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The Uniqueness of the Integrated Density of
States for the Schrodinger Operators for
the Robin Boundary Conditions

By

Takuya MINE*

Abstract

The integrated density of states (IDS) for the Schrodinger operators is defined by
using the eigenvalue counting function of the operator restricted to bounded regions
with appropriate boundary conditions. Two sufficient conditions for the coincidence
of the IDS for the Dirichlet boundary conditions and the IDS for the Robin boundary
conditions are given. The proofs of some fundamental formulas, e.g. the change of
variables, the chain rule and the divergence formula, for Lipschitz domains are given
for the completeness.

8§1. Introduction
81.1. Definition of the integrated density of states and results
In this paper we shall consider the Schrodinger operators with magnetic

fields in d-dimensional space:

d
L=-) (0 —iaj)*+V,

Jj=1

where 0; = 0/0z;, i = v/—1 and a; and V are the multiplication operators
by real-valued functions on R%. @ = (ai,... ,aq) is called a (magnetic) vector
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potential and V" a (electric) scalar potential. Throughout this paper we assume
the following:

Assumption 1.

a=(ay,...,a9) € (L3 (R, Vel (R, V>0

loc

Under Assumption 1, L can be defined by a quadratic form defined on
C$°(RY) (the space of compactly supported smooth functions on R?) and it is
known that L has a unique self-adjoint realization H on LQ(Rd) whose form
domain contains C§°(R?) (see [I-K], [L-S]; see also Definition 1.4 below).

The integrated density of states (IDS) is a non-decreasing function p#(\)
of A € R defined (formally) by

NG (X

1.1 )= i 2
(1.1) PrN QﬂRldI,nQGO | 7

g

if the limit exists. Here, Néﬁ (M) is the number of eigenvalues less than or
equal to A of the operator L restricted to a bounded domain 2 with boundary
conditions (#). |- | denotes the Lebesgue measure. O is a family of bounded
open sets which is introduced to specify the way expanding €2 to the whole
space R? and we assume the following:

Assumption 2. O = {Q} is a family of bounded open sets and satisfies
the following:

(A1) For every N € N(:={1,2,---}), there exists Q € O such that By C Q.
(A2) As a function of Q € O,

{z € Q|dist(z,00) < 1}]
]

0 as Q- RY in O.

Here, Bp is a open ball of radius R centered at the origin and 02 denotes the
boundary of . The meaning of the notation as @ — R? in O is defined in the
following:

Definition 1.1.  For a function F(Q2) of Q € O, we say F(Q) — ¢ as
Q — R in O if for every € > 0 there exists Ny € N such that |F(Q) — ¢| < ¢
for every Q2 € O with Q D By,

For example, the family of all cubes (or balls) centered at the origin satisfies
Assumption 2.
In this paper, we shall consider the following boundary conditions:
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(D) ul|on = 0.
(N) (V —ia)ulpn-n =0.
(R) (V — ia)u|39 ‘n = —O'Qu|ag.

Here, n denotes the unit outer normal vector on the boundary 92 of Q2. The
function o, may depend on @ € O and satisfies the following:

Assumption 3. oy € L®(0; R) for every Q € O.

The letters D, N, R correspond to the Dirichlet, Neumann and Robin boundary
conditions, respectively. We denote their self-adjoint realizations Hg , H g and
HE | respectively (see Definitions 1.4 and 1.5 below).

In this paper, we treat the uniqueness problem for the definition of IDS,
that is, the problem of finding some sufficient conditions for the coincidence of
the IDS for the Dirichlet and Robin boundary conditions.

There are several results which have proved the uniqueness of IDS for
the magnetic Schrédinger operators for the Dirichlet and Neumann boundary
conditions; see Nakamura [N], Hupfer-Leschke-Miiller-Warzel [H-L-M-W1] (see
also their preprint [H-L-M-W2]) and Doi-Iwatsuka-Mine [D-I-M] (there are sev-
eral results in the non-magnetic case; see references in [D-I-M]). In particular,
[D-I-M, Theorem 1.2] has proved that the limits p” and p" coincide with each
other, in the weak topology of measures (see Definitions 1.2 and 1.3 below),
under Assumptions 1, 2 and the following assumption:

Assumption 4. O C LM(r, A, B) for some r, A, B > 0.

Roughly speaking, Assumption 4 means that the boundary 92 of Q € O is
represented by Lipschitz continuous functions whose Lipschitz constants are
uniformly bounded (see Section 1.3 below, for the definition of LM (r, A, B)).
This result ([D-I-M, Theorem 1.2]) also implies that, if another boundary condi-
tions (#) satisfy HE > H;;& > HY in the form sense, then the limits p#, pP and
pN exist and coincide with each other in the weak topology of measures, when
one of them exists. For example, the periodic conditions, the (magnetic) Bloch
wave conditions and the Dirichlet-Neumann mixed conditions are included in

this case. This fact is easily proved by the inequality
(12) NG < NGO < NE(Y)

for every A € R, which immediately follows from the min-max principle.
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However, the Robin boundary conditions are not included in this case,
when the boundary function oq has nonzero negative part. To see this, notice
that the quadratic form associated to the operator Hg is the following (see
Section 1.3):

13) (R wa = [V — i@yl + [Vl + /a oaluds

Here, || - ||o denotes the L?(2)-norm and dS the (d — 1)-dimensional surface
measure. (1.3) and the min-max principle show that, for a fixed energy A and
a fixed region 2, the value NZ(\) increases as oq decreases. Notice also that,
the Neumann boundary conditions are particular cases of the Robin boundary
conditions (oq = 0).

In this paper, we will give two sufficient conditions which guarantee the
limit pP and p® coincide with each other, in the weak topology of measures.
From the above consideration, we should require some restriction on the growth
of the negative part of o as a function of 2 € O, in addition to Assumptions 1,
2 and 4. We consider following two assumptions on o, := max(ess.sup(—oq),
0):

Assumption 5.  (05)%0Q/"/|Q] -0 as Q — R? in O.
Assumption 6.  (05)?109Q/|Q — 0 as Q — R in O.

Here, |092|" denotes the surface volume of 9€2. Under Assumption 4, there exists
a constant C = C(r, A, B,d) > 1 such that

CHo9Q" < {x|dist(x,00) < 1}| < C|09Q|

(see [D-I-M, Proposition 4.5]). Hence, Assumption 2 is equivalent to the con-
dition |99 /|| — 0 as @ — R? in O under Assumption 4. Thus, we see that
Assumption 6 is weaker than Assumption 5 under Assumption 4.

For describing the precise statement of the main theorem, we review some
definitions used in [D-I-M]. The operator Hgﬁ (# = D, N, R) has a compact
resolvent under the assumption Q € LM (r, A, B) for some r, A, B > 0 (see
[D-I-M, Theorem 6.2] and Theorem 1.2 below). Hence Hgf has a complete
orthonormal system of eigenfunctions.

Definition 1.2. Let Q € LM(r, A, B) for some r, A, B > 0. Let Cy(R)
be the space of all compactly supported continuous functions on R. For # = D,
N, R, define a linear functional ,0}% by

r #
(1.4) () = ““THﬁ” _ /R SNt ()
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for f € Co(R). Here, f (Héﬁ ) denotes the operator defined by the functional
calculus and tr(K) denotes the trace of a trace class operator K. The measure
dp¥ is defined by

00
=3 b
n=1

where A7 is the n-th eigenvalue (from below, counting multiplicity) of H, 3& and
0y is the Dirac measure concentrated on .

