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An Integral PBW Basis of
the Quantum Affine Algebra of Type Ag)

By

Tatsuya AKASAKA™

Abstract

We construct an integral PBW basis and an integral crystal basis of the quantum
affine algebra of type Ag2).

§1. Introduction

For the study of the precise structure of a quantum affine algebra U, the
construction of a good basis is an important problem.

Damiani constructed a PBW basis in the Aﬁ” case [Dal]. Generalizing it,
Beck constructed one in the untwisted case [B2]. Their bases are considered
over Q(q).

However, to study the representations of U when ¢ is specialized at the
roots of unity, one needs a Z[q, ¢~ !]-basis of a certain Z[g, ¢~!]-subalgebra Uz
of U (see [L, Part 5]). We call such a basis an integral basis of U. Also, to
deal with the structure of the Grothendieck group of level 0 representations of
U, an integral basis is needed (see [K2]).

Around 1990, Kashiwara and Lusztig introduced the notion of a global
crystal basis (associated with a crystal basis) and a canonical basis respectively
and proved the existence and uniqueness [K1], [L2]. It turned out that these
two notions are equivalent [GL].

Let Ut be the positive part of U and let U = Uz N U*. Let B be
the global crystal basis of UT and let L be the Z[g~!]-lattice generated by B.
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Then, B is a Q(g)-basis of U™, a Z[q, ¢~ *]-basis of U}, a Z[g~!]-basis of L, a
Z[q]-basis of L, and a Z-basis of L N L. Here, — is the Q-linear involution of
Ut given by g =g~ ', & = e;.

An integral crystal basis B of U™ is, by definition, a Z[g~!]-basis of L
that coincides with B modulo ¢~ 'L. Let T be the transformation matrix with
coefficients in Z[g,¢~!] between B and B, i.e. B = TB in the matrix form.
There is a unique invertible matrix A with coefficients in Z[g~!] such that
T = A='A. Then we have B = AB. Thus, we can recover B from B.

Using the results in [CP], Beck, Chari, and Pressley constructed an integral
PBW basis and an integral crystal basis in the simply-laced case [BCP].

The purpose of this paper is to construct an integral PBW basis and an
integral crystal basis in the AéQ) case.

Let us take a closer look at the results of this paper. Let g be the long
simple root and «; the short simple root of type AéQ). Let § = agp + 2a4, the
smallest positive imaginary root. Let U be the quantum affine algebra of type
Aéz) and let Uz be its integral form (see Definition 2.12). Here, U is an algebra
over Q(q1) and Uz is an algebra over Z[qy,q; '] (see Section 2 for ¢; = ¢*/?).
Let U be the positive part of U and let U} = UzN U,

We divide the set of positive real roots into two parts:

R (>) = {nd + a1, (2n+2)§ — ag| n > 0}
and
R (<)={(n+1)§ — a1, 2né + ag| n > 0}.
We then define the total orders on R, (>) and R}, (<) by
nd+a; <(2n+2)0—ap<(n+1)d+a;
and
2n+2)0+ap < (n+1)0 — a1 < 2nd + ag,

respectively. We also set R = {nd| n > 1}, the set of positive imaginary
roots.

Using the braid group action on U introduced by Lusztig (see Section 2),
we define the real root vector associated with a real root in R} (>) as follows:

Emi-i—m = (T1_1T0_1>n(61)7
Eany2)5—ao = (T7 Ty )™ (eo).



AN INTEGRAL PBW BasIs oF TYPE Agg) 805

We also define the real root vector associated with a real root in R} (<) as
follows:

Eanstao = (ToT1)" (o),
Emiys—a, = (ToT1)"To(er).

Definition 1.1. In the following, each Zg% is a copy of Zx>( and E&C)

for a real root « and ¢ € Z>( denotes the divided power of E, (see Definition
3.2), which is known to belong to Uj.

(1) For ¢ = (¢;) € @i€R¢C(>)Zg%, we set Eq = Eéclal)Eg(gz_a(;:o)ng;:q) .

(2) We set B(>) = {Ee| ¢ € ®,cpr o) 25}

(3) For c = (c¢;) € @ieRi;(<)Zgz)7 we set E, = ~-~Eégfg:o)Eéiéo:l“l)Eé?o).

(4) We set B(<) ={E¢| c € @iem(ng%}-

It is known that both of B(>) and B(<) are linearly independent over
Q(q1) [L, 40.2.1]. Let Ut (>) (resp. UT(<)) be the vector subspace of U™
over Q(q;) with basis B(>) (resp. B(<)): it is known that they are algebras
over Q(q1)- i

We define the imaginary root vector v,, associated with an imaginary root
nd € R} as follows:

1/)71 = [E(;fal s E(n—1)5+a1]q—1

= Es—a, Etn—1)510r — 4 " En—1)5+a1 Fs—ay -

We prove that they are mutually commutative and algebraically independent
over Q(q1). Let Ut (0) be the subalgebra of Ut generated by them.

We prove that the Q(gi)-linear map UT(>) @ UT(0) ® Ut (<) — U*
given by multiplication is an isomorphism: this solves the problem raised in
Lusztig’s book [L, 40.2.5] in the AéQ)—case. Namely, we prove the following.

Theorem 1.2. Forc = (c;) € @iezzlz%, we set B, = S1S2S3 ...
Then, the following is a Q(q1)-basis of UT:

(n)

{Ec+E::0Ec,| Cy € ®i€R?~:(>)Z(£J’ Cg € ®"21Z20’ C_ € @iERTt.(<)Z(212)}‘

Modifying this basis, we construct a Z[qi, q; ']-basis of Uj. Let Uj(>)
(resp. UJ (<)) be the free Z[g;, ¢; ]-submodule of U} with basis B(>) (resp.
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B(<)). It turns out that they are algebras over Z[q:,q; '] [BCP, Proposition
2.3]. Now, if we choose U (0) as the Z[q1,q; ' ]-subalgebra of U generated
by the ©,,’s, then the Z[q1,q; ']-linear map UZ (>) Dzlgr,a7Y] U%‘(O)@Z[quqfl]
U%‘(<) — U"Z' given by multiplication is injective, but it is not surjective.
Therefore, in order to construct a Z[q1, g, 1]—basis of U%‘, we have to find an
appropriate definition of UZ(0) ¢ U N UT(0) so that the above multiplica-
tion morphism is an isomorphism. Instead of the JJ", we introduce the new

imaginary root vectors P, € Ut (0) as follows: we set Py = 1 and
n—1 B
Pp=[207"Y Pubprg ¥ for n> 1
k=0

We prove that the P, belong to U%‘. This statement is not at all evident,
whereas ¢, € U} is evident. Then, we define U} (0) as the Z[gi,q; -
subalgebra of U"Z' generated by the P,’s and prove that the Z[ql,qfl]—linear
map Uj (>) Dzlg1.a71 U3 (0) Qg Uj (<) — U} is an isomorphism. In
this way, we obtain

q1,q; ]

Theorem 1.3. Forc=(c;) € @iezzlzg%; we set Ec = P{'Py?Pg® - -
Then, the following is a Z[q1,q; ‘]-basis of U} :
{Ec+Ec0Ec,| cy € ®i€R¢c(>)Z(ZZ2)’ Co € @nle(ZnO), c_ € @i€R¢C(<)Z(212)}‘

However, this basis does not give an integral crystal basis: we need a
further modification. For a partition )\, we define Sy € Uj(0) from the P, in
the same way as the Schur functions are defined from the complete symmetric
functions; namely, we set

S)\ = det(P)\i,i+j)i7j21 for A= (/\1 Z /\2 Z - )

where we understand that P, = 0 for n < —1. Then, it follows that the Sy
are quasi-orthonormal with respect to the inner product on U7 introduced by
Drinfeld, that is,

(S)\, SM) = 6>\~H mod q;lA.

Here, A = Q(q1) N Z[[¢;']] € Q((g; *)). Therefore, the following is another
Zlq1,q; ']-basis of UJ:
{Ec¢,S\Ec_| c; € ®ieRie(>)Zg2J’ A is a partition, c_ € @ieRLK)Zg%}v

which is denoted by B. In view of [L, 40.2.4], we see that B is quasi-orthonormal
with respect to the inner product. Hence, by the same argument in [BCP], we
obtain
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Theorem 1.4. B is an integral crystal bases of U™ .

The contents of this paper are as follows.

In Section 2, we fix notations. Automorphism T, = Tp7; and anti-
automorphism 7, Ly of U play an important role in this paper.

In Section 3, we introduce the root vectors as above and study their com-
mutation relations. We prove that the imaginary root vectors mutually com-
mute and are invariant under T, = Tp7; and Tfl*. The key step in this
section is to express the real root vectors recursively using brackets (Corollary
3.10), which the author learned from [KhT, 8.2].

In Section 4, we introduce the subspaces UT(>), Ut (<), U*(0) of UT as
above, and prove that the Q(g;)-linear map Ut (>)@ Ut (0)@ Ut (<) — U™
given by multiplication is surjective: the proof of its injectivity with the help
of [L, 40.1.2] is postponed until Section 6. We also introduce the P, in this
section.

In Section 5, we study the coproducts of the real root vectors.

In Section 6, we calculate the coproducts and the inner products of the
imaginary root vectors and introduce the Sy: the results in this section are
used to construct an integral crystal basis in Section 8. As a by-product, the
algebraically independence of the imaginary root vectors (the 12;7178 or the P,’s)
is proved; thus, the monomials of the imaginary root vectors (the 1/~)n’s or the
P,’s) form a basis of U™ (0) and we obtain PBW bases of U™.

Section 7 is the preparation for the next section.

In Section 8, we give the commutation relation between E&? and E&?
Using it, we prove that the P, belong to U%‘ and construct an integral PBW
basis of UT. Then, we obtain an integral crystal basis of UT.

In Appendix A, we give certain commutation relation between the real
root vectors that is used in Section 4.

In Appendix B, we discuss the connection between our root vectors and
the Drinfeld generators.

After writing up the main part of this paper, the author learned the ex-
istence of [Da2], in which (non-integral) PBW bases of the twisted quantum
affine algebras are constructed.

The author is grateful to Professor Masaki Kashiwara for valuable com-
ments and useful discussions on this work.

§2. Notation

Let X, Y be the finitely generated free Z-modules with a perfect pairing
(,)Y:YxX — Z. Let ap € X be the long simple root and a; € X the
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short simple root of type Af): we assume that they are linearly independent.
We set I ={0,1}. For i € I, let h; € Y be the simple coroots: we assume that
they are linearly independent. Let Q = Zay @ Za; C X be the root lattice and
let QT = Zsoap @ Z>oar, @~ = —Q*. Let (, ) be the Z-valued symmetric
bilinear form on X such that

(ao,0) =4, (ag,a1)=-2, (a1,0q)=1,

so that the Cartan matrix is given by

apo o1 2 -1
hi,o;))i; = = .
(her0)) < ) <_4 , )

Let § = ap + 2a; € X be the smallest positive imaginary root. Note that
Q =70 Za,. We set

RE(>)={nd+ a1, (2n+2)5 —ag| n > 0}
and define the total order on it by

nd+a; <(2n+2)0—ap<(n+1)d+a;
for n > 0; we set

R (<) ={(n+1)§ — a1, 2né + ag| n > 0}
and define the total order on it by

2n+2)04+ a9 < (n+1)0 — a1 < 2nd + agp

for n > 0; we also set R}, = {nd| n > 1}. Then, R}, = RS, (>) U R} (<) is
the set of positive real roots; R = R LI R;"m is the set of positive roots; and
R =Rt U(—R") is the set of roots.

We set qo = ¢°, q1 = q'/%. Fori € I, k € Z, n € Z>1, we set [k]; = (¢F —
) — ), (ol =TT les 01! =1, [ = (" — ™)/l — ™), [n]! =
H;zl[p], [0!=1. Fori € I, n,m > 0, we set [":Tm]z = ([n+m];!)/([n]:![m]:!),
which belong to Z[gi,q; ']

Definition 2.1. Let U be the quantum affine algebra of type AgQ),
which is the Q(q;)-algebra generated by

{d", e fil he27'Y, iel}
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with the following defining relations:

(U1) @ =1, ¢"¢" =¢"" for bW €27y,
(UQ) qheiq_h _ q<h"a'i>€7; for h € 2—1}/’ iel,
(U3) it =g P for he 27ty e,
By —k;
(U4) [61', f]] = 51]711 for Z,_] c I,
l1—a;;
(U5) 3 (—1)fePesel M =0 fori,j e I with i # j,
k=0
1—a;;
(U6) ST (=DF B g — 0 for i j e T with i # .
k=0

Here, we set kg = 2", k1 = ¢ '™ and ¥ = ek J[k];!, f-(k) =f

i k/[k);! for
1el, k>0.

7 K2

Remark 2.2. We have kiejkfl = q(ai’af)ej, k:ifjkfl = q_(ai’aj)fj for
i,jeL

Definition 2.3.  For p = nog + ma; € @, we set k, = kyk{". We also
set ¢ = ks = kok? = ¢?MotM | which is a central element of U.

Definition 2.4. (1) Let U° be the Q(q;)-algebra generated by ¢" for
h € 27'Y with the defining relations (U1).

(2) Let Ut be the Q(q1)-algebra generated by e; for ¢ € I with the defining
relations (U5).

(3) Let U™ be the Q(g;)-algebra generated by f; for i € I with the defining
relations (UG).

Then, {¢" € U° h € 27V} is a Q(q1)-basis of U°.

Proposition 2.5 [L, 3.2.5].  The Q(q1)-linear map U~ @U@U*T — U
given by multiplication is an isomorphism.

Hence, U, UT, U~ can be considered as the subalgebras of U.

If a nonzero element z of UT has a homogeneous expression in terms of e;
(¢ € I), then the indices i1,...,i; (i; € I, k > 0) appearing in it are uniquely
determined up to permutation, and we say that x is homogeneous of weight
2?21 a;,, which is denoted by |z|. We apply the similar definition for U~.
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Definition 2.6. For o € QT, we set
Ul = {x € U"| 2 = 0 or = is homogeneous of weight a}.
We also set
Uth = {2 € U"| 2 =0 or z is homogeneous},
which is closed under multiplication. For a € Q~, we define U similarly.
We have Ut = L, co+ (UL\{0}) L {0}
Definition 2.7.  Forv € @, weset U, = ®rcq- e+ irtpu=r Uy U'U}.
Definition 2.8.  For a subset A of UT and for i € Z, we write

(1) A= AnUTh,
(2) Agz =AN @a=n6+TQ1€Q+;TSiUl_‘

Definition 2.9.  We define the function h from UT"\{0} to Z by h(x)
=r for r € U} \{0}. We call h(z) the height of z. We also define the

ndé+ray

function i from UT"\{0} to Zxo by i(z) = n for z € Ufs,  \{0}.

It is known that UT\{0} is closed under multiplication; thus, we have
h(zy) = h(z) + h(y) and i(zy) = i(z) +i(y) for z,y € UT"\{0}.

Definition 2.10.  For elements z,y of a Q(q1)-algebra and for v €
Q(q1)*, we set

[, 9o = 2y — vyz.
When v = 1, we omit the suffix v.

Lemma 2.11.  Let z,y, z be elements of a Q(q1)-algebra and let o, 3 €
Q(q)*. Then,

(1) [Ia yz]a = [x)y]ﬂz + y[x)Z]a/ﬁﬂ’
(2) [-Ty, Z]Oé = l'[y, Z]ﬂ + [3?, Z]a/ﬁyﬁ
Proof. This is clear. O

Definition 2.12.  Let Uy be the Zlg, a7 -subalgebra of U generated
by ezm, fi(r)a ki, ki_l foriel, r>0.
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Definition 2.13. Forie€ I, m € Z, r € Zx, we set

m—s+1 _ kflq_fmwtsfl

s _ ,—S
r s=1 %~ %

We understand that [ki(‘)m]i = 1. Then, they belong to Uz, which follows from

Lemma 2.14 below.

Lemma 2.14 [I, 3.1.9].  Letn,m >0, i € I. Then,

min(n,m)

() plm) _ fom0)

2 7

i

|:/€i, 2t —n — m] (n—t)
e; .
t
t=0
Corollary 2.15. Letr > 1, i € I. Then,

r—1 1—rg,—1
r r—1)94; ki —q; ki
e, fi) = e e

q; — 4q;

Proof. This follows from Lemma 2.14 with m = 1. o
Lemma 2.16. Leti,j €I, m€Z, r € Z>o. Then,

(1) € [ki;sm]i = [ki7mt7aij]i€j7

@ [*78 = 51
Proof. This is directly checked. 1

Definition 2.17. (1) Let U}, be the Z[q1, q; *]-subalgebra of U gener-
ated by k;, k;', [F"] fori €I, m€Z, r € L.

r

(2) Let U} be the Z[qy,q; ‘]-subalgebra of U generated by eET) forielI, r>0.

(3) Let Uy be the Z[q1, g ']-subalgebra of U generated by fi(r) forie I, r>0.

We have U, = @,c0+(Ug NUL) and U, = B,cq- (U, NUY), since the
generators of UJZr and U, are homogeneous.

Lemma 2.18 [L1, 4.5].  The following set By is a Z[q1,qy"]-basis of
uy:

k k
{kgkf;[o’o} [1’0} ‘a,be{O,l}, r,szo}.
r loL 5 11
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Proposition 2.19.  The Z[q,q;']-linear map Uy Dzlg1,a 1] Uy,

®Z[q1,q;1}U%— — Uz given by multiplication is an isomorphism.

Proof. Note that U and U are free Z[q1, ¢; !l-modules by the existence
of the canonical bases; thus, the injectivity follows from Proposition 2.5. The
surjectivity follows from Lemmas 2.14 and 2.16. O

Noting that UY, U%‘, U are free Zg, qfl]—modules and using Proposition
2.19, we have U} = Uz NU™.

Definition 2.20 [K1, 3.4.1], [L, 1.2.13]. Let i € I. We define the Q(q1)-
linear maps r; and ;7 from U™ to itself by r;(1) = ;7(1) =0, ri(ej) = ;r(ej) =
(51']', and

(1) ri(zy) = ¢l ri(2)y + 2r;(y) for x,y € UTH,
(2) ir(zy) = @)y + ¢z ir(y) for z,y € UL
Lemma 2.21 [K1, 3.4.2], [L, 1.2.15].  Let a« € QT\{0}, z € UL".
(1) If ri(x) =0 for alli € I, then x = 0.
(2) If ir(z) =0 for all i € I, then x = 0.

Lemma 2.22 [K1, 3.4.1], [L, 3.1.6]. Letz € Ut" i€ I. Then,

e, fi] = ri(@)ki — ki ar(z)
e g —q"

Let us recall the braid group action on U introduced by Lusztig. Recall

that the braid group of type AéQ) is the free group generated by Ty and T7.

Definition 2.23 [L, 37.1.3].  For i € I, the following gives the automor-
phisms T; of U:

Ti(q") = " "o for he27ly,
Ti(e;) = —fiki, Ti(fi) = —k; 'es,

Ti(e;) = > (=1)7q e el for j eI withj+i,
r=0

Ti(f) = Y (0 @ fOfif 7T for je T with j # 1,
r=0

T (") = "~ edhi for he 27y,
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T (i) = =k fi, T (fi) = —eiki,

—aij

T e;) = Z(fl)rqi_regr)ejeg_a”_r) for j e I with j # 1,
r=0

—a;j

TN = S (0 T D for j e T with § # i
r=0

Moreover, Uz is closed under the braid group action.

2

‘We have E(k]) = Tﬁl(kj) = kz-_aijk]‘ for Z,j el.

Remark 2.24.  In [L], T; and T; ! are denoted by Tz”1 and T-:_l respec-
tively.

Definition 2.25. We set T, = TpTh.
We have Ty, (¢) = ¢, Tw, (k1) = ¢ Yk1, Tw, (ko) = k.
Definition 2.26. Let A be the coproduct of U given by
A(qh) _ qh ®qh7
A(el) =1+ k ® ey,
A(fi)=fioki +1® f;
forhe27Y,ic I

Definition 2.27. Let — be the Q-linear involution of U given by

ﬁ:ql_l, J:q_h, € =e;, fi =fi for he2ly, iel.

Definition 2.28.

Let * be the Q(g;)-linear anti-involution of U given
by

«(¢") =q7", #(e;) =i, x(fi) = fi for he27'Y, iel
We have *T; = T[l* forie .

Definition 2.29. Let Q be the Q-linear anti-involution of U given by

Qq) = qfl, Q(qh) =q", Qe;) = fi, Qfi) =e; for he 27y, iel.

We have QOT; = T;Q for i € I. We also have Q(UT) = U~ and Q(U}) =
U,
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Remark 2.30.  Given a Q(q1)-basis B of U™, we obtain a Q(gqi)-basis of
U:

{Qb)¢"V| b, € B, he 27y}

Given a Z[q1, ¢, ‘]-basis B of U}, by Lemma 2.18, we obtain a Z[qi, q; ']-basis
of UZ .

{Q(b)at| x € By, b,b € B}.

Remark 2.31.  Let us set the general notation used in this paper.

(1) Algebras are always assumed to be associative with 1 and any morphism
of algebras is assumed to preserve 1.

2) For a statement P, the symbol 6(P) means 1 if P is true and 0 otherwise.

3) For a set S and for i,j € S, we write ¢;; = 0(i = j).

4) Any summation considered in U is taken over a finite set.

(2)
(3)
(4)
(5) For Q(qp)-vector subspaces A, B of U, we denote by A ® B the tensor

product of A and B over Q(q1).

(6) For subsets A, B of U, we denote by AB the Z-submodule of U generated
by {ab] a € A, b € B}; thus, for a subring C' of Q(q1), if A or B is a
C-module, so is AB.

83. Root Vectors
Definition 3.1. Forn > 1, we set

Epsiar = (T 'T5 )" (e1),
Eont2)s—ao =
Eonstar =
Eni1ys—a =

They are homogeneous and the suffices indicate their weights. We call them
real root vectors.

Definition 3.2. For a € R}, such that (o, a) = (o, ;) and for k > 0,
we write E{) = E¥/[k];!. They belong to U by [L, 37.1.3] and [L, 40.2.3].
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Definition 3.3. For n > 1, we define the elements an of U; by

@n = [EtSfoq 3 E(n71)5+a1]q’1 -

We call them imaginary root vectors.

At the end of this section, we shall show that the imaginary root vectors
are mutually commutative (Proposition 3.29).
We also set

Yo = (1 — g )t

The following two lemmas follow from Definitions 3.1 and 2.23, and will
be often used in this paper.

