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Contractions of Angles in Symmetric Cones

To Jacques Faraut on his sixtieth birthday

By

Khalid KOUFANY™*

Abstract

For a symmetric cone 2 we compute its Riemannian distance in terms of the
singular values of a generalized cross-ratio and prove that the semigroup of the com-
pressions of 2 decreases the compounds distance.

81. Introduction

Let Sp(m,R) be the real symplectic group acting on the Siegel upper half
plane Tqg,, of complex symmetric matrices with positive definite imaginary
part via the rational transformations

1 AB
g-z2=(Az+ B)(Cz+ D)™, g¢g= (CD)
Let Qsym be the set of real positive definite symmetric matrices. We can view
it as the Riemannian symmetric space GL(m,R)/O(m). C. L. Siegel’s study
of the symplectic geometry [16] allows one to get an explicit formula for the
geodesic distance in Qgy,, associated with the GL(m,R) invariant Riemannian
metric, which coincides with the Euclidean arc length on the logarithms of

Communicated by M. Kashiwara. Received April 23, 2001.
2001 Mathematics Subject Classification(s): 17C50, 20M30, 32M15.
Key words: angles, contractions, cross-ratio, symmetric cones.
Author partially supported by the European Commission (TMR 1998-2001 Network Har-
monic Analysis).

*Institut E. Cartan, Universié H. Poincaré, B.P. 239, F-54506 Vandceuvre-lés-Nancy.
e-mail: koufany@iecn.u-nancy.fr



228 KuALID KOUFANY

the diagonal matrices in {2gyn,. Namely, if z,y € Qgypm,, then the Riemannian
distance of z and y is given by

" 1/2
(11) 6(1.73/) = <210g2 Ak(m7y)> ,
k=1

where A\ (z,y) > -+ > An(x,y) > 0 are the characteristic value of (x,y), i.e.

1

the eigenvalues of the matrix y~'z. The eigenvalues \i(x,y) are the unique

solutions of the equation
(1.2) Det(z — Ay) = 0.
Furthermore, if we put

(1.3) q(z,y) = (@ —y)(x+y) @—y(z+y) "
then, the real numbers
(1.4 o) = ()

are the unique eigenvalues of the cross-ratio ¢(x,y) and the formula (1.1) can
be written as follows:

1/2
< 2 1+ ng(l'?y)

1.5 6(x,y) = log® —————< .
(1.5) (2,9) (/; - T(z,y)>

Let us consider now the set H of the matrices in Sp(m,R) that compress

stm:
H:={g € Sp(m,R) | g- Qsym C Qsym}-

It is a semigroup of Sp(m,R) and it contains GL(m,R) and the inversion
x — 2z~ 1. One can show that it is the semigroup of the Hamiltonian matrices:

(1.6) H= {(A B) | A invertible, BA* > 0, A*C > O}
CD

where M > 0 means that M is a positive symmetric matrix, i.e. M € ﬁgym.

A natural question arises now : what is the behaviour of the angles px(x,y) :=

log? Ak (z,y) and therefore of the Riemannian distance upon the action of the

semigroup H?
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This problem was solved by Ph. Bougerol in [1] where he proved that the
elements of H are contractions (and sometimes uniform contractions) of the
ur(x,y) and then for the Riemannian distance.

This problem has a good interpretation in Euclidean Jordan algebras and
causal symmetric spaces theories. Indeed gy, is the symmetric cone associ-
ated with the Euclidean Jordan algebra Sym(m,R) and H is the causal semi-
group associated with the ordered symmetric space Sym(m,R)/GL(m,R)®R.

Let V be a Euclidean Jordan algebra and 2 the symmetric cone associated
with V. In this paper we shall deal with an explicit distance formula for .
We call it Siegel’s distance formula, since it has close analogies with formulas
(1.1) and (1.5) introduced by C. L. Siegel for symmetric matrices. The Siegel
distance formula involves a generalized cross-ratio for a quadruple

D(w,z,y,2) := P(w—xz)P(x —y) ' P(z —y)P(z — w)~*

introduced for special cases by L. K. Hua and C. L. Siegel and generalized to
any Jordan algebra by H. Braun. The fundamental property of this cross-ratio
is, as Siegel observed, that if z and w are two points of the tube V + i€}, then
D(z,w, z,w) always has real eigenvalues.

