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Asymptotic Distribution of Negative
Eigenvalues for Three Dimensional Pauli
Operators with Nonconstant Magnetic Fields

By

Akihiro SHIMOMURA*

Abstract

We study the asymptotic distribution of negative eigenvalues of three dimen-
sional Pauli operators with a two dimensional magnetic field and a three dimensional
potential which decay to zero at infinity. For A > 0 sufficiently small, we estimate the
number of eigenvalues less than —\ of such Pauli operators.

81. Introduction

In this paper, we study the asymptotic distribution of negative eigenvalues
of three dimensional Pauli operators with a magnetic field and a potential which
decay to zero at infinity. Pauli operator is the Hamiltonian of a quantum
particle with spin in a magnetic field. The unperturbed Pauli operator is given
by

H, = (-iV—-A)?*~-0-B,

and it acts in L?(R®) ® C?, where A: R®> — R3 is a vector potential, o =
(01,09,03) is a vector of 2 x 2 Pauli operators with components

oy _fo =i\ (1 0
A oo) 2l o) TP \o )

and B = V x A is a magnetic field. Throughout this paper, we assume that
the direction of the magnetic field is constant. We denote the elements of R?
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by (z,z) = (x1,z2, 2). We may assume that the direction of the magnetic field
is parallel to the positive z axis. Then we can show that magnetic field B is
independent of z, and that it has the form

B(z) = (0,0, b(z)).

Let A(z) = (ai(x),az(x),0) be a vector potential associated with b(x). We
assume that a; € C'(R?) (j = 1,2) is a real valued function. Namely b(z) =
Ohaz(x) — Ozaq(x), (where §; = 9/0x; ). The unperturbed Pauli operator has

the form
H, —0? 0
H, = z
b ( 0 H_—a§>’

Hy =(=iV,—A?Fb=15+15¥b, I, =—id;—a; (j=1,2).

where

Since b = i[Ila, I11], we see
Hy = (H1 + ng)*(Hl + ng) > 0.

Hereafter we discuss the asymptotic distribution of negative eigenvalues of fol-
lowing Pauli operators;

(1.1) H=H,—-0*-V, Hy=(-iV,—A)?—b.

We assume that the magnetic field b and the potential V satisfy the fol-
lowing Assumptions (b) and (V), respectively:

Assumption (b). b€ C*(R?) and there exist constants 0 < d < 2, C >
1 such that

(1.2) ()" < b(x) < Clx)™,  |Vb(x)| < Clz)~4 L

Ql=

Assumption (V). V € C'(R?) and there exist constants m > 0, C > 1
such that

(1.3) %(m,z>_m <V(w,2) < Clz,z)™™, |VV(x,2)| < Clw,2)"™ L

Here we denote (z) = (1 + |z]?)Y/2, (z,2) = (1 + |z|? + 22)V/2.
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Under these assumptions, the operator H given by (1.1) is esssentialy self-
adjoint, and the essential spectrum of Hy — d? and H are [0, 0).

For self-adjoint operator 7" and ¢ € R, we denote the number of eigenvalues
less than and greater than ¢ of T by N(T < ¢), N(T > c), respectively.

The purpose of this work is to estimate the order of N(H < —\) for small
A. The next theorem is our main result.

Theorem 1.1.  Assume Assumptions (b) and (V). If 0 < d <m < 2,
m/2+d < 2, then

(1.4) N(H < =\) = FA)(140(1)), A—0,

where

(1.5) F(\) = 2(271')_2/ b(x)(V(z,2) — \)? de dz.
{(z,2)ER3: V(x,2)>A}

In the remainder of this section, we recall several known results.
First, we consider the known results of two dimensional Pauli operators.

Assumption (V’). V € C'(R?) and there exist constants m > 0, C' > 0
such that

V(@) < Cla)™, |VV(2)] < Cla)™™

Let
(1.6) H =H, -V, Hy=(~iV,— A)?—b,
and we assume that it acts in L?(R?). Following theorem is proved in [5], [6].

Theorem A ([5], [6]). Assume Assumptions (b) and (V'). Moreover
suppose V' satisfies

lim inf )\2/"‘/ dx >0,
ALO V(z)>A

lim sup AT (x)"4dr = o(1), §— 0.

Al0 /(15))\<|V(m)|<(1+5))\
Then

N(H' < =) = (27) ! /V(  Meyda(1 o), A0
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Concerning three dimensional Pauli operators, following theorem is ob-
tained in [5].

Theorem B ([5]).  Assume Assumptions (b) and (V). If d = 0, 0 <
m < 2, then

N(H < -\) = FO) (1 +0(1)), X—0,

where F(\) is given by (1.5).

§2. Preliminaries

In this section, we prepare lemmas for the proof of Theorem 1.1.
We first consider following unperturbed Pauli operators in L?(R?):

(21) Hy = (=iVye - A? Fb=T2+T25b, M;=—-id; —a;, (j=1,2).