Lemma 3.4. Under the action of the automorphism Ty, , we have
T (n& al) En+15 a1 forn>1
Twl (E2n5+a0) E (2n+2)d+ap fOT n > 0
T ( n6+a1) = En 1)04a; fOT’ n > 1
Twl(E2n§ ao) = E2n 2)6—ag fOT n > 2
(E6 al) = 7k fla
T, (E25 ao) — foko-
Lemma 3.5. Under the action of the anti-involution Tl_l*, we have

(T1_1*>(En6—a1) - En6+a1 fOT n Z 1a
(T;1*>(E2n5+ao) = E(2n+2)(5—a0 fO’f’ n 2 07
(T7 ') (Bay) = —k1 ' f1-

We are going to express the real root vectors without using the braid group
action (Corollary 3.10).

Lemma 3.6. We have

1 S—an [Ea07Ea1]q_2)

(1) E.

(2) 1 =[2h 7
(3) Estar = Ypeo
(4) [Es—ay, f1] = [4]1k1Ea,,
(5) [U1, f1] = Bl11k1 Es—_a,,

—1)"¢; 3Te§ )e0e§2 T),

(
(1)7' r() (3—1)

eoe;”
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(6) [Estar, f1] = kit

Proof. (1) By Definition 3.1, we have

1

Bs—ay =To(e1) = Y _(-1)"q5"el) " erel)”) = [Eag, Bayly-2
r=0

(2) Using Definition 3.3 and (1), we have

'(Zl = [EfS—OélvEOél]q*l = HEOéovEOél]q*%Ean’l
= (ege1 — g *ereo)er — ¢~ 'er(eger — g 2ere)

=epet — (¢ ' +q ?)ereper +q Peleg
2
2l Z 3relMegel® ).
r=0
(3) By Definition 3.1, we have

1
Esjo, =T Ty Her) =17 (Z(l) "eyerel ))

r=0

4
:Tl_l([el,eo]qu) = [kflfI;Z( ) —r (r) (4 7‘)]

r=0
4

- [ty ]
r=0

Applying Corollary 2.15, we have

1 1—rp—1
_ naq ki—aq "k 4
Esia, = ki 1 Z yar" <egr )41 171 1 eoeg )

q1 — q1
. - —rk _ ’I‘—3k—1
+e§)eoe§3 4 ! Q1_1 L >
q1 — 4
k - T71k7 r— T T -
_kllz )'q ’qu L qil L (eg De e§4 )—i—eg)eoeg?’ ))
q1 — 4,
— 12( 1)+ o 191 kl_qlkl
1
QI_Q1
r @ TR —d TR ) 3
+(=1)"q; ) €1 €0
q1 — 4,
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(4) Using (1), we have

Ry — Kyt
[Es—ay, f1] = [[eo; e1]q—2, f1] = [eo, [e1, fillq—= = [60, 71}
q1 — 4 q-2

2y —q 2kt ki — ki
S — Loey — q7271 Loey= [4]1k1Eq,
q1— ¢ q1 — 4y

(5) Using Definition 3.3 and (4), we have

[1517 fl] = [[Ezsfal;Eal]q—lafl]
[[Eé—al ) fl]a qu]zr1 + [Ets—an [Eal’ fl]]q*1

ky — k7t
= [4]1[k1E0607E061]q71 + E5—o¢17 171_1
q1 — 4, g-t
qky — qilk_l k- kTt
= [4]1k1 [an)Eal]q72 + 77_11E5—a1 —q 1771_1E6—a1
a1 —q g1 — 4

= ([4]s + [2l1) k1 Es5—a,
= [3]1! k1Es_q -

(6) Using (3) and Corollary 2.15, we have

3
[Essar, fi] = 3 (=1)"¢ el eoet™ ", fi]

r=0
3 r—1 1—rg—1
_ g ki—q "k 3
=2 (=1"q ’"<€§T & ql—ql_l Ll
r=0 1
29— —2,-1

Mg R gk )

1 1 -

q1 — q1 !

3 1—7 r—17.—1
ki — k _ _
:§ :(_1)rq—r <QI qi 31,1 1 egr 1)60653 r)
-

2—r r—27,—1
ki — k _
LGk q1_1 L () gpel? r))
q1 — 41

2 —r —1
bl 1 k1 —qik
= (g s

q1 — 4y

g
I
o

+ (-1

2—r r—27,—
4 ki—q 7k
)rq r 41 ql_ql_l 1 >€§T)60€§ T)
1
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2
=3 (T Rkl ege ™,
r=0

which is equal to k14 by (2). O
Lemma 3.7. Letn > 1. Then,
[Enstars 1] = ki T} ().
Proof. By Lemma 3.4, we have

[En5+a1 y fl] = [En5+a17 7k1Tw711(E5—a1)] = kl[Tgll(Ets—Oq)a Em?-i-!ll]q*l
= k1T ([Bs oy Bn-1)5+a1lq-1)-

Hence, the lemma follows from Definition 3.3. O
Lemma 3.8.  We have

(1) Ty (1) = 4,

(2) (Ty Y)(&1) = .

Proof. By Lemma 3.6 (6) and Lemma 3.7, we have T_! (Y1) = 11, ob-
taining (1). By Definition 3.3, we have

(Tfl*)(%) = (Tl_l*)({EtifauEal]q*l) = [_kl_lflaEferal]lfl
= kfl[E6+a17f1]'

Applying Lemma 3.6 (6), we obtain (2). O
Lemma 3.9. We have

(1) [E2s-aq: Eay]g2 =0,

(2) [Bags Es ol = 0,

(3) [$1. Bay] = 311! Esta,s

(4) [Bas¥n] = (q — VBLEF_,,,

(5) [E5+a17Ea1]q = [4]1E257a0-
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Proof. (1) By Definition 3.1, we have
[E25*0607E0¢1]q2 = [Tfl(an)7Ea1]q2 = Tlil([EamTlEal]qz)
=Ty ' ([eo, = frkilg2) = =T7 *([eo, f1]k1) = O.
(2) By Definition 3.1, we have
[anvE5—a1]q2 = [anaTO(Ea1)]q2 = TO([T()_I(an>an1]q2>
= To([=ky ' fo, e1]q2) = To(kq '[ex, fo]) = 0.

(3) Using Lemmas 3.8 (2) and 3.6 (5), we have

(Ty ") (W1, Bay)) = [—ky “f1,01] = kg [, f1] = [B11! Bs—a,.

Applying Lemma 3.5, we obtain (3).
(4) Using Definition 3.3 and Lemma 2.11, we have

[anazzl] = [anaEtS—alEal - qilEalE(;—oq]
= [ana Eéfal]qQEal + E5fo¢1 [Elxg b) Eal]q*2q2
- [Eoéo ) Eal]q*2E5*Oé1 qil - Eal [Eoéo ) E(;,al]qzq73

The first term and the last one vanish by (2). Thus, by Lemma 3.6 (1), we
obtain (4).
(5) By Lemma 3.6 (4), we have
(Tl_l*)([E5+a1>Ea1]q) = [7k1_1f13E5—a1]q = kl_l[E5—a17f1] = [4]1Ea0'
Applying Lemma 3.5, we obtain (5). O
Corollary 3.10. We have
1 [ (2n+2)6— aann6+a1]q2 =0 fO?" n >0,
2 [ no— a17E2n5+a0] 2 =0 fOT n>1,

3) [Eanstans Ent1)s—ailr =0 for n >0,

5 [ (n+1) 5+a17En5+a1]q = [4]1E(2n+2)5—a0 fO’I" n 2 0)

(1)

(2)

3)

(4) [Enstars Bons—aglgz =0 for n>1,

(5)

(6) [Ens—ars Eni1ys—onle = 41 B2nsta,  for n>1,
(7)

7 [wl: n6+a1] = {3]1' E(n+1)5+a1 fO?" n Z 0;
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(8) [Ents—alv'(l;l] = [3]1' E(n+1)67a1 fOT n>1,
9) [Banstaos V1] = (¢ = DBLEY 11)5 0, Jor n >0,

(10) [¥1, Bang—ao] = (g — DBLEZ ., for n>1.

Proof. We use Lemmas 3.4, 3.5 and 3.8.

Applying T2 to Lemma 3.9 (1), we obtain (1).

Applying Ty '+ to (1) with n > 1, we obtain (2).

Applying T2 to Lemma 3.9 (2), we obtain (3).

Applying Ty '+ to (3) with n replaced by n — 1, we obtain (4).
Applying T to Lemma 3.9 (5), we obtain (5).

Applying T '+ to (5), we obtain (6).

Applying T to Lemma 3.9 (3), we obtain (7).

Applying Ty '+ to (7), we obtain (8).

Applying T to Lemma 3.9 (4), we obtain (9).

Applying T; '+ to (9) with n replaced by n — 1, we obtain (10). O

We introduce certain elements of Z[g, ¢~!] that will be used for the com-
mutation relations between the root vectors.

Definition 3.11.  For n € Z, we define the elements b,, of Z[q,q™!] as
follows: for i € Z, we set

byi=(1—q+¢*) "1 —q)((—9) ™" —¢"(g+q7 "),
briv1=(L—q+¢*)((—0) "+ (g - 1))

Note that the roots e*™/3 of 1 — g + ¢2 are roots of both of the last factors.

Remark 3.12. It follows from Definition 3.11 that b_,, = —q b, for

n € Z where — is the automorphism of Z[g, ¢ '] given by g= ¢ !.

Example 3.13. We have

bo=1-q> ba=-q' by=1-¢q

bi=1, bo=q¢"—q'=(¢—1)3],
by=q¢*—1—ql=by—1, bi=q¢*'—qg—1+q2

1

Lemma 3.14. Let: € Z. Then,

(1) bojt1 + boi—1 = bay,
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(2) gbai + (¢ +q ") (g — 1) baig1 = bait1)s

(3) gb2i + baba(it1) = ba(it2)-
Proof. We can directly check this by using Definition 3.11. ]
Lemma 3.15.  Let k,l € Z. Then,

(1) ba(kg1)b2qi41) + qbarbar = ba(rtit2) — ba(ksi),

(2) barbarg1 + qbag—1)b21—1)+1 = baet1) — D2(hyi-1);

(3) barba — (¢4 ¢~ ") (g — 1)boar—1bai—1 = bagkrty — bageti—1)-

Proof. We can directly check (1) and (2) by using Definition 3.11. We
check (3): by Lemma 3.14 ((2), (1)), the left hand side is equal to

barbar — (bar, — qbar—2)ba 1 = bag (b — bar—1) + gbar—1)b2r 1
= bokbaut1 + gba(k—1)bu—1,

which is equal to the right hand side by (2). O

Lemma 3.16. Lets€ Z,1 € Z>,. Then,

-1

(1) gbas + (1+q) Y baiba(irs)0(l > 2) + baboss) = baargs)s
i=1
-1

(2) qbas + (1+q) Y baibagirs)0(1 > 2)
i=1
+(g+q7 ") (g = Dbau—1bogits)—1 = bagarss—1)-

Proof. (1) is checked by the induction on [: the case where | = 1 is
nothing but Lemma 3.14 (3), and the induction proceeds by Lemma 3.15 (1).
(2) follows from (1) and Lemma 3.15 (3). O

Lemma 3.17. Letl > 1. Then,
l .
(1) > byif2l — 2+ 1)1¢" = (g — 1) [)[20 + 1]1,
i=1

l
(2) > by a[20 = 2+ 1]1¢" = ¢'[l]o.
i=1
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Proof. The lemma is reduced to the following identities in Z[g, ¢~ *][[u]]:

(Z bgiqiui> (Z[%} + 1]1uk> =(¢g—1) qu[l][Zl + 1];u!

i>1 k>0 1>1
(szmqiui>(2[2k+ ) > d'llo
i>1 k>0 >1

Using Definition 3.11, we can directly check

it — (¢—Du(®u+(* +q+1))
2 bud'v' = (1+u)(1 —g*u)

i>1

Zb gt = qu(l — qu)
i>1 o (14w (1 —qPu)’

We can also directly check

_ 1+u
Z[Z/C-i- ]1u (l—qu)(l—q—lu)’

k>0

u(®u+(* +q+1))

121+ 1 ul = ,
;q = - (1= ¢ w)

_ qu
2 o T —Fu)(l—q )

>1

Hence, the lemma follows. ]

We shall study the commutation relations between the real root vectors of
height 1 (Corollary 3.20 (1)) and of height —1 (Corollary 3.20 (2)).

Lemma 3.18. Letn > 2. Then,

[Enstars Bailg = [01, [Bn-1)5101> Ban o) (B]1) ™!
- Tw1 ([E(n*2)5+061 ’ Em]q)'

Proof. Using Corollary 3.10 (7) and Lemma 2.11, we have

[En6+a17Ea1]q[3] = le(n 1)04+ar — E( 5+a11/~’17 ]q
= P1[En-1)6+ars Barlg + 01, By | E(n-1)540,4
— En—1)s401 [V1, Bay] = [B(n—1)s+a1+ Bay JU1
= [¢1, [En-1)6+a1> BarJa] = [En-1)s4+ars Estanla[3]1-

Applying Lemma 3.4, we obtain the lemma. ]
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Proposition 3.19. Let n > 1. Then,

[(n=1)/2]
[En6+a1 ) Eal]q = (1 + CZ) Z bQiEi5+a1E(nfi)5+a19(n > 3)

i=1
bnEQ%(SJroé1 if n is even,
4160 E(nt1)5-a, i n is odd.

Proof. We argue by the induction on n. The case where n = 1 is Lemma
3.9 (5). The case where n = 2 follows from Lemma 3.18 with n = 2 and Lemma
3.9 (5):

[Bzs+as Eailg = [01, [Bsrar, Baylg(B1) ™ = (1 = @) T2} (EZ,)

= [1, [4]1 Eas— ao]([ W™+ (0 - DES,,,
= (= V(4L + DB, = b2Ef .

Now, assume that n > 3. First, we consider the case where n = 2m + 1 with
m > 1. Using Lemma 3.18, the induction hypothesis, and Corollary 3.10 (7),

we have

[E(2m+1)5+a17Ea1]q
= [wla [E2m6+a17Ea1]q]([3]1!)_1 - T;E([E(2mfl)5+a17Ea1]q)

([31H)7

m—1
= li/}h (1+9) Y 02 Fisrar Bem—iystar + b2m Fragy o,
i=1

m—1
T ! ((1 +4q) Z b2i Eis oy Eom—i—1)5+a; + [4]1bzm—1E2m5—ao>

i=1
1 + q Z b21 (i+1)6+a (2m7i)5+a1 + Ei5+a1E(2m7i+1)5+a1)

+ me( (m+1)6+a1Em5+a1 + Em5+a1E(m+1)5+a1)
m—1
—(1+¢q) Z b2i B (it 1)54+a1 Eem—i)st+ar — [41b2m - 1E@m+2)5—aq
i=1
m—1
=(149) Y b2iFisyo, Bam—it1)s+a
i=1
+ b2m((1 + q)Em6+a1E(m+1)5+a1 + [4]1E(2m+2)67a0)

- [4]1b2m71E(2m+2)6—a0 .
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By Corollary 3.10 (5), this is equal to

(1+q) Z b2i Eisyay Eomt1—i)s+a, + [41(b2m — b2m—1) Eam+2)5—a0-
i=1

It remains to apply Lemma 3.14 (1). Next, we consider the case where n = 2m
with m > 2. Using Lemma 3.18, the induction hypothesis, and Corollary 3.10
((7), (10)), we have

[E2m5+a1an1]q
= [¥1, [Eem-1)5+a1 Balg(B1) ™' = T2 ([Eam-2)5+a1 Eailg)

m—1
= |f/’1> (1+4q) Z b2iEis o1 Eom—1—i)s+a; + [4]1b2m—1E2m6—a0] (Bt

i=1

m—2
-T) <(1 +0) Y b2 Fistor Bam 2ot + b2m2E(2m1)5+a1)

i=1
1 + q Z b?z (i+1 5+a1E(2m 1—4)d+a; + E16+Q1E(2m—i)6+a1)
+(g+q 1)(q ~ Dbom-1E 540,

(1+q) Z b2i (it 1)5+0n Bam—1—i)s+ar — bem—2Frs 0,

m—1

=(149) Y b2iFissa; Bem—iystar
i=1

+ (gb2m—2 + (a+¢7")(a = Db2im—1)Eps s, -
It remains to apply Lemma 3.14 (2). The proposition is proved. O
Corollary 3.20.
(1) Let k >1>0. Then,
[(k—i-1)/2]

[Erstar Biovorla = (140 D b2BEusistar Bh—iysta 0k —1 > 3)

i=1
bk_lE%&-s-al if k—1 1s even,

[A10k—1E(ky141)5-a0 o k—1 15 odd.
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(2) Letl>k>1. Then,

[(1=k=1)/2)
[Eks—ars Els—arlq = (1 +q) Z boi E(1_i)s—ay Bkyiys—a, 0L — k > 3)

i=1
2 . o .
bl—kE%afal if | —k is even,

[4]1bl7kE(k+l—1)6+a0 Zf Il —k is odd.

Proof. Applying T;l(k_l) to Proposition 3.19, we obtain (1). Applying
T+ to (1) with & and I exchanged, we obtain (2). O

We shall prove that the imaginary root vectors are invariant under 7', and
T+ (Proposition 3.26 ((1), (3))) and are mutually commutative (Proposition
3.29). As by-products, we shall obtain the commutation relations between the
imaginary root vectors and the real root vectors of height 1 or —1 (Proposition
3.26 ((4), (5))), and the ones between the real root vectors of height 1 and —1
(Proposition 3.26 (2)), of height 1 and —2 (Corollary 3.27 (1)), and of height
2 and —1 (Corollary 3.27 (2)); as for the ones between the real root vectors of
height 2 and —2, see Appendix A. First, we prove several lemmas.

Lemma 3.21. Letn > 1. Then,

[ana En5+a1]q*2[3]1! = (Q1 - q;l)[3]1!w~nEﬁ—a1 + (q - 1)[3]1[E6—a177~/)~n]
- HEQ07E(’I’Lfl)§+al]q_27"Ll]-

Proof.  Using Corollary 3.10 (7), Lemmas 2.11 and 3.9 (4), we have

[EDéov En6+a1]q*2[3]1!
= [Bags ¥1E(n-1)54+01 — En-1)6+an V1lg-2
= [Bags V1] En—1)5+ar + V1[Bags Bn—1)54a1]q-2
~ [Bags En—1)5+01)q=2%1 = E(n_1)5401 [ Eag, ¥1)q~>
= [01, [Bag B 1)s+alg-2] + (@ = DBLIEF oy B 1)s+arlg-2-

We rewrite the last term: using Definition 3.3 and Lemma 2.11, we have

[Eg—alaE(n—l)tﬂ-al]q*z
= Eéfal[EéfaUE(n71)5+a1]q*1 + [EﬁfalaE(n71)5+a1]q*1E5flx1q_1
= Eﬁ—aldjn + wnEts—a1q71

= (1 + q_l)@nEéfal + [Ezsfalal/;n]-

Hence, we obtain the lemma. O
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Lemma 3.22. Letn > 2. Then,
T, (Jjn) = Jjn + [1/~1n_1,1/~11]([3]1!)_1.

Proof. Using Definition 3.3, Corollary 3.10 ((7), (8)) and Lemma 2.11,

we have

Un[31! = [Es—ays Bn—1)s4arlq-1[3]1!
= [Es—ar, V1 En-2)51a; — € "E(n-2)54+a, ¥1]g-1
= [Bs—ay, V1] E(n-2)5+01 T V1[Es—ays En—2)5+a]g-1
— [Bs—ar: Btn-2)s+a1)a-1%1 — E(n—2)54a, [Bo—ar, Y1l
= [01, [Bs—ars En-2)54arlq-1) + [B2-ar> E(n-2)5+a1 )2 [B1!
= [1,%n 1] + T, (Pn) 31!

Hence, we obtain the lemma. ]

Lemma 3.23. Letn > 1. Then,

['(Z)'na Eal] = (1 + q_l)qbQETuH-ald’;O + (1 + q_l)quE(n71)6+a1 1/:1
+ [Eéfoq ’ [E(n—1)5+a1 ) Eal]q]q—Q-

Proof. Using Definition 3.3, Corollary 3.10 (7) and Lemma 2.11, we see
that the left hand side is equal to

[E5*Q1E(n—1)5+a1 - qilE(n—1)5+a1E57auEa1]
= E5—a1[E(n71)6+a17Ea1]q + [Eé—alvEal]qflE(nfl)zSJralq

— B0 [ Es-a1> Barlg-10 " = [E(n—1)5+01: BaylqEs—a 4
= [Es—ays [Bn-1)5+a1s Baylalg—2 + (@ = € ) En-1)5+0, 01 + a3 Ensta, -

2

Hence, we obtain the lemma. O
Lemma 3.24.  Let k,1 > 0. Then,
(Es—a1s Erstar Eista,)g-2 = 0 ' ErsronVit1 + Eisson Vb1 + [rt1, Eistan -

Proof. Using Lemma 2.11 and Definition 3.3, we see that the left hand
side is equal to

[Et;*al ) Ek5+a1]q_1El5+a1 + Ek5+061 [E(s,al ) El5+a1]q—1q71
= ¢ 'Erstar i1+ Vi1 Eis4a, -

Hence, we obtain the lemma. O
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Lemma 3.25. We have
(1) 70(Es) =0 for a € R \{a},
(2) ro(¥n) =0 forn > 1.

Proof. Using Lemma 3.6 (1), we have ro(Es_n,) = 0. Hence, by Defini-
tion 3.3, we have r0(1/~)1) = 0. Applying Corollary 3.10, we obtain (1). By (1)
and Definition 3.3, we obtain (2). O

Proposition 3.26. Let n > 1. Then,

(1)
(2)
(3) (T7'%)(Wn) = n,

(4) [¥n, Brstar) = 1+ a1 X020 baueiy Berniysran Vi for k >0,
(5) [Eks—ar>¥n] = 1+ a 1) Y00 baneiy Vi Bln—iys—a, for k=1,
(6)
(7)

Proof. 'We denote by (a), the statement (a) for n = 1,...,r. We prove
(1)n,—(7)n at once by the induction on n. If n = 1, we have (1) and (3) by
Lemma 3.8 (2) by Definition 3.3 (4) and (5) by Corollary 3.10 ((7), (8)), (6)
trivially, and (7) by Lemma 3.22 with n = 1. Now, assume that n > 2.

(1), Using Lemma 3.22 and (6),,—1, we obtain (1) for n.

(2),, Using (1), and applying T,J’_f,l’l to Definition 3.3, we obtain (2) for n.

(3)n By Definition 3.3, we have

(T ") (n) = (T ") ([Bs—ayr» Ein-1)s+a1)a-1) = [B(n—1)s—a1» Bs+aslg-1-

Applying (2),,, we obtain (3) for n.