Using this notation, we can rewrite the right hand side of (1.1) as
limg_ga, qc 0 fx(,oo’)\]dpﬁ, where x(_o,y is the characteristic function of
the interval (—oo, A]. To describe our main theorems, we use a continuous func-
tion f in place of the discontinuous function x(_o 5. It enables us to describe
the statement of main theorems in terms of the weak topology of measures.

Definition 1.3. Let d,ozéyzé (# = D, N, R) as Definition 1.2 and dp* some
Borel measure on R. We say dp?; —dp?* as Q — R in O if

/ fdpéﬁ —>/ fdp” as Q=R in 0O,
R R
for every f € Co(R).

Consider the following statements:

(Existence)P There exists a Borel measure dp? such that dpf — dpP as Q —
R%in O.

Existence)® There exists a Borel measure dpf such that dpf — dp® as Q —
P P P
R%in O.

Our first result is the following:

Theorem 1.1.  Suppose that Assumptions 1 through 5 hold. Then, the
statement (Existence)® and (Existence)® are equivalent to each other.
Moreover, if one of them holds, the limit measures dp” and dp® coincide.
In particular, the measure dp® is independent of the choice of the family {og}

satisfying Assumption 5.

If we use the discontinuous function x(_ ) in place of f € Co(R), we get
the result that the limit functions p?()\) and p¥(\) coincide at the continuity
point A of pP(-) (or pf(-)), when one of them exists. The function p# is
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monotone nondecreasing and hence the discontinuity points of pP(-) (pfi(-))
are at most countable.

Theorem 1.1 is an extension of [D-I-M, Theorem 1.2]. Theorem 1.1 follows
from the next estimate:

Theorem 1.2.  Suppose Assumption 1 holds. Let r,A,B > 0, Q €
LM(r,A,B) and 0 € L*°(0%; R). Cy = Ca(r, A, B,d) > 0 is a constant given
in (ii) of Proposition 3.2. Then, there exists constants C > 0 and Cy > 0,
dependent only on r, A, B,d such that
(1.5)

NER) < NEO+€) +C (e 72+ Co){/* + (A + Co + Mo(o™)?){?) |00
for every 0 < e <1, Q € LM(r,A,B) and A € R. Here, My = 2C3, (x)4 =
max(z,0) for x € R and

o~ :=max(ess.sup(—o),1/(rCs)).
In particular, HE has a compact resolvent for every Q € LM (r, A, B).

We can deduce Theorem 1.1 from Theorem 1.2 by the same argument used in
[D-I-M, Proof of Theorem 1.2 assuming Theorem 6.2] and hence we omit its
proof.

We can see, however, that the growth order of o, is not optimal, at least
when a = 0:

Theorem 1.3.  Suppose that Assumptions 1, 2, 3, 4 and 6 hold and
a = 0. Then, the conclusion of Theorem 1.1 with Assumption 5 replaced by
Assumption 6 holds.

Theorem 1.3 follows from the next estimate and we omit the proof of
Theorem 1.3:

Theorem 1.4. Suppose a = 0 and V € L} (R%R), V > 0. Let
r,A,B >0, Q € LM(r,A,B) and o € L>®(0Q; R). Then, there exist con-
stants C > 0 and Cy > 0 dependent only on r, A, B,d and a constant My > 1
dependent only on A,d such that

(1.6) NFN) <NE(A+e)
+C (e‘d/Q()\ +Co)? 4+ (M +Co+ Mo(a—)2)§f‘—”/2) ES
for every0 <e<1, Qe LM(r, A, B) and A € R. Here,
o~ = max(ess.sup(—0), /1 + A2/(Myr)).
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We have organized this paper as follows. In Section 1.2, we define the
self-adjoint realizations Hg , Hg and Hg. In Section 1.3, we define a class
of bounded open sets with Lipschitz boundary, LM (r, A, B). In Section 2.1,
we prove Theorem 1.2. The proof of Theorem 1.2 is parallel to that of [D-
I-M, Theorem 6.2] except for the use of the magnetic trace inequality. The
difference between the Neumann conditions and the Robin conditions is the
boundary term of their quadratic forms, which is estimated by the magnetic
trace inequality. In Section 2.2, we prove Theorem 1.4. In the proof of Theorem
1.4, we do mot use the trace inequality for the estimation of boundary terms,
but the direct computation of eigenvalues using separation of variables (which
also proves that the growth order in Assumption 6 is actually optimal). The
latter method cannot be applied to the case in the presence of the magnetic

potential a. At present, it is not known whether the estimate (1.6) holds for

2

loc(Rd). In Section 3, we prove the magnetic trace inequality,

general a € L
i.e., an estimate of the operator norm of the restriction operator -|so from the
magnetic Sobolev space W, ,(©2) (see Definition 1.4 below) to L*(992,dS). In
Section 4, we prove several fundamental formulas, e.g., the change of variables,
the chain rule and the divergence formula, for Lipschitz domains, for the sake

of completeness.

81.2. Self-adjoint realizations

Let us define the self-adjoint realizations HE, HY and HJ, in terms of
quadratic forms. In the sequel, V denotes the distributional gradient, that is,
Vu = (O1u,...,0qu) € (D), for u € D’ (the space of the Schwartz distribu-
tions, see [Ru2]), Q(h) the form domain of a sesqui-linear form h and D(A) the
operator domain of a self-adjoint operator A. For u,v € L?(2), we denote the
inner product (u,v)q := [, @ and the norm ||u|| := (u,u)q. Formally, we
have by integration by parts

(1.7)
(—(V —ia)*u+ Vu,v)q

= ((V —ia)u, (V —ia)v)q + (V/2u, V1/20)q + / (V—ia)u-nvdS,
o0

where dS denotes the surface measure on J€). From this equality, we see that
the boundary term fasz (V —ia)u - nv vanishes when both u and v satisfy the

boundary conditions (D) (or (N)). Thus, we can define the operators HY and
HY without any assumption on the boundary 9Q:
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Definition 1.4.  Let Q be an open subset of R? and let a € (L?(Q; R))<,
Ve L' R), V > 0. Define a subspace W, () of L*() by

Wiy (Q) = {ue LX(QV —ia)u € (L*(Q))*, V?ue L*(Q)}.
For u,v € W, ,(Q), define a sesqui-linear form hq v (u,v) by
hav (u,v) == ((V —ia)u, (V —ia)v)q + (VY ?u, V1/20)q.

The space W, /() is a Hilbert space equipped with the norm [ul[2, :=
ha,v (u,u) + [[ul[§. Let Wy, () be the closure of C§°(Q) with respect to
the norm || - ||q,v. Define the form domains Q(hY) =Wy, v (), Q(AY) =
W, () and define the sesqui-linear forms hE (# =D or N) by

(1.8) h}%(u,v) = R, v (u,v),

for u,v € Q(hg) Denote the corresponding quadratic form by h?; [u] =
hg (u,u). The quadratic form hg is closed and non-negative, and we can define
a self-adjoint operator Hgf associated with hg by the relation

(1.9) (HEu,v) = hi (u,v)
for every u € D(Héﬁ) and every v € Q(hf;) (see [K]).