The second aim of this paper is to study the monotone behaviour of the
angles upon the action of the compression semigroup

S={yeG|y-Qcq},

where G is the conformal group of V.

In Section 2 we collect basic facts about Euclidean Jordan algebras needed
in this paper. In Section 3 we connect the characteristic values with the eigen-
values of a generalized cross-ratio. In Section 4 we give a generalization of a U.
Hirzebruch theorem which is the Fischer min-max theorem on the eigenvalues
of elements in V. In Section 5 we prove the Siegel distance formula for Q. In
Section 6 we give some properties of the compression semigroup S and finally
in Section 7 we prove that the elements of the semigroup .S are contractions for
the angles and then for the Riemannian distance, thus generalizing the result
of Ph. Bougerol.

§2. Preliminaries

Let Q be an open convex cone in a Euclidean vector space V' of dimension
n. Let G(£2) be the group of linear automorphisms of €

G() ={ge GL(V) | g2 =Q}.
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Then € is said to be homogeneous if G(2) acts on it transitively. If (2 is pointed,
then € is said to be symmetric if it is homogeneous and self-dual.

A EBuclidean Jordan algebra is a Euclidean vector space V equipped with
a bilinear product such that

ry = yx,
z(z?y) = 2% (zy),
(zylz) = (ylzz).

It is shown in [11] and [17] that the interior £ of the set of squares in V is a
symmetric cone, and every symmetric cone is given in this way.

We define the (left) multiplication L by L(z)y = xy and the so-called
quadratic representation P by P(x) = 2L?(x) — L(z?). For any z € V, the
endomorphisms L(z) and P(z) are self-adjoint.

For example, V' = Sym(m,R) is a Jordan algebra for the product z oy =
(1/2)(zy + yx) and it is Euclidean for the scalar product (z|y) = Tr(zy). The
symmetric cone is the cone €)g,,, of positive definite symmetric matrices and
G(Qsym) is the linear group GL(m,R). In this case, P(z)y = zyx.

For any = € 2, P(z) is positive definite and then the bilinear forms

g (u,v) = (P(x) tulv), 2€Q, wveV

define on ) a structure of Riemannian symmetric space isomorphic to G(Q),/
K (), where G(Q), is the identity component of G(2), K(2), = {g € G(Q), |
ge = e} and e the identity element of V.

Let r be the rank of V. A Jordan frame {c1,... ,c¢,} of V is a complete
system of non-zero orthogonal primitive idempotents:

¢ =¢;, ¢; indecomposable,
CiCj = 0 ifs 7é j,
Cl+"'+CT:6'

Suppose V is simple. In other words, there is no non-trivial ideal in V. Then
each element = in V' can be written as

(2.1) r=kY Ncj, k€K(Qo N €ER
j=1

The determinant is defined by det(x) = [[;_, A; and the trace form by tr(z) =
Z;Zl Aj. The real numbers A1,... , A, are the eigenvalues of x.
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In the case of V. = Sym(m,R), (2.1) corresponds to the polar decom-
position (diagonalization) of symmetric matrices. det and tr are the usual
determinant Det and trace Tr of matrices.

If Aq,..., A\ are the eigenvalues of z, then the eigenvalues of P(z) are
Njk = A\jAk, where j,k € {1,...,r}. We will call the square roots of n11, ...,
1y the singular values of P(x). They are the absolute values of the eigenvalues
of x.

Let T, be the tube domain

To=V+iQ={z=z+iy |z eV, yecQl.

It is a Hermitian symmetric space isomorphic to G/K where G is the group of
holomorphic automorphisms of T and K is the stabilizer of ie in G.