Assume that b € C'(R?), and that there exist constants ¢, C' > 0 such
that
c< l~)(:1c) <C.

Then, it is known that H, has zero as an eigenvalue with infinite multiplicity,
and that zero is an isolated point of the spectrum of Hy ([1], [8]). As noted
in Section 1, we have Hy > 0. On the other hand, we see H_ > ¢ > 0 by
(2.1). It is known that the non-zero spectrum of H, and H_ coincide ([4],
Theorem 6.4). Hence ﬁu has a spectral gap above zero, and the spectral gap
is greater than or equal to ¢ > 0. Let P be the orthogonal projection on the
zero-eigenspace, and let Q = I — P. Then we see QH,Q > ¢Q > 0.

Throughout this section, we assume that the magnetic field b satisfies
Assumption (b) with 0 < d < m < 2, m/2+d < 2. We use a smooth partition
of unity {¢1, 12} on R? such that

(2.2) Ui()? +po(2)? =1, x€R?
(2.3) Pr(x)=1 if |z|<1; ¢i(x)=0 if |z|>2.
We choose a so that

1 1
2.4 1 1
(2.4) —<a<
By Proposition 4.1 of [6], there exists ¢g € C*(R?) such that

Ago=b, |¢o(x)| < const.(z)>7P, (Vp < d).
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Then we set a vector potential A(z) = (a1(z),az(x)) associated with the mag-
netic field b as

ai(x) = —020(x), az(w) = d1¢o(x).

Let
(2.5) oA(x) = do(x) + nA*xP1ha(A"2),
(2.6) Ay () = (=020 (x), D12 (2)),

b,\(l‘) = A(ﬁ)\(l‘) = VX A,\(:L‘)
By Assumption (b), we can choose n > 0 so small that
(2.8) ba(z) > o)X co > 0.

We assume that a potential V' satisfies Assumption (V). We consider a
Pauli operator K in L?(R?) with the magnetic field by and the potential V:

(2.9) Ky=Ky\—0—V, Kij=(=iV,— A\~ by

By (2.8), K1 x has zero as an eigenvalue with infinite multiplicity, and zero
is an isolated point of the spectrum of K 5. Moreover it has a spectral gap
above zero, and the spectral gap is greater than or equal to c,2A*? > 0. Let
P, be the orthogonal projection on the zero-eigenspace, and let Q) = I — Py.
Then it follows that

(2.10) QrEK1 2Qx > ca)Qy > 0.

Lemma 2.1.  Assume Assumptions (b) and (V). Then for any ¢ > 0
small enough, there exists A > 0 such that

(2.11) N(Ky < —(14e)A) < N(H < =) < N(K) < —(1—¢)))

for 0 < A< .

Proof. Let A > 0, and let ¢ (), 12(x) be the partition of unity defined
above. Let

Uaa(z, 2) = P1(A*2/2),  Paz(z,2) = 2(A"2/2)
for (x,z) € R®. By the IMS localization formula ([4], Theorem 3.2), we have

H=9Yx1(H = Y\)Yx1 + Uxa(H — Ur)hy 2,
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where

(2.12) Wx(z,2) = [Voai(z,2)° + [V a(z, 2)|? = O(N**) = o(}), A —0.
By the definition of Ay and (2.3), Ax(z) = A(x) for |z| < A™“. Hence
(2.13) H =y 1(Kx = Ua)a1 + a2 (H — Wa)a .

By Assumption (V), V(z,z) = O(AX™*) = o(A) (A — 0) for & € suppi 2.
Combining (2.12) with this estimate, for any € > 0 small enough, we learn that
there exists A > 0 sufficiently small such that for 0 < A < A,

Ua2(H — U)o =Uno(Hy —V —T))hr o > —e.
By (2.13), it follows
H > y1(Kx—Ux)a1 — el

Therefore for any € > 0 small enough, there exists A > 0 sufficiently small
such that for 0 < A < A,

(2.14)  N(H<-)\)<NErp < —(1-2)A) < N(Ex < —(1—¢)N),

where K p is the operator K with the Dirichlet boundary condition on the
domain {(z, z): |z| < A~*}. Similarly, we obtain

(2.15) N(Ky < —(1+&)A) < N(H < —)\).