(4),, By (1),,, we can assume that k = 0. First, we consider the case where
n = 2m with m > 1. Note that we have 2m > m. Using Proposition 3.19 and
Lemma 3.24, we have

[Ezs—ala [E(Qm—l)zs-‘roq ) Eal]q]q”
m—1

= |Es_o,, (149) Z b2i Eis oy E(2m—i—1)64+a,0(m > 2)

i=1
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+ [4]1b2m—1FE2ms—aq

a2

1 + q Z bQZ( z(5+a11/}2m i+ E(2m i—1 6+o¢17~/)z+1
+ i1, E(2m7i71)6+a1])9(m > 2)
+ [4]1b2m—1(T1_1 * T;nl_1>([anv Em&-i-al]q*z)-

By (4)m and (7), this is equal to

2m—1
(I+q " Z bo2m—i) E2m—i)s+a, Yifl(m > 2)
1=m-+1
m—1 5
+(14+q¢7h Z @b2(i— 1) E2m—i)s4a, Yif(m > 2)
i1
m—1 1 B
+(A+q 0 +9) DD baibsjin Em—jysra ¥i0(m > 2)
i=1 j=0
+ Aibom—1(q1 — g )T * T2 <Z b2(m—i)+lz;iE(m—i+1)6—a1> .
i=0

In the third term, putting j =4, i —j+1 =75, we see that ¢ =1+ j' — 1 and
that 1 <i<m-—1, 0 <j <iisequivalent to 0 <4 <m—1, max(1,2—7¢) <
j' <m—1'. We can apply (1),, and (3),, to the fourth one. Thus, by Lemma
3.23, we have

[Yoms Bay) = (1 4+ ¢ 1) gba Eamsta, Yo + (1 + qil)quE(Qm—l)é—l—allZ;l

+[Es—ars [E(2m71)5+a1 ) Eal]q](f2
2m—1

(1+q7") Z ba(2m—i) 2m7i)5+a11zi9(m >2)
i=m+1
(1+4q7 Z <qb2 i=0)+ gby;-1)0(i > 1)
=0

10 Y babagaif(m = 206 < m—1)

j=max(1,2—1)

+(qg+q " )(g- 1)b2m1b2(m—i+1)—1> Eisto, Yom—i-
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Applying Lemma 3.16 (2) with l = m—i+1, s = i—1 together with Lemma 3.14
(2), we obtain the desired result. Next, we consider the case where n = 2m +1
with m > 1. Note that we have 2m + 1 > m + 1. Using Proposition 3.19,
Lemma 3.24 and (4),,+1, we have

[EJ—al ) [E2m(5+a1 ) Em]q]q*Q
m—1

E(S—alv (1 + CZ) Z bQiEi6+a1E(2m7i)6+a19(m > 2) + b2mE72n6+a1
i=1 q—2

1+ q Z b21( u5+oc1 me i+1 + E(Zm %) 5+a1¢1+1

+ [hig1, E(2m—z’)6+a1]>9(m > 2)
+ b2m((1 + q_l)Em(H»al TZm+1 + [¢m+17 Em5+a1]>

2m

=(1+q" Z b2(2m—i+1)E(2m—i+1)5+a1TZi
1=m-+1

+(1+q " Z ba(i—1) Eam—i+1)54a, Vi0(m > 2)

i—2
m—1 ¢ B
R (EDY Zb2ib2(ifj+1)E(2m7j+1)6+a1wj9(m > 2)
i1 j=
+ (14 ¢~ ")bom, Z ba(m—i+1) Bm—it1)5+a: Vi-
i=0

In the third term, putting j =4', i — 7+ 1 =5, we see that : =4’ +j' — 1 and
that 1<i<m-—1, 0<j<iisequivalent to 0 <4 <m—1, max(1,2—17¢) <
j" <m —4'. Thus, by Lemma 3.23, we have

['&2m+17E0¢1]
=(L+q "gbo0(i = 0) + (1 +q gba_1)0(i > 1)
+ {Ezifau [E2m5+a1 ) Elxl]‘]]qu

2m

=(1+q") Z b2(2m—i+1)E(Qm—i+1)5+a11/~1i
i=m-+1

+(1+q") Z Em—it1)s+a1 Vi (qb29(i =0) + gbyi—1)0(i > 1)
i=0
+(1+aq) Y bajbagy—1yfi > m—1)0(m > 2) + bzmb2<mi+1>>.

j=max(1,2—1)
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Applying Lemma 3.16 (1) with l =m — i+ 1, s =i — 1 together with Lemma
3.14 (1), we obtain the desired result. We obtain (4) for n.
(5),, Using (3),, and applying T; " to (4), with k > 1, we obtain (5) for

(6),, By Lemmas 2.21 (1) and 3.25 (2), it is enough to show that 1 ([¢,
¥1]) = 0. Using Lemma 3.7 and (1),,_;, we have (Emn—1)5+a., f1] = k1n_1.
Applying Lemma 2.22 and Proposition 2.5, we have

(1T(E(n*1)5+061) =0 a‘nd) rl(E(nfl)tH»ocl) = (ql - q1_1>'¢)n—1-
Similarly, using Lemmas 3.6 ((4), (5)), 2.22, and Proposition 2.5, we have

(17(Bs-0,) =0 and) r1(Es a,) = (@1 — q; )q *[411 Eay,
(ir(¥1) =0 and) ri(¢1) = (¢ — 5 g '3 Es—a, -

Hence, using the definition of v, we have (17(¢,,) = 0 and)
T (QZTL) =Tn (E(?falE(n—l)(H-al - qilE(n—l)S—{-al E(?fal)

= (QI - Q;l)(q_l[4]1anE(n71)5+a1 + E(S—al &n—l)
—q 1 — )@ Wn1Es 0, + En—1)s10nd “[4]1Ea,)

= (@1 47" (47 B4R [Bags Baumys oo

+ (1 - q72)'¢:n—1E6—a1 + [E(S—alv'(l;n—l])-

Applying (5),,—1 and (7),,—1, we have

ri(n) (@ — g7 )

=q 1[4] ql_Q1 ZbZn %) 11/11 (n—1)d—a1
=0

+ (]- - q_2)1zn71E67a1 ]- + q Z bQﬂ/}z (n—i)d—ay

n—1

= (1 + qil)qil Z (qbQ(n—i—l) + (q + qil)(q - 1)b2 (n—i)— 1)1/% (n—i)0—aq -
=0

Applying Lemma 3.14 (2), we have

r1(¥n) = (@1 — g Ha ' 1 +q7h) Z bain—iy i En—i)5—an -
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ri ([, 1) (@ — @ M) g

= ([r1(&n), O] + [y 11 () (a1 — a1 ') 'a

= (1 + qil Z b2 nfi)'(z)iE(nfi)tifal ) '(Z]I - [3]1'[E6 ay '(Z}n]
=0

It follows from (6),_; and Corollary 3.10 (7) that the former term is equal to

1 + q Z b21'¢’n z (i+1)6—a [3]
i=1
which cancels out with the latter by (5)

n- We obtain (6) for n
(7)n Using Lemma 3.21, (5),, and (7),—1, we have

= (g1 — a7 B WnEs—a
=B+

1) Z b2(n7i)12iE(n7i+1 d—a

=0

[Eag ) En5+041] -2 [3]

n—1
((h - ql_l) Z b2(n—i)—1wi n—1a)d alawl
i=0
Applying (6),,—1 and Corollary 3.10 (8), we have

[anvEmH-m]q*z = (Q1 - Q1_1)7/~1nE5 a

ql - Q1 Z b2(n i) T
=0

(n—i)— 1)1/}1E(n i+1)6—ay

Applying Lemma 3.14 (1), we obtain (7) for n

The proposition is proved O
Corollary 3.27. (1) Let m,n > 0. Then

m+4n
[E2m6+aann5+oz1]q*2 = (lh —q;

1=0

Z b2(m+n—i)+1z;iE(2m+n i+1)d—ay
(2) Let m,n > 1. Then

m+n—1
{Enéfal ) E2m6 ao]

g2 = (a1 — qfl)

Z b2(m+n7i)71E(2m+n i—1 5+a11Z1
=0
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Proof. If m = n = 0, then (1) is Lemma 3.6 (1). Otherwise, applying
T to Proposition 3.26 (7) with n replaced by m +n, we obtain (1). Applying
T to (1) with m replaced by m — 1 and with n > 1, we obtain (2). O

Corollary 3.28. We have

(1) 17(Ey) =0 for a € Rf \{a1},

(2) 1r(1/)n)—0f01"n> 1,

(3) r1(¥n) = (@1 — a7 g (L +q 1) X0 boithn—i Bis—ay for n > 1,
(4) 71(Ens+ar) = (@1 — a1 )dn forn >0,

(5) 71(Es—ay) = (01 — 47 ) >[4]1 Eay-

Proof. In the proof of the induction step for Proposition 3.19 (6), we
already have (1) for & = nd + oy with n > 0 and for « = § — a3, and (2)—(5).
By Corollary 3.10, we see that it remains to check (1) for a = 26 — v, but it
follows from Lemma 3.9 (5). O

Proposition 3.29.  Let k,l > 0. Then, [y, ;] =0

Proof. We can assume that 1 < k& < [. We argue by the induction on k.
By Definition 3.3 and Proposition 3.26 ((4), (5)), we have

[k, ] = [k, [Bo—ays Ea-1)s4arq-1]
= Hwkv E57a1]7 E(l—1)5+a1](1_1 + [E‘s*al’ [lﬁk, E(l—1)5+041]]q_1

k-1
—(14+4¢7") lz b2(ki)'¢iE(ki+1)6alaE(l1)6+a1]
i=0 q~!

+(14+q )

k—1
Es—a,, Z b2(k—i)E(k+l—i—1)6+a1wi] :
g1

i=0
Applying Proposition 3.26 (2), we have
q—l)—l

[Wr, 0] (1 +
k—1 B ~

= - Z ba(k—i) (1/)i(q71E(1—1)5+a1E(k—i+1)5—a1 + Yryi-i)
1=0

— ¢ Eg_1)s1a, Vi B k7i+1)67a1>

+Zb2 ( T E(ti-i-1)5+01 Bomay + Prgi—i) i
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71 7
—q¢ Egqi-i-1 5+a1¢iE(5—a1>

=-q' Z ba(k—i)[Wis B—1)5+00) E(hmit1)5—ay 0k > 2)
+q! Z Da(hmi) Bk pi—im1)5 40 [Es—ar» Ui)0(k > 2)

ko1
+ Z bo(k—i) [Vki—i» V).

=0

By the induction hypothesis, the last term vanishes. We can assume that
k > 2. Applying Proposition 3.26 ((4), (5)), we have

k—1i—1

[P bl (140720 = =D bagr—iybai— ) Blivij1)40a Vi E(h—it1)5-an
i=1 j=0

k—11—1

+ Z ZbQ b?(z 7) E(k-H i—1 5+a1wj (i—j+1)0—ay -

1 j=0

i=

In the former term, putting k —¢ =i’ — j, we see that i = k + 7 — i’ and that
1<i<k—-1,0<j<i—1lisequivalenttol <i <k—1, 0<j <4# —1. Thus,
it cancels out with the latter and the induction proceeds. The proposition is
proved. O

84. Construction of Basis I

Definition 4.1.  In the following, each ZQ) is a copy of Z>¢.

(1) For ¢ = (ci) € ®;cpt. (>)Z(>2], we set Ec = E(Cal)E2(§2aa:o)E§iS;r:1)

(2) For ¢ = (c¢;) € ®ieRic(<)Zg)= we set E. = ---Eégf;go)Eéc‘;m“l)E(c%).

(3) For c= (c;) € @iezzlzgé, we set EL = S5 - - ..

Definition 4.2. Let a,0/ € R, (>) and a < o/. Let 3,8 € R (<)
and 8 < 3. We set

1) B(>;a,d') ={E.|ce®, _+ Z(i),cizoifi<ozori>o/,
ZERre(>) 20
(2) B(>;0) = {Ec| ¢ € @, pt ()25, e =0 if i <a},

(3) B(<:B,8) = {Ec| ¢ € ®;cpr (2, e =0 if i< Bori>f},
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(4) B(<;B) = {Ee| ¢ € ®,cpr (25, ¢ =0 if i >},

Then, each set is contained in U} and linearly independent over Q(q;) [L,

40.2.1]. We also set B(>) = B(>; 1) and B(<) = B(<; ap).
Definition 4.3. Let a,o’ € R},(>) and a < .

(1) Let UT(>;a,a’) be the Q(g1)-subspace of Ut with basis B(>;«,a).

(2) Let Ut(>;a) be the Q(q;)-subspace of UT with basis B(>;«a). We also
set UT(>) =UT(>;01)

(3) Let UL (>;a,a’) be the free Z[qy, g; *]-submodule of U with basis B(>
ja,al).

(4) Let UL (>;a) be the free Z[gi, g ']-submodule of U}, with basis B(>;a).
We also set U (>) = UL (>;a9).
Definition 4.4. Let 3,3 € R/ (<) and 3 < 3.

(1) Let UT(<;3,0") be the Q(q1)-subspace of U™ with basis B(<; 3, ).

(2) Let Ut(<;3) be the Q(q1)-subspace of UT with basis B(<;3). We also
set Ut (<) = U™ (<5 ap).

(3) Let U} (<;3,3") be the free Z[qy, g, *]-submodule of U} with basis B(<
;8,8).

(4) Let U (<;B) be the free Z[gy, q; ']-submodule of U with basis B(<; 3).
We also set Uj (<) = UL (<;ap).

Proposition 4.5 [BCP, Proposition 2.3].  Let a € R}, (>) and let 8 €
R}.(<). Then, both of Uy (>;a1,a) and U (<; B3, a0) are closed under multi-
plication. In fact, for n > 0, we have

(1) U+(>'Oz1,n5—|—a1) = {CE GUJZr| Tl(TOT1> ( )EU Uy, }

(2) UL (>ra1,(2n+2)8 —ap) = {z € UL | (ToTy)" ' (z) € U, UL},
(3) Ug(<:2nd + g, ap) = {x € Ug| Ty N (T ' Ty )" () € U, UYL,
(4) Uz (< (n+1)8 — ar,a0) = {z € UZ| (IT'T5 )" (x) € Uz UG}
Proof. Beck et al. treated the simply-laced case, but their proof of [BCP,
Proposition 2.3] is applicable to our case. O

Corollary 4.6. Let a,a’ € R, (>) and a < o'. Let 3,3 € R}.(<) and
B < B'. Then, each of the following is closed under multiplication:

(1) Ug(>50,0),
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Proof. For n,m > 0, we have the following isomorphisms of Z[q1,q; b
modules, which commute with the multiplication in U:
Tm+1

U (>;a1,nd +ay) <= U (> (m+1)5+ar, (n+m+1)5+a;)

=
P U (<;(n+m~+1)5 —ag, (m+1)5 — ay),
Tm+1

U (>;01,20 — ap) <= UL (>;(m+1)5+ag, (2n+2m +4)5 — ap)

L UL (< (2n+ 2m+ 2)8 + ag, (m 4+ 1)6 — ay),

U (<3208 + ap, a0) +— UL(<; (2n + 2m)s + ag, 2mé + o)

UL (> (2m+2)8 — ag, (20 + 2m + 2)8 — ag),

U (< (n+1)8 — ar,ap0) <= UL (<;(n+m+1)8 — ag,2mé + o)
-
UL (> (2m+2)0 — ag, (n+ m + 1)6 + an).

(1) and (3) follow from Proposition 4.5 by using the above morphisms. (2) and
(4) follow from (1) and (3) respectively. O

Corollary 4.7.  Let a,a’ € R,(>) and let 3, € R}.(<). Then, each
of the following is closed under multiplication:
(1) U*(>50,0),
(2) UT(>;0),
(3) UM (<;8.8),
(4) UT(<;8

4) Ut (<;8).

Proof. This follows from Corollary 4.6. O

Definition 4.8. Let n > 0.
(1) Let Ut(0) be the Q(q1)-subalgebra of Ut generated by t; for i > 1.

(2) Let UT(0;n) be the Q(q;)-subalgebra of U generated by v; for 1 < i < n.
We understand that U™ (0;0) = Q(q1)-
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We introduce new imaginary root vectors.
Definition 4.9. For n > 0, we define the elements P, of Ut (0;n) by
the induction on n as follows: we set Py = 1 and

n—1
P, = [Qn]fl Z Pothyn_rq~ " forn > 1.
k=0

Also, for ¢ = (¢;) € @iezzlzg%, we set Ec = P{* Py2Pg? - -+
Lemma 4.10. Let n,m > 0. Then,
(1) [Pum] =0,
(2) Ts, (Pn) =Dy,
(3) Ty % (P,) = P,.
Proof. This follows from Propositions 3.29 and 3.26. O
Lemma 4.11. Letn > 1. Then,
(65) 1 0 0
do= (-1t B O

: : -1
Qn Pnfl Pl

where we set oy, = Pp[2k]1qF for 1 <k < n.

Proof. We argue by the induction on n. The case where n = 1 is clear:
11 = Py[2];. Assume that n > 2. Then,

a1 0 O aq 1 0 O
n—1 .
(65) P1 0 Z k+1 (65) P1 “. 0
=3 (~1)kp,
: . 1 k=1 : : R |
Qp Pn—l Pl Qn_k Pn—k—l Pl

- (_Q)n[Qn]IPna

which is checked by developing the left hand side with respect to the last row.
Using the induction hypothesis, we see that this is equal to

(—a)" (Ti Pyt kg " - [2n]1pn> :
k=1
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On the other hand, it follows from Definition 4.9 that
wn = [2n]lpn - Z Pkwnfkq_k
k=1

Thus, the induction proceeds. d

Corollary 4.12.  Let n > 0. Then, U (0;n) is generated by Py for
0<k<n.

Proof. This follows from Lemma 4.11. O

Remark 4.13.  Lemma 4.11 suggests that P, and an are g-analogues of
the complete symmetric function and two times of the power sum respectively
(see [M, 1.2.ex.8]).

Remark 4.14.  If we define E,,s € UT(0;n) for n > 1 as in Appendix B,
then we have

Z Ppu® = exp (Z[Qn]l_lEm;u").
k>0 n>1
Let us study the commutation relations between P, and the real root

vectors.

Lemma 4.15. Let n > 0. Then,

PoEpmsia, = Z Elmin—iys+ar Pi[2n — 20 + 1]

Proof. We argue by the induction on n. We can assume that n > 1. By
virtue of Lemma 4.10 (2), we can assume that m = 0. By Definition 4.9 and
Proposition 3.26 (5), we have

P, E,,[2n]1
n—1

= Z Pk&nkaocl q_k

1T
- O

n—k—1
P ( alwn k+ 1+q Z b2n k— z)En k— 16+a1¢1> k-
=0

k=0
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Using the induction hypothesis, we see that this is equal to

|
—

n

k
> " Egeiysra, Pibn—il2k — 2i + 1)1~ *
0 =0

=~
i

“1n—k-1 k
+(]-+q 1 Z Z Z (n—i— J(5+a1p¢zb2n k— Z)[Qk}—ZJ ]-] q7k~
k=0 i=0 j=0
In the former term, putting k—i = n—1', i = j', we see that k = n—14'+ 7' and
that 0 < k<n—1,0<i<kisequivalentto1 <7 <mn, 0 <j <i—1. In the
latter, putting i+j =4, n—k—i=k', wesee that i =i —j, k=n—1+j5—F
and that 0 < Kk <n—-1,0<i<n—-k—-1 0<j < kis equivalent to
0<i7<n-1,0<5<4i, 1<k <n-—1. Hence, using Lemma 3.17, we have

PnEal [27’1,]1
n t—1

=Y Blaiysrar Pithi—j[2n — 20+ 1]1¢7" I
i=1j=0

(1+q" Z Z (n—i)s+a Pjizjbon[2n — 20 — 2k + 1]yq " HIHE

i=0 j =1

n i—1
=> >  En-israr Pithi—j[2n = 2i + 1]1q7"
e

n—1 1
+ D) Enipsrar Piti—j[2n = 20 + 11(¢" 7 = 7" )™
i=0 j=0

n—i

In the latter term, on account of the factor (¢" ¢ — ¢~ "*%), we can include the

case for i = n. Thus, using Definition 4.9, we have

i—1

PuBEo,2n]1 =Y > Elu—ijsray Pithi—j[2n — 2 + 114"
0

=1 j=

E(n—iysrar Pitho[2n — 20 + 1)1 (¢" ™ — ¢ " T)g ™

+
i=0
> E

n—iyston Pi[2n — 20 + 1]1([2d]1¢" " + [2n — 2i]1¢77)

Il
=)

i

Il

Il
=]

E(n_i)5+a1PZ-[2n — 2 + 1]1[2’[1]1

(2

Thus, the induction proceeds. ]
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Lemma 4.16. Letn>1, m > 0. Then,
(1) [Py Eomi2ys—as] = Yizg @iPi for some z; € UTH(>; (m+1)5+ 1) with
(2) [Bomstan, Pu] = S0y Pizi for some z € U (<;(m + 1)8 — ay) with
h(ZZ> = -2.

Proof. By using Ty 'x, (2) is reduced to (1). By using T , (1) is reduced

w1
to the case where m = 0, which we shall check now. By Corollary 3.10 (5) and
Lemma 4.15, we have

PnE25—a0 [4]1
= Pn[E5+a1 ) Eal]q

= Bln_is1)s+a, Pi[2n — 20 + 1], Eo,
=0
_ qz E(n_i)5+a1Pi[2n — 21 + 1]1E5+a1
i=0

=Y Epnittystar Blimjysta Pil2n — 20+ 1120 — 25 + 1)1
i=0 j=0

=Y Eneiystar Bz jri)sra Pi[2n — 20 + 1120 — 25 + 1],
i=0 j=0

The j <i— 1 part in the former term plus the i < n — 1 part in the latter can
be written in the desired form (i.e. as in the right hand side of the statement)
by Corollary 3.20. The remainder is equal to

> En—it1)star Ba P20 — 20 + 1)1
=0

Eoy En—jt1)s4+a, Pj[2n — 25 + 1)1

~
I
=]

Il
3

[E(n—i+1)6+a1 ) Ea1]qPi[2” -2+ 1]1

I
<)

The i = n part is equal to Eos_qa,Pn[4]1 by Corollary 3.10 (5). The i <n —1
part can be written in the desired form by Proposition 3.19. Thus, we obtain
the lemma. O

Proposition 4.17.  Let n > 0 and let « € R}.(>), 3 € R}.(<).
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(1) Let z € UMM (>;a), y € UT"(0;n). Then, yz = >, ;y; for some z; €
Uth(>;a), y; € UTR(0;n) with h(z;) = h(z), i(y:) <i(y).

