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On a Sharp Levi Condition in Gevrey Classes
for Some Infinitely Degenerate Hyperbolic
Equations and Its Necessity

By

Haruhisa IsHIDA* and Karen YAGDJIAN™*

8§1. Introduction

In this article we are concerned with a sharp Levi condition associated
with the Cauchy problem on the strip [0,7] x R™ (T" > 0) for linear weakly
hyperbolic equations of second order with time dependent coefficients:

(cP) {L(t,@t,ﬁm)u(t,x) = f(t,x),  (t,z) €[0,T] x R",
u(to, ) = uo(x), Aulto, z) = ui(z), r eR™,

where tg € [0,T),

L(t, (r“)t,(r“)w) = (r“)t2 — ag(t, 8I) — al(t, 8I),

n

a2(t78$): Z ajk(t)am]’$ka

j,k=1
ay(t,02) =Y _ a;(t)0x,
j=1

together with ajx(t) € C*([0,7T]) and a;(t) € C*([0,T]). Here we prepare some
weight functions to describe our assumptions on the coefficients of a; and as.
Let A(t) € C1([0,T]) be a real-valued function such that A(0) = \'(0) = 0 and
N(t) > 0if 0 <t <T. Moreover, suppose that for 0 <t <T

Al _ N(@) Alt)
ONE) =N = AE)

Communicated by T. Kawai. Received May 12, 2000. Revised October 20, 2000 and
August 24, 2001.
2001 Mathematics Subject Classification(s): 35L15, 35L80.

*Department of Information Mathematics, The University of Electro-Communications,
Chofu-shi, Tokyo 182-8585, Japan.

**Department of Mathematics, Kansas State University, Manhattan KS 66506-2602, USA.

(1.1)




266 HARUHISA ISHIDA AND KAREN YAGDJIAN

with some constants ¢ > s/(2s — 2) (s > 2 fixed) and ¢; > ¢o when we put
A(t) = [y A7) dr.

Now we can state our hypotheses on a; and as as below:

{dox\(lﬁ)2|£2 < as(t,§) < daA(t)?[¢]? ((¢,€) € [0,T] x Rg),

1.2
) [Oraz(t,€)] < dpA(8)*A(t)~/CDIE? ((£,€) € (0,T] x RY),

yeen

where dy, d; and ds are positive constants.
To begin with, we define the Gevrey space with exponent s (> 1)

LAR") = 0,L2,(®")

is a Fréchet space equipped with the family of the countable norms

l
el 2y = llullzz ny  (€=1,2,--2),

where
1
s

L ,(R") = {u € L*([R");exp(p (Dy) * Ju(z) € L*(R})}

is a Banach space endowed with its norm

1
s

[ullzz ,@n) = [l exp(p (Da)* Ju(@)l L2 (ry)-

Here, the pseudo-differential operator exp(p (D)!/*) : L? (R") — L*(R") is
defined by

exp(p (D) *Ju(x) = (2m) ™" / . ( | eV ©Fu(y) dy) dg,

while (€) = (1 + |£]>)'/2. For more details of basic properties of the operator
exp(p (D)'/*), see Section 6 of Part I in [7].

Definition 1.1.

(i) We say that the Cauchy problem (CP) is well-posed in L2(R™) if for any uo,
uy € L2(R™) and f(t,z) € C([0,T]; L?(R™)) there exists a unique solution
u(t,z) € C?([0,T]; L%(R™)) to (CP) such that for any p > 0 there is some
p’ > 0 satisfying the a priori estimate (1.4)

1 1

lexp(p (D) # Jult, )l L2(ry) + [ exp(p (D)

< C(T,p) (II exp(p’ (Dz)

t

| exp(p’ (Dx)
to

Jue(t, )| L2 &)

Suo(@) || 2@y + | exp(p’ (Da)* us ()| 2 @y
: )

+

)f(T, x)HLQ(Rg) dT
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(ii) Let K., (t°,2") denote the backward cone with vertex (¢°,z°) and slope
v > 0:

KL (0,2°) = {(t,2) € [0,T] x B[ — 2] < 7(t° — )},

The Cauchy problem (CP) possesses the finite propagation speed property
if for every u with u(t,z) € C%([0,T]; L2(R"))

(Lu)|K«,(t0,mO) = Oa 6gu|K«,(t0,mO)ﬂ{t:to} =0 (.] = Oa 1)

imply

U|K«,(t0,m0) = 0.

Then we have the following result on the Gevrey well-posedness of the
Cauchy problem (CP).

