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Backward Global Solutions Characterizing

Annihilation Dynamics of Travelling Fronts

By

Hiroki Yagisita∗

Abstract

We consider a reaction-diffusion equation ut = uxx + f(u), where f has exactly
three zeros 0, α and 1 (0 < α < 1), fu(0) < 0, fu(1) < 0 and

� 1

0
f(u)du ≥ 0.

Then, the equation has a travelling wave solution u(x, t) = φ(x− ct) with φ(−∞) =
0 and φ(+∞) = 1. Known results suggest that for an initial state u0(x) with
limx→±∞u0(x) > α having two interfaces at a large distance, u(x, t) approaches a
pair of travelling wave solutions φ(x − p1(t)) + φ(−x + p2(t)) for a long time, and
then the travelling fronts eventually disappear by colliding with each other. While
our results establish this process, they show that there is a (backward) global solution
ψ(x, t) and that the annihilation process is approximated by a solution ψ(x−x0, t−t0).

§1. Introduction

In this paper, we consider the scalar bistable reaction-diffusion equation{
ut = uxx + f(u), t > 0, x ∈ R,
u(0) = u0 ∈ BU(R),

(1.1)

where BU(R) is the space of bounded uniformly continuous functions from R
to R with the supremum norm, and the reaction term f satisfies the following
conditions:

1 f ∈ C2(R),
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2 f has exactly three zeros 0, α and 1 (0 < α < 1),

3 fu(0) < 0, fu(1) < 0,

4
∫ 1

0 f(u)du ≥ 0.

It is known (e.g. [4, Section 4.4]) that the reaction-diffusion equation (1.1)
has a unique (except for translation) travelling wave solution u(x, t) = φ(x−ct),
where (φ, c) satisfies

φ′′(z) + cφ′(z) + f(φ(z)) = 0(1.2)

with φ(−∞) = 0 and φ(+∞) = 1. Then c ≤ 0 holds from
∫ 1

0
f(u)du ≥ 0. We

normalize the definition of φ by requiring φ(0) = 1/2.
This solution is linearly stable except for neutral translational perturba-

tions. Specifically, the following is known (e.g. [10, Section 5.4]).

Theorem A. (1) The operator −(∂2/∂z2 + c(∂/∂z) + fu(φ(z))) :
BU(R) → BU(R) is a sectorial one with a simple eigenvalue 0. The remainder
of the spectrum has real part greater than some positive constant.

(2) There exist δ, C and γ > 0 such that for any u0 ∈ BU(R) with
‖u0(x) − φ(x)‖C0 ≤ δ, there exists x0 ∈ R satisfying

‖u(x, t) − φ(x− x0 − ct)‖C0 ≤ Ce−γt‖u0(x) − φ(x)‖C0

for all t ≥ 0.

Moreover, Fife and McLeod [6] showed the following theorem, which gives a
global stability result for the travelling wave solution φ(x− ct).

Theorem B. If limx→−∞u0(x) < α and limx→+∞u0(x) > α hold,
then

inf
x0∈R

‖u(x, t) − φ(x− x0)‖C0 → 0 as t→ +∞

holds.

Also, Fife and McLeod [6] showed the following, which means that the pair
of the travelling wave solutions going to x = ±∞ has strong attractivity.

Theorem C. Suppose that c < 0, limx→±∞u0(x) < α, u0(x) ≥ η (|x| <
L) for some η > α and u0(x) ≥ ζ (|x| < ∞) for some ζ > −∞ hold. If L is
large enough depending on η and ζ, then u(x, t) approaches (uniformly in x and
exponentially in t) a pair of diverging travelling wave solutions

φ(x− x1 − ct) + φ(−x− x2 − ct) − 1.
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On the other hand, when limx→±∞u0(x) > α holds, the following is known
(e.g. [5]).

Proposition D. If limx→±∞u0(x) > α holds, then limt→+∞ ‖u(x, t)−
1‖C0 = 0 holds.

For an initial state u0(x) with limx→±∞u0(x) > α having two interfaces at
a large distance, Theorems A, B and C suggest that u(x, t) approaches a pair
of travelling wave solutions

φ(x− p1(t)) + φ(−x+ p2(t))

for a long time. Then, Proposition D suggests that the travelling fronts eventu-
ally disappear by colliding with each other. While our main results (Theorem
1.1 and Corollary 1.4) establish this process, they show that there is a (back-
ward) global solution ψ(x, t) and that the annihilation process is approximated
by a solution ψ(x− x0, t− t0).1

The following theorem shows that there is a (backward) global solution
ψ(x, t) such that it approaches a pair of travelling wave solutions as t → −∞
and is locally asymptotic stable uniformly in t ∈ R.

Theorem 1.1. There exists a solution ψ ∈ C(R, BU(R)) of ut =
uxx + f(u) satisfying limt→+∞ ‖ψ(t) − 1‖C0(R) = 0, ψ(−x, t) = ψ(x, t) and
the following.

(1) There exists p ∈ C1(R) such that

p(−∞) = +∞, ṗ(−∞) = c

and

lim
t→−∞ ‖ψ(x, t) − (φ(x− p(t)) + φ(−x− p(t)))‖C0(R) = 0

hold.

(2) There exist δ > 0, C > 0 and γ > 0 such that for any t0 ∈ R and
u0 ∈ BU(R) satisfying ‖u0 − ψ(t0)‖C0(R) ≤ δ, there exist x0 ∈ R and
t′0 ∈ R such that the solution u of (1.1) satisfies

‖u(x, t) − ψ(x− x0, t− t′0)‖C0(R) ≤ Ce−γt‖u0(x) − ψ(x, t0)‖C0(R)

for all t ≥ 0.
1For mathematical studies on motion and collapse of fronts in (1.1) from other aspects,
we can refer to, e.g., [1], [2], [3], [7], [8], [9], [11] and [12].
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Theorem 1.1 leads to the following. This is a uniqueness result for the
global solution ψ(x, t).

Corollary 1.2. For any T ∈ [−∞,+∞) and solution ψ̄ ∈ C((T,+∞),
BU(R)) of ut = uxx + f(u), if there exist {pn}∞n=1, {qn}∞n=1 ⊂ R and {Tn}∞n=1

⊂ (T,+∞) such that

lim
n→∞(pn − qn) = +∞

and

lim
n→∞ ‖ψ̄(x, Tn) − (φ(x− pn) + φ(−x+ qn))‖C0(R) = 0(1.3)

hold, then T = −∞ holds and there exist x0 and t0 ∈ R satisfying

ψ(x, t) = ψ̄(x+ x0, t+ t0).

Proof. By Theorem 1.1 (1), there exists {t′n}∞n=1 ⊂ R with limn→∞ t′n =
−∞ such that

lim
n→∞

∥∥∥∥ψ(x, t′n) −
(
φ

(
x− pn − qn

2

)
+ φ

(
−x− pn − qn

2

))∥∥∥∥
C0(R)

= 0

holds. From this and (1.3),

lim
n→∞

∥∥∥∥ψ̄
(
x+

pn + qn
2

, Tn

)
− ψ(x, t′n)

∥∥∥∥
C0(R)

= 0

holds. By Theorem 1.1 (2), if n ∈ {1, 2, · · · } is sufficiently large, then there
exist xn and tn ∈ R such that

‖ψ̄(x, t+ Tn)− ψ(x− xn, t+ Tn − tn)‖C0(R)

≤Ce−γt

∥∥∥∥ψ̄
(
x+

pn + qn
2

, Tn

)
− ψ(x, t′n)

∥∥∥∥
C0(R)

holds for all t ≥ 0. Therefore, we obtain

lim
n→∞ sup

t≥Tn−tn

‖ψ̄(x+ xn, t+ tn) − ψ(x, t)‖C0(R) = 0.(1.4)

Hence, from (1.3),

lim
n→∞ ‖ψ(x, Tn − tn) − (φ(x− (pn − xn)) + φ(−x+ (qn − xn)))‖C0(R) = 0
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holds. Because of this and limn→∞((pn − xn) − (qn − xn)) = +∞, we obtain
limn→∞(Tn − tn) = −∞ by Theorem 1.1 (1).

Now, we show that there exists t̄0 ∈ R such that limn→∞ tn = t̄0 holds.
Assume that there exist {Nn}∞n=1 and {Mn}∞n=1 ⊂ {1, 2, · · · } such that limn→∞
Nn = limn→∞Mn = ∞ and infn=1,2,···(tNn − tMn) > 0 hold. Then, by (1.4),

lim
n→∞ ‖ψ(x, t) − ψ(x+ xNn − xMn , t+ tNn − tMn)‖C0(R) = 0

holds for all t ∈ R. This is contradiction with infn=1,2,···(tNn − tMn) > 0.
Hence, limn→∞ tn = t̄0 ∈ R holds.

Because of limn→∞(Tn − tn) = −∞ and limn→∞ tn = t̄0 ∈ R, we obtain
T ≤ limn→∞ Tn = −∞. Also, by (1.4),

lim
(n,m)→(∞,∞)

‖ψ(x, t− t̄0) − ψ(x+ xn − xm, t− t̄0)‖C0(R) = 0

holds for all t ∈ R. Hence, we have lim(n,m)→(∞,∞) |xn − xm| = 0. There
exists x̄0 ∈ R such that limn→∞ xn = x̄0 holds. Therefore, by (1.4), we obtain
ψ̄(x+ x̄0, t+ t̄0) = ψ(x, t).

Definition 1. For l > 0, δ ∈ (0,min{α, 1 − α}) and L > 0, a closed
subset Ξl,δ,L of BU(R) is defined by

Ξl,δ,L = {u ∈ BU(R)| 0 ≤ u(x) ≤ α− δ (|x| < l − L),

0 ≤ u(x) ≤ 1 (l − L ≤ |x| ≤ l + L), α+ δ ≤ u(x) ≤ 1 (l + L < |x|)}.

For l̄ > 0, δ̄ ∈ (0,min{α, 1−α}) and L̄ > 0, a closed subset Πl̄,δ̄,L̄ of BU(R) is
defined by

Πl̄,δ̄,L̄ =
⋃
l≥l̄

Ξl,δ̄,L̄.

Under the above definition, the following proposition holds. This is proved
in Section 6.

Proposition 1.3. For any δ̄0 ∈ (0,min{α, 1 − α}), L̄0 > 0 and ε > 0,
there exist l̄0 > 0, L > 0 and T > 0 such that for any l ≥ l̄0 and u0 ∈ Ξl,δ̄0,L̄0

,
there exist x1 and x2 ∈ [l − L, l+ L] such that the solution u of (1.1) satisfies

‖u(x, T ) − (φ(x− x1 − cT ) + φ(−x− x2 − cT ))‖C0(R) < ε.