(2) Ut (>;)UT(0;n) is closed under multiplication.

(3) Let y € UTh(0;n), 2 € UNh(<;8). Then, 2y = >, yizi for some y; €
Ut (0;n), 2z € UPM(<;8) with i(y;) < i(y), h(z) = h(z).

(4) UT(0;n)UT(<;B) is closed under multiplication.

Proof. 'We prove (1) by the induction on h(x)+i(y). We can assume that
h(z) > 1 and i(y) > 1. First, assume that = = 2’z for some 2/, 2" € Ut"(>)
with h(z') < h(z), h(z"”) < h(x). Since h(z') +i(y) < h(z) + i(y), by the
induction hypothesis, we have yz = ya'z" = 3 x1y;2" for some z; € UP"(>
;a), y1 € UN"(0;n) with h(z;) = h(z'), i(y1) < i(y). Since h(z") +i(y1) <
h(z) +i(y), by the induction hypothesis, we have yz = > z1xoys for some zo €
Uth(>;a), yo € U (0;n) with h(ze) = h(z"), i(y2) < i(y1). By Corollary
4.7, we have z172 € UT"(>;a). We also have h(z122) = h(z’) + h(2”) = h(z)
and i(y2) < i(y). Thus, (1) is reduced to the case where x = Ejs51q, with
ké + a1 > a or Egpyo)5—a, With (2k +2)6 — g > . Similarly, we can also
assume that y = P; for 1 < i < n. Thus, (1) follows from Lemmas 4.15 and
4.16.

We prove (2). Let z,2' € UT"(>;a), y,y' € UT"(0;n). By (1), we have
zyz'y = rr1y1y’ for some x; € UH(>;a), y; € UT"(0;n). Thus, (2) follows
from Corollary 4.7.

Applying Ty '+ to (1) and (2), we obtain (3) and (4) respectively. O

Remark 4.18.  In the above proof of (1), we understand that each suffix
of z,y indicates the number of real suffices: z; = z;, y1 = ¥i, T2 = 45, Y2 = Yij
where ¢, 7 belong to some finite sets I, I respectively. We shall sometimes use
such a notation.

Proposition 4.19.  Let a € R}, (>), 8 € RI,(<).

(1) Let x € UMM (>;0), 2 € UMM (<;8). Then, zo =, ;y;2; for some z; €
Ubh(>;a), yi € UTM0), 2z € UP"(<;8) with h(z;) < h(x), h(z;) >
h(z).

(2) Ut (>;)UT(0)UT(<; ) is closed under multiplication.

Proof. (1) We argue by the induction on h(z)— ) fh(z) =0orh(z) =

( =
0, the statement is clear. We assume that h(z) > 1 and h(z) < —1. First,
assume that = = 2’2" with 2/,2"” € UT"(>) and h(a/ ) h(z), h(z") < h(z).
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Since h(z’) — h(z) < h(z) — h(z), by the induction hypothesis, we have zx =
zz'z" =Y myiz1z’ for some z; € UH(>;a), yr € UTH(0), 2, € UH(<;8)
with h(z1) < h(z’), h(z1) > h(z). Since h(z”) — h(z1) < h(z) — h(z), by the
induction hypothesis, we have zz = Y z1y122y222 for some xo € U““’h(>
;a), yo € UDM0), 22 € UP"(<;8) with h(za) < h(2”), h(z2) > h(z1).
By Proposition 4.17 (1), we have zx = Y z123y3y222 for some x3 € UT"(>
;a), y3 € UP"(0) with h(z3) = h(zz). Then, zyz3 € UT"(>;0a), ysys €
UT"(0) with h(zyz3) < h(z') + h(z”) = h(z), h(zs) > h(z). Thus, (1) is
reduced to the case where x = Ejs4q, With k0 + a1 > a or © = Faps_q, with
2kd — ap > «v. Similarly, we can also assume that z = Eys_no, with kéd —a; < 8
or 2 = Eapsta, With 2k + ap < 3. Now, (1) follows from Proposition 3.26 (2),
Corollary 3.27 and Corollary A.3, which will be shown in Appendix A.

(2) Let z,2" € US"(>;0), y,y/ € ULM0), 2,2 € UL (< 8). By (1)
and Proposition 4.17, we have zyzz'y'z' = xyxi1y121y'2" = 229y0y1yh 202" for
some x1,Ty € U;‘h(>;a), Y1,Y2, Yh € UJZ“h(O), 21,29 € UJZ“h(<;ﬁ). Hence,
(2) follows from Corollary 4.7. O

Corollary 4.20.  The Q(q1)-linear map Ut (>)@ Ut (0)@ Ut (<) —
U™ given by multiplication is surjective.

Proof. Let V. = Ut(>)UT(0)U"(<) be the image of the above mor-
phism. Since V contains the generators of the Q(q;)-algebra U™, it follows
from Proposition 4.19 (2) that V = U™, O

In Section 6, we shall prove that the above morphism is an isomorphism
and that both of {P,| n > 1} and {¢,| n > 1} are algebraically independent
over Q(q1); thus, we shall obtain Q(q;)-bases of U™.

§5. Lemmas on Coproduct

In this section, = means the congruence modulo U0U+(<)§,2 ® U™,
unless otherwise stated.

Lemma 5.1. We have
(1) A(Ets*al) = Ckfl ® Etg*al + E(s,al ®1+ ((]2 - q_2>k1EOé0 ® Ea17
(2) A)=c®v1+ 1 @1+ (q—q ")Blik1 Es—a, ® Eq,
+(1-¢*)(¢" = ki Ea, @ E,.
Proof. (1) By Lemma 3.6 (1), we have
A(Eéfal) = A({anaEal]q”)
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=[Eoy @ L+ ko® Eny, Bay @1+ k1 @ By, ly-2
=Fs 0, @14 (kgEw, — ¢ ?Eo, ko) ® Eq,
+ (ankl - qizklan) ® qu + Ckl_l X E5—a1-

The second term vanishes and we obtain (1).
(2) By Definition 3.3 and (1), we have

A1) = A([Bs—ays Eay]g1)
= [ckT' ® Es_a, + Es—a, ® 1+ (¢* — ¢ *)k1Eay @ Eq,,
k1 ® Eq, + Eq, ® 1](1,1
=c®P1+ (EBs—a k1 — ¢ k1 Es_a,) ® Ea,
+ (¢ — ¢ D) (k1 Eagky — ¢ 'k Ea,) © B2,
+elky ' Eay = ¢ Bk 1) @ Esa, +91 ©1
+(¢* — ¢ ) (k1EayEay, — ¢ "Enk1En,) @ Ea,
=c@P1+1@1+((g—q ")+ (¢> = a7*)k1Es—a, ® B,
+(@® )P~ ¢ kB, ® EZ.

Thus, we obtain (2). O

Lemma 5.2.  Let n,r > 1, let § € R (<), and let x € UT(<;68) N

U’ Then, [x,91] € Ut(<; ).

né—ray ”

Proof. We argue by the induction on r. First, assume that z = xy25 for
some z; € UT(<;8)NnUT with r; > 1. Then,

ni5—ma1

[z, 1] = [2122,91] = 21 [22, Y1) + [21, Y1 ] 22

and this belongs to Ut (<; /) by the induction hypothesis and Corollary 4.7.
Thus, the lemma is reduced to the case where © = E,5_4, or £ = Eaomsia,
with m > 0, but it follows from Corollary 3.10. O

Lemma 5.3. Letn > 1. Then,

n

A(Ené—al) = anl_l ® Ems—al + (lh - q;l) ZCniiEiS—oq & '(Zn—i-
i=1

Proof. We argue by the induction on n. The case where n = 1 follows
from Lemma 5.1 (1). Assuming the case for n, we shall prove the case for n+1.
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Using Corollary 3.10, the induction hypothesis, and Lemma 5.1 (2), in view of
Proposition 4.7, we have

A(E(n+1)5—a1)[3]1! = A([Em?fal ) 7Z1D

n

= anfl & Enéfal + ((]1 - Qfl) Z Cn_i 10— & &nfiv
i=1

c®+ U1 @1+ (¢ ¢ )Bl1k1Es—a, ® Ea,
="t e E(n+1)5—a1 [3]1!
(@1 —ar ZC "E(i11)5-as [311! © P
+(qg—q 1)[3]1c Es_0, ® [Ens—ars Eaylg-1-
Applying Proposition 3.26 to the last term, we obtain the case for n +1. O
Lemma 5.4. Let n > 0. Then,
A(Banstay) = " @ Eanstag

+ (g — ) 202n7i+1k1—1E’m_a1
i1
® Z b2(n—i—j)+1izjE(2n—i—j+1)6—a1 O(n >1).

i=0

Proof. 'We can assume that n > 1. Using Corollary 3.10 (6) and Lemma
5.3, in view of Proposition 4.7, we have

A(Eanstan)[41
= A([En(g,al ) E(n+1)6—a1]q)

= anl_l & Enﬁ—al + (ql - ql_l) chiiEiﬁ—al ® 7«/;71—1'3
i=1
n+1
T ® Egys—ay + (@ — a0 ) DY " Eig gy @ Pn_igy
i=1 q
= "M% © Bansao i + (01 — a0 Y "k B0y ® A

i=1
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where we set

Ai = q_lllaniE(n+1)57a1 - qE(nJrl)éfal @nfi + [Entifal ) ¢n7i+1]-

Using Proposition 3.26 (5), we have

Ai = ( )d)n ’L (n+1)d—ay
n—i—1
—q(l+q") Z batn—i—j)ViEon—i—jt1)5—a,
=0

n—i

+(1+q") bz(n—i—j+1)TZjE(Qn—i—jH)&—al

<.
o

i

n

=M +a ")) (baniojrt) — @b2n—i—)) Vi Eon—i—j+1)5—an-

<.
o

Applying Lemma 3.14 (2), we obtain the lemma. O

Corollary 5.5. Let x € UT(<). Then, A(x) € U'UN (<)@ UT.

Proof. This follows from Lemmas 5.3 and 5.4 together with Corollary
4.7. O

Lemma 5.6. Let x € UT(<). Then,

A(Ti(z) = (T's, © T, )(A(2))
+ (Ch - ql_l) [(Twl ® Twl)(A(x))7c_1k1E5—a1 ® T, (Eal)]
mod U'U* (<)< »® U.

Proof. Tt is known [L, 37.3.2] that for ¢ € I, € U, we have the following
equality in 37, o [leeor Unte ® Upe C I, e Ur ® U
ATz, () = Ri(T; @ T;)(A(2)) R;
where we set

R, = qu(kfl)/Q(qi . q;l)k[k]i! Tz(fl(k)) ® Ti(ez(-k)),
k>0

Ry =3 (-1)Fq 2 (g g7 e[k T (1Y) @ Ta(el).
k>0
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Noting that T;(f;) = —ki_lei and T;(e;) = —fiki, we have

A(Tw, (2)) = A(To (T (2)))
= Ro(To © To) (A(T1(x))) By
= Ro(To X To)(R1(T1 & Tl)(A(l‘))Rll)Rs

Noting that T, (f1) = —¢ 'k1Es_o, and Ty, (e1) = —c 1Q(Es_o, )k !, we
have

A(Twl (I)) = RURwl (Twl ® Twl)(A(x»R;leE)
where we set
Rey =y V(0 — )P Ty (1) © T, (7)),
k>0
R, = (=1 V2 (g1 — g7 )R T, () © Ty (1),

k>0

Hence, for € Ut (<), in view of Corollaries 5.5 and 4.7, we have

AT, (x)) = (1 — (g1 — QJI)C_lklEtifal ® T,y (Eal))(TW1 ® Ty ) (A(x))
X (1+ (@ — g e k1 Es—ay, © T, (Eay)
= (Te, ® T, )(A(2))
(a1~ a7 ) [(Twy © T )(A(@)), ¢ k1 Bs—ay @ Ty (Eay )]

where = means the congruence modulo 3-, o [Teeq+ (UPUT (<)< 2NUxye)
®U,_¢. Since both sides belong to U ® U, we obtain the lemma. ([

Lemma 5.7. Letm >1, s>0, t>0. Then we have
A(E(S) E(t)

2mdé+ag'md— al)
(2m+1)s+mtk—25 t® E( s) E(t)

2mdé+ag " md—aq
(2m+1)s+mt— mk 25— t+1E

o

md—ay

t — t—1
( 7q1 )q tE(m+1)6—Oé1Eém6-2agE7(n25 a1 +4q t+1E£n)15+aoE1(n(5—211)

—1
C(2m+1)S+mt_ik‘1_2s_t+1Ei5,al ® x,@(m > 2)
1

C
4
&

/N

3

+

7

for some x; € UT.
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Proof. Using Lemmas 5.3 and 5.4, in view of Proposition 4.7, we have
A(Egm&—{-aoErth—al)

= <02m+1k1_2 ® E2m6+a0 + (Q1 - ql_l)cm+1k1_1Em5—a1 X E(m+1)6—a1

m—1

+ Z czm_i“kflEi(g,al ® yif(m > 2))

i=1

m—1 t
X (ka11 by Emtifal + Eméfal @1+ Z Cm_i i0—ay ® y;e(m > 2))

i=1
for some y;, y; € U™T. By Corollary 3.10 (3) and Proposition 4.17, we see that

A(E§m§+a0Et ) = C(2m+1)s+mtk17257t ® E§m5+a0Et

mé—an by
4 BmAstmomp_2s—thlp

® ((q1 _ ql—l)(q2(sfl) LD +q72(571)>q7t

X Bt 1)5-a Bams g Eimé—an

(g g ) B, Bl )

-1
+ c(2m+1)s+mt—ik;257t+1E

3

”"
10— ® y'L
1

(2

for some y;/ € Ut. Thus, the lemma follows. O

Corollary 5.8. Letm > 1, nd +ra € Q1 and let x € Ut (<;2mé +

040,(5— al) ﬂUJr

nétra Then we have

m
Alz) ="k @z + Z TR Eis 0y ® 2
i=1
for some z; € U'UF (<56 — ay).

Proof. This follows from Lemma 5.7 together with Proposition 4.7 by the
induction on m. O

Lemma 5.9. Letm > 1, nd+ra; € QT\{0} and let x € UT(<;2mé+
ap,8 —a;)NUT IfA(z) = k] @ x, then z = 0.

no+ray
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Proof. We argue by the induction on m. First, we consider the case where
m = 1. Then, x = cs,tEQ(Z)JraoEg?al for some ¢, ; € Q(¢q1) where s=n+r, t =

—2n—3r, s,t >0,and s > 1 ort > 1. By Lemma 5.7 with m = 1, we have

Alz)=c"kj @z + " kT Es o,

— — s—1 — s -1
R cCst ((QI -4 1)(] tEQJ—al E§5+Q)OE§t_)al +q; t+1E2(5)+a0E§t_al)>~

Since s > 1 or t > 1, we have cs; = 0; thus, z = 0. Now, assume that m > 2.
t
Then, z =3, CsytEéir)uS—&-aoEr(nz?—ale,-t where cs; € Q(q1), 75, € UTH(<;

2(m —1)0 + ap,d — a1). By Lemma 5.7 and by Corollary 5.8 for m — 1 with
X = Zs;, in view of Proposition 4.7, we have

m—1
Alz) ="kl @z + Z IR B, @ w;
i=1
+ Cnimk{—%lEm(S—al

_ _ s—1
® Z cs,t((ql —q l)q tE(m+1)5*061E§m542a0E7(257a1
5,t>0

+ q1_t+1E£jr)z6+ao Er(ri&_—l)m)ﬂﬁs,t
for some w; € UT. Since A(x) = ¢"k; @ x, we have (w; =0for 1 <i<m—1,
and) ¢ x5, = 0 unless s =t = 0. Thus, z € UM"(<;2(m — 1)6 + ap, § — ay).
Applying the induction hypothesis, we obtain £ = 0. Thus, the induction
proceeds. O

Corollary 5.10.  Let nd + ray € QT\{0} and let z € UT(<;6 — ay) N

U’ IfA(x) = "k ® x, then z = 0.

ndé+ray

Proof. This follows from Lemma 5.9. O

§6. Inner Product

We set A = Q(q1) N Z[[g; ']] € Q((q; 1))

Definition 6.1 [, 1.2.2, 3.1.5].  Let r be the Q(q1)-linear map from
Ut to Ut@UT defined as the composition of A : UT — ®¢ e+ (U k, @U;)
and the vector space isomorphism from @ ,cq+ (UZ‘k,&@U;’;) to @e peq+ (U2'®
Uf) =U"®@U" that sends 2k, ® 2’ to z ® 2’ for z € U{ and 2’ € U} .
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Lemma 6.2. Letn > 1. Then,

T(Ems—al) =1® En5—a1 + (Q1 - q;l) Z Ei&—al & zzn—i
i=1

where = means the congruence modulo UT(<)<_o ® Ut.
Proof. This follows from Lemma 5.3. O
Let us recall the inner product on Ut introduced by Drinfeld.

Definition 6.3 [K1, 3.4.4, 3.4.8], [L, 1.2.3, 1.2.5, 1.2.13].  Let (-, ) be the

Q(q1)-valued symmetric bilinear form on UY such that

(1) (L) =1,

(2) (Ei, Ej) = 6i(1 — g %) Hori,jel,

3) (,yy) = (r(z),y®y’) for z,y,y € UT,

(4) (Eiz,y) = (Ei, E)(z, iv(y)) for z,y e UT, i € I,

(5) (zEi,y) = (E;, B;)(x,ri(y)) for z,y € Ut i €1,

(6) for &, € QF such that £ # p and for z € Ug‘, y € U}t we have (z,y) = 0.
(7) for v € Q7 the restriction of (-,-) on U} is non-degenerate,

In (3), the bilinear form on Ut ® U™ that sends a pair (z; ® za, 2] ® x5) to
(@1, z2)(z), 24) € Q(qu1) is also denoted by (-, -).

Propqsition 6.4 [L, 40.2.4]. Let ¢y = (cy,;), c’+ = (c,) €
@i€R¢C(>)ZZZO, let c. = (c_;), c_ = (c_,) € @ieR,t:(>)Z120; and let x,2' €

Ut (0). Then,
(1) (EC+xEc77Ec;xlEc’_) = 5c+,cf'_5c,‘c’_ (EC+7EC+)(xax/)(Ec,7Ec,),
(2) (Ec,,Ec,) =1 mod ¢; A,
(3) (Be ,Ec )=1 mod ¢;'A.
Proof. If we set h = (i)rez where iy is 0 if k is even and 1 otherwise,
and p = 0, then our symbols Ut(>) and U™ (<) coincide with those in [L,

40.2.5], and U™ (0) is contained in the space P defined in [L, 40.2.3] by Lemma
4.10 and the fact that UT is invariant under *. O

Remark 6.5. Tt follows from Corollary 4.20 that U*(0) coincides with
the above P.
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Proposition 6.6.  The Q(q1)-linear map Ut (>)@UT(0)@UT (<) —
U™ given by multiplication is an isomorphism.

Proof. By Corollary 4.20, it is enough to show the injectivity. Let
ZEC+xC+7c_EC_ = 0 where the sum is taken over c; € ®ieRie(>)Zi20 and
C— € ®icpt (< )Z>0; and e, c. € U*(0). We fix ¢ € @, ps (2%, and
C_ € Dycpt (<)Z>0 Then, for any z € Ut(0), by Proposition 6.4, we have
(Ec,,Ec, )(%c, c_,2)(Ec_, Ec_) = 0; thus, (zc, c_, ) = 0. Hence, by Proposi-
tion 6.4 together with Corollary 4.20, we have (zc, c_,z') = 0 for any 2’ € U™,
In view of Definition 6.3 (7), we conclude that x¢, ._ = 0. The proposition is

proved. O

Lemma 6.7. Letn > 1. Then,
(djnﬂ;n) = (1 + qil)(ql - q1_1)72b2n~
Proof. By Definitions 3.3 and 6.3 ((4), (5)), we have

(@n:@n) = (EnéfalEocl - q_lEalEnzsfalal/’;n)
= (EOLUEOLJ(EWS—QUTl(d;n) -1 T(TZn)tfl)

Applying Corollary 3.28, we have

(J)mdjn):(EapEal)(QI*ql_) 1+q me né— apdjn iEis— a1)

i=1

By Definition 6.3 ((3), (6)) and Lemma 6.2, we have

(@n: 2Ln) = (Eocl ) qu)(EnéfalaEn&fal)q_l(l + q_l)bZn-

Since (Ens—ays Fns—a,) = (Bay, Ea,) = (1 — ¢~ 1)~ by [L, 40.2.4], we obtain
the desired result. |

Lemma 6.8. Let n,r > 1, let § € Rf(<), and let x € Ut(<;68) N

LAY Then, [z, Eq,],~» € UT(0)UT(<;5).

né—ray®

Proof. We argue by the induction on r. First, assume that © = z;z4 for
some x; € UT(0)NU;

n;d—riaq

with r; > 1. By Lemma 2.11, we have

[a:, Eal]qﬂ“ = [-73137% Eal]q*ﬁﬂ?

L1 [x% Eal]q_’"Z + [xh Eal]q_’"l qu_Tzv
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and this belongs to Ut (0)U*(<;3) by the induction hypothesis and Propo-
sition 4.17. Thus, the lemma is reduced to the case where z = E,;5_,, or
* = Fams—a, with m > 1, but it follows from Proposition 3.26 (2) and Corol-
lary 3.27 (1). O

Lemma 6.9. Let n > 0. Then,
(1) A@Wn) = (a1 = a1 ) Xiso i © P,
(2) A(Pa) =307 c" P @ P

where = means the congruence modulo UUT(0)UF (<)< ® UT.