Theorem 1.1.  If the conditions (1.1), (1.2) and (1.3) are satisfied for
some s (> 2) and T (> 0), then the Cauchy problem (CP) is well-posed in
L2(R™). Moreover, (CP) possesses the finite propagation speed property with
speed

N> max{«/ag(t,f) e [0,T], €€ R, [¢| = 1}.

However, we may say for the equations with C'*°-coefficients that Theorem
1.1 can be derived from results of [11]. Thus we are rather interested in the
necessity of the Levi condition (1.3) in L2(R™).

Example 1.1.
(a) (finitely degenerate case) A(t) =t‘ (1 </ € N).

(b) (infinitely degenerate case) Let r > 0. The function

At) = {rtrl exp(—t~") if ¢>0,

0 it t=0

satisfies the condition (1.1) for small t € (0, (r/(r + 1))'/"). Indeed, note

that
At)

o rt" L D) (r+1t ! (# - t’“) :

Example 1.2. In [10] is actually investigated the case of A(t) = exp
(=t71), a1(t,£) = —V/—1BtYexp(—pt=1)¢ and as(t, &) = \(t)*¢? with B €
C\{0}, @« € R and 3 < 1. Then he proved that (CP) is well-posed in L2?(R)
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either for s < (2—03)/(1 —B) if B < 1 or for any s (> 1) if 5 = 1. We should
remark that for the second-order equations his result is also deduced from
Theorem 1.1 because A(¢)2A(t)~*/¢=1) = O(#3/(=%) exp(—(s —2) /(s — 1)t~ 1))
as t — 0 in this case.

Historically, V. Ja. Ivrii showed in [4] that the Cauchy problem in one
space dimension for a finitely degenerate hyperbolic operator

Lo(t, 8;,0,) = 02 — 202 — /=1t™0,

with 0 < m < £ —1 is well-posed in a Gevrey class of order s if and only if
1<s<(20—m)/({—m—1) = 0. After him, in [9] K. Shinkai and K. Taniguchi
treated the degenerate hyperbolic operator on [0, 7] x R"

Ly(t,0,02) = 0F =2 Y cjn(t)0ayz, — V=1t™ D ¢j (1),

jk=1 =1

where 0 < m < £ — 1, the coefficients ¢ (t), ¢;(t) are analytic and there exists
a positive constants C satisfying

n

> en)gé > ClEP

Jk=1
for all (¢,£) € [0, T] x R™. They proved the well-posedness for Ly (t,d,0;) in a
Gevrey class of order s provided (2 <) s < o, which gives a generalization of
Ivrii’s result on the sufficient part to every space dimension n. Meanwhile, we
know that the condition s < o is not necessary for n > 2 (see [1]).

In contrast to the finitely degenerate case, there are not so many results on

the Gevrey well-posedness for infinitely degenerate hyperbolic operators. As a
result, K. Kajitani proposed in [6] a quite general Levi condition

T a9
0 \/ag(t,f) + 1

for all £ € R™. He demonstrated that the Cauchy problem for L(t,d;,0:)
with a;,(t) € C*([0,T]) is well-posed in a Gevrey class of order s if (KC)
is satisfied for some s (> 1). In our case, the condition (1.5) in [3] with
At &) = Mt)2A(t)~/(s=D €| which is a generalization of (KC), corresponds to
our conditions (1.2) and (1.3) because

o =

(KC) dt < C(T) (€)

o=

N e 0
S one gt any [ S as o

¢ —
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for all £ € R™, will be verified in Section 2.

Next we shall examine the necessity of the Levi condition (1.3). To do so,
it is convenient to introduce the real-valued function v(t) € C*((0,T]) fulfilling
the conditions below:

(1.5) v(t)>0 (0<t<T),

/
0<”(t)§c*y¥ <0<C <2c0—i1>

The function v(t) = A(t)® (0 < e < 2¢o — s/(s — 1)) is a typical example with
lim; g v(t) = 0. Here we notice that if

V) s—2 )

v(t)  s—1A(@)

then for 0 <t <T

L 2 75/(571):‘/\( )(S 2/ (s=1) )‘(t) ?
oy (A0 o) < >

A(T)(sﬂ)/(sfl)
v(T)

> t72 500 as t—0.

Hence, in this case the coefficients become unbounded, while in the present
article we are interested in operators with bounded coefficients only. Now, let
us consider the case of

(1.6) as(t,€) = A(t)?[¢]%,

al(t,f):—T\/t_))\( —s/(s— 1)2() )Es

where b;(t) € C([0,T]) N C*((0,T)) fulfilling | 375=1 b;(0)€;] > 0 for some fixed
& € R"\{0}. Then we make the assumption

At

(1.7) ath V| < dy ((t))

for all ¢t € (0,T]. In this case, we obtain the following result on the necessity of
(1.3) in which the well-posedness involves the finite propagation speed property
in the sense of (ii).