Theorem 1.1 and Proposition 1.3 lead to the following. This states that
when an initial state has two interfaces at a large distance, the annihilation
process of the interfaces is approximated by a solution ψ(x− x0, t− t0).
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Corollary 1.4. For any δ̄0 ∈ (0,min{α, 1 − α}), L̄0 > 0, T0 ∈ R and
ε > 0, there exists l̄0 > 0 such that for any u0 ∈ Πl̄0,δ̄0,L̄0

, there exist x0 ∈ R
and t0 ≥ −T0 such that the solution u of (1.1) satisfies

sup
t≥T0

‖u(x+ x0, t+ t0) − ψ(x, t)‖C0(R) < ε.

Proof. We first show that there exist M > 0 and ε′ ∈ (0, ε) such that for
any p, q and t ∈ R, if

p+ q ≥M

and

‖ψ(x, t) − (φ(x− p) + φ(−x− q))‖C0(R) <

(
1 +

1
2C

)
ε′(1.5)

hold, then t ≤ T0 holds. Assume that there exist {pn}∞n=1, {qn}∞n=1 ⊂ R and
{tn}∞n=1 ⊂ (T0,+∞) such that

lim
n→∞(pn + qn) = +∞

and

lim
n→∞ ‖ψ(x, tn) − (φ(x− pn) + φ(−x− qn))‖C0(R) = 0

hold. Then, from Corollary 1.2, T0 = −∞ holds. This is contradiction for
T0 ∈ R.

By Proposition 1.3, there exist L, T and l̄′0 > 0 such that for any l ≥ l̄′0
and u0 ∈ Ξl,δ̄0,L̄0

, there exist x1 and x2 ≥ l − (L− cT ) such that

‖u(x, T ) − (φ(x− x1) + φ(−x− x2))‖C0(R) < min
{
ε′

2C
,
δ

2

}
(1.6)

holds. Now, we let l̄0 > 0 be sufficiently large. Then, because (x1 + x2)/2 > 0
is sufficiently large, by Theorem 1.1 (1), there exists t′0 ∈ R such that∥∥∥∥ψ(x, t′0) −

(
φ

(
x− x1 + x2

2

)
+ φ

(
−x− x1 + x2

2

))∥∥∥∥
C0(R)

< min
{
ε′

2C
,
δ

2

}

holds. Therefore, we have∥∥∥∥u
(
x+

x1 − x2

2
, T

)
− ψ(x, t′0)

∥∥∥∥
C0(R)

< min{ε′/C, δ}.
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Hence, by Theorem 1.1 (2), there exist x0 and t0 ∈ R such that

sup
t≥T

‖u(x, t) − ψ(x− x0, t− t0)‖C0(R) < ε′(1.7)

holds. From (1.6) and (1.7), we have

‖ψ(x, T − t0) − (φ(x− (x1 − x0)) + φ(−x− (x2 + x0)))‖C0(R)

<

(
1 +

1
2C

)
ε′.

Because (x1 − x0) + (x2 + x0) is sufficiently large and (1.5) holds, T − t0 ≤ T0

holds. Hence, from (1.7), supt≥T0
‖u(x+x0, t+t0)−ψ(x, t)‖C0(R) < ε holds.

We prove Theorem 1.1 by Sections 2, 3, 4 and 5. In order to do, we need
to construct a global invariant manifold with asymptotic stability, where the
word of global means that the invariant manifold includes a solution having
two interfaces at any sufficiently large distance. In Section 2, we construct a
semilinear parabolic system including a part of the reaction-diffusion equation.
This part consists of solutions near pairs of the travelling wave solutions at a
large distance. Further, such pairs are contained in a two-dimensional linear
subspace of the system. Hence, we can construct a global invariant manifold
near the subspace by a standard technique. While we do it in Section 5, we
state the result in the end of Section 2. In Section 3, we show that there exists
a solution on the invariant manifold of the system satisfying Theorem 1.1 (1) in
the reaction-diffusion equation, i.e., it becomes the pair of the travelling wave
solutions as t→ −∞. This solution is denoted by ψ(x, t). In Section 4, we show
that the set of solutions ψ(x− x0, t− t0) by translation of ψ(x, t) corresponds
to the invariant manifold. This argument is rather troublesome. Then, we
prove Theorem 1.1 (2), i.e., we show that this set has asymptotic stability
in the reaction-diffusion equation. This is also somewhat troublesome, as the
topologies of the equation and the system are different. Finally, Proposition
1.3 is proved in Section 6.

§2. An Extended System and an Invariant Manifold

In this section, we define a semilinear parabolic system (ES)l,r for l > 0
and r > 0 (Definition 4). Then, we show that the system (ES)l,r includes a
part of the reaction-diffusion equation (Proposition 2.2). This part consists of
solutions near pairs of the travelling wave solutions at a large distance. Also, we
state that there exists a two-dimensional invariant manifold S with asymptotic
stability near such pairs in (ES)l0,r0

for some l0 > 0 and r0 > 0 (Theorem 2.3).
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In virtue of (1.2) and Theorem A (1), the following definition is allowed.

Definition 2. A Banach space X and a sectorial operator A in X with
Re σ(A) > 0 are defined by

X =
{
u ∈ BU(R)| 〈u(y), ecyφ′(y)〉 :=

∫ +∞

−∞
u(y)ecyφ′(y)dy = 0

}2

,

‖(g, h)‖X = ‖(g, h)‖C0 := ‖g‖C0 + ‖h‖C0

and

D(A) =X ∩ {u ∈ C2(R)|u, uy, uyy ∈ BU(R)}2,

A(g, h) =−(gyy(y) + cgy(y) + fu(φ(y))g(y),

hyy(y) + chy(y) + fu(φ(y))h(y)),

respectively. A Banach space X ′ and an open subset U of X ′ are defined by

X ′ = D(A3/4), ‖(g, h)‖X′ = ‖A3/4(g, h)‖X

and

U = {(g, h) ∈ X ′|
〈φ′(y) + gy(y), ecyφ′(y)〉 �= 0, 〈φ′(y) + hy(y), ecyφ′(y)〉 �= 0},

respectively.
A Banach space Y and a sectorial operator B in Y with Re σ(B) > 0 are

defined by

Y = BU(R), ‖u‖Y = ‖u‖C0

and

D(B) = {u ∈ C2(R)|u, ux, uxx ∈ BU(R)},
Bu= −(uxx + fu(1)u),

respectively. Banach spaces Y ′ and Y ′′ are defined by

Y ′ = D(B3/4), ‖u‖Y ′ = ‖B3/4u‖Y

and

Y ′′ = D(B7/8), ‖u‖Y ′′ = ‖B7/8u‖Y ,

respectively.
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Definition 3. For l > 0, a map fl ∈ C1(X ′ × R2, Y ) is defined by

fl[g, h, p, q](y) = f(φ(y) + g(y)) − (f(φ(y)) + fu(φ(y))g(y))

− 2
l

1
1 + e(y+p)/l

(φ′(y) + gy(y)) +
1
l2

1
1 + e(y+p)/l

(φ(y) + g(y))

+
1

1 + e−(y+p)/l
f(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))

− f

(
1

1 + e−(y+p)/l
(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))

)
.

For l > 0, maps F 1
l , F

2
l ∈ C1(U × R2, Y ) and Fl ∈ C1(U × R2, X) are

defined by

F 1
l [g, h, p, q](y) = fl[g, h, p, q](y) − 〈fl[g, h, p, q](y), ecyφ′(y)〉

〈φ′(y) + gy(y), ecyφ′(y)〉 (φ′(y) + gy(y)),

F 2
l [g, h, p, q] = F 1

l [h, g, q, p]

and

Fl = (F 1
l , F

2
l ),

respectively.
For l > 0, maps G1

l , G
2
l ∈ C1(U × R2) and Gl ∈ C1(U × R2,R2) are

defined by

G1
l [g, h, p, q] =−〈fl[g, h, p, q](y), ecyφ′(y)〉

〈φ′(y) + gy(y), ecyφ′(y)〉 ,

G2
l [g, h, p, q] =G1

l [h, g, q, p]

and

Gl = (G1
l , G

2
l ),

respectively.

The following lemma is easily seen.

Lemma 2.1. There exists a cutoff function χ(x) ∈ C∞(R) satisfying
χ(x) = 0 (x < 1/2), χ(x) = 1 (x > 1) and 0 ≤ χ′(x) ≤ 4.

The following defines some semilinear parabolic systems.
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Definition 4. For l > 0 and r > 0, semilinear parabolic systems (ES)l,
(ES)l,r in U × R2 and (RD) in Y are defined by

(ES)l




d
dt(g, h) +A(g, h) = Fl[g, h, p, q],
d
dt(p, q) = (c, c) +Gl[g, h, p, q],

(g, h, p, q) ∈ U × R2,

(ES)l,r




d
dt(g, h) +A(g, h) = χ( p

lr )χ( q
lr )Fl[g, h, p, q],

d
dt(p, q) = (c, c) + χ( p

lr )χ( q
lr )Gl[g, h, p, q],

(g, h, p, q) ∈ U × R2

and

(RD)
d

dt
u+Bu = f(u) − fu(1)u, u ∈ Y,

respectively.

Definition 5. For l > 0, a closed subset Ωl of U × R2 is defined by

Ωl = {(g, h, p, q) ∈ U × R2|
1

1 + ex/l
(φ(x− p) + g(x− p)) =

1
1 + e−x/l

(φ(−x− q) + h(−x− q))}.

For p and q ∈ R, a map Θp,q ∈ C1(U, Y ′) is defined by

Θp,q[g, h](x) = φ(x− p) + φ(−x− q) + g(x− p) + h(−x− q).

The following states that the system (ES)l is an extension of the equation
(RD) in a sense, i.e., the set Ωl is positively invariant in (ES)l and a solution
of (ES)l on Ωl corresponds to one of (RD) by the transformation Θ.

Proposition 2.2. Suppose that l > 0, T > 0, (g, h, p, q) ∈ C([0, T ), U×
R2) is a solution of (ES)l and (g, h, p, q)(0) ∈ Ωl. Then, (g, h, p, q) ∈ C([0, T ),
Ωl) holds and Θp,q[g, h] ∈ C([0, T ), Y ′) is a solution of (RD).