In the case of V' = Sym(m,R), the tube domain is the Siegel upper half
plane Tqg,,, , the group G is the symplectic group Sp(m,R) and K is the unitary
group U(m).

Let ¢ be the Cayley transform ¢ : z — (e — 2)(e + 2)~'. Then it is
shown in [9], that G/cG(2)oc is an ordered symmetric space of Cayley type
and any symmetric space of Cayley type is obtained in this way (see [6] for the
definition). One proves (see [10]) that the corresponding causal semigroup is
the semigroup of compressions of 2:

S={veG|g-QCQ}

and it has the following decomposition where S = STG(Q),5~, ST and S~ are
Abelian semigroups which are isomorphic to the cone . Using this decompo-
sition and infinitesimal arguments we also proved in [10] that the elements of
S are contractions of the G(2)-invariant Riemannian metric of €.

83. The Characteristic Values and Cross-ratio
Let x,y € V. A root of the characteristic equation
(3.1) det(z — A\y) =0

is called a characteristic value of the pair (z,y).
Let w,x,y,z € V, and let D(w,x,y, z) be the generalized cross-ratio stud-
ied by H. Braun [2, p. 26] given by

(3.2) D(w,z,y,2) := P(w—xz)P(x —y) ' Py — 2)P(z — w)™*
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when the appropriate inverses exist. This was first introduced by L. K. Hua [8,
p. 452] for the symmetric, skew-symmetric and Hermitian matrices. See also
Siegel [16, p. 3] and Maaf§ [13, p. 39] for symmetric matrices.

For z,y € ) we put

(33) p(a?,y)ZD(m,y, -, _y)7
=Pz —y)Plz+y) ' Ple—y)Pla+y)".
Observe that p(z,y) is well defined, since x + y is invertible because z +y € Q.
Proposition 3.1. 1. Forx € V and y € (), the characteristic equation
det(z—Ay) = 0 always has r real characteristic values A1 (x,y) > -+ > A\(2,9).
2. For xz,y € Q, the cross-ratio p(x,y) always has real eigenvalues and

its r singular values 1 (xz,y), ... ,n-(x,y) may be related to the characteristic
values by

(3.0 mlen) = (1)

Proof.

1. By the Spectral Theorem ([4, Theorem III.1.2]) there exist ¢ € G(f2), a
Jordan frame {c1,...,¢.} and r real numbers A\ (z,y) >,...,> A\-(z,9)
such that y=g-eand z =g - Z;Zl Aj(z,y)cj. Then

det(x — A\y)=det | g- Z)\ x,y)c ,

T

=Det(g)" [[(N(zy) = N).

j=1

This proves that Ai(z,y),... , A-(x,y) are the unique solutions of the char-
acteristic equation since Det(g) # 0. Moreover, these solutions are exactly
the eigenvalues of P(y~1/?)z.

2. Using the fundamental formula
P(P(y)z) = P(y)P(z)P(y)
([4, Proposition I1.3.3]) we obtain

p(z,y) =Pz —y)P(x+y) 'P(x —y)Px+y) "
=P(y>)P(z — e)P(z+¢) ' P(z— e)P(z + ) ' P(y~?)
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where z = P(y~%/?)z. But if u and v are in the associative sub-algebra
RJz], then P(u)P(v) = P(uv) ([4, the proof of Proposition 11.2.2]). Thus

)P((z =€)’ (= +€) )Py 2).

[N

p(z,y) = Py

Since A1 (z,y), ..., \(x,y) are the unique eigenvalues of z, it follows from
the last formula, that ((1—X;(@,y))/(1+ X (2, 9)))*((1 = Xe(z,9)) /(1 + g
(,9))?, (§, k) € {1,...,r}?, are the unique eigenvalues of the cross-ratio
p(x,y). Hence (1-X;(z,y))/(1+X;(z,v)))?, j € {1,...,r} are the singular
values of p(z,y). 0

Example 3.1. If V = Sym(m,R), we saw that the quadratic represen-
tation is given by P(x)y = xyx. Then
p(z,y)w= Pz —y)P(x+y) ' Plz —y)P(zr +y) " 'w
= q(z,y)wq(z,y)’

where ¢(z,y) is the cross-ratio

gz, y) =@ -y (@+y) @-y)(@+y "

introduced in (1.3). Therefore the eigenvalues of ¢(z,y) are the singular values
&(z,y), .- &m(@,y) of p(z,y) (see (1.4)).