Theorem 1.2.  Under the conditions (1.1), (1.5) and (1.7), the Cauchy
problem (CP) for (1.6) is not well-posed in L2(R™) if lim;_o v(t) = 0.
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Remark 1.1.  For C'°°-wellposedness for the equation of more general m-
th order and with coefficients depending on not only ¢ but also the space vari-
ables z, see Theorem 5.1.4 in [12]. We further know that there are many results
on (not necessarily) linear equations in the C*°-class (cf. [2], [12] and the bib-
liography therein). Finally, refer to [1] and [5] for some results in the finitely
degenerate case (see also [3] and [6] for the Levi condition in terms of integrals).

82. Sufficiency of the Levi Condition

In this section we shall give the proof of Theorem 1.1. If we apply the
Fourier transform in z variables to (CP), then the problem is reduced to the
Cauchy problem for the ordinary differential equation

{L@ 0y, —i€)a(t, €) = f(t,€),
u(to, &) = o(§), s(to,§) = w1(§)

with £ € R™ is regarded as a parameter. First of all, under the hypotheses on
A there exists a unique root t¢ with respect to t of the following equation

A ()t = No

with a large parameter N > 1. It is easy to see that ¢ — 0 as |{| — co. Along
with two large parameters M and N, we may split the strip [0,7] x R™ into
the following two regions:

Zpa(M,N,s) =
Zhyp(M, N, s) =

[0, 7] x R™; A(t)* (£)*~' < N*71, (&) > M},
[0,T] x R™; A(t)* (£)*~' > N*~1, (&) > M},

—~
— o~
~

e

according to [11], [12], will be called a pseudodifferential zone and hyperbolic
zone respectively. Our main task is to derive a priori estimates in Z,q and Zy,,
respectively which ensure the well-posedness in the Gevrey space L2(R™). To
do so, we shall employ some reduction to a “first-order diagonal system”.
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Estimates in the Pseudodifferential Zone 7,4

Let us consider the root p = p(t,€) > 1 in Z,q(M, N, s) of the quadratic
equation

P2 —1— (OADPAR) 7T = 0.
In advance, we can regard the equation as the first order system in the usual
way:

Dtu(t7 6) = A(t, f)u(tv 6) + ]:(tv 6)7

where

0 1 i 0 :
Alt, €) = <a2(t7£)_m1(t75) 0) , U = <Dtﬁ> , F= <f> , Dy = —i0;.

Now, transforming U(t,€) into U(t,§) = H(t,&)U(t, &) with the nonsingular
matrix H(t,&) = (749 9), we have

D,U(t,€) = (D;H)U + HDU
=(D:H)H 'U+ HAH'U + F.

For simplicity, denote

_ 0 P
I=HAH ' =
A (pl(ag—ial) O>’

10
IT=(D,H)H = —i
(DeH) Z,o<o 0>’

A=T+1I=(A;;) and U= <U1>.
Us

Then, standing for the energy function to the system DU = AU + F by

B(t,6) = 3 ([P + 10216}

and differentiating it in ¢, we get the equality

dE = 5
E = Re(Ult, U1) + Re(U2t> U2)
=Re(A11Us + A1oUs, Un) + Re(An1Us + ApUs + £, U3),

so that
dFE 9 9 A
o <A ||Ur] + [As2||Us||Ur] + A2 ||Ur]|Us| + [A2e||Uz| + | f]|Us2]

<g(t, Bt +1f(t, &P,
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where

9t =2 max [Ap(t).

J,k= n

Hence, by Gronwall’s inequality we obtain the energy inequality

)

to
for 0 <o, t < t¢. Here, since p; > 0 in Zpq(M, N, s) from cg > s/(2s — 2) and

ﬁvﬁmwr

p(t,€) = 1+ (OA®PA®) 7T,

it holds that

/t [11]| dr < /t Pt dr =1og p(t,€) — log p(0,€)
0 o P

<log p(t, &) < log p(te,§)

= 3 Tos (1+ (O (1) A1) 1)

First we note that

e Alte)
(E)A(te)*Alte) =N (7/\@5)55_1) > 1

according to (1.1) and N > 1. Therefore

log (14 ()A(te)2A(te) ™ 7T) < log (2 ()A(te)*Alte) ™ 7T)

<log?2 +log (&) — . j 1 log A(te).