Proof. Let v ∈ C([0, T ), Y ) be defined by

v(x, t) =
1

1 + ex/l
(φ(x− p(t)) + g(x− p(t), t))

− 1
1 + e−x/l

(φ(−x− q(t)) + h(−x− q(t), t)).

Then,

1
1 + e−x/l

Θ(x, t) + v(x, t) = φ(x− p(t)) + g(x− p(t), t)(2.1)
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and

1
1 + ex/l

Θ(x, t) − v(x, t) = φ(−x− q(t)) + h(−x− q(t), t)(2.2)

hold with Θ(x, t) := Θp,q[g, h](x, t). We have

1
1 + e−x/l

Θx(x, t) +
1
l

1
1 + e−x/l

1
1 + ex/l

Θ(x, t) + vx(x, t)(2.3)

= φ′(x− p(t)) + gy(x− p(t), t),
1

1 + ex/l
Θx(x, t) − 1

l

1
1 + e−x/l

1
1 + ex/l

Θ(x, t) − vx(x, t)(2.4)

= −(φ′(−x− q(t)) + hy(−x− q(t), t)),
1

1 + e−x/l
Θxx(x, t) +

2
l

1
1 + e−x/l

1
1 + ex/l

Θx(x, t)(2.5)

− 1
l2

1
1 + e−x/l

1
1 + ex/l

(
1

1 + e−x/l
− 1

1 + ex/l

)
Θ(x, t) + vxx(x, t)

= φ′′(x− p(t)) + gyy(x− p(t), t)

and

1
1 + ex/l

Θxx(x, t) − 2
l

1
1 + e−x/l

1
1 + ex/l

Θx(x, t)(2.6)

+
1
l2

1
1 + e−x/l

1
1 + ex/l

(
1

1 + e−x/l
− 1

1 + ex/l

)
Θ(x, t) − vxx(x, t)

= φ′′(−x− q(t)) + hyy(−x− q(t), t).

From (1.2) and (2.1), we get

1
1 + e−x/l

Θt(x, t) + vt(x, t)

= −cφ′(x− p(t)) + gyy(x− p(t), t)

+ fu(φ(x− p(t)))g(x− p(t), t) + fl[g, h, p, q](x− p(t))

= φ′′(x− p(t)) + gyy(x− p(t), t)

+ f(φ(x− p(t))) + fu(φ(x− p(t)))g(x− p(t), t) + fl[g, h, p, q](x− p(t))

= φ′′(x− p(t)) + gyy(x− p(t), t)

− 2
l

1
1 + ex/l

(φ′(x− p(t)) + gy(x− p(t), t))

+
1
l2

1
1 + ex/l

(φ(x− p(t)) + g(x− p(t), t))

+ f(φ(x− p(t)) + g(x− p(t), t))
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+
1

1 + e−x/l
f(φ(x− p(t)) + φ(−x− q(t)) + g(x− p(t), t) + h(−x− q(t), t))

− f

(
1

1 + e−x/l
(φ(x− p(t)) + φ(−x− q(t)) + g(x− p(t), t) + h(−x− q(t), t))

)
.

Hence, from (2.1), (2.2), (2.3) and (2.5), we obtain

(2.7)
1

1 + e−x/l
Θt(x, t) + vt(x, t) =

1
1 + e−x/l

Θxx(x, t) + vxx(x, t)

− 2
l

1
1 + ex/l

vx(x, t) +
1
l2

1
1 + ex/l

v(x, t)

+ f

(
1

1 + e−x/l
Θ(x, t) + v(x, t)

)

− f

(
1

1 + e−x/l
Θ(x, t)

)
+

1
1 + e−x/l

f(Θ(x, t)).

From (1.2) and (2.2), we get

1
1 + ex/l

Θt(x, t) − vt(x, t)

= −cφ′(−x− q(t)) + hyy(−x− q(t), t) + fu(φ(−x− q(t)))h(−x− q(t), t)

+ fl[h, g, q, p](−x− q(t))

= φ′′(−x− q(t)) + hyy(−x− q(t), t)

+ f(φ(−x− q(t))) + fu(φ(−x− q(t)))h(−x − q(t), t) + fl[h, g, q, p](−x− q(t))

= φ′′(−x− q(t)) + hyy(−x− q(t), t)

− 2
l

1
1 + e−x/l

(φ′(−x− q(t)) + hy(−x− q(t), t))

+
1
l2

1
1 + e−x/l

(φ(−x− q(t)) + h(−x− q(t), t))

+ f(φ(−x− q(t)) + h(−x− q(t), t))

+
1

1 + ex/l
f(φ(x− p(t)) + φ(−x− q(t)) + g(x− p(t), t) + h(−x− q(t), t))

− f

(
1

1 + ex/l
(φ(x− p(t)) + φ(−x− q(t)) + g(x− p(t), t) + h(−x− q(t), t))

)
.

Hence, from (2.1), (2.2), (2.4) and (2.6), we obtain

1
1 + ex/l

Θt(x, t) − vt(x, t) =
1

1 + ex/l
Θxx(x, t) − vxx(x, t)(2.8)

− 2
l

1
1 + e−x/l

vx(x, t) − 1
l2

1
1 + e−x/l

v(x, t)
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+ f

(
1

1 + ex/l
Θ(x, t) − v(x, t)

)

− f

(
1

1 + ex/l
Θ(x, t)

)
+

1
1 + ex/l

f(Θ(x, t)).

From (2.7) and (2.8), on t ∈ (0, T ),

Θt = Θxx + f(Θ) − 2
l
vx − 1

l2

(
1

1 + e−x/l
− 1

1 + ex/l

)
v

+ f

(
1

1 + e−x/l
Θ + v

)
− f

(
1

1 + e−x/l
Θ
)

+ f

(
1

1 + ex/l
Θ − v

)
− f

(
1

1 + ex/l
Θ
)

and

vt = vxx +
2
l

(
1

1 + e−x/l
− 1

1 + ex/l

)
vx

+
1
l2

(
1

(1 + e−x/l)2
+

1
(1 + ex/l)2

)
v

+
1

1 + ex/l

(
f

(
1

1 + e−x/l
Θ(x, t) + v(x, t)

)
− f

(
1

1 + e−x/l
Θ(x, t)

))

− 1
1 + e−x/l

(
f

(
1

1 + ex/l
Θ(x, t) − v(x, t)

)
− f

(
1

1 + ex/l
Θ(x, t)

))

hold. Therefore, from v(x, 0) = 0, we obtain

v(x, t) = 0

on t ∈ [0, T ). Hence,

Θt = Θxx + f(Θ)

holds on t ∈ (0, T ).

We now state the main technical result of the paper. This gives a two-
dimensional invariant manifold S with asymptotic stability of (ES)l0,r0

for some
l0 and r0 > 0. The proof of this is given in Section 5.

Theorem 2.3. There exist D0 > 0, L0 > 0, l0 > 0 and r0 > 0 satisfying
the following.

There uniquely exists an invariant manifold

S =
{
(g, h, p, q) ∈ U × R2| (g, h) = Σ(p, q)

(
= (Σ1(p, q),Σ2(p, q))

)}



� �

�

�

�

�

130 Hiroki Yagisita

for (ES)l0,r0
with sup(p,q)∈R2 ‖Σ(p, q)‖X′ ≤ D0. Further,

Σ2(p, q) = Σ1(q, p),

‖Σ(p1, q1) − Σ(p2, q2)‖X′ ≤ ‖(p1, q1) − (p2, q2)‖R2 ,

‖G̃(p1, q1) − G̃(p2, q2)‖R2 ≤L0‖(p1, q1) − (p2, q2)‖R2

and

lim
(p,q)→(+∞,+∞)

(‖Σ(p, q)‖X′ + ‖F̃ (p, q)‖X + ‖G̃(p, q)‖R2) = 0

hold, where F̃ ∈ C(R2, X) and G̃ ∈ C(R2,R2) be defined by F̃ (p, q) = χ

(p/l0r0)χ(q/l0r0)Fl0 [Σ(p, q), p, q] and G̃(p, q) = χ(p/l0r0)χ(q/l0r0)Gl0 [Σ(p, q),
p, q], respectively. Also, there exist C0 > 0 and γ0 > 0 such that for any (g0, h0,

p0, q0) ∈ X ′ × R2 satisfying ‖(g0, h0)‖X′ ≤ 2D0, there exist solutions (g, h,
p, q) ∈ C([0,+∞), U × R2) and (ḡ, h̄, p̄, q̄) ∈ C([0,+∞), S) of (ES)l0,r0

such
that

(g, h, p, q)(0) = (g0, h0, p0, q0)

and for any t ≥ 0,

‖(g, h, p, q)(t)− (ḡ, h̄, p̄, q̄)(t)‖X′×R2 ≤ C0e
−γ0t‖(g0, h0) − Σ(p0, q0)‖X′

hold.

Definition 6. A local invariant manifold S̃ for (ES)l0
is defined by

S̃ = {(g, h, p, q) ∈ S| p > l0r0, q > l0r0}.

§3. Existence of Backward Global Solutions

In this section, we prove Theorem 1.1 (1). First, we show that there exists
a function ω ∈ C1({h ∈ BU(R)| ‖h‖C0 < δ0}) satisfying

〈(φ(x) + h(x)) − φ(x− ω[h]), ecxφ′(x− ω[h])〉

:=
∫ +∞

−∞
((φ(x) + h(x)) − φ(x− ω[h]))ecxφ′(x− ω[h])dx = 0,

i.e., the point x = ω[h] gives the position of the front of φ(x) + h(x).
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Lemma 3.1. There exist δ0 > 0 and ω ∈ C1({h ∈ BU(R)| ‖h‖C0 <

δ0}) such that

‖ω‖C1 < +∞,

〈(φ(y) + h(y)) − φ(y − ω[h]), ecyφ′(y − ω[h])〉 = 0,

〈(φ(y) + h(y)) − φ(y − ω[h]), ecyφ′′(y − ω[h])〉
�= 〈φ′(y − ω[h]), ecyφ′(y − ω[h])〉

and

〈h(y), ecyφ′(y)〉 = 0 =⇒ ω[h] = 0

hold.

Proof. By (1.2), there exist C and σ > 0 such that (1 + ecz)(|φ′(z)| +
|φ′′(z)|) ≤ Ce−σ|z| holds for all z ∈ R. Hence, we define f ∈ C1(BU(R) × R)
by f(h, x) =

∫ +∞
−∞ ((φ(z) + h(z)) − φ(z − x)) eczφ′(z − x)dz.