84. A Generalized Min-Max Theorem

Let V be a simple Euclidean Jordan algebra of rank r > 2. We consider
the scalar product on V

(zly) = tr(zy),

and denote by J (V) the set of primitive idempotents of V. An element ¢ of V
is said to be almost primitive idempotent, if ¢ # 0 and

& = (e|c)e.

Let J%(V) be the set of the almost primitive idempotents of V. Observe that

JV)={ceT*(V) | tr(c) =1}

- {@ lce J“(V)}
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and that for a fixed € V, the maximum (resp. minimum) of the function
(x]c) over J (V) coincides with the maximum (resp. minimum) of the Rayleigh
quotient (z|c)/(elc) over J*(V).

We state, in a different way, the following theorem due to U. Hirzerbruch,
see [7].

Theorem 4.1.  For any = in V, the eigenvalues A\ (z) > Aa(z) > - -+
Mr(z) of x, may be obtained as follows:

Y

A1(z) = max @, Ar(x) = min (;v|c)’
cege(v) (elc) cega(v) (elc)

and for2<k<r-—1,
Ai(z) = min a (zle)

max ,
iy di—1 €TH(V) c€VA(dy,... . dx—130) (€]c)
where V(dy, ... ,dp—1;0) ={c € T*(V) | ed1 = --- = ed—1 = 0}.
To prove a generalization of this theorem, we need the following

Lemma 4.1. 1. J%V) = {c€ QU -Q | rank(c) = 1}.
2. G(Q) acts transitively on J*(V).
3. Let c,d € J*(V). Then (c|d) =0 if, and only if, cd = 0.

Proof. The assertions 1 and 2 follow from [4, Proposition IV.3.1].
The assertion 3 is a direct consequence of the following fact: If z,y € €,
then

(zly) =0 <= 2y =0
see [5, Satz 4.1]. O

Theorem 4.2. Ifxz € V and y € Q, then the characteristic values
M(x,y) > > N(z,y) of (x,y) are given by:

—

zle) (]c)

Ai(z,y) = o Ar(zy) = mi ’
9= 5% Gl Y= S Gl

and for2<k<r-—1,

. (zlc)
min max .
diye i 1 €T(V) c€Ve(da,... ,di—1;0) (y[c)

)\k(I,y) =
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Proof. There exists g € G(Q) such that y = g - eand z =g - 337_, \j(x,

y) ¢; for some Jordan frame {ci,..., ¢, }. Then
DIEPY i
e @9 0 S A el
cege(V) (yle)  cege(v) (9-elc)
r . gt .
— max (Xizg Ai(#, y)cilg C).
cega (V) (e|lgt - c)

Now, from Lemma 4.1 it follows that g* - 7%(V) = J%(V). Hence

max (m|c): max (Zi:lAi(l‘7y)Ci|d)7
ceg*(V) (yle)  dege(v) (eld)

=X (z,y), by Theorem 4.1.

We use the same proof to get the extremal property of A.(x,y).
Let 2 <k <r —1 and define the quantity

(x]c)

ag(x,y) = min max .
k( y) dl,..A,dk,leja(V) cdi=-=cdj_-1=0 (y|C)
Then
. (i1 Aj(@,y)eglg” - )
ag(z,y) = min max -
iy sdg_1€T%(V) cdi=-=cdx_1=0 (elgt - ¢)

Setting ¢! = g'c and d; = g~ 'd; this becomes using Lemma 4.1

: (i1 Ai (@ y)egleh)
ag(x,y) = min max T )
db,....dl_ €ege(V) cldi=-.=cld}_,=0 (e|eh)
= Ak(x,y), by Theorem 4.1.