On the other hand, from the definition of ¢,

— log A(te) = log (€) — log N < log (€).

Thus for M > 2 we obtain
t
AHHWh§%0+@M%VMm7j)
<log2 +2log (§) < 3log (£).

Next, let us evaluate

f:o p(7, &) dr‘ because

fti ||IHd7". To this end, it suffices to estimate

ag — ia1
P

<O)p in Zps(M,N,s).
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Indeed, on account of (1.2) and (1.3)

ag — ia1
P

>‘2‘§|2 — )‘2‘§|2 < ‘§|A(t)ﬁ

p? 1+ (§A2A”FT

<[¢[A(te) =T = [¢]

MATTTIE AT

P2 14 (6NN

A2|¢)2 NZAT T
P el

N

G <

Then

/Eh@m

to

< /Ot{ V14 ©AR2A() = dr

te .
<T+ <§>%/ MT)A(T)”26-D dr
0
%2(8 - 1)
5—2
:T+CS7N <£>%

=T +(¢) A(te)*=0

Therefore we can deduce the inequality in Z,q(M, N, s)

)eXp (C <£>%>

t
tv@mwT

Ew@s(ﬂm@+

for 0 < tg,t < t¢. By the way,
L _
IHE O <=, [H (9] < C.
Thus we conclude the desired estimate

‘ﬁ(t,f” + |ﬂt(t7§)‘
< Cu N exp (CM,N <§>§) (|ﬁ0(5)| + [a1 (§)] +

KV@@M

)

for all to, t € [0, t¢], which implies (1.4) in Z,q(M, N, s).



274 HARUHISA ISHIDA AND KAREN YAGDJIAN

Estimates in the Hyperbolic Zone Zj,,

In this zone we shall adopt another regular matrix H(¢,§) = (’\(2'5' (1))
instead of the previous one. Then

0 Al¢]
I: (agial 0 b
€]
i
=7 0
0 0

Let 7;(¢t,€) (j = 1,2) be the characteristic roots associated to L(t, 9;, 9;), that
is, the ones of the quadratic equation with respect to 7:

If we put 7 = A(t) €|, then
L(tv T, 5) = (T —T1 (t’ 5))(7- - TQ(t7 f))

= A IE17 (1 — pa (£, ) (1 — p2(t,€))
= AP P(t, & ).

Further, by denoting

0 <do < po(t,€)* = % (< dy),
—ia1 t,
B = S

it is represented as

(2.1) i (8,€) = (=1 po(t,€) + > D (HOBEEO" (5 =1,2),

n=1
where
) _ (z = (=1 po(t, €)) Pa(t, &; 2)
ol (t,6) = 9 fiz—(—l)w()—s Pl & )T dz

b At = (et 9\ _
(n—1)! ldz"_1 {( P(t,ﬁ;s) ) P.(t:§; Z)H

for 0 < e < dy (see Subsection 2.1.3 in [12]). Hence we have the inequalities

2= (1) 1o (1.€)

(2.2) 1) (¢, €)] < ﬁ (@CE) for (t,€) € Znyp(M, N, s)
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with the constant ¢ independent of ¢ and £. Thus the radius r of convergence
of the series in (2.1) (|B(¢,£)| < r) does not also depend on ¢ and £ while N is
large enough. Next, noting by (1.3) that in Zy,,(M, N, s)

| < ! < & _h
TAM)TIE T ATl N

(2.3) |B(t,€)

)
we can see that

[Tm (£, €)| < | Bl + B Y || B|"

n=2
<|ef Bl +C|B|
C(dr)
TA@)
provided N is sufficiently large. Consequently

| Tm 7;(t, )] < C(d)AB)A()" =T  for te <t <T.

So, it follows from the above inequality that

g T

te e
<C(s—1)A(te) 77
=Cun (67

in Zpyp(M, N, s). Moreover, (2.1), (2.2) and (2.3) give the inequality
(2'4) ‘7'1(7576) - T2(t7§)‘ > 5)‘(t)|§‘ for (t7§) € ZhyP(M7 N, 3)>

where § is some positive constant independent of ¢ and & (with a suitable
modification of N, if necessary).

