

81. Introduction

In this paper, we consider the equation of the motion of compressible vis-
cous fluid in a 3D exterior domain. The equation is given by the following sys-
tem for the density p(¢, z) and the velocity v(t,z) = (vi(t, x), v2(t, ), v3(t, z)),

(1.1)

pe+V-(pv)=0 in (0,00) x Q,
plve+ (v-V)v) + VP(p) = pAv+ (u+v)V(V-v) in (0,00) x £,
vloa =0 on (0,00) x 09,

p(0,2) = po(z), v(0,2) = vo(x) in Q,
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where ) is an exterior domain in R? with the compact smooth boundary 912,
P = P(p) the pressure, p > 0,(2/3)u 4+ v > 0 the viscosity coefficients. The
unique existence of smooth solutions globally in time near constant state (po, 0),
where py is a positive constant, was proved by the employing the same ar-
gument as in Matsumura and Nishida [11], [12] for the Cauchy problem in
R3; Matsumura and Nishida [13], [14], [15] for the exterior domain in R?.
Concerning the decay property of solutions (p(t,z),v(t,z)), if the initial data
(po(z) — po,vo(w)) belongs to H* and L1, then as t — oo

1(p(t,-) = po, v(t, )L = OE/),

1(p(t,-) = po, v(t, )L, = O(=/*),

(o2, ) = po, v(t, )L, = OF'?).
This fact was investigated by Hoff and Zumbrun [3], [4], Liu and Wang [9)],
Matsumura and Nishida [11], [12], Ponce [16] and Weike [17] for the Cauchy
problem case; Kobayashi [7], Kobayashi and Shibata [8] for the exterior domain
case. On the other hand, if the initial data belongs to H3 only, namely we do

not assume that the initial data belongs to L;, then, Deckelnick [1], [2] showed
that as t — oo

(e (t, ), ve(t, Do) = O,
102(p(t, ), v(E, )| o) = O ),
(vt Nlleo@) = O,

lp(t,-) = pollcoey = O ®),

in the exterior domain case; Matsumura [10] showed that as t — oo

1(pe(t, ), ve(ts Dl arsy = O ?),

102 (p(t, ), 0(t, )| Loy = O ?),

182 (p(t, ), v(t, Dl rarey = OF1),
l(p(t,-) = po, v(t, )L (r?) :O(t_3/4)’

in the Cauchy problem case. In this paper, we shall investigate the exterior
problem of the system (1.1) and give the better decay rate than the rate ob-
tained by Deckelnick [1], [2] in the case that the initial data belongs to H® or
H* only. In particular, the Lo-decay rate of the first derivative with respect
to the spacial variable x for the solutions corresponds to the rate obtained by
Matsumura [10].
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§2. Notation and Main Results

Let L, denotes the usual L, space on  with norm || - |[,. Put

W' ={u€ Lyl |lullwp < oo}, ullwp = Y l05ulL,,
|| <m
H™ =W3", Wg =L, H°=L,.
Set

Wy = {(p,v) = (p,v1,v2,03) | p € W}, v; € W)™, j =1,2,3},

(o, )y = Nlpllwe + [[ollw

and
Hkm — W2k7m7 HUHH’W” = ||uHW2k,m.

First, in order to state the existence of solutions according to Matsumura and
Nishida [13], [14], [15], we introduce the assumptions and notations. Let py be
a positive constant. We assume that

Al. P is a smooth function in a neighborhood of gy and dP/dp > 0.