The order of F'(\) is computed as follows:

Lemma 2.2.  Assume Assumptions (b) and (V). Then for sufficiently
small X > 0,

(2.16) ATFE TR < F(X) < OAFFE T,
where ¢, C' > 0 is constants which is independent of A.
Proof. By Assumptions (b) and (V),

/ b(z)(V(z,z) — Y2 de dz
V(z,z)>A

<

/ b(z)V (z,2)"? dv dz
(z,z)y<const. \—1/m

Sconst./ <x>7d<m,z>7m/2 du ds
(z,z)<const. \—1/m

< const. Afl/m/ (2)~m/2 .
(zy<const. x—1/m
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By simple calculation, it follows that the right hand side is Q(\'/2+d/m=3/m)

Therefore we obtain the second inequality of (2.16).
On the other hand, since we have

/ b(z)(V(z,2) — Y2 dx dz
V(z,z)>A
> [ e V(s) - N s
V(x,2)>2X1
= const. Al/Z/ <£C>7d drdz
(z,z)<const. x—1/m
> const. \I/2 . \#/m . \=3/m

the first inequality of (2.16) follows. O

Lemma 2.3.  To prove Theorem 1.1, it is sufficient to show that under
the asssumptions of Theorem 1.1,

_ N(Kx < —))
2.17 limsup ——————= <1,
(2.17) DS gy S
. N(Kx < —))
. —=>1.
(2.18) hI;\li})nf ) >1

Proof. Suppose (2.17) and (2.18). Then by Lemma 2.1, it follows that
for any € > 0 small enough,

. N(H < -))
2.19 lim su <1,
( ) )\lopF((l—z’;‘)\)_
.. NH< =N
. _ >
(2.20) hI/I\lllonf F( TN >1

On the other hand, for any € > 0 small enough,

(2.21)
F((1—e)A) — F(\)

= 2(2@*2/ W) {(V(z,2) — (1 — )2 = (V(z,2) — N/} da dz
V(z,z)>\

4 2(%)*2/ b@)(V(@,2) — (1 — )NV da dz
(1—e)A<V (z,2)<A

d 3

= 51/20()\%‘*‘%—%)7
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by Assumptions (b) and (V). Therefore there exists C' > 0 such that for any
€ >0 and A > 0 small enough,

F(1 =N

<1 1/2
a8y <14+ Ce/*

(2.22)
by Lemma 2.2. Similarly, we can show that there exists C' > 0 such that for
any € > 0 and A > 0 small enough,

F((1+¢)N)

>1—Cel/2,
Foy - OF

(2.23)

By (2.19) and (2.22), we obtain

. N(H < =))
2.24 limsup ——————+= 1.
(2.24) R TPV
By (2.20) and (2.23), we also obtain
.. NH< =)
(2.25) llI/I\llloan > 1.
These imply the conclusion of Theorem 1.1. O

83. Proof of Theorem 1.1
Let Py be the orthogonal projection on the zero-eigenspace, and let Q) =
I — Pj, defined in Section 2. Let a be the constant defined in (2.4). Hereafter
we assume

(3.1) 0<d<m<2, %+d<2.

To prove Theorem 1.1, we use the next proposition (see Lemma 3.3 and
Section 10 of [6]).

Proposition 3.1 ([6]).  Assume that Assumption (b), and suppose that
U € CY(R?) satisfies

(3.2) 0<U(z)<Clx)™™, |VU(x)| <Clz)™™ 1,

where C > 0 is a constant independent of x. Then for any § > 0 small enough,
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there exists As > 0 such that

(3.3)
N@mna>x)g@wy{/ b(a) da + 5CF O,
{z€R2: U(z)>(1—8)A}
(3.4)
N(P\UPy > \) > 2(27) " / b(x) dw
{z€R2: U(z)>(1+5)A}
—(QW)_ljf bw) do — 5C O,
{z€R2: U(z)>(1-06)A}
for 0 < X < Xs.

§3.1. Proof of (2.17): Upper bound

In this subsection, we show some lemmas for the upper bound of Theo-
rem 1.1.

The next Propositions 3.2 through 3.4 are obtained in [6] of Lemmas 2.1,
3.1 and 3.2, respectively.

Proposition 3.2 ([6]). Let Th, T» be nonnegative compact self-adjoint
operators, and let A > 0. Then for any § > 0 small enough,

N(T1+T2>)\)SN(T1>(1—5)>\)+N(T2>5)\).

Proposition 3.3 ([6]).  Assume Assumption (b), and suppose 0 < s <
1/m. Assume that U(z) = U(x,\) > 0 is a function on R? which is uniformly
bounded respect to \, with support in {x € R?: |x| < \=%}. Then for any
L>0,

2—d

N(P\UPy > M)y =0\ ), A—0.

Proposition 3.4 ([6]).  Assume Assumption (b), and suppose that U €
CY(R?) satisfies

|U(x)| < const.(x)™™, |VU(x)| < const.(x)”™ "

Then
2—d

NHy —U<=A)=0\ ), A—0.

Hereafter we identify the operator Py ® I acting in L*(R3 ) = L*(R2) ®
L?(R.) with the operator Py acting in L?(R2).
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Lemma 3.5.  Assume Assumptions (b), (V), and let X > 0. Then for
any ¢ > 0,

N(Ky < =A\) < N(=92 = P\(V + A" V)P, < —)\)
+ N@QAE A=V =] Qx < —N).
Moreover if ¢ > 0 is large enough,

2—d

NOQA(Kyx =V —c']X*)Qx < =A) =o(A" 7 ), XA —0.
Proof. Tt is easy to see
—PAVQx = QaV Py 2 = I]AQy — ARV,
for any ¢ > 0. From this, we obtain

N(Ky < —=\) < N(=02 = P\(V + A" V) Py < —))
+ N(Qr(Kix—V —c I, < —)).