O

The following corollary generalizes the monotone property by U. Hirze-
bruch [7].

Corollary 4.1. Let z,y € Q andv € Q. For any k € {1,...,r} we
have

(4.1) k(T +v,y) > Ag(2,9),
)\k(xvy + U) < )\k(I,y).

The inequalities (4.1) and (4.2) become strict when v € ).
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85. The Riemannian Distance of (2
The family of bilinear forms g, given by,
(5.1) go(u,0) = (P@)'uv), v€Q, wveV,

defines a G(Q)-invariant Riemannian metric on €, see [4, Theorem III.5.3].
Therefore, 2 is a Riemannian symmetric space isomorphic to G(2), /K (Q)..

Theorem 5.1.  Let x,y € Q. Then there exists a unique curve of short-
est length joining x and y. The length of this curve is given by

. 1/2
(52) 6(1.73/) = (Z 10g2 Ak(m7y)> ,
k=1

where A (z,y), ..., A\r(x,y) are the characteristic values of (z,y).
0(z,y) is the Riemannian distance of x and y.

Proof. Following the proof of Theorem 4.2 we may assume without loss
of generality that z =Y, _; Ai(z,y)¢; and y = e.

The unique curve of shortest length joining e and x is v(t) = exp(tlogx)
where logz = >0, logAi(2,y)¢;. Thus the Riemannian distance between z
and e is

3(0.6) = [ o (0 3(0) Y.
1
= [ PeO HiOPaO )
_/0 (P(y(t)" ) {(t) log e} P(y(t)~#){y(t) log x}) .

Since log x,y(t) and (t)~'/? are in the associative sub-algebra @©}_,Rey, this
implies that

3(z,e) = / ({P(y(t)"2)y(t)} log z|{ P(+(t) "% )y(t)} log z) % dt,

1
= / (log x| log x)%dt,
0

1
2

1 T s

:/ (Zlog)\k(x,y)ckZlog)\k(:c,y)ck> dt,
0 \k=1 k=1

= (Zlog2 /\k(x,y)> :
k=1
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Remark. ¢ is the Riemannian distance on §2 associated with the involu-
tion z — z~!. The main property of this distance is its invariance by G(2).

For the symmetric cone of positive definite symmetric matrices and for the
Siegel upper half plane this distance formula was obtained by C. L. Siegel [16,
Theorem 3], see also Maafi [13, pp. 27, 39] and Neretin [15, Thoerem 6.3.5].

Corollary 5.1.  Let z,y € Q. Then the Riemannian distance of x and
y may be given by

1/2
o T+ k(L y)

5.3 o(x, = log® ——————= y
5.3 @) (z . 1—%@,@)

where n1(x,y), ... ,n-(x,y) are the singular values of the cross-ratio p(z,y).

Proof. This is a direct consequence of Theorem 5.1 and Proposition 3.1.
O

8§6. Compression Semigroup

Let G be the conformal group of the Jordan algebra V. It is the group of
all holomorphic automorphisms of the tube domain Tg = V + i€Q). The group
G is generated by the affine group P of transformations

z—gz+v (e G, veV),
and by the symmetry,
z —z7 L

The homogeneous space G/P is compact, and V' can be embedded into G/P

V—-G/P
v +—gP

where g(z) = —2~! +v. G/P is the conformal compactification of V.
In the action of G on G/ P, we introduced (see [10]) the compression semi-
group S of Q:

(6.1) S={yeG |y -QCO}
For v € §, the translation

CHOREER



238 KuALID KOUFANY

is a holomorphic automorphism of T, and the semigroup of all real translations
v is an Abelian sub-semigroup S* of S isomorphic to Q.

Put j : 2 — 271 This is an isometry of Q. Let S~ = j o ST o4, be the
semigroup of the maps

v, (2) ="+ ve.
It is an Abelian sub-semigroup of S isomorphic to Q.