A2. The initial data (pg,vo) satisfies the compatibility condition and reg-
ularity, namely (po — po, vo) € H?, voloa = 0 and (p1,v1) = (ps, v¢)|i=0 satisfies

p1 ==V - (povo),

vP
V1 = —(’UO . V)’UO =+ ﬂAUQ =+ KV(V . ’Uo) — 7(100),
£o Po £o
and
p1 € H?, vi € H', wi|po=0.
Put
1 . .
X(0,00)=<¢U = (p,v)|p—po € m CI([0,00); H379),
=0
awp S L?((O7OO)7H2)7 Pty UVt S L?((O7OO)7H2)7
1
ONS ﬂ CI([0,00); H3727),  0,v € La((0,00); H?) 3,
=0
and

N(0,00)* = sup ([[U(t) = olls + [Ue(t)1721)

0<t<o0
+ / (102U() 225 + [Ta()]1%2) s,

where Uy = (po,0). Then, we have
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Proposition 2.1 (Matsumura and Nishida [13], [14], [15]). Assume that
the assumptions A.1 and A.2 hold. Then, there exists an ey such that if
l(po — posvo)|lms < €o, then (1.1) admits a unique solution (p,v) € X (0, 00).

Moreover, there exists a constant C' such that

(2.1) N(0,00) < Cll(po = po, vo) | z2-

Remark.  If the initial data (po — po,vo) € H* and satisfies the second
order compatibility condition and regularity, namely (p2,v2) = (per, Vee)|i=0 is
determined successively by the initial data (pg,vo) through the system (1.1),
then we have

(2.2) N(0,00)2 = sup (|U®) = Uol%a + |U:(8)[|%.2)

0<t<oo

+ / (102U(5) 1200 + [Ts()]130) s,

< Cll(po — po, vo)| s
Now, we shall state our main results.
Theorem 2.1.  Assume that the assumptions A.1 and A.2 hold. Then,

there exists an €1 such that if ||(po — po,vo)lls.2 < €1, the solution (p,v) of the
system (1.1) has the following asymptotic behavior as t — oo:

(o2 (t, ), ve(t, Do = O@E?),
|10z 0(t, )| 2 = O ?),
10:p(t, ). = O(*?),
103p(t, ). = Ot~ *log t),
1(p(t, ) = po, v(t, ) L. = Ot % *logt).
Corollary 2.1.  The assumptions in Theorem 2.1 hold. Moreover, if the

initial data (po — po,vo) € H* satisfies the second order compatibility condition
and regularity in Remark, then we have

[(p(t,+) = po,v(t, )L = O(t73/4) as t— oo.

83. Linearized Problem

In this section, we shall consider the following linearized problem associ-
ated to the problem (1.1) (see Section 4)

pe+yV-v=0 in [0,00) x ,
v —alv—pV(V-0)+4Vp=0 in [0,00) X,
vlga=0 on [0,00) x 09,

p(0,2) = po(z), v(0,2) =wg(x) in Q,

(3.1)
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where o > 0,3 > 0 and v > 0. Let A be the 4 x 4 matrix of the differential

operator of the form:
A 0 vV
WV  —aA - pBVV

Dy(A) ={U = (p,v) € W,

for 1 < p < co. Then, (3.1) is written in the form:

with the domain:

vl = 0}

U+AU =0 for t>0, []|t:0:U'07
where Uy = (pg, v9) and U = (p,v). Then,
Proposition 3.1 (Kobayashi [5], [6], [7], Kobayashi and Shibata [8]).
The operator — A generates an analytic semigroup {e_tA}tZO on WI}’O, l1<p<

oo and the following properties hold.
(I) Letl<p<oo. For0<t<2, we have

(3.2) le™*4Ully10 < ClIU|lyp10 for Uew,",
(3.3) le™ AU s < Ct2|Uyao for U e W,
(3.4) 1@ =P)e U2 < Ct’1/2||U||W§,1 for Ue W2

Here and hereafter, we shall use the notations:
IWW=U, PU=v and I-P)U=p for U= (p,v).
(I1) Let1<q¢g<2<p<oc. ForUGWI}OOLq andt>1
(3.5)

_ . 3
lle tAUHLPSCt (HUHLq-l-HUHW;,o), 2 <p< oo, 025

@3)
¢ p)’
(3.6)