In the case of the Robin boundary conditions, the boundary term in (1.7)
is present. To define the restriction u|gn of a function v on €, we need some
smoothness assumption on u and some regularity assumption on the boundary
99. A sufficient condition is u € W, 1,(Q) and Q € LM(r, A, B). When a = 0,
this condition is well-known (in fact, the restriction operator is a bounded
operator from W(Q) to W'/2(99); see [W1]). However, we cannot find the
proof of this fact in more general case a € L%(£2). In Proposition 3.2, we will
prove that the restriction operator -|oo is bounded from W, ,,(Q) to L*(99),
under the assumptions a € L*(Q), V € LY(Q), V > 0 and Q € LM(r, A, B)
for some r, A, B > 0. Thus, we define the self-adjoint realization HE by the
following:

Definition 1.5. Let Q € LM(r, A, B) for some r,A,B > 0. Let a €
(L*(Q;R)Y, V € LYK R), V > 0 and 0 € L®(9Q; R). Define a closed
sesqui-linear form A% by

(1.10) hg(u,v) = ha,v(u,v) + (ou,v)sq
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for u,v € Q(hf) := W, (), where (u,v)aq := [, TvdS (we often abbreviate
the function ulpq restricted to the boundary simply as w, when no confusion
may occur). Denote the corresponding quadratic form by h&[u] = h&(u,u).
Define a self-adjoint operator Hg associated with hg by the relation (1.9).

§1.3. Definition of LM (r, A, B)

In this subsection, we shall remind the definition of manifolds with Lips-
chitz boundary LM (r, A, B) (r, A, B > 0), which has been introduced in [D-I-
M]. In the sequel, we use the notation x = (2, z4) for x € R? where 2’ € R!,
zq € R.

Definition 1.6. Let r, A, B > 0. For a bounded open set €2, we say 2 €
LM (r, A, B) if there exists an integer K > 0 and a system {Uy, Xk, Sk, ¢r } o,
satisfying (i)—(v) below:

(i) Uy is a bounded open set in R Xk 1S a congruent transformation in R,
which is written as yr(z) = Agx + ai, where Ay, is an orthogonal matrix
and ay, is a constant vector. Sy is a rectangle in R*' Fort > 0, we define

Sk(t) :== {«’ € R | dist(a', Sy) < t}.

or € Lip(Sk(r); R), the space of all real-valued Lipschitz continuous func-
tions on Si(r).

(ii) For k=1,... ,K,

Xk (Ur) ={(2',24) € R%|2’ € Sk(r), op(¢') =7 < wa < dp(a’) + 1}
xe(Up NQ) ={(2', 24) € RY2" € Si(r), du(z') —r < zq < dp(z')}
Xk(Ux N0Q) = {(2', z4) € R'|2" € Sy(r), wa = du(a’)}
(iii) 90 C UR xz {(2/,24) € R 2’ € Sk, 24 = d1(2")}.
(iv) |IVoplloo <A, fork=1,... K.
(v) #{k|z € Uy} < B, for every z € R".

We write also (Q, {Uk, Xk, Sk, ok} ) € LM(r, A, B) to mean that Q €
LM (r, A, B) and {Uy, Xk, Sk, ¢ }1—, is a system satisfying the properties (i)
(v) above.
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82. Proof of Main Theorems
§2.1. Proof of Theorem 1.2

In this subsection, we shall prove Theorem 1.2. The proof of Theorem 1.2
is parallel to that of [D-I-M, Theorem 6.2], except for the estimation of the
boundary term. So we use some notations and results used in [D-I-M].

Proof of Theorem 1.2. Let r,A,B > 0, (Q,{Uy, Xk, Sk, ®x}5_,) € LM
(r,A,B) and o € L>®(9Q; R). Take a large number R > 0. We take two
partitions of unity {«;};=1,2 and {Bk}k=0,.. k given in [D-I-M, Propositions
4.3 and 4.4]. The partition {«;} =1, satisfies
(21) a1, az€C®(RY), «a; >0, [|Vajllee <Mi/R (j=1,2),

af +a3=1on R, suppas C Q\ (0Q)gr2, suppas C (Q°)r,
where M; = M (d) is a positive constant and (X)r = {z € R?|dist(z, X) < R}
for a subset X of R?. The partition {Br}r=o0,... K satisfies

(22)  BLeC®RY, B>0 (k=0,...,K),
Zﬂi =1 on some neighborhood of €,

supp Bo C 2\ (09)r,, suppfBr C Uy (for k=1,...,K),
K 2

D IVBI < 2, LT A A B) A)Tf B o R,

k=0

where rg = r/{100(A + 1)} and M> = M5(d) is a positive constant.
Take u € Q(hE). Since a2 + a3 = 1, we have

(2.3) Z o (V — ia)ul 3 + |la;VY2u||3) + (gasu, azu)aq.
=1

By a simple computation (see [C-F-K-S, Theorem 3.2]), we have
(24)  loy(V —ia)ullg
= |(V —ia)(oju)l[§ = [[(Vay)ul[§, — Re(V(a]) - Vi, u)q.
From (2.3) and (2.4), we have
2

(25) il =" (II(V = ia)(agu)lid = || (Vag)ully + [[V*(aju)l )

=1
+ (casu, asu)sq,
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where we used V(a2 + a3) = 0. Since supp aju is a compact set in €2, we have
aru € Q(hE) by (v) of [D-I-M, Proposition 2.1]. Hence we have by (2.1) and
(2.5)

(2.6) hlu] > (hf) — er)[aru] + (h§ — er)[azul,

where e := 2M?/R?.
Put vx = aofg for k = 0,...,K. Since Y (7 = 1, we have similarly by
(2.2)

K
(2.7) Sl Z — C1)[kul,
-0

where C; = My(1+ A)?(1+ B)/r%. Since suppyou is a compact set in £ N
(0 R, we have yu € Q(hgm(asz)R) by (v) of [D-I-M, Proposition 2.1]. For
E=1,... ,K,suppyru C U, := U, N Q. Thus, we obtain by (2.6) and (2.7)

(2.8) hi[u] > (hG = er)[aru] + (hGna), — C1 — €r)[0u]
K
+ Z(hgl: - C1 - ER)[%u].
k=1

By (ii) of Proposition 3.2, we have
(2.9) (omu, mu)oo > =0~ [yull3e
> —02(61_10_”%““2 - +eo [[(V - ia)(%“)“%;)
—Ca(er'o H%UHW +e0 hy [yl

for every e; with r > ¢; > 0, where 0~ := max(ess.sup{—a}71/(r02)) and
C3 > 0 is a constant dependent only on r, A, B,d. Take €; := 1/(2C20~). Note
that €1 < r. Then, we have by (2.8) and (2.9),

(2.10) hii[u] > (h§ — er)[aau] + (hGna), — C1 — €r) 0yl

+Z<2 U,_Cl—202( -)? —ER) [vkul.