Theorem 6.1 ([10]).  The sub-semigroups ST and S, together with the
subgroup G(Q)o, generate S. More precisely, one has the following decomposi-
tion

(6.2) S =S5TG(Q)HS™.
If vy =gy, €85, then we write

(6.3) nt(y)i=u, A(y):=g and n7(y):=w.
Remark.  We have also the other side decomposition

S =S"G(Q).S".

87. Contraction Semigroup

It is shown in [10], by using infinitesimal arguments, that the elements of
S are contractions of the G(Q)-invariant Riemannian metric (5.1) on €.
The aim of this section is to study the monotone behaviour of the angles:

(7.1) i (2,y) = log® \e(,y),

and prove refined contraction properties of the Riemannian distance (5.2) of Q.
Recall that for # € V, the number sup{(z|c) | ¢ € J(V)}, which is the
largest eigenvalue of x (see Theorem 4.1), defines the (operator) norm |z| of z.

Lemma 7.1. Letxz,yeV.
1. If x —y € Q, then |z| > |y

2. If x,y €Q, then x —y € Q if, and only if, y~' — 2z~ € Q.

Proof. QObserve that every element in {2 is invertible.
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1. If £ —y € Q, then for any ¢ € J(V), (z — y|c) > 0 and thus |z| > |y|.

2. Let z,y € €, then there exist g € G(Q2), a Jordan frame {cy,... ,¢.} and
r real numbers \; > 0 such that z = g*-e and y = g' - 377, Ajc;. Since
z —y € Q we have 1 > );. Furthermore,

s

_ _ _ 1 _

y 1_ 1:g 1'Zrcj_g 1~e,
j=1 "7

~ (1
J

=1
Conversely, if y™! —z71 € Q, then x —y € Q. O

If V =R then Q = R% and, for any z,y € (2, the equation  — Ay = 0 has
only one solution A = z/y (recall » = 1 in this case). Consider the distance
between z and y given by d(x,y) = |log(z/y)| = |logz — logy|. Let r > 0 (i.e.
r € Q) and compare \(x + 7,y + 1) to A(z,y). By Rolle’s theorem, there exists
¢, between = and y, such that

log(z +7) —log(y +7r) ¢

logz — logy c+r’
Therefore, if 0 < z,y < m,

r+r m x
7.2 lo < log™ =
(7.2) 8 S a8

where logts = max{log s, 0}. So that,

2
log? Az + 1,y +7) < ( ) log? Az, y),

m+r
and
m
) < 1) .
(@+ry+r) < ———d(z,y)
This example will be used to prove following fundamental proposition:
Proposition 7.1.  Letxz,y € Q andv € Q. Then foranyk € {1,...,r},
e
7.3 log A < log A
(7.3) | log k(x+v7y+v)|_a+ﬁ|0g k()]

where o = max{|x|,|y|} and B = inf{(v|c), c€ T(V)}.
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Proof. In proving the inequality (7.3) we may assume A\g(z+v,y+v) > 1.
Indeed, A\i(z + v,y +v) = 1/Ar_g+1(y + v,z + v), moreover (7.3) is obvious
when \g(z + v,y +v) =1

Let Ap(z + v,y +v) > 1. Then we have for any 2 < k <r —1

0.< [Tog M + v,y + )
=log A\ (z + v,y +v)

=log min {max{w~-~},~-~}, by Theorem 4.2

(

__a min{max {1Og+ (z]c) }} by (7.2)

a4+
a

=2 Jlog A (z,p)]

10g+ >\k (Iv y)

To prove the inequatily (7.3) for Ay and A, we use the same arguments. O

Remark. If v € Q, then 3 = inf{(v|c), c € J(V)} may be equal to zero,
and

[log Ak(z + v,y + )| < [log Ax(x,y)|-

If v € Q, then v is invertible and 3, the lowest eigenvalue of v, does not vanish.
Hence

[log Ak (x + v,y +v)| < |log Ax(z,y)l.
Using the notations (6.3), we set
Si={yesS|nt(y) e},
and
Sp={veS|n (y) €}
We state now the main theorem of this section.
Theorem 7.1. Let k € {1,...,r}. The following holds:
1. For any v € S and for any x,y € Q: pp(y-2,v-y) < pr(z,y).