0w AUz, +10se~AUllz, < Ot (U, +Vlhwpo) s 2<p <3,
(3.7)

le™ Ay < O3 (JUll2, + |0 llyso) 3 <p< oo,

where 0y = d/dt and O'u = (0%u||a| = m). Moreover, if ¢ > 1 and U €
Wz%l N WqLO, then fort <1

(3.8)

021 = P)e AT |y, + 9:dee™AT11, < C1 % ([Ullyro + [V llyzn)
2 <p<oo.
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84. Proof of Theorem 2.1

First of all, we shall introduce the linearized equations. By the change
of unknown functions: (p,v) — (p + po,v), (1.1) is reduced to the following
equation:

pt+poV-v=fi
(4.1) vy — pAv = (A + 2)V(V - v) + p1Vp = fo,
p(07 {L') = Po(m) — Po, ’U(wa) = U()(.’E),
where {1 = pu/po, U =v/po,p1 = Pp(po)/po,
(4.2) fi=—pV-v—Vp-uv,
fo=—(v-V)v+ (pf_ —ﬂ) Av+ (’”” ﬂ—ﬁ) V(V - v),

Po p+po
P
+ (pl—L/i)> Vp
P+ Po

If we put p’ = (p1/po)'/?p and v’ = v, then (4.1) is reduced to the symmetric
form

pr+AV -0 =i
v, — v = BV(V -v') + p1 Vo' = fa,
p'(0,2) = pp, v'(0,2) = vo(x),

where o = 1,6 = i+ v and v = \/P,(po). For the notational simplicity, we
write: p = p/,v =2, f1 = f1, again. If we put U = (p, v), Uy = (po, o), F(U) =

(f1, f2) and
1=(e s i)
YWV —alA —(VV

then (1.1) is reduced to the following equations

(4.3) Uy + AU = F(U),
U(0) = Up.

Here F(U) = (f1, f2) is written as follows:

==LV v+ Vp-v),
Po

fa=—(v-V)v+ai(p)pAv + azx(p)pV(V - v) + az(p)pVp,
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where a;(p) (j = 1,2, 3) represent identities (4.2). To prove our main results,
we shall estimate the following integral equation

U(t) =e Uy — S(t), S(t) = /Ot e"CDARU) (s)ds.

Let N (0, 00) be the quantity defined in Section 2. By choosing ||(po — po, o) || g3
small enough, we can make N(0,00) as small we want, and therefore we will
state the smallness assumption in term of N (0, 00) instead of ||(po — po, vo) || g3
in the course of our proof of Theorem 2.1 below.

Step 1. Put

M) = sup (1+5)F[0,U(5) s

Ma(t) = sup (1+5)40.U(5)]la,

Ms(t) = sup (1+8)%[[U(s)]| ...
0<s<t
Then, there exists an € > 0 such that if N(0,00) < ¢, then
My (t) + Ma(t) + Ms(t) < C||Uol| g2
First, we shall show that

(4.4) M (1)

IN

C((Ma(t) + M3(t))N (0, 00) + [|Uo]| r2.0),
(45) sup (1+)210.U(s)l1, < C((Ma(t) + M3(£))N(0, 00) + | Up| r1.0),

0<s<t

(4.6) Mj(t) < C((Ma(t) + Ms(t))N (0, 00) + [[Uol| r2)-

When 0 <t < 2, by Proposition 2.1 and the inequality

(4.7) [ullz, < Cllullgz, 6 <p< oo,
we have
(4.8) M (t) + Ma(t) + M3(t) < CN(0, 00),

and therefore we consider the case when ¢t > 1, below. By (3.6) with (p,q) =
(2,2)

(4.9) |10se ™ U0l 1, + [10ze™ Uollz, < Ct /2| U]l 10,
and by (3.7) with (p,q) = (4,2) and the inequalities:

(4.10)  lulle, < Cllullpr (2<p<6) and ||luflz, < Cll0zul L,



218 TAKAYUKI KOBAYASHI

we have

(4.11) le ™ 4|l L. < O34 Uo]| .