Next, we repeat the extension argument given in the proof of [D-I-M,
Theorem 6.2] (see (6.17)—(6.21) in [D-I-M]). As a result, we obtain an extended
vector potential aj and an extended function vy,u defined on Uy, which satisfy
EE‘U,; = a|U,;7 '/VEMU; = 7kU|Uk*7 Y € W()lﬁg,o(Uk) and

(2.11) |1l B, = 2wl

1 1
N D =
(2.12) - bt 2 - L/iw} '
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Here, C5 = 24% + A+ 1 and hY is a quadratic form on L?(Uy) defined by
hil [v] = [[(V = dap)vl|f,

for v € Q(hP) = Wolak o(Uk). From (2.10), (2.11) and (2.12), we obtain

(213 hfifu) > (W ~ en)lanu] + (Brony, — C1 — e

+Z <—hD —2C3(o ER) [ W]

Next, define a map j from L2(2) to L2(Q)& L2(QN(0Q) r) & (X, L2 (Uy))

ju = (aw S 00 @ (@’“K—l {\/LEW}))

for v e L*(Q). Since ) aF = Y~ 57 = 1, we have by (2.11) that j is an isometry.
Moreover, since ](Q(hg)) cQhE)aQ(h QD(BQ)R) ® (X, Q(hP)), we have by
(2.13) and [Cv, Lemme 5.1]

(2.14) NG(A) < NG A+ €r) + N5 o0y, (A + C1 + €r)

by

K
+ ) N@2Cs(A+ Cy +2C5(07)* + €r)|hf)
k=1

for every A € R, where N(A|h) denotes the number of eigenvalues less than
or equal to A of the self-adjoint operator associated with the quadratic form
hP. By [D-I-M, Proposition 6.1], we have

(2.15) NE- oy A+ C1 + €r) < Ms(A+ C1 + er){* |2 N (0Q) |

and

K
(2.16) D> NQCs(A+ Cy +2C5(07)* + er)|hy))
k=1

<3 M3(2C3)72 (A + Cy +2C3(07)2 + er) | UL

Mx

k
< BM3(2C3)"*(A + Cy +2C2 (07 )2 + €r)¥?((09),,

1

where we used (i) of [D-I-M, Proposition 4.1] and (v) of Definition 1.6. By (i)

of [D-I-M, Proposition 4.5], there exists a constant My > 0 dependent only on
d

)

4
(2.17) [(09Q)¢] < My(1 + A)Brd—_llﬁﬂl’
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for every ¢t > r. By (2.14), (2.15), (2.16) and (2.17), we obtain
(2.18) NEN) < NY(A+ €r) + C4RY A+ Cy + er)? |00
+ Cs(A + Cy +2C3(07)? + er) 2100

for every R > r, where Cy and C5 is a positive constant dependent only on
r, A, B,d.

Note that it is sufficient to show (1.5) for sufficiently small e. Take e
sufficiently small and put R = /2M3?/e. Then we may assume R > r. By
(2.18), we have

NEON) < NP +e)+C (e—d/Q(/\ +C)? + (N +Co+ Mo(a_)2)i/2> 109
for sufficiently small €, where C = max(Cy,C5), Co = C; + 1, My = 2C3.
Therefore the assertion of the theorem holds. ([

§2.2. Proof of Theorem 1.4

We shall prove Theorem 1.4. When a = 0, we can get sharper estimate of
Né‘l (M), by separation of variables.
k

Proposition 2.1.  Letr >0, A >0 and S € R*" be a bounded open
set. Let ¢ € Lip(S; R) with ||Vl < A. Put

U:={x= (" ,zq)|l2" €85, ¢(z') —r < zqg < p(z)},
Di={z=(2',2q)|2" €5, xg = ¢(2')}.

Let 0 € L=(T'; R). Define a sesqui-linear form qfiP by

aitP (u,v) = (Vu, Vo) + / owwdS
r

for u,v € Q(gftP), where

Q(qHP) := {u € Lip(U; C)|suppundU C T'}.

The overline denotes the closure with respect to the W (U)-norm. We denote
the self-adjoint operator associated with the form qfi? by —AREP (the Laplacian
with the Robin-Dirichlet mized boundary conditions).

Then, there exist constants Ms > 1 and Mg > 1 dependent only on A,d
such that

(2.19) NN —ATP) < N(Msh; —AR) + N(Msh + (Mo~ )% —AF)
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for every A € R. Here, N(\; H) is the eigenvalue counting function of a self-
adjoint operator H. U:=8x (0,7), —Ag is the Dirichlet Laplacian on U and
—AZL is the Dirichlet Laplacian on the (d — 1)-dimensional region S. Mg =
V14 A2Ms5. 0~ := max(ess.sup(—c), 1/(Mer)).

Remark.  Lip(U;C) is a dense subspace of W1 (U) (see Proposition 3.1
below).

Proof. Take a new coordinate £ = (¢, &4) defined on U by

(.’171,... 7xd—17xd) = (517"' >§d—17§d +¢(§/) _T)‘

The transformation U 3 & — x € U is a Lipschitz homeomorphism (see Defini-
tion 4.2) and the inverse is given by

(&1, €a-1,8a) = (@1,... ,xg—1,2a — O(z") + ).
Then, we have

(Oetty ..., Oy 1, O ) = (Opyu + Oy, POz Uy . .., Opy_ U+ Ouy POz, u, Oy 1),
(021U, o, Ogy U, Og,u) = (Og,u — O, @Oc,u, . .. , Oy, u — Dg,  POe,u, g, 1)

(note that the chain rule holds for the Lipschitz homeomorphisms; see Proposi-
tion 4.7 below). Since ||V¢||s < A, we have that the condition u(z) € W(U) is

equivalent to the condition u(¢) € W1(U) (we abbreviate the function z — u(z)
as u(z) and so on) and

(2.20) Mz [ Veul[f < [|Vaullt < Ms||Veull%

for u € W(U), where M5 > 1 is a constant dependent only on A, d. Moreover,
e2) [ ol)lua)Pds = [ o€)lu€)PVIF NO@Pd
r i
> VI [ o fue) P
i

where I' = § x {r}, 0~ = max(ess.sup(—c),1/(Mgr)) and Mg = /1 + AZMs.
We identify the surface measure on I' with the Lebesgue measure d¢’ on S.

Define a quadratic form qu on L?(U) by

¢BP[u] = ||Veul|2 — M / o fuf2de!
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for u € Q(qu) ={ue Lip(ﬁ; C)|suppun dU C I'}. Denote the self-adjoint
operator associated with qu by —AgD. Then we have by (2.20) and (2.21)

qirP ] > My qFPu).

Since the Jacobian det(dz/0¢) = 1, the map L?(U) 3 u(x) — u(&) € L2(U) is
an isometry. Thus, we obtain by the min-max principle

(2.22) N\ —AFP) < N(Msx; —AEP).

Next, we shall calculate N(\; —AgD). Put v = Mgo™. Notice that v is

a positive constant. Since the region Uis a product set S x (0,r), we can
calculate the eigenvalues by separation of variables.
The operator domain of —AgD is

D(-ABP) = {u e W2(U)|0¢,u(€) = vu(€) for € € T, u(€) = 0 for £ € 9U \ T'}.

The normalized eigenfunctions of —A%D are {2 (EnFP (€a)}52, U WP ()
xnfP (&4) 7%—1- Here, ¢P (j =1,2,---) is the normalized eigenfunction cor-
responding to the j-th eigenvalue )\JD of —AL. nEP (k =0,1,2,--) is the

normalized eigenfunction of —9Z, on (0,7) with the boundary conditions
(223) m(0) =0, et (r) = v (r).