Then, f(h, 0) = 0 holds when 〈h(y), ecyφ′(y)〉 = 0 holds. Hence, because
fx(h, x) = 〈φ′(y − x), ecyφ′(y − x)〉 − 〈(φ(y) + h(y)) − φ(y − x), ecyφ′′(y − x)〉
also holds, this lemma follows from the implicit function theorem.

Definition 7. Open subsets V 1, V 2 of R × Y ′′ and V of R2 × Y ′′ are
defined by

V 1 =
{

(p̃, u) ∈ R × Y ′′|
∥∥∥∥ 1

1 + e−x/l0
u(x) − φ(x− p̃)

∥∥∥∥
C0

< δ0

}
,

V 2 =
{

(q̃, u) ∈ R × Y ′′|
∥∥∥∥ 1

1 + ex/l0
u(x) − φ(−x− q̃)

∥∥∥∥
C0

< δ0

}

and

V = {(p̃, q̃, u) ∈ R2 × Y ′′| (p̃, u) ∈ V 1, (q̃, u) ∈ V 2},

respectively.
Maps P ∈ C1(V 1) and Q ∈ C1(V 2) are defined by

P [p̃, u] = p̃+ ω

[
1

1 + e−(y+p̃)/l0
u(y + p̃) − φ(y)

]

and

Q[q̃, u] = q̃ + ω

[
1

1 + e−(y+q̃)/l0
u(−y − q̃) − φ(y)

]
,
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respectively.
For p and q ∈ R, maps Φp and Ψq ∈ C1(Y ′′, Y ′) are defined by

Φp[u](y) =
1

1 + e−(y+p)/l0
u(y + p) − φ(y)

and

Ψq[u](y) =
1

1 + e−(y+q)/l0
u(−y − q) − φ(y),

respectively.

Roughly speaking, the points x = P [p̃, u] and −Q[q̃, u] represent the
position of the fore and hind fronts of u, respectively. Also, the functions
ΦP [p̃,u][u](y) and ΨQ[q̃,u][u](y) give the difference of the fore and hind ones
from φ(y).

From this definition, the following lemma holds.

Lemma 3.2.

(ΦP [p̃,u][u],ΨQ[q̃,u][u], P [p̃, u], Q[q̃, u]) ∈ Ωl0

and

ΘP [p̃,u],Q[q̃,u][ΦP [p̃,u][u],ΨQ[q̃,u][u]] = u

hold for all (p̃, q̃, u) ∈ V .

Proof. Because ω[(1/(1 + e−(y+p̃)/l0))u(y+ p̃)−φ(y)] = P [p̃, u]− p̃ holds,
from Lemma 3.1,〈

1
1 + e−(y+p̃)/l0

u(y + p̃) − φ(y − (P [p̃, u] − p̃)), ecyφ′(y − (P [p̃, u] − p̃))
〉

= 0

and〈
1

1 + e−(y+p̃)/l0
u(y + p̃) − φ(y − (P [p̃, u] − p̃)), ecyφ′′(y − (P [p̃, u] − p̃))

〉
�= 〈φ′(y − (P [p̃, u] − p̃)), ecyφ′(y − (P [p̃, u] − p̃))〉

hold. Hence,

〈ΦP [p̃,u][u](y), ecyφ′(y)〉 = 0
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and

〈ΦP [p̃,u][u](y), ecyφ′′(y)〉 �= 〈φ′(y), ecyφ′(y)〉

hold. We have 〈φ′(y) + (ΦP [p̃,u][u])y(y), ecyφ′(y)〉 �= 0. Because we also have
〈φ′(y)+(ΨQ[q̃,u][u])y(y), ecyφ′(y)〉 �= 0, (ΦP [p̃,u][u],ΨQ[q̃,u][u]) ∈ U holds. Then,
we can immediately get this lemma.

From Proposition D, the following lemma immediately follows.

Lemma 3.3. There exist N > 0 and δ > 0 such that for any u0 ∈ Y

satisfying infx0≥N ‖u0(x) − (φ(x − x0) + φ(−x − x0))‖Y ≤ δ, the solution u ∈
C([0,+∞), Y ) of (RD) with u(0) = u0 satisfies limt→+∞ ‖u(t) − 1‖Y = 0.

The following shows that there is a solution (Σ(p, p), p, p) of (ES)l0
on the

local invariant manifold S̃ with (Σ(p, p), p, p) ∈ Ωl0 and p(−∞) = +∞.

Proposition 3.4. There exist N0 > l0r0 and p ∈ C1((−∞, 0]) such that
(Σ(p, p), p, p) ∈ C((−∞, 0], S̃) is a solution of (ES)l0

with p(0) = N0. Further,
p(−∞) = +∞ and (Σ(p(t), p(t)), p(t), p(t)) ∈ Ωl0 hold for all t ≤ 0.

Proof. We remember limp′→+∞ ‖Σ(p′, p′)‖X′ = 0 from Theorem 2.3. Let
N0 > l0r0 be a constant such that φ(−p′) ≤ 1/8 and ‖Σ(p′, p′)‖C0 ≤ 1/8 hold
for all p′ ≥ N0. Then, from Θp′,p′ [Σ(p′, p′)](0) ≤ 1/2,

‖1 − Θp′,p′ [Σ(p′, p′)]‖C0 ≥ 1/2(3.1)

holds for all p′ ≥ N0.
Let N > 0 be a constant satisfying Lemma 3.3 and (x0, x0, φ(x − x0) +

φ(−x − x0)) ∈ V for x0 ≥ N . For x0 ≥ N , by ux0,0, px0,0 and gx0,0, we
denote φ(x−x0)+φ(−x−x0), P [x0, ux0,0] (= Q[x0, ux0,0]) and Φpx0,0 [ux0,0] (=
Ψpx0,0 [ux0,0]), respectively. Then, limx0→+∞(|px0,0−x0|+‖gx0,0‖C2) = 0 holds.
Hence, by Theorem 2.3, if x0 is sufficiently large, then there exist solutions
(gx0 , gx0, px0 , px0) and (Σ(p̄x0 , p̄x0), p̄x0 , p̄x0) ∈ C([0,+∞), U ×R2) of (ES)l0,r0

such that

(gx0 , gx0, px0 , px0)(0) = (gx0,0, gx0,0, px0,0, px0,0)

and

lim
t→+∞ ‖(gx0, gx0 , px0 , px0)(t) − (Σ(p̄x0 , p̄x0), p̄x0 , p̄x0)(t)‖X′×R2 = 0(3.2)
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hold. Because of limx0→+∞(‖(gx0,0, gx0,0)‖X′ + ‖Σ(px0,0, px0,0)‖X′) = 0, we
also have

lim
x0→+∞ sup

t≥0
‖(gx0, gx0 , px0 , px0)(t) − (Σ(p̄x0 , p̄x0), p̄x0 , p̄x0)(t)‖X′×R2 = 0.(3.3)

Fix any constant δ ≥ 0. By contradiction, we now show that if x0 is
sufficiently large, then there exists Tδ,x0 > 0 satisfying px0(Tδ,x0) = N0 +
δ and px0(t) > N0 + δ for t ∈ [0, Tδ,x0). Assume that x0 is sufficiently
large and px0(t) > N0 + δ holds for all t ∈ [0,+∞). Then, from N0 >

l0r0, (gx0 , gx0 , px0 , px0) is a solutions of (ES)l0
on t ∈ [0,+∞). Hence, be-

cause (gx0,0, gx0,0, px0,0, px0,0) ∈ Ωl0 holds from Lemma 3.2, by Proposition 2.2,
(gx0 , gx0 , px0 , px0)(t) ∈ Ωl0 holds and Θ(px0 ,px0)(t)[(gx0 , gx0)(t)] is a solution
of (RD) on t ∈ [0,+∞). Because Θ(px0,0,px0,0)[(gx0,0, gx0,0)] = ux0,0 also holds
from Lemma 3.2, by Lemma 3.3, limt→+∞ ‖Θ(px0 ,px0)(t)[(gx0 , gx0)(t)]−1‖C0 = 0
holds. This is contradiction by (3.1) and (3.2). Therefore, if x0 is suffi-
ciently large, then there exists Tδ,x0 > 0 satisfying px0(Tδ,x0) = N0 + δ and
px0(t) > N0 + δ for t ∈ [0, Tδ,x0).

Because of (gx0,0, gx0,0, px0,0, px0,0) ∈ Ωl0 and px0(t) > l0r0 for t ∈ [0, Tδ,x0],
by Proposition 2.2, if x0 is sufficiently large, then (gx0 , gx0 , px0 , px0)(Tδ,x0) ∈ Ωl0

holds. Also, by (3.3) and px0(Tδ,x0) = N0 + δ, we get limx0→+∞ ‖(gx0 , gx0,
px0 , px0)(Tδ,x0) − (Σ(N0 + δ,N0 + δ), N0 + δ,N0 + δ)‖X′×R2 = 0. Therefore,
(Σ(N0 + δ,N0 + δ), N0 + δ,N0 + δ) ∈ Ωl0 holds for all δ ≥ 0.

We conclude this proof by showing that if δ > 0 is sufficiently large, then
there exist Tδ > 0 and a solution (Σ(pδ, pδ), pδ, pδ) ∈ C([0,+∞), S) of (ES)l0,r0

with pδ(0) = N0 + δ and pδ(Tδ) = N0. Assume that δ > 0 is sufficiently large
and the solution (Σ(pδ, pδ), pδ, pδ) ∈ C([0,+∞), S) of (ES)l0,r0

with pδ(0) =
N0+δ satisfies pδ(t) > N0 on t ∈ [0,+∞). Then, (Σ(pδ, pδ), pδ, pδ) is a solutions
of (ES)l0

on t ∈ [0,+∞). Hence, by Proposition 2.2 and (Σ(pδ(0), pδ(0)), pδ(0),
pδ(0)) ∈ Ωl0 , Θ(pδ(t),pδ(t))[Σ(pδ(t), pδ(t))] is a solution of (RD) on t ∈ [0,+∞).
By Lemma 3.3 and limδ→+∞ ‖Σ(pδ(0), pδ(0))‖X′ = 0, limt→+∞ ‖Θ(pδ(t),pδ(t))

[Σ(pδ(t), pδ(t))] − 1‖C0 = 0 holds. This is contradiction with (3.1) and pδ(t) >
N0 on t ∈ [0,+∞).

Definition 8. For p ≥ N0, Θ̃p ∈ Y ′ is defined by Θ̃p = Θp,p[Σ(p, p)].