Therefore the first statement is proved.
Let wy,(x) = (x)~™. Then there exists § > 0 such that V(z,2) < Bup,(z).
By (2.10), we can choose ¢ > 0 so that

QNK4\ =V —c]NDQy > Qr(K 4\ — Bum — ¢ IADQy
> Qs (300 B + X Qs
for some ¢ > 0. Hence
(3.5) N(QA(Kyix—V —cIANQx < —X) < N(Kyx — 28ty < —2c3\Y),
for some c3 > 0. On the other hand, as in the proof of (2.15), we obtain
N(K 4\ — 2B < —2c30°Y) < N(Hy — 2By, < —c3A*?).

By Proposition 3.4, the right hand side of the above inequality is
O(\—d@=d)/m)y = o(\=(2=d)/m)  (Note ad < 1 by (2.4)). From this and
(3.5), the second statement follows. O

Since for any ¢ > 0 large enough,

(3.6)
N(Ky < =) < N(=02 = PA(V + A"V Py < =A) + oA~ 7 ), A—0
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(according to Lemma 3.5), it is sufficient to estimate N (—02 — Py (V +cA~24V?2)
x Py < —=)). (Note Lemma 2.2 and 0 < d <m < 2).

Since m < 2, we can choose constants r and « such that they satisfy (2.4)
and following relations:

(3.7 mr —ad =0,
1 1

3.8 — —.

(3.8) 5 <<

(For example, we may get a = (1/2d)(m/2 + 1) and r = (1/2)(1/2 + 1/m) if
d<m? a=(1/2)(1/m+1/d) and r = (1/2m)(d/m+1) if d > m?). Hereafter
we fix 6 > 0 small enough. Let {Ij }rcz be a sequence of disjoint open intervals
satisfying [Ix| = A™", R = ez T;. Let z;, be the center of Ij;, and let

1446
Jk:{zER \z—zk|<i)\ }

Let {¢k ez be a smooth partition of unity which satisfies following properties:

(3.9) Z or(2)? =1, z€R,
kEZ
(3.10) suppyr C Ji,
d
11 — < OS5I
(3.11) L] <cia
Let
(3.12) Wi(z,2) = V(z,2) + AW (z, 2)%

Let Ni(t) be the number of eigenvalues less than —t of the operator —9? —
P\WyPy in L?(R2 x J;) with the Dirichlet boundary condition.

Lemma 3.6.

(3.13) N(Ex < =A) < S Nu((L=6)A) + oA~ "7 ), A —0.
kEZ

Proof.  According to (3.11) and (3.8),

D,

keZ

= O(52)AX < 6A
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holds for A > 0 small enough. Hence we have

d
2 _ 2 .
—07 — PA\W)\Py\ = Z or | =07 — PA\W)\Py — Z g Pk
(3.14) keZ JEZ
> Y on(=02 — AW )y — 0X,
keZ
by the IMS localization formula. (3.13) follows from (3.6) and (3.14). O

To estimte Ni((1 — 6)A) (k € Z), we decompose R, into three parts.
According to Assumption (V) and the fact ad < 1, we can choose M > 0 so
large that if |z| > MA~Y/™,

A
(3.15) sup Wi(z,z2) < 5,
zeR? 2

uniformly in z € J. Then let

(3.16)
Qp={k€Z: |z <6'NT}, Qopn={k€Z:5 '\ <|xul< M=},
Qs\=1{k€Z: |z| > M=},

Lemma 3.7.  Assume Assumption (b), and suppose that Uy, Uy €
C1(R?) satisfy

(3.17) Uy ()] < Cz)™™,  |VUi(2)] < Cz)™™ 7,
(3.18) Uz()] < Cla) 72", [VUa(w)| < Cla) 7>,

where C > 0 is a constant independent of x. Then for any § > 0 small enough,
there exists A5 > 0 such that for 0 < A < As

N(Py(Uy 4+ cA™*Us) Py > \)
< (%),1/ be)de + SCFEON ), (> 0).
{zeR2: Ui (z)>(1-56)A}

Proof. 'We choose s such that (ad+1)/2m < s < 1/m. By the assumption
on Us, we have

A=Yy (z) = O(A"FIms)y —p(A), A —0
for |z| > A™*. Applying Proposition 3.3 to x{|zj<r—+3 Uz, we learn

(3.19)
N(PA(eA™®UW2)Py > A) = N(P\Uz Py > ¢ 'AF0d) = oA~ "57), A =0,
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where X{|zj<x-+} is the characteristic function of the set {|z| < A™°}. Since
P,\U, Py and P\U, P, are compact operators, by Proposition 3.2, we see

N(P\(Uy + cA™Uy) Py > \) < N(P\UL Py > (1 —6)))
+ N(Py(cA™U3) Py > 6))
for § > 0 small enough. By (3.19), the second term of the right hand side is
0()\_(2_‘1)/’”). Applying Proposition 3.1 (3.3) to the first term, we complete
the proof. O
We begin with the cases k € Q; ) and k € {3 .