Notice that r > 1/v, by the definition v = Mgo~. When r > 1/v, the function
et (€4) = cosinh(VufP&y) (co is the normalizing constant) corresponds to
the unique negative eigenvalue —uft”. In this case, (2.23) is equivalent to the
condition

RD

Ho
(2.24) tanh (y/,ué%Dr> =

Examining the graph of two curves y = tanhrz, y = x/v in zy-plane, we

conclude that there is a unique positive solution P of (2.24) and
(2.25) pitP <2

When r = 1/v, nfP(&4) = co€q is the eigenfunction corresponding to the
eigenvalue pft” = 0, which clearly satisfies (2.25). The function nf*P (&) =
crsin(VulPey) (k= 1,2,--+) (cx is the normalizing constant) corresponds
to the k-th positive eigenvalue pftP”. In this case, (2.23) is equivalent to the
condition

RD
a7
(2.26) tan < ukRDT) VoE

v
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Examining the graph of two curves y = tanrz, y = /v in zy-plane, we con-
clude that the k-th eigenvalue uf*P satisfies ((k/r)m)? < pfP < (((k+1)/r)m)%
Since ((k/r)m)? is the k-th Dirichlet eigenvalue i of =9, on (0,r), we have

(2.27) we < ui? < piia-
The eigenvalues of —A%D are {/\JD — pftP 724U {/\JD + uftP Gk=1- Thus,
we obtain
. _ARD
(2.28) N(x; —AED)

= #{AP = uf? <N+ #{GR)NP + P < A}
< H#UINP <A+ 02+ #{G RN + pf <A}
= N+ 1% -AR) + N(xi-AD),

where we used (2.25) and (2.27) from the second line to the third.
By (2.22), (2.28) and v = Mgo—, we reach the conclusion. O

Proof of Theorem 1.4. By the same argument in the beginning of the
proof of Theorem 1.2, we have (2.8).

Notice that U, = Uy N Q has a coordinate y = x; () (y € U, ,z €
Xk(Uyg )) (see Definition 1.6). Since xj is a congruent transformation, we can
identify U, with xx(U, ) and define the quadratic form qgk? and the Robin-

Dirichlet Laplacian —Ag”? as in Proposition 2.1. Since suppy,u N OU, C
k
oU, N oY, we have y,u € Q(qg?).
k
Define a map j from L?(Q) to L2(Q) & L*(QN (0Q)r) ® (5, L*(U,)) by
jv = (10 ® 500 & (D {3v}))

for v € L?(). Then, j is an isometry and j(Q(hE)) C Q(hg)@Q(hgm(asz)R) ®
(@72,Q(¢[1P)). Thus, we have by (2.8) and [Cv, Lemme 5.1]
k

(2.29) NE(A) < NE A+ €r) + Nih o) (A + C1 + €r)

K
+ D N+ Crteri —AfD),
k=1

where we used hg, [viu] > ¢fP [y,u] (remind V' > 0). By Proposition 2.1 and
k
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[D-I-M, Proposition 6.1], we obtain
K

(2. N( s —ARD

30) ]; (A+C1 +eri —AF?)

< {N(M5(>\ +C1 +€r); —Agj)

k

N(Ms(A+C + en) + (Moo )% —AL )}

M £ I

{Mg(M5()\+Cl+€R))+ ‘U |

M3(Ms(A+ Cy +€r) + (MGU_)2)(d71)/2\Sk(7’)\/}

Q-i—ff

{(A+01+ER) + A+ C1+er + My(o )2)3?—”/2}\aﬂ|',

where C' > 0 is a constant dependent only on 7, A, B, d, My = /1 + A2Mg > 1
and ¢~ = max(ess.sup(—0o), V1 + A2/(Mor)) = max(ess.sup(—o),1/(Mgr)).
Here, we used (i) of [D-I-M, Proposition 4.1], (v) of Definition 1.6 and (2.17).

Put R = \/2M /e for sufficiently small € > 0. Then we obtain from (2.29),
(2.30), (2.15) and (2.17),

NEN) < NE(A+ er) + CRYA + Cy + er) Y2100/
+CA+Ci+er+ Mo(o_)2)(+dfl)/2|5)ﬂ|/
< NEA+€) + Ce (A + Co) V2|09
+C(A+ Co + Mo(o ™))V |00,

where C > 0 is a constant dependent only on r, A, B,d and Cy = Cy + 1.
Therefore the assertion holds. [l

83. Trace Estimate for Magnetic Sobolev Spaces

In this section, we shall prove that the restriction operator -|sq defined on
Lip(Q) (the space of complex-valued Lipschitz continuous functions on ) can
be extended to the space WalV(Q) In the sequel, the symbol K CC U means
that K is a compact set, U is an open set and K C U.

Proposition 3.1. Let Q € LM(r, A, B) for some r,A,;B > 0. Then,
Lip(Q) is dense in W} ().
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Proof.  Let (Q,{Uk, Xk, Sk, dx }r—y) € LM (r, A, B) and take u € W 1, ().
Take a partition of unity {3}/, appeared in the beginning of the proof of
Theorem 1.2 and put v = 37 for k = 0,1,...,K. Since suppyy CC €,
You C Wy, (Q) C W()l7a7V(Rd) (see (v) of [D-I-M, Proposition 2.1]). Thus,
we can approximate you by C§°(€)-functions with respect to W(},V(Q)—norm
(see [L-S]). Since suppyiu C U, and suppyzu N OU, C Ty (I'y = 02 N Uy)
for k=1,...,K, we can construct the extended functions yxu, ‘7;, a;, defined
on Uy, which are the extension of the functions y4u, a, V defined on U, re-
spectively and satisfy yzu € W&,E;,VR(U’“) (see Section 5 in [D-I-M]). Thus, we
can approximate yzu by C§°(Uy)-functions with respect to W(%"A/;(Uk)—norm.
Taking the restriction of these functions, we can approximate yiu by Lip(U_k_)—
functions whose support touch the boundary of 92 only on I'y, with respect to
W, (U, )-norm. Since u = Z?:o ~ru, we obtain the conclusion. O

Note that, we can similarly prove that Lip(Q) is dense in the space W1P((2)
(1 <p< o0), where

(3.1) WhP(Q) = {u € LP(Q)|Vu € (LP(Q))?}.
These facts enable us to use the usual approximation arguments.

Proposition 3.2.  Let Q € LM(r, A, B) for some r,A,B >0 and 1 <
p < 00. Then, we have the following:

(i) The restriction operator -|aq defined on Lip(Q2) is extended to the bounded
operator from WP(Q) to LP(0Q,dS). Moreover, there exists a constant
Cp = Cyp(p,r, A, B,d) > 0 such that

(32) HUng(ades) < Cp (5_1|\U||1£p(g) =+ Ep_leuHi)Lp(Q))d>
for every u € WHP(Q) and 0 < e < r.

(i) For any a € (L*(Q;R))? and V € LY(Q;R) with V > 0, the restric-
tion operator -|aq defined on Lip(Q) is extended to the bounded operator
from W;V(Q) to L*(09Q,dS). Moreover, there exists a constant Cy =

Cy(r, A, B,d) > 0 (independent of a, V') such that

(33)  lulBaonas) < Cz (€ M llul ey + ell(V = ia)ullZa 00 )

for every u e W, (Q) and 0 < e <r.
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Proof. (i) By the remark after Proposition 3.1, we see that it is sufficient

to show (3.2) for u € Lip(Q).