From now, let us similarly reduce the equation to some “first-order diagonal
system” in Zp,,(M, N, s). For this aim, introduce the Vandermonde matrix

u 1 1
MMt =| ne me |
O A

M6 = Mt e) = L (W _1>

T2 —T1
and use the transformation V = MU. Then

DV = (D:M)M*V + MAM*V + MF = AV + M F.
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Here we remark that ||M¥||, ||M|| < C because of (2.1)(2.4). Since

MAnE = (700
O T2 ’

we can write

At A
111 < — < .
<o s )

Analogously, as in Zpq(M, N, s), defining the energy function to the system
D)V =2V +MF

F(tyf):%{‘Vl(t,f)‘Q-i-\VQ(tf)\Q} for V= <V1>

and differentiating it with respect to ¢, we find

dF _ _
T Re(V1, Vit) + Re(Va, Var)

=Re(V1,i%11 V1 + iA12Va + if1) + Re(Va, i1 Vi + iA22 Vo + i f2),
in the sequel,
dF

)\ ~
2| < e {imnimip + fmniar + 2r 1)

and by virtue of Gronwall’s inequality

t
re.8 < (Pene +| [ 1o ar
t 2 t T
xexp | C Z\ImTj(T,§)|dT —|—C/ );((T))‘dT‘
to j=1 to

for t¢ <tg, t <T, where we already knew

t

[Tm7; (7, )] d7| < Coary (€)°
to
and from (1.1)
/t MO g </T Aelt) dt<cl/T MOy
to | A(T) T MO T T i At
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Hence we have in Zp,,, (M, N, s), that is, for all (¢,£), (t0,€) € Znyp(M, N, s)

)

=

F(t,6) < (F(to,@ +

t
) (&) dr

) exp (C 3

as long as N is large enough. Besides, note that

IH(.6)] = H (“’25 f)

and the boundedness of M* and M. Therefore we arrive at the a priori estimate

<Clgl, [H(tolI<C

as required

€)1 + (1,
<Cuwexp (e (©7) (lao(@) + 1)1 +| [ 1€ ar

which means (1.4) in Zp,,(M, N, s).

Thus it remains to prove the finite propagation speed property of the
Cauchy problem (CP).

At first, if tg > 0, then the problem enjoys the finite propagation speed
property. Because the operator L(t, 0, 0;) for ¢ > 0 is strictly hyperbolic, it is
well-known that

u(t,to,z) =0 for all (t,x) € K, (t°2°), t > to,

if o > 0 and t° > 0 (see, for instance, Section 12 of Chapter 6 in [8]). Further,
the values of the solution u(0, z) for (0,z) € K, (t°,2°) can be obtained as limit
of the values in K, (t°,2°) N {t > 0}, so that u(0, z) vanishes.

Next, we shall consider the case to =0, t° > 0, v > 0, and suppose that

(Lu)|KW(tO,mO) =0, 6gu|K«,(t0,mO)ﬂ{t:O} =0 (.] =0, 1)

To this end, introduce the approximate operators L.(t,0;,0;) for € € (0,¢&0)
with g9 € (0,7 — t°), by means of

Ls(t7 8t7 895) = L(t + &, 61&7 8m)7 (ta .CE) € [Oa T - 50] x R™.
Then, let us consider the following Cauchy problems

{Ls(tﬁt,@m)vs(t,x) = f(t,z) on [0,T —eg)] x R,
v (0, 2) = up(x), Opve(0,2) = uy(x).
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It is evident that v.(t,z) = 0 for all (¢,z) € K, (t,2°). Now, according to the
already proved statements of Theorem 1.1, for every p > 0 there exists some p’
(> p) such that the a priori estimate

Z lexp(p (Dy)*) ] ve(t, )| 2 )

1
s

<Gy ZHGXP Da)* Juj (@) 2 ey /Ilexp D)) f (7 @)l L2 ®y) dT

holds for all ¢t € [0,T — £¢], where the constants C,, and p" are independent of
€. In addition, we have

{L51 (081 - U€2) = (L€2 - L€1)082 on [Oa T — 50] x R™,
9 (ve, —ve,)(0,2) =0 (j =0,1).

As for the above problem, we get
L
Z lexp(p (D2) )] (ve; = vey) (¢, 2) | L2 (mp)
)(Lé‘z — L, )U&‘z (T7 x)”LQ(R;) dr

t
= Cp/ > lexp(p' (D)) (aji (7 + 1) = aju(T + €2))0s;0, Ve (7, 2) | 2 )

k=1
¥
+ ZHGXP 2)* ) (@i (T + €1) = a;(7 + €2)) 0, ve, (T, @) | L2(my) ¢ dT
t T4e1 1
<C, [ Smax| [ oa(o)do S exp(e! (D2) )y v () 22
0 3k T+eo Jk=1
T+e1 N
+ max / Owaj(o)do Z | exp(p’ (D) *) 0, ve, (T, @) || L2(R7) ¢ dT
T+e2