Lemma 3.8.

(3.20) ST ONK((1=8)A) = o(AFFETE), (A —0),
keEQ A
(3.21) > N((1-6)N) =0.
kEQs A

Proof. For k € Q3 x, we have by (3.15),
9 A
-0 — PAW\P, > -3 > —(1 =96\

These operators are considered in L?(R2 x Ji) with the Dirichlet boundary
condition. From this, we learn N ((1 — d)A) = 0, and hence (3.21) follows.
Next we consider the case k € Q4 x. Let up,(z) = (z)~™. Since

Wi(@,2) < Blum (@) + A~ (2)?)
for z € Ji, it follows that
(3.22) —02 — PAWAPy > =02 — BPx(um + cA™ %, ) Py,

in L2(R2 x J;) with the Dirichlet boundary condition. Let ulg-/\) be the j-th
eigenvalue of the operator Py(u, + cA~*w2)P, € B(L*(R2)), where
B(L?(R2)) is the set of all bounded operators acting in L?(R2). Then the
eigenvalues of the operator in the right hand side of (3.22) are

1272
T2

sulM, leN.
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Let 1 > 1/2/3. Applying Proposition 3.7 with Uy = w,,/p, Us = u?,/p, for any
e > 0, we learn that there exists A > 0 so small that

N (P (tm + cA™%2 )Py > p))

2—d

< (2m)! / b(a) d + e(uA)~ 5
{z€R2: up, (x)>(1—)ur}
2—d
< const.(pA)” ™, (¢ >0).

N

Since, this implies that py < const.j ™/ (2=9 there exists p > 0 such that

1272

3.23

— Y > —(1 - o)A

if 7 > pA=(=4/m_ Therefore, by the fact |Ji| = (1 + §)A~" and (3.22), we
obtain

p)\f%
N - 3 (e - on )
j=1
<0(,\%—2;fl—r)

uniformly in 6. Since the number of the elements of 2y  is §; ) = O(671), it
follows that

2

7 ) = (A2t

3|
e

> N((1-0)N) =50

keEQ A

).

(Here we note r < 1/m). O

Next we consider the case k € Q2 5. Let vi(z) = V(z, z;). By Assumption
(V) (3.1), and the relation mr — ad = 0, it follows that

Wi(z,2) = vi(2)(1 + O(9))
for z € Jj, uniformly in x € R?. Thus there exists 8 > 0 such that
(3.24) —0% — PA\W\Py > =02 — (1 + 36) P\vi, Py,
in L?(R2 x Ji) with the Dirichlet boundary condition.

Lemma 3.9.

(3.25) S ON(-0N < Y Gra(h) + 50,

kEQ A kEQ
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where
RX™™
(3.26) Gra(n) =~ [ s — =002 d((1 - o),
T Jns(N)
(3.27)  ns(\) = iﬂ%x A1+ 0(5)),

(3.28)  gr(v)=(2m)7* /( - b(x) dx.

Proof. Let V,(C/\) be the j-th eigenvalue of the operator PyvipPy €
B(L?(R2)). Then the eigenvalues of the right hand side of (3.24) are

12 2
[

Let v > 1/(8 + 2). We apply (3.3) in Proposition 3.1 to vy/v. Then for any
€ > 0, we can choose \; > 0 such that for 0 < A < A,

(1+ﬁ§)uk], leN.

(3.29)
N(Py\up Py > v)) < (27) 71 / b(x)dx + EO((V)\)_%)
{z€R2: vi(z)>(1—€)vA}
= O((w\)~ ).
Thus we see that V,(C ) < const.j /(=9 and that there exists p > 0 such that

6271'2

3.30

— (L4 85 > —(1—d)A

for j > pA=(2=d/™_ Therefore

_2-d
pAm

J

Ne(@=on < > <7f«1+5®<”-41—5nﬂ“+1).
j=1

Let m;/\)( ) = N(Pyvi Py > vA). Since, by Assumption (V), there exists R > 0

large enough such that m(/\)( ) =0 for all v > RA~(1="")  we sce that

(3.31) Ni((1—06)A)
LA =
g_7§ (14 Bo)wA — (1 — N2 dmM (v) + O~ =),
Cs
where

1-46
(3.32) G =175 = 1+00).
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Let

‘Jk‘ RA—(1—rm)

(3.33)  Gp(\) = (14 B5)wA — (1= N2 dm!V (v).