Take (9, {Uk, Xk, Sk, ok }i)) € LM(r,A,B). Put I'y = U, N 90 and
U, =Uin . First, we show that there exists a constant C = C(p,r, A,d) > 0
such that

B4 Ml as) < C (Ml + @IV, 0)

for every u € Lip(U, ) with suppu N9oU, C I'y. By (ii) of Definition 1.6,
Xk(Uy) = {2, 24) € RYa’ € Si(r), di(a') =1 < wa < dr(a’)}.

Since yj is a congruent transformation, we may assume Yy is an identity map
without loss of generality.
For r > € > 0, take n. = ne(xq) € C°((—,0)) such that 0 < n.(zq) <1,

1 if —e/2<243<0
Ne(Ta) = .
0 if xg < —e€
and
(3.5) |0z,me| < Coe™t

for some constant Cy > 0 independent of e.
Since u is Lipschitz continuous, u is absolutely continuous and 0,,u € L*°.
So we have

0
u(e' 9(w) = [ Orn(ra)ue’ 9(') + ) dra
where we used 7.(0) = 1 and 7.(—e€) = 0. Moreover,

u(¢(a"))|PdS

Ty

< / VT Vo) Pda’
Sk(r)

0 p
x ( [ 1@ummaute’s 6+ + ) e 107 + )| dxd)

—€

< 2P71\/1 + A2 P!

Sk(r)
0 0
< (e [ o)+ aPdea+ [ 1ouulel, 000 + o)
<C <6_1\|“||Z£P(U;) + EP—1|‘8IdU||ip(U;)> ,
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where we used the Holder inequality, ||[V¢|leo < A, (3.5) and the inequality
(s +t)P < 2P71(sP + tP) for s,t > 0, in the second inequality. Thus we have
(3.4).

Next, Take u € Lip(Q2) and a partition of unity {8}, appeared in the
beginning of the proof of Theorem 1.2 and put v, = 7 (k = 0,1,...,K).
Then v = Zf:o Yk, suppyo CC Q and suppyru NI C Ty, Thus ulgg =
Z?:l ~Yru|r,. By (v) of Definition 1.6, we see that there exists a constant

C =C(p,r, A, B,d) > 0 such that

K
T)|P < C, Z [VAk(2)|P < C

k=1 k=1

Mx

for every x € 2, where we used Y. vy, = 1. Hence we have

H“”Zﬁp(asz ds)

< CZ H’WCUHLP(F,C ds)

< CZ ( 1|"Y’C“||LP(Q + Ep_lH(V'WC)uHZ()Lp(Q))d + 6p_1|wk(vu)”1()LP(Q))d>
k=1

| /\

+er™h Nullg sy + 6p71|\VU||§)Lp(sz))d>

I /\

/—\/—\

el By + €IV )

for r > € > 0. Here, we write every constant dependent only on p,r, A, B, d by
the same letter C'. We used (3.4) in the second inequality.

(ii) By Proposition 3.1, we see that it is sufficient to show (3.3) for u €
Lip(9).

Take u € Lip(Q). Then, |u| € Lip(Q) c WHL(Q) and 9;|u| = Re((sgnu)
x0ju) for 1 < j < m, where

sgn z = |2|

(see [D-I-M, Corollary 2.3]). Thus, 9;|u| = Re ((sgn@)(9; — ia;)u) and |9;|ul| <
|(0; —iaj)u|. Hence

(3.6) IV]ul H?LQ(Q))d <V - ia)“”%[ﬁ(ﬂ))d'
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By (3.6) and (3.2) for p = 2, we obtain

Hu||2L2(8S2,dS) = || [ul H2L2(asz,ds)

< s (e Mull3aqy + ellV Il B )

<y (671HU||%2(Q) +€l|[(V - w)“”?L?(Q))d)

for r > € > 0. Thus, we obtain the conclusion. [l

84. Fundamental Formulas for Lipschitz Domains

In the present paper and the previous paper [D-I-M], we used several fun-
damental formulas for Lipschitz domains, e.g. the chain rule, the change of
variables formula, the divergence formula. But one may doubt whether such
formulas for Lipschitz domains holds. For example, the gradient matrix V7T of
a Lipschitz continuous transformation 7" or the unit outer normal vector n on
the boundary of a Lipschitz domain is generally discontinuous. For this reason,
Wloka avoids using the change of variables formula for Lipschitz continuous
transformations in his book (see [W1, p. 84]). Unfortunately, the author cannot
find a rigorous proof of such formulas in recent texts (the change of variables
formula for Lipschitz domains was proved by Rademacher [Ra]; his paper was
written in 1919). We shall give a proof of such formulas for readers’ use and
for the sake of completeness.

84.1. Total differentiability of Lipschitz continuous functions

In this subsection, we shall remind an old result about the total differen-
tiability of Lipschitz continuous functions.

Definition 4.1. Let U be an open set in R". We say amap T : U —
R™ is totally differentiable at « € U if there exists a linear map VT'(z) : R" —
R™ such that

1
limsup — |T(x+h)—T(z)—VT(x)-h|=0.

hern, b0 |
Rademacher [Ra] proves the following:

Theorem 4.1 (Rademacher).  Suppose f be a continuous function
defined on an open set D C R* and satisfies

L(x,y) := limsup
o) [RRRLIRNY Vh? + k2

Then, f(x,y) is totally differentiable at almost every (x,y) € D.

< o0, a.e. (z,y) € D.
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This immediately implies the total differentiability of Lipschitz continuous func-
tions on a domain in R?. Moreover, the proof of Rademacher’s theorem can
be applied to the multi-dimensional case with a little modification. Hence the
following holds:

Corollary 4.2.  Let U be an open set in R" andT : U — R™ be a Lips-
chitz continuous map. Then, for almost every x € U, T is totally differentiable
at x and the matriz VT (x) is given by

VT (z) = (aa—le(x),... ,ij—i(@) :

where 0T |0z ;(x) is the column vector (0T /0z;)(x),. .. , (0T /0z;)(x)) for
j=1...,n.

In the present paper, we need only Corollary 4.2. For readers’ use, we shall
give an elementary proof of Corollary 4.2, in which we do not use Rademacher’s
theorem but the following well-known result:

Proposition 4.3.  Let U be an open set in R" and T : U — R™ a
Lipschitz continuous map. Then, for every w € S"~1, the directional derivative

VT (z):= }{% % (T(x 4+ wt) — T(x))

exists at almost every x € U and V,T is L*™(U)-valued vector. Moreover,
when w = e; :="(815,... ,0n;) (0 is the Kronecker’s delta), the function Ve, T
agrees with the distributional derivative 0T /0.

This proposition follows from the fact that a Lipschitz continuous function on
the real axis is absolutely continuous (see e.g. [W1, Theorem 1.8]).

Proof of Corollary 4.2. Let U and T satisfy the assumption. Put C7 =
sup,, (|T(x) = T(y)|/|z — y|) < co. We shall divide the proof into three steps.
In the sequel, we say a measurable set S C U is a full-measure set if |U\ S| = 0.