The main task is the estimation of S(t), which is divided into the two parts as

— {/; +/OH} e AR (s)ds = I(t) + T1(t).

Before going further on the proof of (4.4), (4.5) and (4.6) we prepare the esti-
mates of nonlinear term F(U): By (4.7), (4.10) and the Holder’s inequality, we
have

follows:

(4.12) IE@) ()L, < ClNUl2[0:U ()l a7,
IE@) ()22 < C (Ul Loe + 102U ()l 111) 102U ()l 12,
IE@)($)lwre <CIU(S) Lo + 10:U ()l 0) [10:U () 112,
10 F(U) ()0 SC(NU(S)l| e + 102U ()l 1r2) 105U ()l a2

Now, we return to estimate S(¢). By (3.6) with (p,q) = (2,1) and (4.12), we
have

(4.13) [0 II(#) ||, + (02T ()] .
<C/ (t =) (IFU)()llzy + IEU)(8) o) ds

< c/ /(1 4 5) V2 ds (Mo (t) + Ms(t)) N(0, 00)
< C(14 1) Y2 (My(t) + Ms(t)) N(0, 00).

On the other hand, by (3.3) and (4.12),

(4.14) [0,1(1) 1, < C /H(t SV FW)(s) o ds

<C t (t—s)"V2(1 + 5)7"Y 2 ds (Ma(t) + Ms(t)) N(0, o0)
t—1

<C(1+1)7Y2 (My(t) + Ms(t)) N(0, 00).

Combining (4.8), (4.9), (4.13) and (4.14), we have (4.5). By integration by
parts,

o I(t) = / t e~ =949, F(U)(s)ds
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and therefore by (3.2) and (4.12),
t

(4.15) 9:1()]1, < C / 182 F(U)(5) | 110 ds
t—1

¢ 1/2
<C(1+1t)71/2 (/H 10U (s)]%2 ds) (My(t) + Ms(t))
< CO(141)7Y2 (My(t) + Ms(t)) N (0, 00).
Combining (4.8), (4.9), (4.13) and (4.15), we have (4.4). By (3.7) with (p,q) =
(4,1) and (4.12),

(@16) |11 <C [ =972 (IFO) s + 1Py ) ds
< C/ =321 + 5) Y2 ds(My(t) + Ms3(t))N (0, 00)
<C(1+t)” 1/2(M2( t) 4+ Ms(t))N (0, 00).

By (3.3), (4.12) and the Sobolev inequality

(417) [1®llze <Ny

<O [ = PP o ds

< C/t (t —s)"Y2(1 + 5) V2 ds(My(t) + Ms(t))N(0, o0)
< O(146)7Y2(My(t) + Ms(t))N(0, 00).

Combining (4.8), (4.11), (4.16) and (4.17), we have (4.6). Next, we shall show
that

(4.18) Sup (1+ ) 203U (1)L, < C((Ma(t) + M (t))N(0,00) + | Uo| m2)-
<s<t

In order to prove (4.18), we shall use the following Proposition (see [8, Propo-

sition A, p. 3])

Proposition 4.1.  Let b be an arbitrary number such that B,_3 = {x €
R3||z] <b—3} DN Let1l < p < oo and m be an integer > 0. Suppose
that u = (u1,uz,u3) € W'2(Q) and f = (f1, f2, f3) € W) (Q) satisfy the
equation:

—aAu—-0BV(V-u)=f in Q and ul|pg =0,
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where o > 0 and o+ 3 > 0. Then, the following estimate holds:
102420, < Conp (Il + lllwpconm) ) -
Applying Proposition 4.1 to the second equation of (4.1), we have

103PU (1)l .
< C (10 PU®) L, +102(T = PYU )| o +IPFU) ()l HIPU )| 112 2054)) »

which together with (4.4), (4.5), (4.6) and (4.12) implies that
(4.19) [|OZPU ()L, < C(1+1)2((Ma(t) + Ms(£))N(0,00) + [[Uo] z2).