We define the (backward) global solution ψ by the following definition,
which is allowed in virtue of Propositions 2.2 and 3.4.

Definition 9. A solution ψ ∈ C(R, Y ) of (RD) is defined such that
ψ(t) = Θ̃p(t) holds on t ≤ 0 with p(0) = N0.
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Now, we prove Theorem 1.1 (1).

Proof of Theorem 1.1 (1). Because of Σ2(p, q) = Σ1(q, p) from Theorem
2.3, we have ψ(−x, t) = ψ(x, t). From Proposition 3.4, p(−∞) = +∞ holds.
Hence, because of limp→+∞(‖Σ(p, p)‖X′ +‖G̃(p, p)‖R2) = 0 from Theorem 2.3,
we obtain limt→−∞ ‖ψ(x, t)−(φ(x−p(t))+φ(−x−p(t)))‖Y = 0 and ṗ(−∞) = c.
By Lemma 3.3, limt→+∞ ‖ψ(t) − 1‖Y = 0 also holds.

§4. Uniformly Asymptotic Stability

In this section, we prove Theorem 1.1 (2) using the asymptotic stability
of the invariant manifold S. Lemma 4.4 below becomes the key in this proof,
but it is rather technical. We also need additional argument for the difference
between the topologies of X ′ × R2 and Y .

Proposition 4.1. Let T > 0 and (p̃, q̃, u) ∈ C([0, T ), V ) be given. Sup-
pose that u is a solution of (RD). Then,

(ΦP [p̃,u][u],ΨQ[q̃,u][u], P [p̃, u], Q[q̃, u]) ∈ C([0, T ),Ωl0)

is a solution of (ES)l0
and

ΘP [p̃,u],Q[q̃,u][ΦP [p̃,u][u],ΨQ[q̃,u][u]] = u

holds on t ∈ [0, T ).

Proof. From Lemma 3.2, (ΦP [p̃,u][u],ΨQ[q̃,u][u], P [p̃, u], Q[q̃, u]) ∈ Ωl0 and
ΘP [p̃,u],Q[q̃,u][ΦP [p̃,u][u],ΨQ[q̃,u][u]] = u hold on t ∈ [0, T ). We have P [p̃, u] ∈
C([0, T )). Hence, because B3/4((1/(1 + e−x/l0))u(x, t)) ∈ C([0, T ), BU(R))
holds, we have B3/4(ΦP [p̃,u][u]) ∈ C([0, T ), BU(R)). Because we also have
Q[q̃, u] ∈ C([0, T )) and B3/4(ΨQ[q̃,u][u]) ∈ C([0, T ), BU(R)), we get

(ΦP [p̃,u][u],ΨQ[q̃,u][u], P [p̃, u], Q[q̃, u]) ∈ C([0, T ),Ωl0).

We denote (1/(1 + e−x/l0))u(x, t), ΦP [p̃(t),u(t)][u(t)](y) and P [p̃(t), u(t)] by
v(x, t), g(y, t) and p(t), respectively. Then, ω[v(y+ p̃(t), t)−φ(y)] = p(t)− p̃(t)
holds. From Lemma 3.1, we have

〈v(x, t) − φ(x− p(t)), ecxφ′(x− p(t))〉 = 0

and

〈v(x, t) − φ(x− p(t)), ecxφ′′(x− p(t))〉
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�= 〈φ′(x− p(t)), ecxφ′(x− p(t))〉 .

Hence, by the implicit function theorem, p ∈ C1((0, T ),R) holds. Hence,

gt(y, t) = vt(y + p(t), t) + ṗ(t)vx(y + p(t), t)(4.1)

holds for all t ∈ (0, T ). From 〈g(y, t), ecyφ′(y)〉 = 0 and 〈g(y, t), ecyφ′′(y)〉 �=
〈φ′(y), ecyφ′(y)〉,

〈gt(y, t), ecyφ′(y)〉 = 0(4.2)

and

〈φ′(y) + gy(y, t), ecyφ′(y)〉 �= 0(4.3)

hold for all t ∈ (0, T ).
We also denote (1/(1 + ex/l0))u(x, t) by w(x, t). We get

vt(x, t) =
1

1 + e−x/l0
(uxx(x, t) + f(u(x, t)))

=
1

1 + e−x/l0

(
(1 + e−x/l0)v(x, t)

)
xx

+
1

1 + e−x/l0
f(v(x, t) + w(x, t))

= vxx(x, t) + f(v(x, t)) − 2
l0

1
1 + ex/l0

vx(x, t) +
1
l20

1
1 + ex/l0

v(x, t)

+
1

1 + e−x/l0
f(v(x, t) + w(x, t)) − f

(
1

1 + e−x/l0
(v(x, t) + w(x, t))

)
.

Further, we denote ΨQ[q̃,u][u] and Q[q̃, u] by h and q, respectively. Then, we
have

vt(y + p(t), t) = φ′′(y) + gyy(y, t) + f(φ(y) + g(y, t))

− 2
l0

1
1 + e(y+p(t))/l0

(φ′(y) + gy(y, t))

+
1
l20

1
1 + e(y+p(t))/l0

(φ(y) + g(y, t))

+
1

1 + e−(y+p(t))/l0
f(φ(y) + φ(−y − p(t) − q(t))

+ g(y, t) + h(−y − p(t) − q(t), t))

− f

(
1

1 + e−(y+p(t))/l0
(φ(y) + φ(−y − p(t) − q(t))

+ g(y, t) + h(−y − p(t) − q(t), t))
)
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and

vx(y + p(t), t) = φ′(y) + gy(y, t).

Hence, from (1.2) and (4.1), we obtain

gt(y, t) = gyy(y, t) + cgy(y, t) + fu(φ(y))g(y, t)

+ (ṗ(t) − c)(φ′(y) + gy(y, t))

+ fl0 [(g, h, p, q)(t)](y).

From (4.2) and (4.3), we have ṗ(t) = c− (〈fl0 [(g, h, p, q)(t)](y), ecyφ′(y)〉)/(〈φ′
(y) + gy(y, t), ecyφ′(y)〉). Therefore, we have gt(y, t) = gyy(y, t) + cgy(y, t)
+fu(φ(y))g(y, t)+F 1

l [(g, h, p, q)(t)](y) and ṗ(t) = c+G1
l [(g, h, p, q)(t)]. Because

we also have ht(y, t) = hyy(y, t)+chy(y, t)+fu(φ(y))h(y, t)+F 2
l [(g, h, p, q)(t)](y)

and q̇(t) = c + G2
l [(g, h, p, q)(t)], (ΦP [p̃,u][u],ΨQ[q̃,u][u], P [p̃, u], Q[q̃, u]) is a so-

lution of (ES)l0
on t ∈ [0, T ).

Lemma 4.2. For any ε > 0, there exists M > N0 such that

(p+ x0, p− x0, Θ̃p(x− x0)) ∈ V,

‖(P [p+ x0, Θ̃p(x− x0)], Q[p− x0, Θ̃p(x− x0)])

−(p+ x0, p− x0)‖R2 < ε

and

(ΦP [p+x0,Θ̃p(x−x0)]
[Θ̃p(x− x0)],ΨQ[p−x0,Θ̃p(x−x0)]

[Θ̃p(x− x0)],

P [p+ x0, Θ̃p(x− x0)], Q[p − x0, Θ̃p(x− x0)]) ∈ S̃

hold for all x0 ∈ R and p ≥M + |x0|.

Proof. Let ε > 0 be given. Then, there exists δ > 0 such that for any
p̃, q̃ ∈ R and u ∈ Y ′′ satisfying ‖(1/(1 + e−x/l0))u(x) − φ(x − p̃)‖C0 < δ and
‖(1/(1 + ex/l0))u(x) − φ(−x− q̃)‖C0 < δ,

(p̃, q̃, u) ∈ V

and

‖(P [p̃, u], Q[q̃, u]) − (p̃, q̃)‖R2 < min{ε, 1}

hold. Suppose that M > N0 is sufficiently large. Then, because limp→+∞
‖Σ(p, p)‖X′ = 0 holds from Theorem 2.3, we have ‖(1/(1+e−x/l0))Θ̃p(x−x0)−
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φ(x−(p+x0))‖C0 < δ and ‖(1/(1+ex/l0))Θ̃p(x−x0)−φ(−x−(p−x0))‖C0 < δ.
Therefore, we obtain

(p+ x0, p− x0, Θ̃p(x− x0)) ∈ V,

‖(P [p+ x0, Θ̃p(x− x0)], Q[p− x0, Θ̃p(x− x0)])

−(p+ x0, p− x0)‖R2 < ε,

P [p+ x0, Θ̃p(x− x0)] > l0r0

and

Q[p− x0, Θ̃p(x− x0)] > l0r0.

There exist t0 > 0 and p̄ ∈ C1((−∞, t0], [p − 1,+∞)) with p̄(0) = p and
p̄(t0) = p − 1 such that Θ̃p̄ ∈ C((−∞, t0], Y ′) is a solution of (RD). Then,
Θ̃p̄(x − x0) ∈ C((−∞, t0], Y ′) is also a solution of (RD). Because p̄ ≥ (M −
1) + |x0| holds, we obtain

(p̄+ x0, p̄− x0, Θ̃p̄(x− x0)) ∈ V,

P [p̄+ x0, Θ̃p̄(x− x0)] > l0r0

and

Q[p̄− x0, Θ̃p̄(x− x0)] > l0r0

for t ≤ t0. Therefore, by Proposition 4.1,

(ΦP [p̄+x0,Θ̃p̄(x−x0)]
[Θ̃p̄(x− x0)],ΨQ[p̄−x0,Θ̃p̄(x−x0)]

[Θ̃p̄(x− x0)],

P [p̄+ x0, Θ̃p̄(x− x0)], Q[p̄− x0, Θ̃p̄(x− x0)])

is a solution of (ES)l0,r0
on t ∈ (−∞, 0].

Also, because of limp→+∞(‖Σ(p, p)‖X′ + ‖F̃ (p, p)‖X) = 0 from Theorem
2.3, limp→+∞(‖Σ1(p, p)‖Y ′′ + ‖Σ2(p, p)‖Y ′′) = 0 holds. Hence, because M >

N0 is sufficiently large, ‖Σ1(p̄, p̄)‖Y ′′ and ‖Σ2(p̄, p̄)‖Y ′′ are sufficiently small.
Hence, because |P [p̄+ x0, Θ̃p̄(x− x0)]− (p̄+ x0)| and |Q[p̄− x0, Θ̃p̄(x− x0)]−
(p̄− x0)| are also sufficiently small, we have

‖(ΦP [p̄+x0,Θ̃p̄(x−x0)]
[Θ̃p̄(x− x0)],ΨQ[p̄−x0,Θ̃p̄(x−x0)]

[Θ̃p̄(x− x0)])‖X′

≤ 2D0.