Proof. (1) We can assume that n > 1. Note that in Lemma 6.2, the
truncated part can be written as Zg WEQH: Etpmnd—an kure ® y, with z¢ €
Ut (<)<_2 QU;, Yu € U}, for which we have [k, ¢, Ea,|g-1 = kulze, Ea, ]
and this belongs to UU™*(0)U*(<)<_; by Lemma 6.8. Hence, using Definition
3.3 and Lemma 6.2, we have

A(’LG) = [A(En57a1)7 A(Eal)](I*l

n

cnkfl ® En5—a1 + (QI - qfl) Z Cn_i 10— ® &nfia

i=1

ki ® Eo, + Eo, ®1

qfl
=@y + " (k] ' By, — ¢ ' Ea ki) @ Eps_a,

+(@—ah) Z T @ P i
i=1

The second term vanishes and we obtain (1).
(2) We argue by the induction on n. We can assume that n > 1. By
Definition 4.9, the induction hypothesis, (1), and Proposition 4.17, we have

A(Pn)[2n]

1
n—1
=Y APptn_i)g "
k=0
n—1 k ' n—k o R
-5 (zc'“a» T [ EET I
k=0 =0 j=0
n—1 n—k

Z "I P @ P ithn kg M@ — ).
0 j=

e
Il
o
s
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Puttingi+j =14, i =4, k—i =k, wesee that j =i — j/, k=3 + k' and
that 0 < k<n—-1,0<i<k 0<j<n-—kisequivalent to 0 <i <n, 0 <
J' <, 0<kK <min(n —4,n—j" —1). Hence,

A(P,)[2n]y
n 4 min(n—i,n—j—1) ' ~ ~ 4

= Z > " P @ Puthn i kg T (@1 — i)
i=0 j—0 k=0

= < Z " Pito @ Prtbn—iokg "
=0 k=0

i—1

+0(i > 1) chﬂ' iojq

j=0
@ (Po—ithoq " 4 Pp_i[2n — 2i]1)> (g1 —arh)

=D " TR® Po([2n = 20l + [2i (a7 + 20— 201 (a1 — ¢7))-

i=0
Thus, the induction proceeds. ]
Corollary 6.10.  Let n > 0. Then,
(1) () = iy i ® Yomi mod UT(0)UT(<)<1 @ U,
(2) r(Pp) =X 0P ® P,y mod UH(0)UT (<)< ® UT,
Proof. This follows from Lemma 6.9. (]

Lemma 6.11.  For n > 0, we have
(Gns Pu) = (01 — a7 ) ' 20+ 11

Proof. We argue by the induction on n. We can assume that n > 1.
Using Corollary 6.10 (1) and Definition 4.9, in view of Definition 6.3 (6), we
have

n n—1
ZJ’@' ® Pni, Z Pi@dn a7 | (@ —a ")

i=0 §=0

(&n, Pa)(20]2

n—1

Z(% )(wn wwn z) (QI_Qfl)'

=0
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Applying the induction hypothesis and Lemma 6.7, we have

n—1
(s Pa)[20)1s = Y bogmeiy[26 + g (1 + ¢ @ —qr )72
=0

By Lemma 3.17 (1), the induction proceeds. O
Lemma 6.12. Letn > 0. Then,
(Po,P,) =1 mod ¢ 'A.

Proof. We argue by the induction on n. We can assume that n > 1. By
Corollary 6.10 (2) and Definition 4.9, and in view of Definition 6.3 (6), we have

n n—1
(P, P20 = | Y Pi® Paci, Y Py @t jq
i=0 =0

= (Pui, Pai)(Piyibi)g™ "t
i=1
Applying the induction hypothesis and Lemma 6.11, we have

(Pas Pa) = (14 aq)2n]y (g1 —ay )7 20+ g™

||'M:
I

|

<
Il
—

A+a) (g —¢™) ¢+ "+ +qg g™

Il

<
Il
-

I+a)(l4+qg 4 +qg )1 — g 2n) g2t

for some o; € ¢y *A. Thus, (P,,P,) =1 mod ¢; ' A and the induction pro-
ceeds. O

Definition 6.13 (see [M, Chapter 1]).  Let us recall the Z-algebra A of
symmetric functions.

(1) For n > 1, let h, € A be the complete symmetric functions, which are
algebraically independent and generate A. We also set hy = 1.

(2) We define the grading on A by deg(h,) = n for n > 0.

(3) Let A’ be the algebra homomorphism from A to A ® A given by A’(h,) =
Z?:o hi @ hp—i.
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(4) Let (+,-)a be the Z-valued positive definite symmetric bilinear form deter-
mined by the following properties: (hy,, h,)a = 1 for n > 0; (f,g)a = 0 for
homogeneous f,g € A with deg(f) # deg(g); and (f,gh)a = (A'(f),9 ®
h)aga for f,g,h € A. Here, (-,-)aga is the symmetric bilinear form on A®

A such that (f1 ® fa,91 ® g2)aea = (f1,91)a(f2,92)a for fi, f2,91,92 € A.

(5) Let sy € A be the Schur functions where A runs through the set of parti-
tions. The sy form an orthonormal basis of A with respect to (-, )a.

Definition 6.14.  Let S be the Z-subalgebra of Ut (0) generated by P,
for n > 1. Let ¢ be the surjective Z-algebra homomorphism from Z[hy, ha, - - -]
to S given by ¢(hy) = P, forn > 1.

Lemma 6.15. Let f € A. Then,
r(e(f)) = (¢ @) (A'(f)) mod UT(0)UT(<)c1 @ U™
Proof. Let f,g € A. By Lemma 6.9 (2) and Proposition 4.17, we have
Alp(f) = c"zi®y; mod U'UT(0)UH(<)< 1 ® U™,
Algp(g)) =Y c"ial @y, mod UUT(0)UH (<)< @ UT
J
for some z;,y;, 2,y € S™ with n; = i(y;),n; = i(y}). Then,

r(e(f) =Y @@y mod UT(0)UT (<)< ® UY,

r(p(9) =D _wi @y mod UT(O)U (<)< 1@ U™

3

By Proposition 4.17, we have

Alp(fg)) = Alp(f)e(g)) = Ale(f))Alp(g))
=Y "t @ gy mod UMUH(0)UH (<)< @ Ut
and
r(e(f))r(elg)) = Zm; ®yiy; mod UT(0)UT(<)<_; @ UT.

Thus,

r(e(f9)) = r(e(N))r(elg)) mod UT(0)UF (<)<, ® UT.
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On the other hand, we have

(@) (A'(f9)) = (e @) (A (f)) (¢ @ ©)(A(g)).

Thus, the lemma is reduced to the case where f = h,, for n > 0, but it follows
from Corollary 6.10 (2) and Definition 6.3 (4). O

Lemma 6.16.  Let f,g € A. Then,

(1) (e(f),0(9)) € A,
(2) ((f),%(9)) = (f,9)a mod g; 'A.

Proof. We can assume that f,g € A are homogeneous. We can also
assume that deg(f) = deg(g); otherwise, both sides vanish by Definitions 6.3
(6) and 6.13 (4). We prove (1) and (2) at once by the induction on deg(f).
First, assume that g = g1g2 for homogeneous g; € A with deg(g;) > 1. Then,
by Lemma 6.16 and Definition 6.3 (6), we have

(e(f)e(9) = (o(f) p(91)p(92))
= (r(¢(f)), p(91) ® ¢(g2))
= ((p® @) (A'()); plg91) © ¢(g2))-

Hence, by the induction hypothesis, we obtain (1): (¢(f),¢(g)) € A; and

(p(f), 0(9)) = (A'(f), 91 ® g2)aga mod ql_lA

Hence, in view of Definition 6.13 (4), we obtain (2): (¢(f),»(9)) = (f,9)a
mod ¢ LA, and the induction proceeds. Thus, the lemma is reduced to the
case where g = h,, for n > 0. Similarly, we can also assume that f = h,, for
n > 0. Thus, the lemma follows from Lemma 6.12 and Definition 6.13 (4). O

Definition 6.17.  For a partition ), we set Sy = ¢(s,).

Proposition 6.18. We have
1
2
3
4

@ is an isomorphism of Z-algebras from A to S,
(Sx,S,) =0y, mod g *A,
the Sy form a Q(q1)-basis of UT(0),

both of {P,| n > 1} and {i,| n > 1} are algebraically independent over
Qlq1)-

(1)
(2)
(3)
(4)
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Proof. By virtue of Lemma 6.16, if we define the Z-valued symmetric
bilinear form (-, )" on S as the composition of (+,-) and the canonical projection
from A to A/q;'A = Z, then we have

(e(f),0(9) = (f,g)a  for f,geA.

Since (+,+)a is positive definite, we see that ¢ is injective; hence, we obtain
(1). Thus, the Sy’s form a Z-basis of S orthonormal with respect to (-,-);
hence, they span U™ (0) over Q(g1) and satisfy (2). Now, let Y, cxS) = 0 with
¢x € Z]q]. Assume that there exists a nonzero ¢y. For each of such ¢y, take the
smallest ny > 0 such that cxg; ™ € Z+q; *Z[g; !]. Let ny, be the largest of ny.
Then, cyg; ° € A and cy,q; ° ¢ q; *A. Then, 0 = (¢, "° 3 ¢xSx, Sy,) =
g

c)\o ql

independent over Z[q;]; thus, they are linearly independent over Q(q1). (3) is
proved. It follows from (3) that for n > 1, the dimension of U*(0) N U, over
Q(q1) is equal to the partition number of n. (4) follows. O

mod qflA. A contradiction is deduced. Hence, the Sy’s are linearly

Theorem 6.19.  FEach of the following is a Q(q1)-basis of U™ :
(1) {Be, Bl Ee_| cs € ®,cpp o) ZY), co € Buz1ZY), e € &, pr LU},
(2) {Ec,Ec,Ec_| ¢t € @iemng%v Co € @nzlz(zno)a c-¢€ ®ieR¢e(<>Z§%},
(3) {Ec,S)\Ec_|cy € @ieR¢3(>)Zgﬁ A is a partition, c_ € @ieRie(<)Zg2)}~
Proof. This follows from Propositions 6.6 and 6.18. O

Remark 6.20.  Corollary 4.7 (3), Proposition 4.17 ((2), (4)), and Pro-
position 4.19 (2) are referred to as the convexity of the bases in (1) and (2) of
Theorem 6.19.

Lemma 6.21.  The basis in Proposition 6.19 (3) is quast-orthonormal
with respect to the inner product; namely, for ci,c, € @iERie(>)Z(>12)7 for

c_,c_ € @ieR¢6(<)Zg2ﬁ and for partitions A and p, we have
(EC+S)\EC7,EC/+ S#ECL) = 6c+’c/+ 5A,u6c,,cL mod ql_lA.
Proof. This follows from Propositions 6.4 and 6.18 (2). O
Definition 6.22.  Let n > 0. In view of Proposition 6.18 (4), we set

(1) U—Zi_(()):Z[Qh‘h_l][PhPQa"'] CU+(0)7
(2) U (0;n) = Zlg1, ¢, '][P1, -+, Py] C UT(05n).

We understand that U} (0;0) = Z[q1, ¢; ]
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It follows from Lemma 4.11 that v, € U (0;n) for n > 1.

Lemma 6.23.  The Sy form a Zlq1,q; ']-basis of UZ(0).

Proof. 1In the proof of Proposition 6.18, it is shown that the Sy form a Z-
basis of S; thus, they span U (0) over Z[gy, ¢; *]. Their linearly independence
over Z[qy, q; '] follows from Proposition 6.18 (3). O

Definition 6.24. We set Vz = U} (>)U(0)U} (<) c Ut.

It is clear that the basis in Theorem 6.19 (2) is a Z[q, q; ‘]-basis of V.
By Lemma 6.23, the basis in Theorem 6.19 (3) is also a Z[qy, ¢y ']-basis of V.
We are going to prove that Uj(0) C Uj (hence Vz C Uf) and that Vz is
closed under multiplication (Section 8). As a result of these, we conclude that
Vz = UJZr7 since Vz contains the generators of the Z[q, qfl]—algebra U;; thus,
we obtain Z[g;, q; ']-bases of Uj.

§7. Key Proposition

In this section, = means the congruence modulo U'Ut (<)< o ® U™,
unless otherwise stated.

Definition 7.1.  For s,t > 0, we define the elements D, ..,
U (<)nUL

sag+tay

of
by the induction on s as follows:

min(t—1,s) min(3(¢t—k),k)
D-

_ - (k=1) rr(s—k
sapttar T Z Z Twl(D(t—k)ag+(3(t—k)—l)o¢1)EﬁfoqEC(m )
k=[(t+2)/2] I=t—k+1

% q;(3(t*k)*l)(k’*l)q—Q(t—k)(s—k)e(s > 2)9(3 <t< 25— 1)
+EY ECDh(s > 1),

d—ag ~ap
Note that if s > 2, 3 <t <2s—1, [(t+2)/2] < k <min(t—1,s), t—k+1 <

| < min(3(t — k), k), we have 0 <t —k < s—1, 3(t — k) — [ > 0; hence, the
defining process by the induction on s works.

Lemma 7.2. Let s,t > 0. Then,

(1) Dg, = B,

S
(2) Dt_a1 = 6t70’

(3) DL

sapg+taq

=0ifs>1, t>2s,
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(4) Dy,

saptay T

E(S—OQEO‘O lfS > 1

(5) D~

sap+(2s—1)ay — Es&—al if s > 1.

Proof. This follows from Definition 7.1: (1)-(4) are clear and (5) is
checked by the induction on s. O

Definition 7.3. For s > 1, 1 <t <2s—1, 1 <p <[(t+1)/2], we

define the elements dsay+ta,,p Of U"Z'(O) ( n U': ot (t—2p+1)as PY

d5a0+toé1 D
[(t—2p+1)/2]

. 7 = (—2s+t)(2p+2i)+t+1 -1
= 2 Dl hagsa-mziinm D ' (@1 —ar)-
i=0

Example 7.4. We have doy4a,,1 = 1.
Let us study some properties of D,

sap+tag”

Proposition 7.5. Let s> 1 andlet 0 <t <2s—1. Then,

(1) Ds_a0+ta1 [t]l

[(t41)/2]
— . —2s 1)(i—1
= Z Eis—ar Dy iyag s (t-2ip1)00 120~ 1]1gC 26D g > 1),
i=1
(2) [D;a0+ta17E ]q‘25+t
=D

saot(t+1)ar E T 1
el (—2s+t)(2i+1)+254+1
* Z v:D (s—i)aro+(t—2i+1)as 11 0t > 1),

(3) A(D.;ao+ta1)
— sk—25+t ® D~

[((t+1)/2]
+ Z o pk_25+t+1EP §—ay @ dSao-I-tal,-Pg(t > 1))

sap+tag

(4) AT (D;a(,%»
= C3S tk 25+t®Tw (D;a0+tal)
[(t+3)/2]
+ Z SRS @ Ty (dsagstan p-1)0(t > 1)

+ 638 b= 1k1725+t+1E5*a1 ® Twl({D;angtal’Eal]q’szrt)(ql - qfl)v
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() [Es-ars Tor (Diagttay Mgz
= Twl (D;Ot0+(t 1oy )[48 —t+ 1]19(t Z 1)
(/2]

_ Z Eit1)5-a,Tw (D(_S_Z,)%Ht_%)al)[% + 1142 0ig(e > 2).

Proof. We denote by (a), the statement (a) for s = 1,...,r. We prove
(1)s—(5)s at once by the induction on s. If s =1, we have (1) clearly, (2) and
(5) by Corollary 3.10, and (3) and (4) by Lemma 5.3 and Lemma 5.4. Now,
assume that s > 2.

(1)s We use (5)s—1. We rewrite the the right hand side of (1), which is
denoted by RHS. By Definition 7.1, we have

[(t+1)/2] min(t—2i,s—i) min(3(t—2i—k+1),k)
s Y Eoo( Y 5
i=1 k=[(t—2i+3)/2]  l=t—2i—k+2

_ (k=1) s—i—k
(D(t 26— k+1)a0+(3(t72i7k+1)7l)a1)E5 E( )
% q1—(3(t—2l—k+1)—l)(k—l)q72(t72i7k+1)(5727k)

xO(s—i>2)03<t—2+1<2(s—i)—1)
Qg

+ Bt Ng(s -1 > 0)) [2i — 1];q(72eHHDGE=D),

By (5)s_1, the i = 1 part is equal to

min(t—2,s—1) min(3(t—k—1),k)

— —t+k+1+1
> > (T 2Dk 1o (3t k1)) Foaa @™ T
k=[(t+1)/2] I=t—k
+ T (D{y 1y (30 1)— 11y E = B+ D10(3(E =k = 1) =1 > 1)

[B(t—k—-1)=1)/2]

- Z E(it1)5-a,T: (D(; k—i—1)ag+(3(t— k71)7172i)a1)
i=1

x [2i +1]1q (t—k—1— 119( (t—k—l)—l22)> Ek=D p(s—k=1)

—a1 oo
x q;(3(t*k*1)*l)(k*l)q*Q(tfkfl)(sfkfl)e(s Z 3)9(4 S ¢ S 92g — 2)
+ B8P EEI[H,0(s > 1),

(o5 R 0]
Hence, if we set

min(t—2,s—1) min(3(t—k—1),k)
A= Z T,
k=[(t+1)/2] I=t—k

1 (D(;—k—1)a0+(3(t—k—1)—l)a1)
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% E(k l+1)E(sfk71)[k —l+ 1]1q7t+k+l+1

d—a ag

X q; —(3(t— k_l)_l)(k—l)q72(t7k71)(sfkfl)g(s > 3)0(4 <t< 25— 2)’

min(t—2,s—1) min(3(t—k—1)—1,k)
B= > >
k=[(t+1)/2] I=t—k

- (k=1) s—k—1
(D(t k—1)ap+(3(t—k—1)— lfl)cn)Eé alE( )

X [t —k+11q ( (t=k—=1)= l)(k—l)qu(tfkfl)(sfk—l)
x 0(s > 3)0(4 g t<2s—2),

min(t—3,s—1) min(3(t—k—1)—2,k) [(3(t—k—1)—1)/2]

c-- > Ty Y

k=[(t+1)/2] I=t—k i=1
— (k=1) s—k—1
E(it1)5-0,Tw (D(t k—i—1)ao+(3(t—k—1)— l—2i)a1)E67a1E<g0 )
x [2i + 1)1 q ((t k—1)—1)(k— l)q—2(t k— 1)(s—k—1)q(t—k—l—1)i
x9(s>4)9(6<t<23—2)

[(t4+1)/2] min(t—2i,s—4) min(3(t—2i+1—k),k)

-2 2 2

=[(t—2i+3)/2]  I=t—2i—k+2

Eis—0,Tw (D(; 2i—k+1)ao+(3(t—2i—k+1)— l)al)Egk;ll)E&Tiik)

x [2i — 1]1q ((t 2i—k+1)-D(k-1) g 202k D) (s—imk) o (2s+t41) (1)
[(t+1)/2]

-3 B B E

X [21 —1]1q2HFVEN (s —t 40— 1> 0)0(t > 3),
then we have

RHS=A+B+C+D+E+E" EC0(s > t)[t];.

d—ag o

We rewrite A. Putting k—Il+1=k —1l',s—k—1=s—k',weseethat [ =",k =
k' —1 and that [(t+1)/2] < k < min(t—2,s—1),t—k <! < min(3(t—k—1),k) is
equivalent to [(¢+3)/2] < k' <min(t—1,s),t—k'+1 <!’ < min(3(t—F'),k'—1).
Hence,

min(t—1,s) min(3(t—k),k—1)

A= > > TerD e su-k-en B By
k=[(t+3)/2] I=t—k+1
x [k — l]1q7t+k+lq;(3(t*k)*l)(k*l*1)q72(t7k)(sfk)

x0(s>3)0(4<t<2s—2).
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We rewrite B. Putting k—I = k' —1I', s—k—1=5s—k',weseethatl =1'—1,k =
kE'—1 and that [(t+1)/2] < k < min(t—2,s5-1), t—k <1 < min(3(t—k—1)—1,k)
is equivalent to [(t+3)/2] < k' < min(t—1,s), t—k'+2 <1’ < min(3(t—k"), k).
Hence,

min(t—1,s) min(3(t—k),k—1)

_ - (k—1) s—k
B= Z Z Twl (D(t—k)a0+(3(t—k)—l)al)E(sfal E&o )
k=[(t+3)/2] I=t—k+2

x [t — k + U]y g, COTRTHDED =20k (=R g (s > 3)9(4 < t < 25 — 2).

We rewrite D. Putting i =4 +1, t —2i—k+1=¢t—k —4' — 1, 3(t — 21 —
E+1)—1=3(t—FkK —1)—1'—27, we see that k = k' —4', | =1’ — i’ and that
2<i<[(t—2)/2], [(t—2i+3)/2] <k <min(t—2i,s—i), t —2i—k+2<1<
min(3(t—2i—k+1), k) is equivalent to [(t+1)/2] < k¥ < min(t—3,s—1), t—k' <
I'<min(3(t — k' — 1) —2,k"), 1 <& <[(B(t — k' — 1) —1")/2]. Hence,

min(t—3,5—1) min(3(t—k—1)—2,k) [(3(t—k—1)—1)/2]

D= >, 2 2

k=[(t+1)/2] I=t—k i=1

— (k—=1) s—k—1
E(i+1)576¥1Tw1 (D(t—k:—i—1)a0+(3(t—k+1)—l—2i)a1 )Eéfal Ec(w )

x [2i + 1]1q1—(3(t—k—i—1)—l+i)(k—l)qu(tfkfifl)(sfkfl)q(725+t+1)i
x0(s>4)0(6 <t<2s—2),

which cancels out with C. We rewrite E. Putting t —2i+ 1=k —1', s—t+1
—1=s5—Fk' weseethati =1' =t—k'+1 and that 2 < ¢ < [(¢t+1)/2], s—t+i—1
is equivalent to [(t + 2)/2] < k' < min(t — 1, s). Hence,

min(t—1,s)
_ - (k—1) s—k
E= Z Twl (D(t—k)a0+(3(t—k)—l)a1)Eéfal Etgco )
k=[(t72)/2]

X [20 = 1]1qUVE2H D9k 4 1 =t 4+ 1)0(s > 2)0(3 < t < 25 — 1).

It is now easy to see that

min(t—1,s) min(3(t—k),k)

_ - (k=1) s—k
A+B+E= Z Z Tor (D kyagt (30— k) —1yan s —ay Ego :
k=[(t+2)/2] I=t_k+1

x g BURI=DE=0 220k (kg (s > 2)9(3 < t < 25 — 1)[t];.

Thus, RHS= D_, ., [t]:. We obtain (1) for s.

(2)s We use (1)s. The case where ¢t = 0 is directly checked by the induction
on s in view of Lemma 7.2 (5). The case where t = 2s — 1 is clear. We assume



AN INTEGRAL PBW BasIs oF TYPE AgQ) 861

that s > 2, 1 <t < 2s—2. We rewrite the left hand side, which is denoted by
LHS. By (1), we have

LHS[],
[(¢+1)/2]

= (El5—a, D7, _

—2s 1)(l1-1
(s—Daot(t—=21+1)as Eal]q—25+t [Ql — 1]1(]( +t41)( )
=1

For 1 <1 < [(t+1)/2], using Lemma 2.11, (2)s_1, and Proposition 3.26 ((2),
(5)), we have

[E”—OHD(_S Dao+(t—21+1)oy s Boylg-2sse

= El(;,al{ (S*l)a0+(t72l+1)a1 5 Eal]q*25+t+1

_ —2s+t+1
+ [Ei5—a1s Ea,) —1D(S Dao+(t—2141)ay

7o— —2s 1 —
= wlD(S—l)ao+(t—2l+1)a1q +e+l El‘;_o‘lD(s—l)a0+(t—21+2)a1 [t — 20+ 2]
[(t—214+2)/2]

+ Z '(ZiElé—al 1+q Z% (I+i—j7)6— al 2(i—3)

i=1

x D~

( 25+t+1)(21+1)+2(sfl)+1
(s—l—i) oo+ (t—21—2i+2)a; 1 o(t > 21).