T J¢s
Since Qs x = O(A~/™*7) and r > 1/2, we see
S ON(1=)N) < Y Ge(N) +O(FETE)

kEQ 5 kEQ

= Y G\ +o(ATTET),

kEQ A

(3.34)

by (3.31). It follows that

(3.35) mM (v) < gr((1 = 8)Ww) +80((wA) ™),

by (3.29). Let

1

fv)=—-—=(A+po)vA-(1 — N2

By integration by parts, we see

)\7(1me)

L [ (g o — (1 - a2
-—— vA—(1- g ((1 —0)A\v)

T J¢s

Gr(A) <

_2-d BT _2-4
—O(0)A m/c v df(v)
5

3.36 » -
(3.36) < G (V) — O(B)A TN 2Rt (pA-(1=rm))

RA~(t—7mm)
+ 06N ™ / fv)ydv— =
(s

— [+ II+1II,
from (3.35). Since m/2+4+d < 2 and r < 1/m,
II = O(5)\at i\~ (@=d=5)r+ 258

2

=50\ tm—m "),

1 2 RAZ(mrm) 2—d
111:0(5)A5+rrr/ V2 Ny

(s
=s0(\2Tm—mT)
Hence we obtain
(3.37) Gr(N) < Gra(N) + 60N T~ m 7).

Since #Qs x = O(A~Y/™+7), (3.25) follows from (3.34) and (3.37).
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Lemma 3.10.

(3.38) Y GraV) SFM(1+0(8"?),

Proof. By (3.28), (3.26) and the definition of Stieltjes integral, we see
y J g

(3.39)
Gra(A) = 2(277)_2|Jk|05/ b(z)(vk(z) — (1 — 8)ns(N)"/? da,
ve(@)>(1=8)ms (A)
where
1/2
(3.40) cs = (11+_ﬁ5§> =1+0(9).

To estimate the integral in the right hand side of (3.39), we decompose the
integral as follows;

/ () (v (@) — (1 = 8)ns ()2 da
v (2)>(1=8)ns ()
= / b(z) (v () — N2 da
v (z)>A
B4y / oo Y {0n) = (1= )2 = (o) = N2 o

+ / () (un () — (1 — 8)m(\)Y/2 de
(1=8)ns (N)<v (z)<A
=T +II' +1II.

By (3.27),

< [ o M { (k) = (1= CON (o) = X1}

- /vmm ) (/ 2(on(@) — <01(Sj o172 ‘“) e

1 1
SC(S)\/ bx(/ 7dt)dx
o O, 2@
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We also have

IIr < b(z)(vp(z) — (1 — CON) Y2 dx
(1-Co)A<vi(z) <A
= 0(61/2)>\1/2/ b(z) dx
(1=Co)A<vp(z)<A

1 2

=620\ ).

Here we used the estimate

(3.42) / L M=o =

which follows from Assumptions (b) and (V). Hence we see
BAS [ b)) - N7 de 4 5 PONEER),
v (T)>A

Since |Ji| = A7"(1 + O(6)), we obtain
(3.43)

Gri(\) < 2(21) 21| b(x) (v (z) — \) /2 dz + 6120\t w7
v (T)>A

from (3.39) and (3.40).
Next we estimate the right hand side of (3.43). It follows from Assumption
(V) that
uk(z) = V(z,2)(1+ 0(5))
for z € I,. Thus we see

(3.44)

1| b(z) (vg(z) — N2 dx
v (z) >N

/Iﬂk(m)» b(x) (g () = N)'/? de dz

X r,z2)— 1/2 T Az
g//{v(w)> b@)((1+ COV (2, 2) — N2 dzd

1+’\057261k}

= // b(z)(V(z,z) — )Y dadz
{V(z,z)>Xz€I}

+ //[V(Lz)»\,ze]k}b(x){((l + OOV (2, 2) — N2 = (V(z,2) — )\)1/2} do ds

x z,2) — )2 dz dz.
+/j{ b(x)((1+ COV(x,z) — A)/“dxd

1+A05 <V(x,z2)<\,z€I}
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Since
2

(3.45) / b(x)V(x,z)1/2 de = O()\%ﬁ‘%—m—r)
V(z,z)>\

uniformly in z € Ij (this is easily seen from Assumptions (b) and (V)), the
second and the third term in the right hand side of (3.44) are bounded §'/2
X O(AV/2+d/m=2/m=r) from above, by the same computation as in the estimate
of the second and the third term in the right hand side of (3.41). Therefore

(the LHS of (3.44)) < // b(z)(V(x,z) — N2 dx dz
{V(z,z)>\z€l1}
+ 820N F TR,
Combining (3.43) with this estimate, we obtain
(3.46)  Gra(N) <2(2m)72 / / b(z)(V(z,2) — )Y da dz
{V(z,z)>Xz€I}

+ 820N FFETE T,

Since Q.5 = O(A"Y/™47) we see

(3.47)
Z Gra(N) < Z 2(2m) 2 // b(z)(V(x,2) — N)Y? de dz
kEQa » kEQa 5 {V(z,z)>\z€I}

3

+o2oME ),
On the other hand, it is easily seen
3

Z // b(m)(V(m7z)_)\)1/2 dl‘dZ:O()\%Jr%_ﬁ%
ke a {V(z,2)>\z€I}

2 // b(z)(V(z,2) — N2 dzdz = 0.
ke 7 AV (@2)>X 21k}

(3.48)

Therefore from (3.47) and Lemma 2.2, it follows

7 Gra(\) S F(\) + 620\
keQa

< F(\)(1 4 0(5Y%)).