Therefore, by Theorem 2.3, for any T > 0, there exists (pT , qT ) ∈ R2 satisfying

‖(ΦP [p+x0,Θ̃p(x−x0)]
[Θ̃p(x− x0)],ΨQ[p−x0,Θ̃p(x−x0)]

[Θ̃p(x− x0)])
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−Σ(pT , qT )‖X′

+‖(P [p+ x0, Θ̃p(x− x0)], Q[p− x0, Θ̃p(x− x0)]) − (pT , qT )‖R2

≤ 6C0D0e
−γ0T .

Hence, from

lim
T→+∞

(pT , qT ) = (P [p+ x0, Θ̃p(x− x0)], Q[p− x0, Θ̃p(x− x0)])

and

lim
T→+∞

Σ(pT , qT )

= (ΦP [p+x0,Θ̃p(x−x0)]
[Θ̃p(x− x0)],ΨQ[p−x0,Θ̃p(x−x0)]

[Θ̃p(x− x0)]),

we get

Σ(P [p+ x0, Θ̃p(x− x0)], Q[p− x0, Θ̃p(x− x0)])

= (ΦP [p+x0,Θ̃p(x−x0)]
[Θ̃p(x− x0)],ΨQ[p−x0,Θ̃p(x−x0)]

[Θ̃p(x− x0)]).

Lemma 4.3. For any ε > 0, there exists M > 0 such that for any p0

and q0 ≥M , there exist p′0 and x0 ∈ R such that∣∣∣∣p′0 − p0 + q0
2

∣∣∣∣ ≤ ε,

∣∣∣∣x0 − p0 − q0
2

∣∣∣∣ ≤ ε,

(p′0 + x0, p
′
0 − x0, Θ̃p′

0
(x− x0)) ∈ V

and

(p0, q0) = (P [p′0 + x0, Θ̃p′
0
(x− x0)], Q[p′0 − x0, Θ̃p′

0
(x− x0)])

hold.

Proof. Fix any ε > 0. Then, let M > 0 be sufficiently large.
If (p′0, x0) ∈ [(p0 + q0)/2−ε, (p0 + q0)/2+ε]×[(p0 − q0)/2−ε, (p0 − q0)/2+

ε] holds, then p′0 − |x0| ≥ ((p0 + q0)/2 − ε) − ((|p0 − q0|)/2 + ε) ≥ M − 2ε
holds. Hence, by Lemma 4.2, |P [p′0 + x0, Θ̃p′

0
(x − x0)] − (p′0 + x0)| < ε and

|Q[p′0 − x0, Θ̃p′
0
(x− x0)] − (p′0 − x0)| < ε hold. We have(

p′1
x1

)
:=

(
p0+q0

2
p0−q0

2

)
− 1

2

(
1 1
1 −1

)(
P [p′0 + x0, Θ̃p′

0
(x− x0)] − (p′0 + x0)

Q[p′0 − x0, Θ̃p′
0
(x− x0)] − (p′0 − x0)

)
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∈
[
p0 + q0

2
− ε,

p0 + q0
2

+ ε

]
×
[
p0 − q0

2
− ε,

p0 − q0
2

+ ε

]
.

Therefore, by Brouwer’s fixed point theorem, there exists (p′0, x0) ∈ [(p0 + q0)
/2 − ε, (p0 + q0)/2 + ε] × [(p0 − q0)/2 − ε, (p0 − q0)/2 + ε] satisfying(

p′0
x0

)
=

(
p0+q0

2
p0−q0

2

)
− 1

2

(
1 1
1 −1

)(
P [p′0 + x0, Θ̃p′

0
(x− x0)] − (p′0 + x0)

Q[p′0 − x0, Θ̃p′
0
(x− x0)] − (p′0 − x0)

)
.

Hence, there exists (p′0, x0) ∈ [(p0 + q0)/2− ε, (p0 + q0)/2 + ε]× [(p0 − q0)/2−
ε, (p0 − q0)/2 + ε] satisfying

(p0, q0) = (P [p′0 + x0, Θ̃p′
0
(x− x0)], Q[p′0 − x0, Θ̃p′

0
(x− x0)]).

From Proposition 4.1, Lemmas 4.2 and 4.3, we prove the following lemma.
This lemma is the key one in this section, and it shows that if N > 0 is
sufficiently large, then for any p̄0 and q̄0 ≥ N + 1/2 with |p̄0 − q̄0| ≤ 1, there is
a solution (Σ(p̄, q̄), p̄, q̄) of (ES)l0

on the local invariant manifold S̃ with initial
data (p̄(0), q̄(0)) = (p̄0, q̄0) such that Θ̃p̄′′(x − x0) = Θp̄,q̄[Σ(p̄, q̄)](x) holds on
t ∈ (−∞, T ) with p̄′′(T ′′) = N and T > T ′′ > 0.

Lemma 4.4. There exists M > N0 such that for any N > M , p̄0 ≥
N + 1/2 and q̄0 ≥ N + 1/2 with |p̄0 − q̄0| ≤ 1, there exist x0 ∈ (−1, 1), T ′′ > 0,
T > T ′′, solutions Θ̃p̄′′ ∈ C((−∞, T ), Y ′′) of (RD) with p̄′′(T ′′) = N and
(Σ(p̄, q̄), p̄, q̄) ∈ C((−∞, T ), S̃) of (ES)l0

with (p̄(0), q̄(0)) = (p̄0, q̄0) such that

p̄ > l0r0 + 1, q̄ > l0r0 + 1

and

Θ̃p̄′′(x− x0) = Θp̄,q̄[Σ(p̄, q̄)](x)

hold on t ∈ (−∞, T ).

Proof. Let M > N0 be sufficiently large. By Lemma 4.3, there exist
p̄′′0 > N and x0 ∈ (−1, 1) satisfying

(p̄0, q̄0) = (P [p̄′′0 + x0, Θ̃p̄′′
0
(x− x0)], Q[p̄′′0 − x0, Θ̃p̄′′

0
(x− x0)]).

Also, there exist T ′′ > 0, T > T ′′ and a solution Θ̃p̄′′ ∈ C((−∞, T ], Y ′′) of
(RD) with p̄′′(0) = p̄′′0 , p̄′′(T ′′) = N and p̄′′(T ) = M . From Lemma 4.2,

(p̄′′ + x0, p̄
′′ − x0, Θ̃p̄′′(x− x0)) ∈ V,
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P [p̄′′ + x0, Θ̃p̄′′(x− x0)] > l0r0 + 1,

Q[p̄′′ − x0, Θ̃p̄′′(x− x0)] > l0r0 + 1

and

(ΦP [p̄′′+x0,Θ̃p̄′′(x−x0)]
[Θ̃p̄′′(x− x0)],ΨQ[p̄′′−x0,Θ̃p̄′′ (x−x0)]

[Θ̃p̄′′(x− x0)])

= Σ(P [p̄′′ + x0, Θ̃p̄′′(x− x0)], Q[p̄′′ − x0, Θ̃p̄′′(x− x0)])

hold for all t < T . We denote (P [p̄′′ + x0, Θ̃p̄′′(x − x0)], Q[p̄′′ − x0, Θ̃p̄′′(x −
x0)]) ∈ C((−∞, T ),R2) by (p̄, q̄). Then, from Proposition 4.1, (Σ(p̄, q̄), p̄, q̄)
∈ C((−∞, T ), S̃) is a solution of (ES)l0

and

Θp̄,q̄[Σ(p̄, q̄)](x) = Θ̃p̄′′(x− x0)

holds for all t < T .

Lemma 4.5. There exists C > 0 such that ‖Φp1 [Θ̃p] − Φp2 [Θ̃p]‖Y ′ ≤
C|p1 − p2| and ‖Ψq1 [Θ̃p]−Ψq2 [Θ̃p]‖Y ′ ≤ C|q1 − q2| hold for all p1, p2, q1, q2 > 0
and p ≥ N0.

Proof. The solution ψ ∈ C(R, BU(R)) of (RD) satisfies supt∈R ‖ψ‖C0 <

+∞ and supt∈R ‖f (ψ)‖C0 < +∞. Hence, by (1.4) of [6], we have supt∈R

‖ψ‖C1 < +∞. Also, we have supt∈R ‖f (ψ)‖C1 < +∞. Hence, by (1.5) of
[6], supt∈R ‖ψ‖C2 < +∞ holds. Also, supt∈R ‖f (ψ)‖C2 < +∞ holds. Hence,
because supt∈R ‖Bψ‖Y < +∞ and supt∈R ‖B(f(ψ))‖Y < +∞ hold, we obtain
supt∈R ‖B1+3/4ψ‖Y < +∞. Hence, supt∈R ‖ψ‖C3 < +∞ holds. There exists
C′ > 0 such that ‖Φp1 [ψ(t)] − Φp2 [ψ(t)]‖C2 ≤ C′|p1 − p2| and ‖Ψq1 [ψ(t)] −
Ψq2 [ψ(t)]‖C2 ≤ C′|q1 − q2| hold for all p1, p2, q1, q2 > 0 and t ∈ R.

We also need the following lemma in the proof of Proposition 4.8 below,
as the topologies of X ′ × R2 and Y are different.