Therefore, our task is to estimate ||02(I—P)e *AUp||z,. By (3.8) with (p,q) =
(2,2),

(4.20) 1621 — P)e™*AUs ||, < Ct=3/*||Uo]| 21
By (3.8) with (p,q) = (2,2) and (4.12),

(4.21) [O3(X - P)II()]>

t—1
<0/ $) A F(U)(s)]| 21 ds

< /0 (t = 8) "1+ 8)72)0:U ()] = ds(Ma(t) + Ms(2))

1/2

t—1
<C </0 (t—s) 7321+ 5)71 ds) (Ma(t) + M5(t))N(0, 00)
< (14 )72 (Ma(t) + Ma(t)) N(0, 0).
On the other hand, by (3.4) and (4.12)

(4.22)

Jo2(1 - P)1( ha<0/ ) 2B (U)(s) raads

<C | (t—s) Y21 +5) " 2ds(My(t) + Ms(t))N (0, o0)

t—1

< CO(146)7Y2(My(t) + Ms(t))N (0, 00).

Combining (4.8), (4.20), (4.21), (4.22) with (4.19), we have (4.18). By (4.4),
(4.5), (4.6) and (4.18), we have

My (t) + Ma(t) + Ms(t) < C||Uoll2,2 + C(Ma(t) + M3(t))N(0, 00).
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If CN(0,00) < 1, then we have Step 1.

Step 2. Put
(1+s)3/4
My(t) = U 21— P)U ,
(0= s (02— PYU()1
1+ s)3/4
My(t) = sup 9 1))

0<s<t 10g(2 + )
Then, there exists an ¢ > 0 such that if N(0,00) < €, then
My(t) + Ms(t) < C(|Uo]| = + Ma(t)?).
By (4.7), (4.10) and the Holder’s inequality,

(4.23)
IFU)($) 22 < CUU () [pa + 1020()122) 102U ()| 2 + Cll0:U (s)][ 772

Therefore, by (3.8) with (p,q) = (2,2) and (4.23),

(4.24)
102X —P)II(t)|

SCﬁiﬂ—ﬂﬁﬁwwwmmMs

t—1 1/2
gc(/ (t—s)_3/2(1+S)_3/2(log(1+s))2ds> (My(t) + Ms(t))N(0, 00)
0

+C /tl(t — 5) (1 4 5) "L dsMy(t)?
0
< O(1+1)" " og (1 +t) (Ma(t) + Ms(t))N(0, 00) + Ma(t)?) ;
and by (3.4) and (4.23),

(4.25) [|95(X=P)I(1)]L.
<C t_l(t —8) 2 EU)(s) ]| 2o ds
<C t (t —s)"Y2(1 4 5)73/*og (1 + s)ds(Mu(t) + Ms(t))N(0, o)
t—1
+C t (t —s)"V2(1+ 5) "t dsMy(t)?
t—1

< O(1+ )73 (Ma(t) + Ms(t))N(0,00) + Ma(t)?).
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y (4.7), (4.10) and the Hélder’s inequality

(4.26) IE@) ()L, < CIU )| 102U (8) | a2
IE@)(s)llyyr0 < C (10U ()| + 1020(3) L) 102U ()] 112

Therefore, by (3.7) with (p, ¢) = (4,2) and (4.26),

(4.27)
LI
<0 [ (PN + IPO) Gy ds
(/0 ) 32(1 + 5)~%/2(log(1 + s))? ds)l/Z(M4(t) + M;5(t))N (0, 00)

< C(1+t)"¥*log(1 + t)(Ma(t) + M5(t))N(0, 00);
and by (3.3), (4.26) and the Sobolev inequality

(4.28)
)|z < CIHE)Iw;

<C [ (= P IPW)E) o ds

< c/t (t —s)7V2(1 + 5) 73/ *og (1 + s) ds(My(t) + Ms(t))N (0, 0)
< C(ltJ:t)*?’/‘*log (14 t)(Ma(t) + Ms(t))N(0, 00).
Combining (4.11), (4.24), (4.25), (4.11), (4.27), (4.28) with (4.8), we have
My(t) + Ms(t) < C(My(t) + M5 (t))N(0,00) + CMs(t)* + C||Uo | g2,

which means the Step 2. By Steps 1 and 2, the proof of Theorem 3 is completed.