The next lemma follows immediately from Lemmas 3.9 and 3.10.
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Lemma 3.11.

(3.49) S N((1 = 6)A) < FO)(1+0(5Y/2)
kEQa

Proof of the upper bound (2.17). Tt follows from Lemmas 3.6, 3.8 and 3.11
that

—d

(3.50) N(Ky < =)) < FO)(L+0(Y2) + oA 7), A—0.

Since § is arbitrary, (2.17) follows from Lemma 2.2. O

§3.2. Proof of (2.18): Lower bound

In this subsection, we prove the lower bound in a similar way as the upper
bound. The proof of the lower bound is simpler than the upper bound.

Let § > 0 be fixed. Let r be a constant and let {I;} be a sequence of open
intervals defined in the proof of upper bound.

By Assumption (V), we can choose M > 0 so large that

A
sup V(z,2) < 5
z€R? 2

for |zx| > MA~Y/™ uniformly in z € I;,. Then let

(3.51)
Qr={k€Z: || <A}, Qoa={ke€Z:5 N7 < |zl < M)\’ih
Qs5 = {k €Z: || > MA =}
‘We note
N(K) < —)) > N(P\K\Py < —))
= N(P\(=0Z - V)P\ < —)\)
= N(=02 - PAVP, < —)\).

Let Ni(t) be the number of eigenvalues less than —t of the operator —92? —
P\V Py in L?(R2 x I) with the Dirichlet boundary condition.

Lemma 3.12.

(3.52) N(Ex<=X\)= > Ne(N.
kEQs A
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Let vg(z) = V(x, z,). Then we have

Lemma 3.13.

(3.53) ST N 22 YT Gro(N) - F(N) - 6Y20(a ),
kEQ2 » kEQa 2

where

(3:54) Gk,oM):—‘*;—’“‘ o (1= 8oy = N)'/2 dgi((1 + 8)v),

(3.55) &) = 1552 = AL+ 00)),

3.56 v) = (27)7t b(x) dx.

(336) () =(2m) /vm»”

Proof. Let k € Q5. By Assumption (V), it is easily seen that
V(z,2z) = vp(x)(1 4 0(9))
for z € I, uniformly in « € R2. Thus there exists 3 > 0 such that
(3.57) —02 — PAVPy < =02 — (1 — 30) P\uy Py,

in L2(R2 x Ij,) with the Dirichlet boundary condition. Let ulg ) be the j-th
eigenvalue of the operator Pyvi Py € B(L*(R2)). Then the elgenvalues of the
right hand side of (3.57) are

12 2

|21,

(1—ﬁ§)uk], leN.

N < const.j~™/2=4 and that there

Applying (3.29) to vy /v, we see that V,(w

exists p > 0 such that

7 )

for 7 > pA~2=4/™_ Hence we have

Z ('M —ﬂ&)y,gfj?_x)m—l).
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Let m()‘)(y) = N(P\vp Py > Av). By Assumption (V), there exists R > 0 large
enough such that m(/\)( ) =0 for all v > RA~(="™) Hence we obtain

@59 M = 2L ™ @ g an ) - o0,
where 6

(3.60) 5 = < —166 — 1+ 0(3).

Let

(3.61) Gy = -2 RY(Hm)((l—ﬁfS) N2 dm (v).

™ 0s
Since Q. = O(A~Y/™+7) and > 1/2, we see that

Yo M) = Y Gr(h) - O TR

keQa \ k€Qa x

Z Gk —0)\2+ l)7

kEQa \

(3.62)

by (3.59). Let v > 1. We apply (3.4) in Proposition 3.1 to vy /v (v > 1). Then
for any 6 > 0, we can choose \s > 0 such that for 0 < A < A,

(3:63)  mM ) > 200((14 6)W) — ge((1 = 6)Av) = 6O((WA) 7).
Therefore by integration by parts and the same computation as in (3.36), we
obtain
2|1y [T
Gr(N) 2 — =+ (1= B8)Av = )2 dge((1 + 0)Av)
0
|I | 6)\7(17Tm)
k A)1/2
+— 1-p6 dgr((1 — )\
6 = R I (RO RY
. R}\—(l rm) .
— 6\ / v df (v)
0s
>2G10(N) — Gri(X) = SOATm—m ),
where
‘Ik‘ R)\T’VYL
(3.65)  Gra(N)=- (1= Bo)v = N2 dgi((1 = 8)v),
T Jes()
|1k

(3.66) F)===2((1 = Bo)Aw — )'/2.
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By the same computation in the proof of upper bound, we learn

Gri(\) <2(27m)~ // b(z)(V(x,z) — N2 dx dz
{V(z,z)>\zel}

2

+ 2o E T,
Therefore, since §Q2 y = O(A™Y/™+7), (3.53) follows from (3.62) and (3.64). O

Lemma 3.14.