< C)ler — ea/ max sup (|atajk( )| =+ 10ka; (t)])
Ik tefo,T)

/H 2 oxp(of (D) * ey (r, )| 2 ) d

with the constant Cp independent of £; and e5. Hence, if 5 | 0, then {v.,} is
a Cauchy sequence in the space C*([0,T]; L2(R™)). In view of the uniqueness
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of the solution, we know u = lim; .o v¢; in that space and a fortiori in the
distribution space D'(K,(t°,2°)). In particular, the equalities

<U7 <)0> = hm <U5j ) 90> =0

J—00

for every test function ¢ € C§°(K,(tY,2°)), induce

U|Kw(t0,m0) =0.

83. Necessity of the Levi Condition

In this section we shall prove Theorem 1.2. For this purpose it is enough
to construct a sequence of the solutions which violate the a priori estimate (1.4)
in the Gevrey space L2(R"). We are going to look for these solutions in the
form

ue(t,z) = e“”'ggo(:zc)vl(t7 §),

where ¢(z) € L2(R?), suppy C {z € R";|z| < 29}, p(x) = 1 when |z| < 7,
and £ € R™ is a parameter with large ||, while @(¢, £) is determined by the solu-
tion to the ordinary differential equation L(t, 9y, —i&)u(t, &) = 0 with parameter
&. Here « comes from (ii) of Definition 1.1. Then ug(t, z) € C?([0,T]; L2(R™))
for every £ € R™. This function solves the equation

L(t, 0y, Oy )ue(t, z) = fe(t, ),

where

fg(tﬂ?) = ei:p-f Z ajk(t) {2253(8Ik90(‘r)) + (8%9%%0(1'))} ﬁ(f,f)

j,k=1
— €8N " a; () (O, p(@))ii(t, ).
j=1

Here we remark that fe(¢, ) = 0 for all |z| < ~y. If we now consider the another
Cauchy problem

L(t, 0y, 03)ve(t, ) = 0,
0lve(0,2) = Hue(0,2) (5 =0,1),

then due to the finite propagation speed property we get

ve(t, ) = ue(t,z) forall z eR™, |z|<~v/2, t<T <1
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On the other hand, if the above Cauchy problem is well-posed in L%(R™), then
ve(t,z) € C%([0,T]; L2(R™)) and according to (1.4) we obtain (3.1)
1 1
lexp(p (D) # Jve(t, )| L2 (ry) + [l exp(p (D) *)Orve (8, )| L2 (mr)
< (T, ) (Ilexp(p' (D2)*Jue (0. 2)l| ey + [l exp(p (D)) Orue (0. 2)]| (e ) -

Furthermore, we have by Sobolev’s imbedding theorem

[alt, )] = lue(t,0)] < C Y |IDFug(t, o)l 12(qlal <2

lal<n

=C Y IDgve(t, @)l 2(grai<asay < C Y [1DSve(t, @) L2 ey

|| <n |a|<n
< C(T, p)ll exp(p (Da)* Jve (t,2)| L2(rr)-
So, if we apply (3.1), then
[a(t, )| < C(T, p) (|l exp( (D)

e (0,2)l|2ga )

1
s

Jug(0, )| L2 (rn)
+[lexp(p’ (Dy)
Similarly,

1
s

Dri(t, €)] < C(T, p) (Ilexp(p' (Da)* Jue (0, 2) | 2(ey)

1l exp(pf (D) *)Druig (0,2) | 2(e )
Thus we can sum up the estimate (3.2)
A(t, )| + Beii(t, €)|
< Cy (Ilexp(p’ (Do) Jue (0, 2) | 2(e) + llexp(p’ (D)

with the constant C, independent of £ € R"™.
If we put ug(t,x) into the left hand side of (1.4), then for every p’ > 0

| exp(p’ (Dz)

1 1
s s

)0uug(0,2) |2 e

1 1
s s

Yue(t, @) | L2ry) = [l exp(p’ () F)ite (¢, )l 2 rp)
= [lexp(p’ () *)P(C — O)alt, &)l o)
=lat, )lll exp(p’ (¢ + &) F)(O)l| o)

a(t, )| || exp(2’ ()

1
s

< 20 ()0

V()2 )
In particular,
(3-3) [lexp(p’ (Da)* )ue(0, )|l 2(ry) + || exp(p’ (D) =) (Opuie) (0, 2)l| L2 ()

< e 7 ([a(0, )] + [(0, €)]) || exp (20’ (D) * ) ()| 2y -

1 1
s s
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Hence we shall prove that (3.2) and (3.3) cannot hold simultaneously for large
|€] and all ¢t € [O,t?)] with the sequence {t?)} of positive numbers depending
on &.