85. Proof of Corollary 2.1
Let N(0,00) be the quantity defined in Section 2. Put
M(t) = sup (1+5)""2]8:0:U (t)l| .,

0<s<t

Mi(t) = sup (1+ )7 2[OIPUD)| 1.

Mi(t) = sup (1+9) U)o
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By (2.2), when 0 <t < 2, we have

(5.1) > M;(t) < CN(0,00).

j=1
Therefore we consider the case when ¢ < 1, below. By (3.8) with (p,q) = (2, 2),
(5.2) 10,0, A Usl| 1, < Ct3/4|Us|| 2.1
By (3.8) with (p,q) = (2,2) and (4.12),
(5.3)

t—1
100:TI(1)||1, < C / (t — )Y F(U)(3)]| o ds
0

t—1
SC/o (t—5) ¥4 (14 5)7V2(0,U (5)| > ds(Ma(t) + Ms(t))
t—1 1/2
SC(/O (t—s)_3/2(1+s)_1ds) (Ma(t) + M3(t))N(0, o0)
<O+ )72 (May(t) + Ms(t)) N(0,00).

By the equation

t
D0, I(t) = Dpe~ A9, F(U)(s) ds
t—1

and by (3.2) and (4.12),

(5.4) [|9:0:1 ()|, < C t_l(t —5) 7210, F(U)(8) | o ds
<C t (t —s) V21 + 5)" Y2 ds (Ma(t) + Ms(t)) N(0, 00)
t—1

<C(1+1)"Y2 (My(t) + Ms(t)) N (0, 00).
Combining (5.1) through (5.4), we have
(5.5) Mg(t) < C(Ma(t) + Ms(t))N (0, 00) + C||Uo| gr2.1.-
Applying Proposition 4.1 to the second equation of (4.1), we have

103PU (1)L, < C (0:0.PU )|, + |02(X = P)U(t)]| L,
+ 10.PFU) ()|, + IPU®)] 1 (2nBy)) »
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which together with Steps 1 and 2 in Section 4, (5.5) and (4.12) implies that
(5.6) Mq(t) < C(Mz(t) + Ms(t))N (0, 00) + C||Us|| 2.

Finally, we shall estimate Mg(t). By (4.7), (4.10) and the Holder’s inequality
G.7) IF@O))lwro < C (UG 10:U(5)ll 222 + 102p() | 22 [102v(s) | 122) -
Therefore, by (3.7) with (p,q) = (4,2), (4.26) and (5.7)

(5.8)  [HIB)]z

t—1
<C (t =) (IF@)$)Lo + [FO)(5) w0 ) ds
0 4
1/2

C </0H(t —5)73/2(1 4 5)73/2 ds> Mg(t)N (0, 00)

IN

+C /Ot_l(t — 8) 741+ )7 Yog (1 + s)ds My (t) M (t)
< C(1+ 1) (Ms(t)N(0,00) + Ma(t) M (1));
and by (3.3), (5.7) and the Sobolev inequality
(5.9 Oz = CIHE)w;

<O [ (t= s P e ds

< C/t;(t — 8)"Y2(1 + 5)73/* ds Mg (t)N(0, 00)

+C /;(t —5) Y21 4 5) 7 Mog (1 + s) dsMy(t) Mz (t)
< C(1+ )73 (Mg(t)N (0, 00) 4+ My(t) M (t)).
Combining (5.1), (4.11), (5.8) and (5.9), we have
Ms(t) < C(Ms(t)N(0,00) + My(t)M7(t)) + Cl|Uo| 2.
It CN(0,00) < 1, then we have
Ms(t) < CMy(t)M7(t) + C[Uol| a2,

which completes the proof.
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