(3.67) D> Gro(\) = F)(1 - 0(5'?)).

keQa

Proof. By (3.56), (3.54) and definition of Stieltjes integral, we have

(3.68)
Gro(A) = 2(2m) %[ Ik|cs / b(z)(vp(z) — (1 + 8)&s(N\) 2 d,
v (2)>(146)€5 (N)
where
_ 1/2
(3.69) o = (11 f;) ~ 14 0().

In order to estimate the integral in the right hand side of (3.68) from below,
we decompose it as follows:

(3.70)

/ () (s () — (1 + 8)&s ()2 da
vi (2)>(146)€5(N)

= / b(z) (vp(z) — N2 dx
v (z) >N

_/ b(x) {(vk(m) - )\)1/2 — (vp(x) — (1 + 5)55()\))1/2} da
vi (2)>(148)€5 (M)

- / b(z)(vg(z) — N2 dx
A<vg () <(1+0)&s5 ()

=1-II-1III
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Recalling (3.55), we see that
= / () { (va(@) = 02 = (uslw) = (1= CON)2} do
v (z)>(14+C8)A

1 CoN
= b(x / dt> dx
/v,m(lwm (@) ( s 2ox() — (1 + COON)I72
! 1
< Cé)\/ b(x (/ dt) dx
o (2)>(1+C8)A (@) o 2(CON1 —t))1/2

= 0(61/2)>\1/2/ b(z) dx
v (2)>(14+CH) A

and we also have

111 < b(z)(vp(z) — N2 dx
A<vg ()< (1+CH)A

= 0(61/2)>\1/2/ b(z) dx
A<vg ()< (1+Co)A
2

=520\t ),

where we have used (3.42). Hence we obtain
B0z [ ) -0 o)
v (T)>A

Noting |Ix| = A7", (3.42) and (3.69), we obtain

(3.71)

Gro(N) > 2(27) 2| L b(x) (v (2) — \) /2 dz — 6120\t~ T,
v (z) >N

Next we estimate the right hand side of (3.71). It follows from Assumption
(V) that

V(z,2) = vp(z)(1 4+ O(5))
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for z € I;. Thus we see that

11| b(x) (g (x) = N)'/? dw
v (z)>A

_/Ik/vk(mb/\b(x)(vk(m)—A)l/dedz

> // b(z)((1+ Co)"*V (x,2) — N2 de dz
{V(z,2)>(14+C8)N,z€1} }

(3.72) = // b(z)(V(z,2) — \)Y? da dz
{V(z,z)>\z€l}

//{v(x,z)>(1+06)/\,zelk}

x b(z) {(V(z,z) — N2 (1+C8) W (x,2) — A)W‘} dz dz

- // b(z)(V (2, 2) = V)" de dz.
ALV (z,2)<(1+C8)\,z€15 }

Now we recall (3.45). Then the second and the third term in the right hand
side of (3.72) are bounded §'/20(\'/2+d/m=2/m=7) from above, by the same
computation as in the estimate of (3.70). Therefore

(the LHS of (3.72)) > / /
(Ve reeh)
X B(@)(V(,2) — N2 ddz — 6120 7),

Combining this estimate with (3.71), we obtain

(3.73)  Gro(X) = 2(2m) //v( )> Azl }
X b(z)(V(x,z) — \)Y? dadz — 51/20(A%+%*;7r)'

Since Q. = O(A™Y/™7), we see that
B Y Guwz Y 200 |
kEQ 5 ke 5 V(w,2)>Az€l)}
x b(2)(V(x,2) — Y2 dawdz — 6/20(\2 T —m).
Therefore it follows from (3.48), (3.74) and Lemma 2.2 that
Y Gro(N = F(\) - 6200

kEQa \

=F(N)(1-0(5"?))
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The next lemma follows immediately from Lemmas 3.13 and 3.14.
Lemma 3.15.

(3.75) > Ne(A) = F(A\)(1 - 0(8"?)).

kEQ A

Proof of the lower bound (2.18). It follows from Lemmas 3.12 and 3.15
that

(3.76) N(Ky < =\) > F\)(1—0(6Y?)), A—0.
Since ¢ > 0 is arbitrary, (2.18) follows from Lemma 2.2. O
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