Hence, if we set

[(t+1)/2]
Z z/JlD (5— Do+ (t—20+1)ar [20 — 1] q(=2sHt+DL

[(t+1)/21
E t— 20+ 2]1[20 — 1],¢(72HFDE=D
Z 16-a1 D (o _pyagt(t—2142)a [t + 2] 19 )

[t/Q] [(t—21+2)/2]

C= Z Z ViEis—on D1 iyag+(t—21—2i+2)a1

=1 i=1

x [21 — 1]yq( T2t iz ) gr=2142.

[t/2] [(t—=21+2)/2] i—1

D= Z Z Zz/JJ'E(H’i*J‘)S*alD(isflfi)a0+(t72172i+2)a1
=1 i=1 j=0

X bai_ (20— 11 (1 + g L)g 2D (i) 2042

)

then we have

LHS[t], = A+ B+C +D.
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In the above expression of B, on account of the factor [t — 2 4+ 2];, we can
include the case where [ = [(t 4 2)/2]. We rewrite C. Since 1 <1 < [t/2], 1 <
i <[(t—20+2)/2] is equivalent to 1 <3 < [t/2], 1 <1 < [(t —2i+2)/2], we
have

[t/2] [(t—2i+2)/2]

C= Z Z 1/11El6 a, D (s—l—i) oo+ (t—2i—20+2)ay
i=1

% [2l _ 1]1q —2s+t+1)(i+1— 1)Qi 2l+29(t > 2)

We rewrite D. Putting j =i/, I +i—7j =1, i —j = j', we see that i =
i+, l=0—j andthat 1 <1< [t/2], 1<i<[(t—2042)/2], 0<j<i—1
is equivalent to 0 < ¢/ < [(t —2)/2], 2<U' <[(t—2i"+2)/2], 1 <j <l -1
Hence, using Lemma 3.17 (1), we have

[(t—2)/2] [(t—2i+2)/2] 1—1

Z Z ZleM a1 (s—l—1)ap+(t—2i—2l+2)ay
Jj=

> [21 —2j — 1]1(1 +q )szq(72s+t+1)(z+lfl)+qu—2l+20(t > 2)
[(t=2)/2] [(t=2i+2)/2]

= wiEl‘;_alD(sflfi)a0+(t72i72l+2)a1
i=0 1=2

x 20 = 2]1[20 — 1)1 (g1 — gy g EHFDEH=D gl g > 9),

Here, on account of the factor [2l — 2];, we can include the case where | = 1;
hence, we can also include the case where i = [t/2] and thus the case where
t = 1. Thus,

[t/2] [(t—2i+2)/2] ~
D= Z Z ViBis—on D1y ag+(t—2i—204+2)as

5 [20 — 1]y q( 72D =) g (2122 _ g -2142)

?

the i = 0 part of which is denoted by E. Then,

[¢/2] [(—2i+2)/2]

C+(D-FE)= Z Z djiEl‘s*alD(ie—l—i)ag+(t—2i—2l+2)a1
i=1 =1

X [21 — 1]y q(~2SHHDEH=D) 420204 > 9y
Applying (1)s—1, we have

[t/2]
C+ Z wl (s—i)ap+(t— 21+1)a1[t -2+ 1]1q11§72l’
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where the range of ¢ can be changed to 1 <4 < [(t + 1)/2] on account of the
factor [t — 2¢ + 1];. Thus,

[(t+1)/2] ‘
A+C+(D—E) Z 1/)1 (5—1)ao+(t— 2Hl)al[t]1q(72s+t)zqi+1_

On the other hand, by (1),, we have

[(t+2)/2]
B+ FE= Z El5—“1D(_s—l)ao+(t—2z+z)a1 21 — 1]1[t]1q(*25+t+2)(171)
=1

= Doty [t + 1l

Hence, we obtain (2) for s.
(3)s We use (1)s. We can assume that ¢ > 1. By (1), we have

[(z+1)/2]

A(D;a0+ta1) th = Z A(EM*O‘ID(isfl)ao+(t72l+1)a1)
=1

X [2l _ 1]1q(—28+t+1)l(q1 _ q;l)
For 1 <1 < [(t+1)/2], using Lemma 5.3, (3)s_1, and Corollary 4.7, we have

A(El6—a1D(_s Dao+(t— 2l+1)a1)

!
= (clk‘ll ®FEi5 0, + (@1 —q1 ") ch_iEiéfal ® Wi)

i=1

l 2s+t+1 —
X < R O D (s gt (t—20+1)an

[(t—20+2)/2]
n Z STPE P @ dls—1yagt(t—2141)as pO(E > 21))
p=1
— .S1.—2s+t1 _
=k ® El‘s_’llD(sfl)a0+(t72l+1)a1

l
+ Z CSiZkl_QSthJrlEi&—Oq & ,ll)l_iD(_s—l)aO+(t—2l+l)a1q72s+t+1(q1 - ql_l)
i=1
[(t—21+2)/2]
=+ Z c’ pk_2S+t+1Ep6 a ® El6—a1d(sfl)a0+(t72l+1)a1‘p9(t > 2l)
p=1
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Hence, if we set

/2 1 )
A= Z Z csfzk,1—2s+t+1Ei5_al ® wl_iD(_s—l)ag-i—(t—Ql—{-l)al
=1 i=1

% [Ql _ l]lq(72s+t+1)l(q1 _ q1_1)7
[t/2] [(t—21+2)/2]

B = Z Z CS?pkl_25+t+1Ep5—a1 & El&—ald(s—l)a0+(t—2l+1)a1,p
=1 p=1

X [21 — 1],¢ 72D 0g (1 > 2),

then we have

A(Dyy st = kT @ DL, Ly, [th + A+ B.

We rewrite A. Puttingi =p, | —i =, we see that | = p+4' and that 1 <[ <
[(t+1)/2], 1 <i < lisequivalent to 1 < p < [(t+1)/2], 0 < i < [(t—2p+1)/2].

Hence,

[(t+1)/2]
A=Y IR, 04,

p=1
where we set

[((t—2p+1)/2]

Ap = Z djiD(;—p—i)a0+(t—2p—2i+1)a1
i=0

X [2p 4 2i — 1)1 HHVEE) (g — g7,

We rewrite B. Since 1 <1 < [t/2], 1 < p < [(t — 2]l + 2)/2] is equivalent to

1<p<[t/2), 1<I<[(t—2p+2)/2], we have

(/2]
B3 B, o8,
p=1

where we set

[(t—2p+2)/2]
By= > Eis—ond(sctagtt—2s1)arp[20 — g0 > 2),
I=1
Note that if ¢ is odd and p = (¢t +1)/2, then A, = D [t]1g(~2s+t+ 1P

dsap+tayp[t]- Hence, the proof of (3) for s is reduced to showing that A,+B,
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dsagtta, [t for t > 2, 1 < p < [t/2]. We rewrite B,. Using Proposition 3.26

(5), we have

[(t—2p+2)/2] [(t—2p—2(+2)/2] ~
By = Z Z El5—a, wiD(;—l—p—i)a0+(t—2p—21—2i+2)a1
=1 i=0

X 20 — 1]1q§72s+t+1)(2p+2i)+t72l+2q(—25+t+1)(l—l)(ql Y

[(t—2p+2)/2] [(t—2p—21+2)/2]

S SR Dl (N

=1 i=0

i1

+(1+q7) Z ba(i—j) Vi Eizj)s—a 01 > 1))
§=0

X D(;*p*l*i)a0+(t*2p72172i+2)a1

x [21 — 1]1q(*25+t+1)(p+l+i71)qi—21+2(ql e

In the double summation, 1 <1 < [(t—2p+2)/2], 0 <i < [(t—2p—2(+2)/2]is
equivalent to 0 < i < [(t—2p)/2], 1 <1 < [(t—2p—2i+2)/2]. In the triple one,
putting j = ¢/, I+i—j =1, i—j = j/, wesee that i = ¢'+j', | = I'—j" and that
1<I<[(t=2p+2)/2], 1 <i < [(t—20—2p+2)/2], 0 < j <i—11isequivalent
to0 < <[(t—2p—2)/2), 2< ' < [(t—2p—2i' +2)/2], 1 <j < I'—1. Thus,

[(t—2p)/2] [(t—2p—2i+2)/2]

By = Z Z qpiEl‘;*alD(Sflfpfi)ao+(t72172p72i+2)a1
=0 =1
x [21 — 1]1q(—25+t+1)(p+l+i—1)qi72l+2(ql _ qfl)

[(t—2p—2)/2] [(t—2p—2i)/2] I-1

+ Z Z Z iiEl‘S*alD(;—p—l—i)a0+(t—2p—21—2i+2)a1

i=0 1=2 j=1
% [21 N 2] N 1]1b2jq(725+t+1)(p+i+lfl)+jqi—2l+2(1 + qfl)(ql - ql—l)

By Lemma 3.17, the latter term is equal to

[(t=2p—2)/2] [(¢-2p—20)/2]
Z Z '(/]iEM—OélD(_s—p—l—i)a0+(t—2p—2l—2i+2)a1
i=0 =2

% [2l _ 1]1(q171 _ qfl+1)qlflq(72s+t+1)(p+i+lfl) t—2l+2(q1 _ ql_l)'

a

Here, on account of the factor (ql_1 - q_H‘l)7 we can include the case where
I = 1; hence, we can also include the case where i = [(t — 2p — 2)/2] + 1 =
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[(t —2p)/2]. Thus,

[(t—2p)/2] [(t—2p—2i+2)/2]

By = Z Z WE”*OHD@—p—l—i)a0+(t—2p—2l—2i+2)a1
i=0 =1

x (20 — 1]y g( "2 HFDEHH-D g12=2( ooy,
Applying (1)571, we have

[(t—2p)/2]

BP = Z 1/% —i)ap+(t—2p—2i+1)ay
X [t —2p — 2i + 1)1 q 2T ETI Gl (g — g 1),

where the range of ¢ can be changed to 0 < i < [(¢t — 2p + 1)/2] on account of
the factor [t — 2p — 2¢ + 1];. Hence,

[(t—2p+1)/2]
AP + BP = Z 1/}7' (s—p—i)ap+(t—2p—2i+1)a;

X ([Qp +2i—1)1+[t—2p—2i+ 1]1qi)q(—25+t+1)(p+i)(q1 _ qfl),

which is equal to dsag+ta; p[t]1. We obtain (3) for s.
(4)s We use (3)s. By Lemma 5.6 and (3),, we have

A(T (D;a0+toé1))
= Twl (C kl 2S+t) (D;a0+ta1>
[(t+1)/2]
+ 3 T (kR By ) © T, (duog 410 )0 > 1)

+ (QI - Qfl) [Tw1 (Csk;QSH) ® T (D;ao+ta1) lklEzsfocl ® Twl (Eal)]
= CSSitkl_Qs—l—t ® Twl (Ds_ag—l—tal)

[(t+3)/2]
+ Y ETTIRTE @ T, (duag s p-1)0(E > 1)

+ (ql - ql_l)cgsitilkl_25+t+lE5—a1 ® Tw1 ([Ds_a0+ta1 ) Eal]q*%*t)

where = means the congruence modulo U°U™(<)<_ ® U. Noting that both
sides belong to U’U* (<) ® UT by Corollary 5.5 and Lemma 6.8, we obtain
(4) for s.

(5) for s with t =2s —1 We use (1);. We rewrite the right hand side of
(5) for s with ¢ = 2s — 1, which is denoted by RHS. Using Lemma 7.2 (2), we
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have

s—1

RHS =T, (D_, 1 (25 2)0,)[28 T 211 — > Eusnys—on Batsnys—o 20+ 11g 7"
1=1

By (1)s and Lemma 7.2 (2), we have

s—1

T (D (26-2)0)[28 = 21 = D Bts1)5-a0 Bsmt41)5-a, [2 = Thg ™
=1

Hence,

s—1

RHS[2s — 2], = Z E41y5—a1 E(s—141)5-a, Cs,l
=1

where we set
cor = (25 + 21120 — 1]1q — [25 — 21 [20 + 1]1)q "

for s,l € Z. Using Lemma 3.17, for s € Z, [ > 1, we have

-1
D byicai—if(l > 2) = 25+ 2]3[20 — 1[I — 1](g — 1)

—[2s = 2|12l + 1]1[l](g¢ — 1) + by [2s — 2]5.

Hence, for s € Z, | > 1, we have

-1
(%) Cs,s—1 + Cs1q + Z baics1—i(L4+q)0(1 > 2) = (14 q)ba[2s — 2];.
i=1

Using Lemma 3.17, we also have

(%%) ZbZi—162m+1,m—i+1 = bam+1[4m]q for m > 1.

i=1
Now, we consider the case where s = 2m with m > 1. Using Corollary 3.20
(2), we have

2m—1
RHS[4m — 21 = > E(11)5—a, Bem—i41)5—a; C2m.1
l=m
m—1

+ Z <E(2ml+1)6a1E(l+1)5a1q
=1
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m—1—1

+ Z E (2m—1—i+1)6— alE(H»iJrl)zifalei(l + Q)e(l S m — 2)
i=1

+ E(m+1)5 o 02 (m—z)>62m,19(m > 2).

In the first term, putting I = 2m —1’, we see that m <1 < 2m —1 is equivalent
to 1 < I’ < m. In the double summation, putting [ = I’ — i, we see that
1<I<m—-2,1<i<m-—Il—1lisequivalentto2<I'<m-—1,1<:<[l'—1.

Hence,

m—1
RHS[4m — 2] = 0(m >2) > Em-i+1)5-a: Bt11)6—as
=1

-1
x (CZm,Zml + Comaq + Y baicam—i(1+ )01 > 2))
i—1

m—1
+ E(2m+1)5_a1 <c2m,m + Z b2iCom,m—if(m > 2)) .

i=1
Applying (%), we have

m—1

RHS = (1+q) Y b Eom—i+1)5—a: Ea+1)5-a1 + b2m Elmy1)5 ars
=1
which is equal to [Es_a;, E(2m+1)5-a,]q by Corollary 3.20 (2). Next, we con-
sider the case where s = 2m + 1 with m > 1. Using Corollary 3.20 (2), we
have

2m

RHS[4m]1 = > Egi1)s-as Bem—142)5—a1 Cam+ 1
I=m+1

+)° <E 2m—14+2)6—ay B(14+1)6 -0, 4
=1

S

+ E(Qm I—i42)5—a1 Bitit1)s—a, b2i(1 + )0 <m — 1)

7

Il
-

+ E(2m+2)57a0 b2(mfl)+1 [4]1> Com+1,1-

In the first term, putting [ = 2m — I’ + 1, we see that m +1 < [ < 2m is
equivalent to 1 <1’ < m. In the double summation, putting [ = I’ — i, we see
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that 1 <l <m-—-1,1<i<m-—-lisequivalent to 2 <!' <m, 1 <" - 1.
Hence,

m

RHS[4m]1 = Y E(am-i12)5—a, B4 1)5-a
=1

11
X <02m+1,2m—l+1 + Com+1,19 + Z baiComt1,i—i(1 + q)0(1 > 2))
i=1

+ Emi2)6—ao O b2ic1C2m1.m—it1[4]1.

i=1

Applying (%) and (%*), we have

RHS = (1+q) Y _ baEom-14+2)5-a1 Bt11)6-ar + A1b2m+1E(2m+2)5+a05
1=1
which is equal to [Es_q,, E(2m+2)5—a,]q by Corollary 3.20 (2). Thus, we obtain
(5) for s with t = 2s — 1.

(5)s We use (2)s and (4)s. The case where t = 2s—1 is proved above. The
case where t = 0 is clear from Lemma 3.9. We assume that s > 2, 1 <t < 2s—2
and argue by the descending induction on ¢. The left and right hand sides of
(5) (for s and t) are denoted by LHS and RHS respectively. By Corollary 4.7,
both of LHS and RHS belong to UT(<;8§ — ay); thus, we can use Corollary
5.10 to prove (5) for s. Using Lemma 5.3 with n =1 and (4),, we have

A(LHS) = [A(Es—a,); AT, (Dgagttay))]g2e

Ckfl ® E5*061 + Etg*al ® ]-7 C3S_tk;25+t ® Twl (D;ag+ta1)

[(t+3)/2]
+ Y TR B @ Ty (dsagttar p-1)0(E 2 1)
p=2

+ CSS_t_lkf25+t+1E5,al

® Twl ([D.;ao+ta1 ; Eal]q_zs‘*'t)(ql - Qfl)

g2s—t
[(t+3)/2]
= CSs—t+1k1—28+t—1 ® LHS + Z ch—t—p+1k1—2s+tEp6_al ® Ap
p=1

where we set

Ap = [EﬁfalaTwl (dsaothal,pfl)]qzs—t—l
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for 2 <p <[(t+3)/2], and

A1 = [Bs—ays Ty (D ttar > Banlg-2e40)]gze o1 (@1 — a1 ")
+ Twl (D;a0+ta1)(q_25+t - qQS_t)'

Note that if ¢ is odd and p = (¢t + 3)/2, then A, = 0, so that we have A, for
1 <p <[(t+2)/2]. Next, we calculate the coproduct of RHS. By (4)s, we have

sap+

A(RHS) = A<Tw1 (D_ (tfl)al)[4sit+ 1]1

(/2]
= Bitn)s-ai Lo (D (s iyao+(t—2iya; ) [20 + 1ig" 200t > 2)>'
i=1

For t > 2, 1 <4< [t/2], using Lemma 5.3 and (4)s_1, we have
A(E(Hl)é*ale (D(_s—i)ag—{-(t—Qi)al))

i+1
= <01+1k11 ® E(i+1)57a1 + (QI - qfl) ch_p—i_lEptifal ® ¢ip+1>
p=1

y (c3stik1_25+t ® Ty (D(_S_i)a0+(t—2i)a1)

[(t—2i4+3)/2]
+ Z Csztfzfpkl—Qs—{-t—{-lEp&_al
p=2

® Tw1 (d(57i)060+(t722')a1,p*l)e(t -2 Z 1)
+ C3S*t*i*1k1—28+t+1E6—a1 ® Twl ([D(_s—i)ao+(t—2i)a1’Ea1]4723+t>(QI _ q1—1)>

— 3s—t+17,—2s4+1—1 —
=¢ ki @ Eit1)5-ay Lo (D(sfi)aoJr(thi)al)

[(t—2i+3)/2]

+ Z cgs_t_p+1k1_25+tEp5—a1 02y E(i+1)67a1Tw1 (d(sfi)a0+(t72i)a1.p71>
p=2

T E§,a103s_t/€;25+t

& E(i+1)6—a1TW1 ([D(_Sfi)a0+(t72i)alaEal]q’szrt)(ql - Q1_1)q257t
it+1

+ D R Epseay @ Gicpit ooy (D iy s (1-20000)4 (a1 — a1 h)-
p=1

We sum up this for 1 <4 < [t/2] after multiplying [2i + 1];¢(=2**9%. Note that
1<i<[t/2], 2<p<[(t—2i+3)/2]is equivalent to 2 <p < [(t+1)/2], 1 <
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i < [(t—2p+3)/2] and that 1 < i < [t/2], 1 < p < i+ 1 is equivalent to
1<p<[(t+2)/2], max(1l,p—1) < i < [t/2]. Thus, for t > 2, we have

[t/2]
Z A(E(i+1)5—a1Tw1 (D(isfi)a0+(t72i)a1)) [27, —+ 1]1q(*25+t)z
=1
/2 |
=Tl g Z Eit1)5-01 T (D(g iy (1210, ) (20 F 1)yt
i=1

[((t+1)/2]
+ 6357t7p+1k1_25+tEp6—a1
p=2

[(t—2p+3)/2] _
® Z Eit1)5—a Toy (d(s—iyao+(t—2i)ar p—1)[20 + 1)y q{=2F0)
i=1
[t/2]
+ E57a103s_t/€1725+t ® Z E(i+1)§7a1Tw1 ([D(;—i)ao—{-(t—%)al’Eo‘l]‘1725+t)
i=1
~ [27; + 1]1q(—25+t)(i—1)(q1 _ qfl)
[(t+2)/2] [t/2]
—25 N —
+ Zl kT2 M B0, © z(: )¢i_p+1Twl (Dot (t=2iyar)
p= i=max(l,p—1

% [22 + 1]1q(725+t)(i+1)(q1 o ql—l)

Hence,
[(t42)/2]
A(RHS) = C3sft+1k1—25+t—1 ® RHS + Z C3sft7p+1k1—25+tEp6_a1 ® Bp
p=1

where we set

Bp = Tw1 (dsa0+(t71)a1,p71)[45 —t+ 1]1
[(t—2p+3)/2]

E(i41)6—ay Ty (d(s—i)ag+(t—2i)a1 p—1)

i=1
x (20 + 11720 (p < [(t+1)/2))
/2 .
— i—p+1dlw; _s—i o t—21)a i 19 - ' = Q1_
Z w T (D( oot : 1)[2 +1] (-2 +t)(+1)( 1)
i=p—1

fort>2, 2<p<[(t+2)/2] and

By = Twl({D;ang(tfl)al’Eal]4725+t71){48 —t+ 1]1(q1 - qfl)
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[t/2]
- Z E(H-l d—ay ’Wl([D(isfi)aoJr(thi)alJEal]q_25+t_1)

x [22 +11(q =g DT > 2)
(/2]
a Z 1/}1 w1 (s—i)ao+(t— 21)a1){27’- + 1]1q(_25+t)(1+1)(q1 - qfl)e(t 2 2)'

By virtue of Corollary 5.10, the proof of (5) for s and ¢ is reduced to showing
that A, = B, for 1 < p < [(t+2)/2]. First, assuming that ¢ > 2, we shall check
that A, = B, for 2 < p <[(t+ 2)/2]. We rewrite A,. Using Proposition 3.26
(5), we have

Ap = [Ez%ocl Ty (dsaothahpfl)]q?S*f*l

[(t~2p+3)/2]
= E&—ala Z d}l W1( (s—p—i)ap+(t—2p— 21+3)a1)
i=0 g2s—t—1
y q£—25+t)(2p+2i—2)+t+1(q1 Y
[(t—2p+3)/2]
= ZO <¢1[E5 Qa1 wl(D(S p—i+1)ag+(t—2p— 21+3)a1)] 2s—t—1

+(1+q" ZbZ(z 3) % (i—j+1)6—ay m(D(; p—i)oo+(t—2p— 21+3)a1)>
7=0

X q PSTOEPTRERTL (g hg(p < [(¢+1)/2)).