Lemma 4.6. There exist M > 0, δ > 0 and C > 0 such that for any
p ≥M and u ∈ Y ′′ with ‖u− Θ̃p‖Y ′′ ≤ δ,

(p, p, u) ∈ V

and

‖(ΦP [p,u][u],ΨQ[p,u][u]) − Σ(P [p, u], Q[p, u])‖X′ ≤ C‖u− Θ̃p‖Y ′′

hold.
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Proof. Suppose that M > 0 and δ > 0 are sufficiently large and small, re-
spectively. Because of limp→+∞ ‖Σ(p, p)‖X′ = 0 from Theorem 2.3,
‖(1/(1 + e−x/l0))u(x) − φ(x − p)‖C0 and ‖(1/(1 + ex/l0))u(x) − φ(−x− p)‖C0

are sufficiently small. Hence, (p, p, u) ∈ V holds.
Let C > 0 be sufficiently large. Because of (ΦP [p,Θ̃p][Θ̃p],ΨQ[p,Θ̃p][Θ̃p]) =

Σ(P [p, Θ̃p], Q[p, Θ̃p]) from Lemma 4.2, we have

‖(ΦP [p,u][u],ΨQ[p,u][u]) − Σ(P [p, u], Q[p, u])‖X′

≤ ‖(ΦP [p,u][u],ΨQ[p,u][u]) − (ΦP [p,Θ̃p][Θ̃p],ΨQ[p,Θ̃p][Θ̃p])‖X′

+ ‖Σ(P [p, Θ̃p], Q[p, Θ̃p]) − Σ(P [p, u], Q[p, u])‖X′

≤C1/4‖(ΦP [p,u][u],ΨQ[p,u][u]) − (ΦP [p,Θ̃p][Θ̃p],ΨQ[p,Θ̃p][Θ̃p])‖Y ′2

+ C1/4‖(P [p, Θ̃p], Q[p, Θ̃p]) − (P [p, u], Q[p, u])‖R2

≤C1/4‖(ΦP [p,u][u],ΨQ[p,u][u]) − (ΦP [p,u][Θ̃p],ΨQ[p,u][Θ̃p])‖Y ′2

+ C1/4‖(ΦP [p,u][Θ̃p],ΨQ[p,u][Θ̃p]) − (ΦP [p,Θ̃p][Θ̃p],ΨQ[p,Θ̃p][Θ̃p])‖Y ′2

+ C1/4‖(P [p, Θ̃p], Q[p, Θ̃p]) − (P [p, u], Q[p, u])‖R2.

From this and Lemma 4.5,

‖(ΦP [p,u][u],ΨQ[p,u][u]) − Σ(P [p, u], Q[p, u])‖X′

≤C1/4‖(ΦP [p,u][u],ΨQ[p,u][u]) − (ΦP [p,u][Θ̃p],ΨQ[p,u][Θ̃p])‖Y ′2

+ C1/2‖(P [p, Θ̃p], Q[p, Θ̃p]) − (P [p, u], Q[p, u])‖R2

≤C‖u− Θ̃p‖Y ′′

holds.

Lemma 4.7. There exists M > N0 such that (p, p, Θ̃p) ∈ V and P [p,
Θ̃p] = Q[p, Θ̃p] = p hold for all p ≥M .

Proof. Let M > N0 be sufficiently large. Then, because of (Σ(p, p), p, p)
∈ Ωl0 from Proposition 3.4,

1
1 + e−x/l0

Θ̃p(x) − φ(x− p) = (Σ1(p, p))(x− p)

and
1

1 + ex/l0
Θ̃p(x) − φ(−x− p) = (Σ2(p, p))(−x− p)

hold. Hence, because of limp→+∞ ‖Σ(p, p)‖X′ = 0 from Theorem 2.3, we have
(p, p, Θ̃p) ∈ V . From Lemma 3.1, we also have P [p, Θ̃p] = Q[p, Θ̃p] = p.

Under the above preparations, we obtain the following.
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Proposition 4.8. There exist N ′
0 > N0, δ′0 > 0 and C′

0 > 0 such that
for any p0 ≥ N ′

0 + 2 and u0 ∈ Y with ‖u0 − Θ̃p0‖Y ≤ δ′0, there exist x0 ∈ R,
T > 0 and a solution Θ̃p̄ ∈ C([0, T ], Y ) of (RD) with p̄(T ) = N ′

0 such that the
solution u ∈ C([0,+∞), Y ) of (RD) with u(0) = u0 satisfies

‖u(x, t) − Θ̃p̄(t)(x− x0)‖Y ≤ C′
0e

−γ0t‖u0(x) − Θ̃p0(x)‖Y

for all t ∈ [0, T ].

Proof.
Step 1. In this step, we show the following.
There exist N ′

0 > N0, δ′′0 > 0 and C′′
0 > 0 such that for any p′′0 ≥ N ′

0 + 1
and u′′0 ∈ Y ′′ with ‖u′′0 − Θ̃p′′

0
‖Y ′′ ≤ δ′′0 , there exist x0 ∈ (−1, 1), T ′′ > 0 and

a solution Θ̃p̄′′ ∈ C((−∞, T ′′], Y ′′) of (RD) with p̄′′(T ′′) = N ′
0 such that the

solution u′′ ∈ C([0,+∞), Y ′′) of (RD) with u′′(0) = u′′0 satisfies

‖u′′(x, t) − Θ̃p̄′′(t)(x− x0)‖Y ≤ C′′
0 e

−γ0t‖u′′0(x) − Θ̃p′′
0
(x)‖Y ′′

for all t ∈ [0, T ′′]. Further, there exists a solution (Σ(p̄, q̄), p̄, q̄) ∈ C((−∞, 0], S̃)
of (ES)l0

satisfying ‖(p̄(0), q̄(0))− (p′′0 , p′′0)‖R2 ≤ C′′
0 ‖u′′0 − Θ̃p′′

0
‖Y ′′ and Θ̃p̄′′(x−

x0) = (Θp̄,q̄[Σ(p̄, q̄)])(x) on t ∈ (−∞, 0].
Let K > 0 be sufficiently large, and fixed. Then, let N ′

0 > N0 and δ′′0 > 0
be sufficiently large and small, respectively. Because lim(p,q)→(+∞,+∞) ‖Σ(p,
q)‖X′ = 0 holds from Theorem 2.3, by Lemma 4.6, ‖(ΦP [p′′

0 ,u′′
0 ][u′′0 ], ΨQ[p′′

0 ,u′′
0 ]

[u′′0 ])‖X′ ≤ 2D0 holds. We denote (ΦP [p′′
0 ,u′′

0 ][u′′0 ],ΨQ[p′′
0 ,u′′

0 ][u′′0 ], P [p′′0 , u
′′
0 ], Q[p′′0 ,

u′′0 ]) by (g0, h0, p0, q0). By Theorem 2.3, there exist solutions (g, h, p, q) ∈ C([0,
+∞), U × R2) and (Σ(p̄, q̄), p̄, q̄) ∈ C(R, S) of (ES)l0,r0

such that

(g, h, p, q)(0) = (g0, h0, p0, q0)

and for any t ≥ 0,

‖(g, h, p, q)(t)− (Σ(p̄, q̄), p̄, q̄)(t)‖X′×R2 ≤ C0e
−γ0t‖(g0, h0) − Σ(p0, q0)‖X′

hold. By Lemma 4.6,

‖(g, h, p, q)(t)− (Σ(p̄, q̄), p̄, q̄)(t)‖X′×R2 ≤ Ke−γ0t‖u′′0 − Θ̃p′′
0
‖Y ′′(4.4)

holds for all t ≥ 0.
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From Lemma 4.7, we have

‖(p′′0 − p̄(0), p′′0 − q̄(0))‖R2

= ‖(P [p′′0 , Θ̃p′′
0
] − p̄(0), Q[p′′0 , Θ̃p′′

0
] − q̄(0))‖R2

≤ ‖(P [p′′0 , Θ̃p′′
0
] − p0, Q[p′′0 , Θ̃p′′

0
] − q0)‖R2 + ‖(p0 − p̄(0), q0 − q̄(0))‖R2

= ‖(P [p′′0 , Θ̃p′′
0
] − P [p′′0 , u

′′
0 ], Q[p′′0 , Θ̃p′′

0
] −Q[p′′0 , u

′′
0 ])‖R2

+ ‖(p0 − p̄(0), q0 − q̄(0))‖R2 .

Hence, by (4.4), we obtain

‖(p′′0 − p̄(0), p′′0 − q̄(0))‖R2 ≤ 2K‖u′′0 − Θ̃p′′
0
‖Y ′′ .(4.5)

Because ‖(p′′0 − p̄(0), p′′0 − q̄(0))‖R2 ≤ 2Kδ′′0 and p′′0 ≥ N ′
0 + 1 hold, we

have p̄(0) ≥ N ′
0 + 1/2, q̄(0) ≥ N ′

0 + 1/2 and |p̄(0) − q̄(0)| ≤ 1. Therefore,
by Lemma 4.4, there exist x0 ∈ (−1, 1), T ′′ > 0, T > T ′′ and a solution
Θ̃p̄′′ ∈ C((−∞, T ), Y ′′) of (RD) with p̄′′(T ′′) = N ′

0 such that

p̄ > l0r0 + 1, q̄ > l0r0 + 1

and

Θp̄,q̄[Σ(p̄, q̄)](x) = Θ̃p̄′′(x− x0)(4.6)

hold on t ∈ (−∞, T ). Hence, from (4.4), p(t) > l0r0 and q(t) > l0r0 hold for
all t ∈ [0, T ). Therefore, (g, h, p, q) is a solution of (ES)l0

on t ∈ [0, T ). Hence,
because (g0, h0, p0, q0) ∈ Ωl0 and Θp0,q0 [g0, h0] = u′′0 also hold from Lemma 3.2,
by Proposition 2.2,

Θp,q[g, h] = u′′(4.7)

holds on t ∈ [0, T ). From (4.4), (4.5), (4.6) and (4.7), there exists C′′
0 > 0 such

that

‖(p̄(0), q̄(0)) − (p′′0 , p
′′
0)‖R2 ≤ C′′

0 ‖u′′0 − Θ̃p′′
0
‖Y ′′

and for any t ∈ [0, T ),

‖u′′(x, t) − Θ̃p̄′′(t)(x− x0)‖C0 ≤ C′′
0 e

−γ0t‖u′′0(x) − Θ̃p′′
0
(x)‖Y ′′

hold.