Step 1. For almost every = € U, the directional derivative V,,T'(z) exists
for every w € S"~! and

1
lim ( sup —|T(z+wt) —T(x) — VwT(x)t) =0.
tlo wesSn—1 t

Moreover, the map S"~! 3 w — V,T(x) € R™ is continuous.
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Proof of Step 1. Let {w;}52, be a dense countable set in S"~'. By
Proposition 4.3,
Uj :={x € U|V,,T(x) exists.}

is a full-measure set for each j > 1. Put Up:=N;2,U;. Then U is a full-
measure set.
Fix x € Uy. Then, we have

T(x+wit)—T(z) T(r+wgt)—T(x)

(4.1) - - " < Cifwj — wi

for every j,k > 1 and sufficiently small ¢ > 0. Taking the limit as ¢t | 0, we
have

(4.2) |V, T(2) = Vo, T(2)| < Ctlw; — wil-

By (4.2), there exists a continuous function F,(w) of w € S"~! such that
(4.3) Fp(wj) =V, T(x)

for every j > 1 and

(4.4) |[Fo(w) = Fo(w)] < Cilw — /|

for every w,w’ € S"1L.
Take € > 0. Since x € Uj, there exists a number ¢; > 0 such that

T(x+ w;t) —T(z)

(4.5) ;i

— Fm(wj) <

Wl m

for 0 <t <t;. Put
Wj = {w S Sn_l‘ |w —qu| < 6/(301)} .
For w € W;, we have

T(x+ wt) — T(x)

e [ - R
< ‘T(:c—l—wt) —T(z) T(z+w;t)—T(z)
- t t
# [Pt 2T gy )+ ) - Fao)
<€

for 0 < t < t;, where we used (4.1), (4.4) and (4.5).
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Since S"~' = U5, W; (notice that {w;}32, is dense in "' and that
the number ¢/(3C1) is independent of j) and S™~! is compact, there exists a
finite number of indices {ji,...,7n} such that S*~1 =UN W, . Put ¢, =
ming—1,... ~tj,. Then, we have

‘ T(z + wt) — T(x)

: —Ff(w)‘ <e

for every w € S ! and 0 < t < to. Thus we obtain the conclusion since = € Uy
is arbitrary and Uy is a full-measure set.

Step 2. Put VT'(x) := (0T /0x1,...,0T/dxy). Then,

) im <w§’3§1 /K 'T(;z: + w? ~T(x) VT(x) w

dx) =0

Proof of Step 2. For w = *(wy,... ,wy), put w? =*(wy,... ,wj,0,...,0)
and w(® =*(0,...,0). Then we have

for every compact set K C U.

T(x +wt) — T(x)
t

- Lror , oT ) }
_ , (i-1) e
—E w T+ w t+ swite;) — x) | dsp.
= J {/0 <8xj( ites) 6xj( )

Hence we have

(4.8) /K ‘T(“w—t)_(m) —VT(z) w

—VT(z) w

dxr
t

n

<>/
j=1 lyI<tJK

Since T /dx; € L>(U), the map y — 0T /0z;(- — y)|x € L'(K) is continuous
(see [Rul, Theorem 9.5]). Thus the right hand side of (4.8) goes to 0 as ¢ | 0
and is independent of w € S"~!. Therefore we obtain the conclusion.

oT oT

Step 3. For almost every z € U,
(4.9) VoT(x)=VT(x) w

for every w € S™1.
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Proof of Step 3. Let w;,U;,Up as in the proof of Step 1. By Step 2, the
function @ — (T'(z + wt) — T'(x))/t converges to VI'(z)-was ¢ | 0in L}, (U).
Then, for j > 1, there exists a full-measure set V; and a sequence {t;”’}72,

such that for every z € Vj

T(z + wt?) — T(z)
2
k

— VT (2)  wj

as k — oco. By Step 1, for every = € Uy

— Vo, T(x)

as k — oo. Put Vo =nN52,V; NUp. Then, Vj is a full-measure set and
Vo, T(x) = VT(z) - w,

for every x € Vp,j > 1. Since the map S"~! 3 w +— V,T(x) is continuous for
each z € Vp by Step 1 and {w;}52, is dense in S"~1, we obtain the conclusion.
By the assertions of Steps 1 and 3, Corollary 4.2 holds. O

§4.2. Change of variables and Chain rule

We see that the change of variables formula holds for Lipschitz continuous
coordinate change.

Definition 4.2. Let U and V be open sets in R". We say a map
T : U — V is a Lipschitz homeomorphism if T" is bijective, Lipschitz continuous,
and the inverse map 7' : V — U is also Lipschitz continuous.

The following lemma is given in [Rul, Theorem 7.26].

Lemma 4.4. Let X be a Lebesgue measurable subset of R™ and U be
an open subset of R" with X Cc U C R". Suppose that T : U — R" is an
injective continuous map and T is totally differentiable at every point of X.
Moreover, suppose that |T(U \ X)| =0. Then,

(4.10) /T(X)f(y)dy = /X(foT)(z)|det VT (x)|dx

for every nonnegative measurable function f on R".

Together with Corollary 4.2, this lemma proves the change of variables
formula:
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Corollary 4.5. Let U be an open set in R"™ and T be an injective
Lipschitz continuous map from U to R". Let f € LY(T(U)). Then, (f o
T)|detVT| € L*(U) and

(4.11) /T(U) f(y)dy = /UfoT(x)\det VT(x)|dz.

Proof. Let T be an injective Lipschitz continuous map. By Corollary 4.2,
the map T is totally differentiable on a set Uy with |U \ Up| = 0. Put X = Uy.
Then, all assumptions of Lemma 4.4 are satisfied, since a Lipschitz continuous
map transfers a zero-measure set into a zero-measure set (see [W1, Lemma 2.3]).
Since |U\Up| = 0, we have (4.11) for f > 0, which clearly implies the remaining
assertions. (]

For amap T : U — V, we define the pull-back operator T* by T*f = foT
for a measurable function f on V. Then, the following holds clearly from
Corollary 4.5:

Proposition 4.6.  Let U and V be open sets in R" andT : U — V is a
Lipschitz homeomorphism. Then, for 1 < p < oo, the pull-back operator T™* is
an isomorphism (linear bijective, bicontinuous map) from LP(V') to LP(U) and

(4.12)
NT* 5oy, Lo@y) < V@ HE T B@ew),eovy < IVT]|2P.

Moreover, if |det VT'(x)| = 1 for almost every x € U, the operator T* is an
isometric isomorphism from LP(V') to LP(U).

We shall prove the chain rule for coordinate change by Lipschitz homeo-
morphisms. Remind that W(€) is the Sobolev space defined by (3.1):

Proposition 4.7.  Let U and V be open sets in R" and T : U — V is
a Lipschitz homeomorphism. Then, for 1 < p < oo the pull-back operator T*
is an isomorphism from WHP(V') to WHP(U) and

(4.13) T Bw oy wie@y) < ||V(TH|[HPL+ || VT][E)?,
(T~ | Bwre @y wieery < VTP + [[V(TH[[E)HP.

Moreover, for f € WYP(V), the chain rule
(4.14) V(foT)=(Vf)oT -VT

holds in D'(U).
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Notice that the both sides of (4.14) are defined in the distribution sense, since
foT e LP(U), (Vf)oT € (LP(U))™ from Proposition 4.6 and VT is L>(U)-

valued matrix.