Let p = p(t, &) be the positive root of the quadratic equation with respect
to p

2 _L 2 —25 e —
p~—1 V(t)A(t) A(t)"=T[¢[ = 0.

We note that p;(t) > 0 near ¢ = 0 because of (1.1) and (1.5). Also, set ¢
the unique root of the following equation in ¢:

(1) b

¢ Y

1 1 s—2 1
‘§|2 A(t)2(371) — |§ s,

Vr(t)

Then we shall first establish the inequality below

pi(t) 1

e

(3.4) /0 )

Since the inequality

! -ty 2s—1) d(_1 ==
V(t)A(t)A(t) N P S P o ( V(t)A(t) < >>

is derived from (1.5), we get by integrating it from 0 to tél)

1_1
s T2,

1)
/t5 1 )\(t)A(t)*iz(gin dt < CS¥A(tél))—2i;i) = C,l¢
0o () V(tél))

So the inequality

tél) tél) tél) 1
p(t)dt < dt + €| / M)A (t) " 267D di
0 0 0 v(t)
S CS,M <€>é
is valid. Meanwhile,
e pu(t) 1
¢ (1) Wy2 A (4 (Dy— 2
dt <logp(t;’)==log |1+ A(t A(t s=1)&l ] .

We have assumed that the coefficients of a4 (t,£)/|¢| are bounded, so that

1
v(t)

At)2A(t)" 1 < oo mear t=0.

b(t) :=
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On the other hand, by the definition of ("

so that

s =2 my_ (1_1 Lioe L
2(8—1) 1OgA(t§ )_ (5 2>log|£+2logy(tél)),

2(3_— 0

implies

Clog A(!) < log J¢].

At the same time,

M2120>0 near t =0,
(t) ~t
meanwhile, by the definition of tgl)
L At ne ))
b(te)lgl = le)? (f )

Consequently, b(tél))m > 1 for |¢] > 1. In addition, according to (1.5), we

have
1 1 -2
—<— 0<C’<

v(t) = A -1

Therefore, taking into account all these estimates, we obtain

O

/05 ,25((;)) it < %1Og2b(t§”)\€l

1
= —log

1
5 + log )\(té ))

1
v(t)
1 s

25—1
1
<——C logA(t(l) §logc

1 1
log A(t(l)) t3 log |€] + 3 log 2

28—
<Clogl¢| < o(1)

1 1
logA(t(1 )+ 3 log €] + B log 2

Now we conclude the inequality (3.4). Thus the following estimate from above
is established:

a(0,6)] + a(0,6)] < € (|a(t”, &)l + lan(t”, )] ) exp (€ (€)%)
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for any solution @ of the ordinary differential equation L(t, ¢, —i&)u(t,£) = 0
with parameter £ € R™. Here, if we particularly choose the initial data

ﬂ(t§1)7£) = 13 ﬂt(tél)a g) = 07
then the above estimate turns out

(3.5) (0, &)] + [7(0, )] < Cexp(Co (€) 7).

Next we shall reduce the equation to a “first-order diagonal system” similar
as in Section 2. Let us denote the characteristic roots by 7 = 71(¢,£), 72 =
T2(t, &) of the subprincipal part defined by

2+ —tA(t)2A(t)—ﬁ ; b; ()& = 0.

That is to say,

(S

1k
me=(=1) v(t

=
<.

Il

-

where their branches are taken as Im7 < 0 and Im 7 > 0. Now, transform
V(t, &) = ( a(t,g) > into V(¢,£) = M(¢,£)V(¢,£) with the nonsingular matrix

Dtﬁ(t7£)
T —1
M = T;Tl (7% 1"). Then
D,V =(DiM)M ™'V + MAM ™'V
=III-V+(I+11)V,
where

0 1 , 0
I=M P, M1t = ,
(-%VA T big 0) (0 Tz)

0 0\ ., NeP{-1 -1
II=M Mt =
<A2|£2 o) 2, \(1 1)’

IIT=(D,M)M~' = 2 (‘1 L ) .