We apply (5)s—1 to the first term. In the second one, putting j =4/, i —j = j,

we see that ¢ = ¢/ + j" and that 1 < i < [(t —2p+3)/2], 0 < j <i—1is

equivalent to 0 < ¢ < [(t —2p+1)/2], 1 <j <[(t —2p — 2i + 3)/2]. Hence,
[(t~2p+3)/2]

AP = Z %( Wl( (s p7i+1)a0+(t72p72i+2)a1)

i=0
X [4s —t—2p—2i+210(t —2p — 21 +2 > 0)
[(t—2p—2i+3)/2]
- Z E(j1)6-a; T (D(;fpfi7j+1)o¢g+(t72p72i72j+3)a1)[2j+]‘]1
j=1

% q(—25+t+1)j9(t —2p—214+12> 0)) q§—25+t)(2p+2i—2)+t+1(q1 _ qfl)

[(t—2p+1)/2] [(t—2p—2i+3)/2]

+ Z Z qu (j+1)d—a1

i=0 j=1
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X Ty (D pij 1o+ (1-2p-2i—2j+3)an )
X bajqi 2eTVEPIRHRITNRH G = ly(gy — g8 < [(E+1)/2])
[(t—2p+2)/2]
= Z $iTw, (D(_s—p—i+1)a0+(t—2p—2i+2)a1)[48 —t—2p—2i+2]
1=0

—25+1)(2p+2i—1)+2s+1 _
><q§ s+t)(2p+2i—1)+2s (Q1—q11)

[(t~2p+1)/2] [(t—2p—2i+3)/2] _

+ Z Z ViB(j+1)5-a
i=0 j=1

X Ty (D sy i jit)ag+(t—2p—2i—2j+3)a1)

x (@1 — a1 H)O(p < [(t +1)/2]).

We rewrite B,. Assuming that p < [(¢ + 1)/2] and using Proposition 3.26 (5),
we have

[(t—2p+3)/2]
Z E(is1)5—a1 Ty (d(s—iyao+(t—2i)a1 p—1)
i=1
x 20+ 11720 (p < [(¢+1)/2])
[(t—2p+3)/2] [(t—2p—2i+3)/2]
— Z Z Eit1)6-a
i=1 =0
X YT, (D(Tsfp—ifj+1)a0+(t72p72i72j+3)a1)
% q£—25+t)(2p+2j—1)+25—2i+1(ql _ ql—l)
[(t=2p+3)/2] [(t=2p—2i+3)/2] /
= Z Z <¢jE(i+1)5—a1

i=1 j=0

j—1
+ (147 bt Yk Bkt 1)5-a, 00 > 1))
k=0
X T, (D(;7p7i7j+1)a0+(t72p72i72j+3)a1)
K g{THHD@PAZ DSR2y
In the double summation, we see that 1 < i < [(t—2p+3)/2], 0 < j < [(t—2p—
2i+3)/2] is equivalent to 0 < j < [(t —2p+1)/2], 1 <i < [(t—2p—25+3)/2].
In the triple one, putting k = ¢/, i+j—k = j', j—k = k', we see that ¢ = j' — k',
j=i+k and that 1 <i<[(t—2p+3)/2,1<j<[t—2p—2i+3)/2],0<
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k < j—1isequivalent to 0 <i' <[(t—2p+1)/2],2 <j <[(t—2p—2i'+3)/2],
0 < k' <j" —1. Hence,

[(t—2p+2)/2]

- - -1
By = Z YiTe, (D(s—p—i+1)a0+(t—2p—21+2)a1)Ci(ql —qr)
i=0
[(t—2p+1)/2] [(¢—2p—2i+3) /2]

- > > ViE(j11)5-a1
i=0 j=1
x Twl (D(;7p7i7j+1)a0+(t72p72i72j+2)a1)

x cij(qr — g )O(p < [(t+1)/2])
where we set

¢ = [48 4 1]1q§72s+t)(2p+2i71)+2572p72i+2 . [2p + 92— 1]1q(—25+t)(p+i)

and

cij = [2 + 1]1q§—25+t)(2p+2i+2j—1)+25—2p—2j+1

7j—1
+ (1 + q_l) Z b2k[2.7 _ 2]€ + 1]1q§725+t)(2p+21+2]71)+2572]+2k}+19(j Z 1).
k=0

It directly follows that

ci = [ds — t — 2p — 2i 4 2]y ¢ 7T EPTRTD 2L

Using Lemma 3.17 (1), we have

Y 1]1qj by (1 + q71>)q§72s+t)(2p+2i+2j71)+25+1.

Hence we have A, = B, for 2 < p < [(t + 2)/2]. It remains to show that
Ay = By. We rewrite A;. Using (2)s, Lemma 2.11, and Proposition 3.26 (5),
we have

[Et;*al ) Twl ([D;a0+ta1 ) Eal]q—25+t)] g2s—t-1

= E5—061 ) Twl (Ds_a0+(t+1)a1)[t + 1]1

[(t41)/2) ottt
+ Z wiTwl(D(_s—i)a0+(t—2i+1)a1)q1

i=1 g2s—t-1

= [EéfauTwl (D;a0+(t+1)a1)]q257t71 [t + 1]1
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RN (—25+t)(2i+1)+25+1
+ Z ¢i[E57a17Tw1(D(isfi)a0+(t72i+1)al)] 2s—t—1( 3 ' 3
i=1
[(t+1)/2] i—1
+ Z Zd}_]E(l j+1)d—a w1(D(s i) oo+ (t— 27,+1)a1)
( 25+t)(21+1)+25+1 —
X bagi—jya1 (L+q7").

We apply the induction hypothesis ((5) for s and ¢ + 1) to the first term and
(5)s—1 to the second one. In the third one, putting j =4, i —j = j', we see
that ¢ = ¢/ 4+ j' and that 1 < ¢ < [(t+1)/2], 0 < j < i— 1 is equivalent to
0<i <[t—-1)/2], 1 <j <[(t—2¢+1)/2]. Hence,

[Eéfal ’ qu ([D;a0+ta1 ’ Eal]q*%“)] g2s—t—1

= Ty (Dsagtar)[4s — thilt + 1)1
[(t+1)/2] '
— Z E(i+1)5*a1Tw1 (D(_'s—i)a0+(t—2i+1)a1)[2i + 1]1q(—25+t+1)z[t + 1]1
i=1
[(t+1)/2]
+ Z w,( Do iy (1—2070 )45 — £ = 2010(t — 2i > 0)
[(t—21+1)/2]
- Z Ej1)5-01 T (D(isfifj)a0+(t72i72j+1)a1)
j=1

[2] + 1]1q(—2s+t+1)j9(t —2i> 1)) q§*25+t)(2i+1)+25+1

[(t—1)/2] [(t—2i+1)/2]
+ Z Z %E (j+1)6—a1 w1(D(igfifj)aﬁ(tfmfzﬁl)al)

XijCA 25+t)(2z+2]+1)+25+1(1+q_1>'

Thus,
AL =T (D ia, ) ([As — thlt + i(q — a7 ) + (a2 — ¢*7Y)
/2] _
J[4s — t — 2i]yq{ P TICHEDEHL G gy

+sz wl (s—1)ap+(t—2i)

[(t+1)/2}
- Z E(j+1)5—a1Twl(D(_sfj)a0+(t72j+1)a1)
j=1
X 27 4+ [t + 11g> i (g — g7t
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(-1 /2] [(1=2i+1)/2]
Z Z ViE(jt1)5-a1 Lo Dy i jyagt(t—2i—2j+1)a1)

X [2f + 1]t + 1]yq( T2+ gl 2t @i 2ttt
[(¢=1)/2] [(t—2i+1)/2]

Z Z Vili(j+1)5-00 Ty (D(_s—i—j)ao+(t—2i—2j+1)a1)
i= =1

~ b2 _q(72s+t+1)jq£—25+t)(2i+2j+1)+28+1(1 + qfl)(ql - ql—l)
= Ty (Dsagriay)4s =t + 11t (a1 —ay )
[t/2]

+ Z wz wl (s—i)ap+(t—2i)ay )[48 —-t- 22]1
~ q§ 23+t)(22+1)+23+1(q1 _ q;l)a(t Z 2)

[(t+1)/2]
+ Z (j+1)6— 041 (D(_s—j)ao-l-(t—zj‘i'l)al)

x ((1+q*1)b2jq§ 25ht)(2j41) 42541

— [2j + W[t + 11g > (g — 1)
[(t-1)/2] [(t=2i+1)/2]
+ Z Z ViE(j41)5-01 T (D(_s—i—j)ao+(t—2i—2j+1)a1)

X ((1+q )baj — [2] + U1g? g T2 FIEFHFDTEH (G gr ot > 3).
We rewrite B;. Using (2);_1 and Proposition 3.26 (5), we have

[t/2]
Z E(i+1)5—a1Tw1 ([D(;fi)ag+(t—2i)a1 , Eal]q—23+t—1)[2i + 1]1q(—25+t)z9(t > 2)

t/2
- Z E(l"‘l d—ay ( (D(_S*i)a0+(t72i+1)a1)[t — 0 + 1]1

{(t 2i41) /2]
+ Z w’b ‘Wl( s i— ]a0+(t 20— 2_7+1)a1)

X q§*25+t)(2j+1)+2(5*i)+19(t — 2% > 1)) [22 + 1]1q(—25+t)i9(t > 2)

[t/2]
= Z E(l+1 S—ay wl( (_s—i)a0+(t—2i+1)a1)[t — 21 + 1]1[21 =+ l]lq(—Qs-‘y—t)ze(tZ 2)
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[t/2] [(t—2i+1)/2] j—1 ~
+ Z Z (% (i+1)5—ar T (L 4+¢71) Zbz(j—k)¢kE(i+j—k+1)6—m>

k=0

x Twl (D(_s i— ])a0+(t—2i—2j+1)a1)[2i + 1]1

% q§—25+t)(21+2j+1)+2(s—i)+1e(t _ 22 Z 1)9(t Z 3>‘

In the first term, on account of the factor [t — 2¢ 4+ 1];, the range of 7 can be
changed to 1 < ¢ <[(t+1)/2], so that the case where t = 1 can be included. In
the double summation, we see that 1 <i < [(t—1)/2], 1 <j <[(t—2i+1)/2]
is equivalent to 1 < j < [(¢ —1)/2], 1 <i<[(t —2j+ 1)/2]. In the triple one,
putting k =14, i+j—k=3, j—k =k, weseethat i = j' — k', j =i +k" and
that 1 < e <[(t—1)/2], 1 <j<[(t—-2i+1)/2], 0 <k <j—1isequivalent
to0<i <[(t—-3)/2], 2<j <[(t—2i4+1)/2], 1 <Kk <j —1. Hence,

t/2]
Z E (i+1)d—ay T, ([D (s i)a0+(t—2i)alvEal]q*%*f*l)[zi + 1]1q(_25+t)19(t >2)

a2 |
= E(i+1)5*a1Twl (D(;—i)ao-l—(t—%—{-l)al)[t — 2 =+ 1]1[22 + 1]1q(—25+t)z

i=1
@-1)/2[(¢-2j+1)/2]

+ Z wiE(jJrl)‘s*alTwl(D(Tsfifj)a0+(t72i72j+1)a1)
i=1 7j=1

% [2j + 1]1q ( 25+t)(2i+2j+1)+2(sfj)+19(t > 3)

[(t=3)/2] [(t—2i+1)/2] j—1 R
+ Yo D UiBGins-a Te (Dii gt (1-2i-2j+ 1)ay)
1=0 j=2 =

X boy[2) — 2k + 1]y g T2 EHBANIA—IH R 4 g > 3),

Using Lemma 3.17 (1), we see that the last term is equal to

[(t=3)/2] [(t—2i+1)/2]

Z Z wiE(jJrl)KS*alTwl (D(_s—i—j)a0+(t—2i—2j+1)a1)
i= j=2

% ((qj _ qij)[2j +1]; — b2j(1 +q 1)) 5 2S+t)(2i+2j+1)+25+10(t > 3).

Here, we can include the case where j = 1, in which the factor ((¢/ — ¢=7)[2j
+1]1 — b2j(1 4 ¢~ 1)) vanishes, and the case where i = [(t — 1)/2](= [(t — 3)/2]
+1), in which we have j = 1 since [(t +1)/2] — [(t — 1)/2] = 1, so that we can
also include the case where ¢t = 1,2. Hence, applying (2); to the definition of
B, we have

By =Ta, (Do s1a,)[4s =t + Ui[th(g — ¢ )
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[t/2]
ql _ql Zwl wl (s—1)ap+(t— 21)041)

x ([4s—t+1] (2ot DEIHDE2HL _ 19; 4 1], ¢(-25H06D) g (¢ > 2)
[(t+1)/2]
Z E(j+1)-an wl(D(;*j)ao+(t*2j+1)a1)

x [t —2j +11[25 + 1]1¢72FD9 (g — g7h)
[((t—1)/2] [(t—2i+1)/2]
- Z Z wz (j+1)d—a1 W1 (D(S i—j)ao+(t—2i— 2J+1)a1)

i=1
« [2] + 1]1q£ 25+t)(21+2j+1)+2(5 J)+1(q1 _ qfl)ﬁ(t > 3)

[(t-1)/2] [(¢=2i+1)/2]
Z Z ViE(j11)5-a1 T, (D(isfifj)a0+(t72i72j+1)a1)
i= j=1

% ((qj _ q—j)[2j + ]1 . 62](1 +q 1)) (— 25+t)(2i+2j+1)+25+1(q1 —qfl).

It is now easy to see that A; = B;. We obtain (5) for s.

The proposition is proved. O
Definition 7.6. For n,r > 0, we define the elements Dn6+m1 of
U+( ) N sz_5+ra1 by DnzS = 6”%0’ Djal - Eal » and
min(r,2n) 2=y
r—i —1 n—i)(r—i
no+ray = Z Ec(n )(Tl *)(Dna0+(2n z)al)(h fOI‘ n,r Z 1-
i=1

Example 7.7. Let n > 0. Then, D:zr5+a1 = FEnsta-

The following is a consequence of Proposition 7.5 (5) and will be used in
the next section.

Corollary 7.8.  Let n,r > 0. Then,

ZDn i)d+ray 745‘1‘(11[22.—*_ 1]1 D,:5+(T+1) [27’L+’f'+1]1

Proof. We can assume that n > 1. We rewrite the left hand side, which
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is denoted by LHS. By Definition 7.6, we have

—nr

LHS = E() Ey540, 20+ 11g
n—1 min(r,2n—2i)

r—j —1 —
+Z Z BT IT)(DG, oyt on-2i—jyar) Biv b

X [2i + 1]1q§ 2n—’_%—'_j)(T_j)(f"r.

We rewrite the [ = 0 part. Using Proposition 7.5 (5), we have

(T7 (D4 2y ) B
= (T ) (T ) (Ba) Do 2 jyen)
= (Tfl *TQETW1)((T1 ' *)(Ea )D;ao«I»(Qn J)al)

= (Tl_l * Tz;ll)(EzS—tnTw1 (D;ao_:,_(zn j)a1))

(Tl Twll) (Twl (D;a0+(2n7j)a1)E5*a1qj

+ T, (D;aﬁ(?n i 1)m)[Qn +j+110( <2n—-1)
[(2n—3)/2]

B E(k+1)5—061TW1 (D(_nfk)aoJr(anijk:)al)

ke
Il
—

x [2k +1]1¢77%0(j < 2n — 2)>

= Eal(T )(D’;ao+(2n J)al)qj
+ (T )(D g s 20—y 20+ 5 + 110G < 20— 1)
[(2n—j /2]
- Z Ek5 alD(infk:)ag+(2n7j72k)a1)
X [2/€+ 1]1¢q~ Jk@(j <2n-—2).

Hence,

—nr

LHS = E) Ensya, 20+ 1)1q
n—1min(r,2n—21)

+Z Z E(ggi])(Tfl*)(El(;*alD(in i)ap+(2n—2i— ])Dtl)

« [22+ ]1(]§ 2"+2i+j)(7”*j)q—ir
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min(r,2n)

— i (—2n+7)(r—j
+ Z EY, Ty ) (Dpas an o) P00

mln(r,2n71)

- _ . —2n+5) (k—j
+ Z C(Yl ])(Tl 1*)(Dnao+(2n*j*1)a1)[2n+-7 + 1]1q§ )

j=1
min(r,2n—2) [(2n—j3)/2]
- Z Z E(g,; ])(T )(Ek(s alD(_'rL—k)a0+(2n—j—2k)a1>
j=1 =

X [2k + 1)1q77 § =),
By Lemma 7.2 (4), the first term is equal to £ (Tl_l*)(D;ao+(2n—1)a1)[2n +
1]1qf2"k, which can be added to the fourth one for ¢ = 0. In the second
one, we see that 1 <7 < n -1, 1 < j < min(r,2n — 2i) is equivalent to
1 <j <min(r,2n—2), 1 <i < [(2n—j)/2], so that it cancels out with the
fiftth one. Hence, replacing 7 by j + 1 in the third one, we have

min(r,2n—1)
LHS= Y EU (17D,

%1 na0+(2n—j—1)a1)
=0

X ([7« _ j]lqj+1q£—2n+j+1)(7'_j_1) + [27’L +_7 4 1]1q£—2n+j)(7"_j))
min(r,2n—1)
r—1 — — —2n+j+1)(r—j
Z E‘gél )(Tl 1*>(Dna0+(2n*j*1)a1)[2n +r+ 1]1q§ HHE—)
=0
min(r+1,2n)
r+1)—j —1 —
Z EC(V(1+ ) ])(Tl *>(Dna0+(2”*j)a1)
j=1
g2 () -

— Dt
- Dn6+(r+1)a

Non +r + 1],
2n+r+1].

The corollary is proved. ]

§8. Construction of Basis 11

Definition 8.1. For n,r > 0, we define the elements D>
UL (>)UL(0) N U, ., by

ndé+ray

of

n6+7‘o¢1

7717"
n6+ro¢1 2 :Dn i)6+ran i .

Example 8.2. Let n,k > 0. Then, D20 = P,, DZ° = E{).

kal
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The following is a consequence of Corollary 7.8.

Lemma 8.3. Let n,r > 0. Then,

n

>0
DTT&JrTOél Z (n—1i)0+(r+1)ay [ n—2i+r+ ]
i=0
Proof. By Definition 8.1 and Lemma 4.15, the left hand side is equal to

n

+ 3 —ir
Z D(n—i)6+ra1 P’Ealq
=0

- ZZD (n— 1)5+7‘a1E(1 ])54‘041 [Ql —2j+ 1] -
1=0 j=0

Putting j =4', i —j = j', we see that i = ¢ + 7' and that 0 < i <n, 0<j <4
is equivalent to 0 <4’ <n, 0 < j' <n — 1. Thus, this is equal to

ZZ (n—i—j) 6+ra1Ej5+a1Pi[2j + 1]1q_(i+j)T'
i=0 j=0
Applying Corollary 7.8, we obtain the lemma. O

Lemma 8.4. Letn>1, r>0. Then,
7 —T+1 (—r+1
ZD (n—1) 5+roc1¢iq ( ZD(n i)d+ray [22]1(] (= ).

Proof. By Definition 8.1, the left hand side is equal to

n n—t

DD Dmicjysgran Pithia g Y.

i=1 j=0

Putting ¢ = ' — j, we see that 1 < i < n, 0 < j < i—1 is equivalent to
1< <n, 0<j < —1. Thus, this is equal to
n 1—1
+ g gi(=r+1)
ZZD(n—i)M-TmPJw’_Jq qu( L
i=1 j=0

Applying Definition 4.9, we obtain the lemma. o

Using Proposition 7.5 (2) and Lemma 8.3, we prove the following.
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Theorem 8.5. Letr,s > 0. Then,

E&S) E(’")

min(2s—1,7) [t/2]
_ — i(r—2s) (r—t)(—4s+t)
- Z Z Dz(5+ (r—t)a (s i)ao+(t—2i)a1q (r=2 )ql 6(8 > 1)

O(r > 2s).

+ Ds§+(r 2s)ay =

Note that if s > 1, then 0 <t < min(2s — 1,7), 0 < i < [t/2] is equivalent to
0 <i<min(s—1,[r/2]), 20 <t <min(2s — 1,7).

Proof. We argue by the induction on r. The case where r = 0 is clear.
Assuming the case for r, we shall prove the case for r + 1. We can assume that
s > 1. Using the induction hypothesis and Proposition 7.5 (2), we have

min(2s—1,7) [t/2]
s r - —2s
B BilFer = 2 2 Diiron <E L
+D (s i)ao+(t— 2i+1)a1[ —2i+1]
[(t—2i+1)/2]

+ Z wﬂ (s—i—j)ao+(t—2i—2j5+1)aq

y q§25+t)(2j+1)+2(si)+1>

i(r— 25) (T t)(— 4S+t)+D Ealg(’r‘z 28)

xq sap+(r—2s)ay

Hence, by Lemma 8.3, if we set

min(2s—1,7) [t/2] i

A= Z ZZDz — o+ (r=t+Dar DD s—iyao+ (t—=20)ay

=0 j7=0
X [2i— 2 1 — t 4 1)1q I gT At girm2)gfrm0 (st

min(2s—1,r) [¢/2]
B = Z Z D7,5+ (r—t)a (; i)ag+(t—2i+1)as

X [t — 2 + 1)1 (729 glr =0 =4+

min(2s—1,r) [t/2] [(t—2i+1)/2]

C= Z Z Z D7,5+7' tale (s—i—j)ap+(t—2i—25+1)a
i= j=

(72.s+t) (2j+1)+2(57’b)+1 i(r—2s), (r—t)(—4s+t)
1 q 4

)



AN INTEGRAL PBW BasIs oF TYPE Agg) 883

r—2s
b= ZDS Do+ (r—2s 10, Lilr =27 +11g ir=290(r > 2),

then we have
EQE! i +1;=A+B+C+D.

Note that in the above expression of A, on account of the factor [2i — 2j +r —
t 4+ 1];, the range of ¢ can be changed to 0 < ¢t < min(2s — 1,7 + 1). Also, in
the above expression of D, on account of the factor [r — 25 + 1]y, the factor
6(r > 2s) can be changed to 8(r+1 > 2s). As for B, by Definition 8.1, we have

min(2s—1,r) [t/2] i

B= Z ZZD@ Dot(r—t)or LiD (e —iyag+ (t—2i41)on
=0 j7=0
« [t — 2+ 1]1(]7 j(r—t )qz(r72s)q£7‘—t)(—4s+t).