2. For any v € S1U Sy and for any x,y € Q: pp(y-2,v-y) < pr(z,y).
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3. For any v € S1 N Sa, there exists k(y), 0 < k(y) < 1, such that for any
z,y € Q: iy -,y - y) < ROV, y).

Proof. Let v € S, then by Theorem 6.1,

V=Y 9V s
=Yu 9370 J-
Here u,v € Q, g € G(Q), and j is the involution j(w) = w™! (w € Q).

Recall that the elements of G(£2), are isometries of . Moreover, the Hua
identity [4, Lemma X.4.4]:

det(z7' —w™') = (det 2) " (det w) ! det(w — 2)

allows one to get A\r(z71,y~1) = 1/X\g(x,y). Therefore, j is also an isometry
of uy. Hence, according to Proposition 7.1 and Remark 7, the first point of the
theorem is proved.

Now if u or v is in the cone €2, then by considering again Remark 7, the
second point of the theorem follows.

It remains to prove the last point of the theorem. Let v = gy, =
viFgivri € S1N Sy, then u,v € Q. Since j is an isometry of pg, we have

pe(y -2y - y) = (v 9378 -2, (v 937 - w),
= e ((9775) - & +u, (giv) -y +u).
According to Lemma 7.1, we obtain

g v = (gjv)a=g- v —g-(v+a) €Q,

and
)

l(9775) x| <|g-v7'|, forany z € Q.

Let ¢ = [g-v™'], n = inf{(ulc) | c € T(V)}, and put x(v) = (¢/(C +n))*.
Then, it follows from Proposition 7.1 that

(v -2,y y) < sV e((9378) - @, (9575 - v),
K(7) pk(,y)-

IN

So that the theorem is proved. [l

As an easy consequence, Theorem 7.1 implies that the elements of the
semigroup S are contractions of the distance §. More precisely we have
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Corollary 7.1.  The following holds:
1. Foranyv €S, and z,y € Q:6(v-z,v-y) < (z,y).
2. Foranyy € S1USy and z,y € Q: 6(v-x,v-y) < d(x,y).

3. For any v € S1 N Sa, there exists k(y), 0 < k(y) < 1, such that, for all
z,y € Q:0(y-2,7-y) < k(y) 0(2,y).

§8. Final Remarks

We refer to [6] for the following definitions. Let M = G/H be a compactly
causal symmetric space. Then D = G/K is a Hermitian symmetric domain.
We can view H/HNK as the real points of D, i.e. fixepoint set of a conjugation
on D. For example, when M is a causal symmetric space of Cayley type, then
H/H N K is isomorphic to a symmetric cone © and D isomorphic to the tube
domain V + i€).

It is easy to see that the Siegel distance formula (5.3) extends to V + i€,
namely

2
T 1 K
3z, w) = Zlog2 714_ (2 w)
j=1

VvV nj(zaw)

where 171 (z,w), ... ,n:(z,w) are the singular values of the cross-ratio

)= P(z —w)P(w—2)"'P(z —w)P(w — z)"".

]

D(z,w,z,

J.-L. Clerc proved that the elements of the Olshanskii holomorphic semigroup
I' = {v € Gc | vD C D} are contractions of D for the Bergman metric, see [3].
We conjecture that the Olshanskii holomorphic semigroup decreases the

15 (2, w) 1= log? LTV W)
1—+/n;(z,w)
This was proved, in the particular cases of G = Sp(n,R) and G = U(p,q) by
Neretin, see [14] and [15].
We also conjecture that the Siegel distance formula and the contractions

angles

properties, with respect to the associated compression semigroup, hold for the
real bounded domain H/H N K.

Many applications of these results could be expected. For example to
modular forms, filtering theory, control theory, Riccati equation theory, etc...



CONTRACTIONS OF ANGLES 243

After this paper was finished, the author noted that Y. Lim [12] proved

independently that the elements of the semigroup S are contractions of the

largest angle ;.
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