Proof. If f € CY(V) N WYP(V), one can easily check by Corollary 4.2
that for almost every « € V, the function foT(z) is totally differentiable at x.
Thus (4.14) holds by the ordinary chain rule.

Next, let fo € WHP(V). By the Meyers-Serrin theorem (see [A, Theorem
3.16]), there exists a sequence {f,} C CY(V) N WP(V) which approximates
fo in WHP(V). Then (4.14) holds for f = f,. By Proposition 4.6, we have
fnoT — fooT in LP(U), and hence we have V(f, o T) — V(fooT) in
D'(U). Moreover, since Vf, — Vfo in LP(V) and VT € L*®(U), we have
(V) oT VT — (Vfo)oT - VT in LP(U) by Proposition 4.6. Hence (4.14)
holds for f = fy.

By Proposition 4.6 and the chain rule (4.14), we have

LA
= HT*ngp(m + HT*Vf ’ vTHip(U)
<IN o + VT ZNTTIZNT A 1,

Thus the first equality of (4.13) holds. We can prove the second equality of
(4.13) similarly. O

84.3. Divergence formula

In this subsection, we shall prove the divergence formula on Lipschitz do-
mains. First, we shall remind the definition of the boundary integral. Note that
the boundary 99 of Q € LM (r, A, B) is a measurable space with the o-field
generated by the relative topology of R?.

Definition 4.3.  Let (2, {Ux, x&, Sk, ¢} |) € LM(r, A, B). By (ii) of
Definition 1.6, T'y, = U, N 01 is parameterized by y' € Si(r) by the relation

(4.15) Tro(y) =x, (s o (y)).
For a nonnegative measurable function f on I'y, define

L f98 :‘/s IOV RGP,

where we abbreviate the function y' — f(x(y’)) as f(y'). For a nonnegative
measurable function f on 99, define [, fdS := Z,If:l ka ayf, where {ag } 5|
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is a partition of unity subordinate to the covering {Uy}X_ | of 09, ie. oy €
C§e(Uy), 0 < ay <1 and ) ap =1 near 0.

One can prove that this definition of the integral is independent of the choice
of {Uk, Xk, Sk, ¢r} and {ax}, as usual way (since we can use the change of
variables formula and the chain rule proved in the previous section, there is no
difficulty caused by the Lipschitz continuity of ¢y). With this definition, we
can introduce the space LP(9,dS) for 1 < p < oo.

Next, we shall define the divergence of u and the unit normal vector on

onN.
Definition 4.4.  Let (Q,{Ux, xk, Sk, ¢x}o_,) € LM(r, A, B) for some
r,A, B > 0. For u € (Wh1(Q))¢, define the divergence of u by

K
divu(z) := Z@Ikuk(x) € LY(Q).
k=1

Define the unit outer normal vector n € (L>(92))% by

n(x; ' (¥)) =Vx; (),
ni(y) = ! (~Vér(y). 1) € R,

V1+I|Ver(y)?

for y' € Si(r), where we use the parameterization (4.15).

One can easily check that the definition of n is independent of the choice of
local coordinates.
We shall prove the divergence formula:

Proposition 4.8.  Let (Q,{Uy, xx, Sk, ¢ }X_,) € LM(r, A, B) for some
r,A, B > 0. Then, for u € (WH1(Q))¢, we have u|pa € (L'(99,dS))¢ and

(4.16) / divu(z)dr = / bu - ndS.

Q a9
Notice that the right hand side of (4.16) makes sense since u|sq € (L1(99,dS))?
and n € (L>°(99))?. We remark we can not use Proposition 3.2 for proving
ulon € (L1 (09,dS))¢, since in the proof of Proposition 3.2 we use the argument
given in Section 5 of [D-I-M], in which we use the divergence formula.

Proof. By an argument using the partition of unity, we see that it is
sufficient to show that for w € (WH(U;))? with suppu N 9U, C T, the
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following statements
(4.17) ulr, € (L*(T'y,dS))?, / divu(;z:)dx:/ fu - ndsS,
k Tk

hold for fixed k. Moreover, we may assume Y = id without loss of generality.

Take u € (WH1(U,))? with suppundU,  C T. Since u(z) € (WH1(Q))?
and the map (2/,z4) = (v, d1(y’) +ya) is a Lipschitz homeomorphism, we have
the function y = (', ya) — w(y/, bu(y')+ya) belongs to (WHL(Sy(r) x (1, 0)))"
by Proposition 4.7 (we denote this function by the same letter u(y), by the
abuse of notation). Moreover,

(4.18) supp u(y) N9 (Sk(r) x (=r,0)) C Sk(r) x {0}.
Since (v, yq) = (&', —dr(2’) + z4), we have

(4.19)

) 5ul
/k div, u(z)dr = /k Z 5xl

d—1
6)ul 8¢k 5)ul) 8ud
= - + — d ,
/Sk(r)x(—nO) {l—l <8yl 8yl 6yd (y) 6yd (y)} Y

where we used Corollary 4.5, det(0z/dy) = 1 and Proposition 4.7.
Since u(y) € (WHL(Sk(r) x (—=r,0)))%, the function y; — Iy, u(y1, .- - , Y1,
. ,Yq) is integrable for almost every ¢; = (y1,... ,¥i-1,Yi+1,--- ,Yd). Hence
the function y; — w(y1,... ,yi,- .. ,ya) is absolutely continuous for almost every
¥1. Since Si(r) is convex, the section

L) = {yily = (v, 91) € S(r) x (=r,0)}

is an open interval (s—(4;),s+(g1)). In particular, s_(yy) = —r, s4(ya) = 0.
Thus, we have

(4.20)

/ Oty i)y = | (s (1)) — u(s— (§)} di
Sk (r)x(=r,0) P (Sk(r)x(=7,0))

_{O (l=1,...,d—1)
Sy, 0)dy" (1= d)

where Py(Sy(r) x (=7,0)) := {4 (1, 51) € S(r) x (=r,0) for some 3 }. We use
(4.18) and put ' = ¢4. The integral in the last member of (4.20) converges,

)
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since

0
/ lu(y’, 0)|dy" < / / |0y uldyady’ < |[Vull (L1 (s, () x (—r,0)))2 < OO,
Sk (r) Sk(r) J—r

where we used u(y) € (Wh(Sk(r) x (—=r,0)))% Thus, u(y’,0) € L' (S.(r)).
Moreover,

/ |luldS = u(y’,0)[\/1+ |V 2dy' < \/1+A2/ u(y’,0)|dy’,
Ty Sk(T) S

&(T)

the restriction ulr, € (L'(Ty,dS))%.
Thus, we obtain from (4.19) and (4.20)

d—1

0 - 8¢k(y’) 6)ul 8ud
dikuxdx:/ / — — 4+ —=|d dy’
/ v @ Si(r) { —r (Z oy oya oy )Y

=1

« a(bk(l/) / / /
:/Sk(r) {—Z Tylul(y )+ uay’) ¢ dy

=1

:/s ( )t“(y’) n(Y) V14 [Vor(y)Pdy’

/ tu - ndS.
Ty

Hence we obtain (4.17). O
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