Here, on account of the factor [t — 2i 4+ 1]y, we can change the range of i to
0<i<|[(t+1)/2]. We rewrite C. Putting i + j = ¢/, we see that i =4’ — j
and that 0 < @ < [¢/2], 1 < j < [(t —2i+ 1)/2] is equivalent to 0 < ¢/ <
[(t+1)/2], 1 <j <4 Thus,
min(2s—1,7) [(¢4+1)/2] 4
C= Z Z; z;Dz )6+ (r—t a1¢JD@—i)a0+(t—2i+1)a1
i j

v q£—25+t)(2]+1)+2(s z+J)+1q(17])(ngs)qgr—t)(—4s+t) .

Applying Lemma 8.4, we have

min(2s—1,7) [(t+1)/2] 4

C= Z Z Z (Jr j)8+(r—t al‘PJD(s )ap+(t—2i+1)ay

=0 j=1
~ [2j]lq](—T+t+1)qi721+1qz(r—Qs)qY*t)(*‘lSth).

Thus,

min(2s—1,7) [(t+1)/2] 4

B+C= Z Z ZD (e )5+ (r—=t)an LD (s—i) g+ (t=2i+ ey

=0 j=0
X [t — 2+ 2j + 1]y qf C 4D gilr—2s) glr=)(=4s1),

Replacing t by ¢t — 1, we have
min(2s,r+1) [t/2] 4

B+C= Z Z ZD(Z J)o+(r— t+1)a1P D(_s D)o+ (t—27)

i=0 j=0
X [t — 22 + 2]]1q (_T+t)ql(r_25)qgr_t+1)(_45+t_1).
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Here, on account of the factor [t — 2i + 2j];, we can include the case where
t = 0. Hence,

A+B+C

min(2s—1,74+1) [t/2] 4

= Z ZZD@ )6+ (r— t+1)a1PD(; )ao+(t—2i)aq

=0 j7=0

X [T’ 4 1]1q (—T-I-t—l)qz(r—25+1)q§T7t+1)(74s+t)

. s—i)(r—2s) —(r—2s+1)(2s+1
+ Z DE";_j)6+(T—25+1)(X1Pj [2.7]1(1( 2l )ql ( a )9(’(’ +12 28)'
j=0

By Definition 8.1, we see that the former term is equal to

min(2s—1,r+1) [t/2]

>0 - i(r—2s+1) (r—t+1)(—4s+t)
Z Di5+(T7t+l)alD(sfi)ang(thi)al [1" + ]-]1(] ( )ql
t=0 i=0

and that the latter plus D is equal to

r—2s+1
ZD(S 7)o+ (r—2s+1)ay [7" + 1]1q i + )9(7“—1— 1> 2s)

>0

Sa0+(T72s+1)a1 [T' + 1]10(7" + 1 Z 25)

Thus, we obtain the case for r 4+ 1. The theorem is proved. O

Corollary 8.6.  We have Uj(0) C Uj.

Proof. 1t is enough to show that Ps € U"Z' for s > 0, but it follows from
Theorem 8.5 with r = 2s by the induction on s. O

We shall prove that Vz is closed under multiplication (Proposition 8.13).
First, we shall prove that both of U} (>)U}(0) and U (0)UZ (<) are closed
under multiplication (Corollary 8.9).

Proposition 8.7. Let s > 0. Then,
(1) Ds_aoerlE,(ji) € Vz forr,k >0,
(2) Ps Eﬁb&)_i_a € U (>;nd + a1)UL(0; 5) for n,k > 0,
(3) ESX) D3, € Vg fork,r >0,

(4) PaEy) o5 oy € Ug (> (20 +2)8 — ag)UZ(0; 5) for n,k > 0.

ap
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Proof. We denote by (a), the statement (a) for s =0,1,... ,r. First, we
prove the following.

Sublemma 8.8.  Lets > 1 and assume that (2)s—1 and (4)s—1 are valid.
Leta € Rf,(>), © € U " (>;a) and lety € U (0;5—1). Then, yz = 3, z:y;
for some z; € U™ (>50), y; € UL (0;5 — 1) with h(z;) = h(z), i(y:) <i(y).

Proof. By the same argument in the proof of Proposition 4.17, the sub-

lemma is reduced to the case where x = E(k) with nd + oy > o or ¢ =

nd4aq
E((;)HQ)&*ao with (2n +2)§ —ap > a,and y = P; for 1 < i < s— 1, but it
follows from (2)s—1 and (4)s—1. O

We shall prove (1)s—(4)s at once by the induction on s. If s = 0, then (3)
follows from Theorem 8.5, and the others are clear. Now, assume that s > 1.

(1)s We argue by the induction on r. The case where r = 0 follows from
Theorem 8.5. We can assume that 1 < r < 2s — 1. By Theorem 8.5, we have

E) g(r) pk)
@ (&%) [e5]
R (r—t)(—4s+t)
— k) i(r—2s r—t)(—4s
- Z Z D16+(T‘ t) (s i)a0+(t—2i)a1Eé1)q ( )ql 0(7‘ Z 2)
i=1 t=21
r— — (r—t)(—4s+t) k
+ Z E t Dsa0+ta1Ezgcl)q1 + Dsa0+ra1 c(tl)‘

The left hand side is equal to E(S)E(T+k) [H'k] , which belongs to Vz by The-
orem 8.5. The first term on the right hand side belongs to Vz, since for

1<i<[r/2], 2i <t <r wehave Di_ , Wi o0, EY) € vy by (1)s—1;

hence, D“H(T t)alD(S*i)aoJr(thi)alE(gl) € Vz by Sublemma 8.8 and Proposi-
tion 4.17 (2). The second one on the right hand side belongs to Vz by the
induction hypothesis. Thus, D, .., EPa (k) € Vz. We obtain (1) for s.

(2)s By Theorem 8.5, we have

E(s )E(2S)E( )

ag
- t/2 ( ) )
— k 2s—t)(—4s+t k
- Z Z Dz5+ 2s—t)a (s i)a0+(t72i)a1Egél)q1 + PsEél)'
t=0 i=0

The left hand side is equal to E&SO)E(QSHC) [QSZk]l, which belongs to Vz by

Theorem 8.5. The first term on the right hand side belongs to Vz, since for

0<t<2s—1,0<1i<]t/2], we have D, iaot(t-20)en E&’j) € Vg by virtue
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of (1)s; hence, Dz5+(25 tyon D (5—iyao+(t—2i)ns EY) € V by Sublemma 8.8 and

Corollary 4.6. Hence, by Proposition 4.17, we have P; Eﬁb&)_i_a e VznNnUT(>
;nd + a1)UT(0;5) = U%‘(>,n5 + 1)U (0; ). We obtain (2) for s.

(3)s By Theorem 8.5, we have
E( )E(S)E(T+28)

s—12s—1

o (k) />0 - ir (—4s+t)(r+2s—t)
Z Z E D15+ r+2s—t)a D(s—i)ag—i—(t—Qi)alq 4
1=0 t=21

>0
+ E( )Ds_ziJrral

The left hand side is equal to E(k+S)E(T+25) [k‘}c's]o, which belongs to Vz by

Theorem 8.5. The first term on the right hand side belongs to Vz, since for
0<i<s—1, 2t <t<2s—1, we have EC(JZ)DMH(HQS ar € Vz by (3)s—1;

k _
thus, EC(MO)D“H(HQS Hor Pis—iyaot(t—20)01 € V2 bY Corollary 4.7 (4). Hence,

E&’E)Diﬂml € Vz. We obtain (3) for s.
(4)s By Theorem 8.5, we have

E(k)E(S)E(QS)
Eagk (—dst)(25-1)
>0 — —4s+t)(2s—t k
= Z Z EY D51 0s—tyar Ps—iyao+ (t=2i)ar T +EJP,.
t=0 =0

The left hand side is equal to E(]H_S)EC(Y1 °) [k+5] which belongs to Vz by The-
orem 8.5. The first term on the right hand side belongs to Vz, since for
. k

0<t<2s—1, 0<i <[t/2], we have E&O)D?&g_@s_t)m € Vz by (3)s—1;
hence, E&O)Dgi@s Ha D(_sfi)a0+(t72i)a1 € Vz by Corollary 4.6 (4). Hence, by
Proposition 4.17, we have EC(JZ)PS € VzNUT(0;5)UT(<) = U (0;5)UL(<).
Applying T , we have Eé?ﬂ_a Py € UL(0;5)UZ(<;2n6 + ag) for n > 0.
Applying T1 *, we have P; E((2)+2)5 o € Uj (>;(2n +2)6 — ap)UZ(0; 5) for
n > 0. We obtain (4) for s.

The proposition is proved. O
Corollary 8.9. Let a € R, (>), B € R/.(<) and let n > 0.

(1) Let x € UJZ“h(>;oz) y € U+h(0 n). Then, yr = Y . x;y; for some z; €
UJZr‘h(>;a), Yi € U+ (0;n) with h(x;) = h(z), i(y;) <i(y).

(2) UZ(>;a)UL(0;n) is closed under multiplication.

(3) Lety € U"Z"h(O;n), z € U;‘h(<;ﬁ). Then, zy = Y, y;z; for some y; €
UL (03n), 2 € Ug™(<; 8) with i(y;) < i(y), h(zi) = h(2).
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(4) UL(0;n)UL(<; B) is closed under multiplication.

Proof. (1) is nothing but Sublemma 8.8. (2) follows from (1) by the same
argument in the proof of Proposition 4.17 (2). Applying T, '* to (1) and (2),
we obtain (3) and (4) respectively. O

k
Corollary 8.10.  Let s,t,k > 0. Then, E&O)Djaﬁml € Vz.
Proof. By Corollary 8.9 (4), we have VzP,, C Vz for n > 0. Thus, the

corollary follows from Proposition 8.7 (3) and Definition 8.1 by the induction
on s. o

Lemma 8.11.  Let n,k > 0. Then,

(1) D, =Eg® +3°. zinzio for some zi; € U™ (<) with

(n+1)kao+(2n+1)kay (n+1)d—a
h(zij) S —1,

(2) D7 B + >, zinzio for some z; € UL (<) with

(2n+1)kap+4nkay = Ponstap
h(Z”) S —1.

Proof. This follows from Definition 7.1 by the induction on n. O

Lemma 8.12. Let n,k > 0. Then,

(1) DTJer(S—l—kal = Er(z?ﬁ-al + >, xizio for some x;; € UJZ“h(>) with h(x;;) > 1,

b 11 .
(2) Dtk sokas = Pombian T i Ttz for some zi; € UL"(>) with h(zi;)
> 1.

Proof. In view of Definition 7.6, we obtain the lemma by applying T} Ly
to Lemma 8.11. o

Proposition 8.13.  Let a € Rf,(>), 8 € Ri,(<) and let z € UL"(>
ja), z € UJZ“h(<;B). Then,

(1) za =Y, xyi% for some x; € U;‘h(>;a), yi € U;’}L(O), z € U;‘h(<;ﬁ)
with h(z;) < h(x), h(z;) > h(z),

>« < 15 closed under multiplication.
(2) Uz (>;0)UZ(0)U%(<;B) is closed under multiplicati

Proof. 'We prove (1) by the induction on h(z) —h(z). We can assume that
h(z) > 1 and h(z) < —1. By the same argument in the proof of Proposition 4.19
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(k)

(1), we see that (1) is reduced to the case where z = E with nd + a1 > «

ndé+ay
orx = E((;)HQW_% with (2n+2)d—ap > a, and z = Eﬁi)éial with mdé—a; < 3
orz = EQ(QMHQO with 2md+ag < §. By virtue of Proposition 4.19, we only have
to show that zz € Vz for these cases. The case where z = E® is reduced

noé+ay
to the case where x = E&]i) by using T7 , but it follows from Proposition 8.7
(1), Lemma 8.11, and the induction hypothesis by the same argument in the

proof of Proposition 4.19 (1). The case where x = E® is reduced to

(2n+2)6—ago
the case where x = Eélglao and z = ET(,?&?OQ or EQ(QLMQO by using Tgl, which in
. k 1 !
turn is reduced to the case where z = E&O) and x = ET(Lg+a1 or E((2)n+2)6fao by

using Tfl*, but it follows from Corollary 8.10, Lemma 8.12, and the induction
hypothesis by the same argument in the proof of Proposition 4.19 (1). (1) is
proved. By the same argument in the proof of Proposition 4.19 (2), we obtain
(2). O
Theorem 8.14.  Both of the following are Z[q1,q; *]-bases of Uy :

(n)

(1) {Ee, EeoBe | e € ®i€Rie(>)Zg2J’ Co € Dn>1Z3g, € € @emﬂ(@zgﬁa
(2) {Ec¢,S\Ec_| cy € @ieRi’c(>)Zgz)v A 18 a partition, c_ € ®i€Ric(<)Zgl}'
The basis in (1) has the convexity (see Remark 6.20) and the one in (2) is

quasi-orthonormal (see Lemma 6.21).

Proof. Asis discussed at the end of Section 6, this follows from Corollary
8.6 and Proposition 8.13. O

We shall prove that the basis in Theorem 8.14 (2) is an integral crystal
basis of U*. First, let us recall some properties of the canonical basis. We set
L ={z € U}| (z,x) € A}, which is a Z[g; !]-submodule of U}. Then we have
q; 'L = {x € U}| (z,2) € ¢, 'A}. Let 7 be the canonical projection from L to
L/q L.

Proposition 8.15 (see [L]).  Let B be the canonical basis of UT.

(1) B is quasi-orthonormal with respect to the inner product on U™, that is,
(b,0') = 6y mod g7 ' A for bV € B.

(2) Each element of B is homogeneous; thus, B = L,co+(BNUY).
(3) Each element of B is invariant under —.

(4) Foriel, k>0, we have ng) € B.
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(5) Leti €I and let z € B +q7 L. If r(z) = 0, then EPzeB+ qr 'L for
k> 0.

(6) B is a Q(q1)-basis of Ut and a Zlq1, q *]-basis of Uy
(7) B is a Z[qy']-basis of L and a Z[q]-basis of L.

(8) B is a Z-basis of L N L and the restriction of ™ gives an isomorphism of
Z-modules from LNL to L/q7 L.

Definition 8.16.  An integral crystal basis of U™ is a Z[g; *]-basis of L
that coincides with the canonical basis B of Ut modulo ¢; * L.

Theorem 8.17.  Let B be the Z[qy,q; *]-basis of U} in Theorem 8.14
(2). Then, B is an integral crystal basis of UT.

Proof. By the quasi-orthonormality, B is a Z[q; ‘]-basis of L; hence, 7 (B)
is a Z-basis of L/qflL; thus, the transformation matrix with coefficients in Z
between 7(B) and 7w(B) can be taken as the identity up to signs. We have to
show that all the signs are plus. For that purpose, by virtue of [L4, 8.3], it is
enough to show that any S, belongs to B + qflL. We argue by the induction
on the length of A, which is denoted by I(X). First, assume that I[(A) = 0, 1.
Then, Sy = P; for some s > 0. By a close look at Theorem 8.5 with r = 2s
and by Proposition 6.4 together with Lemma 6.12, we have ES)E(Y) = P,
mod ¢ 'L. By Proposition 8.15 ((4), (5)), we have ESESY € B + ¢ 'L;
hence, P, € B+ ¢;'L. Now, assume that /() > 2. By the same argument in
the proof of [BCP, Lemma 4.2], the induction proceeds. O

Appendix A. Additional Commutation Relations

We shall study the commutation relations between the real root vectors of
height 2 and —2 (Corollary A.3).

Lemma A.1. Let k,1 > 0. Then,

[anka(H»al El5+a1]q—4
!
=(@ —aq7") Zq_2b2(lfi)+1Ek6+a1"/’iE(lfiJrl)szal
i=0
k ~
+ (g1 — a7 ") Zq_lbz(kfi)JrlEl6+a1¢iE(k7i+1)5fa1
1=0
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k—1k—i
+ (g —ar (L +q” Z Z “hoi 1bok—i 1) Bkt i j41)5ronViBis o
i=0 j=1
k41 ) i
+ (=) baic1thk—ipathiga.
i=1

Proof. Using Proposition 3.26 ((2), (4), (7)), we have

an Ek5+a1 El(5+a1

k
= (Ek6+a1Ea0q_2 +(@—ah) sz(ki)ﬂl/fiE(kiH)sal) Eisya,
i=0

!

= Ersta <E15+a1Ea0q_2 + (@1 —a ") Zb2(zi)+1¢i73(zi+1)5al> q?

i=0
k ~ ~
+(p—qi") Z ba(k—iy+1%i (Etstar Bh—it1)5—a1 4" + Ykti—i+1)
i=0

l ~

= Ejstar Bistar Baod ™ + (@1 — i) Z a7 2b2(—i)+1Brstan Vi B—it1)5—an

i=0

k
=) ) a  baiya <E16+a1¢i (I+q Z ba(i—j)
i=0

X E(ipi—j)s+a, 000 > 1)> Ek—it1)5-a

k
+la— ")) baghmiyr1Pitherimiga-
i=0
Rewriting the double summation, we obtain the lemma. ]

Proposition A.2. Letn > 1. Then,

n—1ln—1:

[an ) E2n57ag]q—4 [4]1 - Z Z E(n+j—1)6+a1 J)iE(n—i—j+1)(5—a1
i=0 j—1

X ij_le(nfj)Jrl(q - q_g)(QI - qu)

+ <?;721 + Zl/:nfiz/;n+i(b2i+1 - qb2i1)> (@1 —arh).
i=1
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Proof. By Corollary 3.10, we have
[an ) EQn&—ag]q*4 [4]1 = [ana En6+a1E(n—1)6+a1]q*4
Q[ana E(n71)5+a1En§+a1]q—4-
Applying Lemma A.1, we have

[an ) E2n57a0]q*4 [4]1(611 - qfl)_l
n—1

= Z 0 2ba(n—i)—1Bns+01 Vi E(n—iys—on
i=0

+ Z 4 on—iy 11 En—1)s+an Vi Enmit1)5—on

i=0
n—1n—1i B
(1+q Z Zq Yboj 162 (n—i—j+1) Ean—i—j)star ViBis—a,
=0 j=1
n+1 B B
+ Z b2 _1Yn—it1¥nti—1
i=1
—q (Z 0 ?bo(n—iy 11 En—1)54ar Vi B(n—it1)5—ay
i=0
n—1 B
+ Z qile(n—i)—lEnﬁ-&-cnwiE(n—i)é—al
i=0
n—2n—i—1 ~
+(14+q7" Z Z q b2 1bo(n—i—j) Eon—imj)star ViBis—o
i=0 j=1
+ szz‘—ﬂ/;n—ﬂzn-i-i) .
i=1

The second term and the fifth one cancel out. Combining the first one and the
sixth one, and then adding it to the seventh one for j =n —1i, 1 <i<n—1,

we have

[an’ EQWS—ao]q’4 [4]1((]1 - q1_1)71

n—1ln—1t
=(1+q") Z Z b2j—1(q" "ba(n—i—jt1) — ba(n—i—j)) En—i—j)sta ViEjs—a
i=0 j=1
n+1
+ Z b27, 11% 7,+11/)n+2 1 — quQ’L 1wn ﬂ/}n+z
i=1

Applying Lemma 3.14 (2) to the first term, we obtain the proposition. O
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Corollary A.3. Let m >0, n>1. Then,

[E2m6+o¢07 E2n5—060]!174 [4]1

m+n—1m+n—i

> Y EuricnsraiBemin—izjiii-a;
i=0  j=1

X baj 1bs(min—j)+1(a—a ) (@1 —a; )

m4n
+ ( m+n + Z wm—&-n z¢m+n+1(b21+1 - qsz 1)) (Q1 - ql_l)

i=1
Proof.  Applying T to Proposition A.2 with n replaced by n + m, we
obtain the corollary. O
Appendix B. Connection with the Drinfeld Generators
Definition B.1 [Dr]. Let D be the Q(q)-algebra generated by
{z, ar, K*', CFV2| n e Z, k € Z\{0}}
with the following defining relations:

(D1) C*'/2 are central, CY/2C~Y/? =1, KK '=K 'K =1,

(D2) [ax, K] =0, KeZK~! = ¢*laf,
2k

(03) [ax, o] = £ R (g 4 g 4 (1) OFR 2

2k _ ck—CF
(D4) [akaal] = 5k+l,0[ k]l (qk +q Py (_1)k+1)7_17

q1 — 4
C(nfm)/Q + _ C m—mn)/2
D5) [of, ] = Ut Ui,
q1 — fh

(D6) Sym,,, m (T fwaﬁi + (g - qig)xfﬂxiﬂ - qilxripxiw) 0,
(D7) Symy, m(fhkaxli — (¢ +ar )xfrlﬂx ta 395%“’% 7in:|21> =0,

+ + + + + +
(D8) Symk,z,m(fh xk:l:lxl xm (@ +qy )xk xl:l:lx + ‘Z%xk Ty, ) =0.

Here, each suffix runs through all the possible cases and we set ¢;f = 0 for n <
-1, ¢, =0forn>1, and

Zwiul = K*lexp (:I: (g1 —q7t) Zaijuj>.

i>0 ji>1
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Definition B.2. Let Up be the Q(g;)-subalgebra of U generated by
ei, fi, k;tl, /2 = qi(ho“‘rlhl) fori e 1.

Proposition B.3. The following gives an isomorphism of Q(q1)-
algebras from D to Up:
o2 C1/27 K ky,
vy = I (e1) forn € Z,
vy o T2 (f1) forn €z,
(%) ar — ¢ *2Eps for k> 1,
a_y = 2O Ers) for k> 1,
U= (a0 —ai e ki forn >0,
=, = —(q1 — a7 D2k IQD,)  forn > 0.

Here, we set

(@1 —a ") Ensu” log(1+(q1—qf1)21/3ku’“),

n>1 k>1
or equivalently,
n—1
. . .
nE'mS - nd)n - (fh —q; ) Z k‘Ek(Sd)n—ke(n > 2) fOT‘ n > 1.
k=1

The inverse map is given by

01/2 01/2 k)ll—)K k)o'—)CK_Z, €1’—>CL‘(T, lea:a,

eo = [4]7 "¢ 'CK? [zg 21 1g, fo >[4l YqC™ [m 17x0] K2

Sketch of Proof: Using the results in Section 3 and the Q-linear anti-
involution €2 of U, we can directly check that the correspondence (x) is consis-
tent with (D1)—(D6). To check (D3), we use the following identity:

(L4 g™ nbe = (L4071 Y _baui(@' = a7 )@ +a7" + (=)™

i=1
+ ("= ¢ ™) (" + g+ (=) g2 for n > 1.

We can also check (D7) and (D8), which will be written elsewhere. Thus,
we obtain the surjective Q(qp)-algebra homomorphism from D to Up. Its
injectivity follows from the specialization argument. See [B1] and [J] for the
related matter.
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