T2\ 1 —1

Moreover, let us consider the following Cauchy problem on the interval
[t(l) t(Z)] (t?) is not yet defined, but will be determined later)

§ 7€
T1 0 V1
D,V = V4+UII+IINV, V= ,
0 T2 ‘/2

vt =1, we)=o.
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For the sake of brevity we indicate C' = (Cji) = II + III. Now we introduce
the Lyapunov function

W(t) =5 (Va(F = Va()P) -

N~

Differentiating W (t) in ¢, we find an absolute constant ¢ € (0,1) such that

aw
W = Re(iDtVl, Vl) — Re(iDtVQ, ‘/2)
2 2
=Re |i|nVi+) CiVi| Vi| —Reli|mnla+> CyVi|, Va
j=1 j=1
2 B 2 B
= (~Imn)[Vi = (~Imm)|Val* + 3 _iCyViVi = D iC; Vi Ve
j=1 j=1
Im Im T
> I (WP - 1P+ {5 (maxical ) (WP - 74P)

+2{(mm) - (maxicol) | P
75

§

=(Im7 + G) ([Vi]* + |[V2|*) > 5(Inm)(|v1|2 — Va]?) = 6(Im 7o) W

when max;  |Cji| = o(Im7) as |£] — co. So, by Gronwall’s inequality

@ /@
2 1
W) = W) exp (a /.
3

3 1 3
Im7o(t,€) dt) = —exp ((5/
) 2 )

holds. Here, if we define téQ) (> tél)) satisfying

Im 75(t, €) dt>

1 1 _e=2 1
= A ) = (v + 1)
V(tg )

with a large parameter N > 0, then we can show that

e
i Imm(t, €) dt > C(N)[¢]*,
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where C'(N) tends to oo as N does to co. In fact,

£
Im 7o (¢, &) dt
(D)
3
@
3G
alelt [, e OAO T
= 2(57_21)@)‘&% %A(t?))% _ %A(té”)%
5 _
V) v(tg")
@
-1 te 1 t s—
BELE AT 0 (1)t
s—2 e v(t) v(t)
2(5— 1) 1 1 (2)\ 222 1 (1)y 5272
> 20Dl [ AT - A

NG

Finally, we must verify that G(t,£) = o(Im72) as |{| — oo. To this end, it

v(t)

is sufficient to estimate the two quantities:
T2t

Nle” =o(Imma), — =o(lm).

T2 T2

As for the first one, since

‘7'2| > Cb )\2

we have

S
WG

In addition, as to the second one, we have to check that

Ve A A Zatbjfj_ (1) ,(2)
VAN S =o(lmm) on [t;'t7]

as |[¢] — oo. From now, we shall only give a proof of

Tlel=o(1) on [tV ).

A
K:qmn)on@%fﬁ

because the proofs of the remaining ones are completely similar due to (1.1),
(1.5) and (1.7). For this aim, it is enough to verify that

At) 1 et ad 1) 4@
m—o(l) V(t))\(t)[\(t) G-D|¢| on [ty 't ]
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This is equivalent to

t 1
"D _oet on (£, 62)

A(t) 2(—1)
Since (1.5) implies that /v(t) /A(t)*=2/2(=1) is non-increasing,

VZORPRAL R

A= T A=

for all t € [tél), t?)}. On the other hand, according to the definition of tél),

s

€] = v(t) = AEY) T,

so that it suffices to prove
1) 5=2 1
A= = o(1)p(t)).

This follows from (1.5). Actually, let us choose a positive number ¢ with C, +
£ <(5—2)/(s—1). Then v(t)A(t)s=(s=2)/(s=1) ig non-increasing. Therefore

V(AT > w(T)A(T)T 51 =6 >0,

that is,

V()A()F > SA(t) .

Now we just set t = tél) in the last inequality.

Thus we can deduce that
exp (JC(N) () ) < 2W () < (Vi + Va0
which means the following estimate from below
(3.6) exp (YO (6)7) < € (Jat®, o)+ [at,€)l)

Hence, reminding that C(N) goes to co as N does to 0o, we gain a contradiction
thanks to the inequalities (3.5) and (3.6). Indeed, if the Cauchy problem for
(1.6) on [0, t?)] x R™ is well-posed in L2(R"), then we have already found that
(3.1) implies (3.2) at t = t?) and for |z| < /2 and [£| > 1. Here, by recalling
(3.2) and (3.3), (3.5) and (3.6) lead us to the inequality

exp (5’C(N) <§>%) < O(T, p, p) exp ((Co +2p") <£>%)

has to be satisfied for large ||, but it fails to be valid when C(N) > (Cyp +
2p")/48’. Therefore the sequence {u¢} for large |£| breaks down the a priori
estimate (1.4). Thus we now complete the proof of Theorem 1.2.
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