Step 2. In this step, we prove Proposition 4.8.
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We denote a positive constant (supp≥N ′
0+1

∣∣c+G1
l [Σ(p, p), p, p]

∣∣)−1 by t0.
Let K > 0 be sufficiently large, and fixed. Let δ′0 > 0 be sufficiently small.
Then, there exists a solution Θ̃p ∈ C((−∞, t0], Y ′′) of (RD) with p(0) = p0

such that

p(t0) ≥ N ′
0 + 1,

‖u(t0) − Θ̃p(t0)‖Y ′′ ≤ K‖u0 − Θ̃p0‖Y

and

sup
t∈[0,t0]

‖u(t) − Θ̃p(t)‖Y ≤ K‖u0 − Θ̃p0‖Y(4.8)

hold. Hence, by Step 1, there exist x0 ∈ (−1, 1), T > t0 and a solution
Θ̃p̄ ∈ C((−∞, T ], Y ) of (RD) with p̄(T ) = N ′

0 such that

‖u(x, t) − Θ̃p̄(t)(x− x0)‖Y ≤ C′′
0Ke

−γ0(t−t0)‖u0(x) − Θ̃p0(x)‖Y(4.9)

holds for all t ∈ [t0, T ]. Further, there exists a solution (Σ(p̂, q̂), p̂, q̂) ∈ C([0, t0],
S̃) of (ES)l0

satisfying ‖(p(t0), p(t0))−(p̂(t0), q̂(t0))‖R2 ≤ C′′
0K‖u0−Θ̃p0‖Y and

Θ̃p̄(t)(x− x0) = (Θp̂(t),q̂(t)[Σ(p̂(t), q̂(t))])(x) for t ∈ [0, t0]. Hence, we obtain

sup
t∈[0,t0]

‖Θ̃p(t)(x) − Θ̃p̄(t)(x− x0)‖Y(4.10)

= sup
t∈[0,t0]

‖Θp(t),p(t)[Σ(p(t), p(t))] − Θp̂(t),q̂(t)[Σ(p̂(t), q̂(t))]‖C0

≤K sup
t∈[0,t0]

‖(p(t), p(t)) − (p̂(t), q̂(t))‖R2

≤K2‖(p(t0), p(t0)) − (p̂(t0), q̂(t0))‖R2

≤C′′
0K

3‖u0(x) − Θ̃p0(x)‖Y .

From (4.8), (4.9) and (4.10) with C′
0 = (1 + C′′

0 )(K +K3)eγ0t0 ,

‖u(x, t) − Θ̃p̄(t)(x− x0)‖Y ≤ C′
0e

−γ0t‖u0(x) − Θ̃p0(x)‖Y

holds for all t ∈ [0, T ].

Now, we prove Theorem 1.1 (2) from Proposition 4.8.

Proof of Theorem 1.1 (2). Because of limt→+∞ ‖ψ(t) − 1‖Y = 0 and
Reσ(B) > 0, there exist T1, δ1, C1 and γ1 > 0 such that for any t0 ≥ T1 and
u0 ∈ Y with ‖u0 − ψ(t0)‖Y ≤ δ1, the solution u ∈ C([0,+∞), Y ) of (RD) with
u(0) = u0 satisfies

‖u(t) − ψ(t+ t0)‖Y ≤ C1e
−γ1t‖u0 − ψ(t0)‖Y(4.11)
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for all t ≥ 0. We define T2 < 0 such that ψ(T2) = Θ̃N ′
0+2 holds. Then,

there exist δ2 and C2 > 0 such that for any t0 ∈ [T2, T1] and u0 ∈ Y with
‖u0 − ψ(t0)‖Y ≤ δ2, the solution u ∈ C([0,+∞), Y ) of (RD) with u(0) = u0

satisfies

‖u(t) − ψ(t+ t0)‖Y ≤ C2‖u0 − ψ(t0)‖Y(4.12)

for all t ∈ [0, T1 − t0]. From (4.11) and (4.12), for any t0 ≥ T2 and u0 ∈ Y with
‖u0 − ψ(t0)‖Y ≤ min{δ1/C2, δ2}, the solution u ∈ C([0,+∞), Y ) of (RD) with
u(0) = u0 satisfies

‖u(t) − ψ(t+ t0)‖Y ≤ C1C2e
γ1(T1−T2)e−γ1t‖u0 − ψ(t0)‖Y

for all t ≥ 0. Therefore, by Proposition 4.8 with δ = min{(δ1/C2C
′
0), (δ2/C

′
0),

δ′0}, C = C1C2C
′
0e

γ1(T1−T2) and γ = min{γ1, γ0}, for any t0 ∈ R and u0 ∈ Y

with ‖u0 − ψ(t0)‖Y ≤ δ, there exist x0 and t′0 ∈ R such that the solution
u ∈ C([0,+∞), Y ) of (RD) with u(0) = u0 satisfies

‖u(x, t) − ψ(x− x0, t− t′0)‖Y ≤ Ce−γt‖u0(x) − ψ(x, t0)‖Y

for all t ≥ 0.

§5. Proof of Theorem 2.3

In this section, we construct the invariant manifold S with asymptotic
stability by standard technique, i.e., we prove Theorem 2.3 according to Section
6.1 of [10].

Lemma 5.1. There exist C1 > 0 and a monotone increasing function
ε1 : (0,+∞) → (0,+∞) with lims→+0 ε1(s) = +0 such that for any l ≥ 1,
p > 0, q > 0 and (g, h) ∈ X ′ satisfying ‖(g, h)‖X′ ≤ 1,

‖fl[g, h, p, q]‖Y ≤ ε1(max{l/p, l/q}) + ε1(1/l)‖(g, h)‖X′ + C1‖(g, h)‖2
X′

holds.

Proof. Because f(a+b)−(f(a)+fu(a)b) =
(∫ 1

0
fuu(a+ σb)(1 − σ)dσ

)
b2

holds, we have

‖f (φ(y) + g(y)) − (f(φ(y)) + fu(φ(y))g(y))‖C0 ≤
(

sup
u∈[−1,2]

|fuu(u)|
)
‖g‖2

C0.

(5.1)
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When y ≤ −(1/2)p holds,∣∣∣∣−2
l

1
1 + e(y+p)/l

φ′(y) +
1
l2

1
1 + e(y+p)/l

φ(y)
∣∣∣∣ ≤ 2 max

x≤− 1
2 p

|φ′(x)| + max
x≤− 1

2 p
|φ(x)|

holds. When −(1/2)p ≤ y holds,∣∣∣∣−2
l

1
1 + e(y+p)/l

φ′(y) +
1
l2

1
1 + e(y+p)/l

φ(y)
∣∣∣∣ ≤ 3‖φ‖C1e−

1
2

p
l

holds. Therefore, we have∥∥∥∥−2
l

1
1 + e(y+p)/l

φ′(y) +
1
l2

1
1 + e(y+p)/l

φ(y)
∥∥∥∥

C0

(5.2)

≤ 2 max
x≤− 1

2 p
|φ′(x)| + max

x≤− 1
2 p

|φ(x)| + 3‖φ‖C1e−
1
2

p
l .

Also, we get∥∥∥∥−2
l

1
1 + e(y+p)/l

gy(y) +
1
l2

1
1 + e(y+p)/l

g(y)
∥∥∥∥

C0

≤ 3
l
‖g‖C1.(5.3)

We have f(λa) = (
∫ 1

0
fu(σλa)dσ)λa. Hence, when y ≤ −p− (1/2)q holds,∣∣∣∣ 1

1 + e−(y+p)/l
f(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))

−f
(

1
1 + e−(y+p)/l

(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))
)∣∣∣∣

≤
(

sup
u∈[−2,4]

|f(u)| + 4 sup
u∈[−2,4]

|fu(u)|
)
e−

1
2

q
l

holds. Because λf(a) = fu(0)λa + (
∫ 1

0
fuu(σa)(1 − σ)dσ)λa2 and f(λa) =

fu(0)λa+ (
∫ 1

0 fuu(σλa)(1 − σ)dσ)λ2a2 hold, we have λf(a) − f(λa) = (
∫ 1

0 fuu

(σa)(1− σ)dσ)λa2 − (
∫ 1

0
fuu(σλa)(1− σ)dσ)λ2a2. Hence, when −p− (1/2)q ≤

y ≤ −(1/2)p holds,∣∣∣∣ 1
1 + e−(y+p)/l

f(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))

−f
(

1
1 + e−(y+p)/l

(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))
)∣∣∣∣

≤ 2

(
sup

u∈[−2,4]

|fuu(u)|
)(

max
x≤− 1

2 p
|φ(x)| + max

x≤− 1
2 q

|φ(x)| + ‖g‖C0 + ‖h‖C0

)2
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holds. Because of f(λa) − f(a) = (
∫ 1

0
fu(a + σ(λ − 1)a)dσ) (λ− 1) a, we have

λf(a) − f(λa) = (λ − 1)(f(a) − a(
∫ 1

0 fu(a + σ(λ − 1)a)dσ)). Hence, when
−(1/2)p ≤ y holds,∣∣∣∣ 1

1 + e−(y+p)/l
f(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))

−f
(

1
1 + e−(y+p)/l

(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))
)∣∣∣∣

≤
(

sup
u∈[−2,4]

|f(u)| + 4 sup
u∈[−2,4]

|fu(u)|
)
e−

1
2

p
l

holds. Therefore, we obtain∥∥∥∥ 1
1 + e−(y+p)/l

f(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))(5.4)

−f
(

1
1 + e−(y+p)/l

(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))
)∥∥∥∥

C0

≤
(

sup
u∈[−2,4]

|f(u)| + 4 sup
u∈[−2,4]

|fu(u)|
)(

e−
1
2

p
l + e−

1
2

q
l

)

+2

(
sup

u∈[−2,4]

|fuu(u)|
)(

max
x≤− 1

2 p
|φ(x)| + max

x≤− 1
2 q

|φ(x)| + ‖g‖C0 + ‖h‖C0

)2

.

From (5.1), (5.2), (5.3) and (5.4), we obtain

‖fl[g, h, p, q]‖C0

≤
(

sup
u∈[−1,2]

|fuu(u)|
)
‖g‖2

C0

+ 2 max
x≤− 1

2 p
|φ′(x)| + max

x≤− 1
2 p

|φ(x)| + 3‖φ‖C1e−
1
2

p
l +

3
l
‖g‖C1

+

(
sup

u∈[−2,4]

|f(u)| + 4 sup
u∈[−2,4]

|fu(u)|
)(

e−
1
2

p
l + e−

1
2

q
l

)

+ 2

(
sup

u∈[−2,4]

|fuu(u)|
)(

max
x≤− 1

2 p
|φ(x)| + max

x≤− 1
2 q

|φ(x)| + ‖g‖C0 + ‖h‖C0

)2

≤ 2 max
x≤− 1

2 p
|φ′(x)| + max

x≤− 1
2 p

|φ(x)|

+ 2

(
sup

u∈[−2,4]

|fuu(u)|
)

(2‖φ‖C0 + 4)

(
max

x≤− 1
2 p

|φ(x)| + max
x≤− 1

2 q
|φ(x)|

)
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+ 3‖φ‖C1e−
1
2

p
l +

(
sup

u∈[−2,4]

|f(u)| + 4 sup
u∈[−2,4]

|fu(u)|
)(

e−
1
2

p
l + e−

1
2

q
l

)

+
3
l
‖g‖C1 + 3

(
sup

u∈[−2,4]

|fuu(u)|
)

(‖g‖C0 + ‖h‖C0)2.

Lemma 5.2. There exists a monotone increasing function ε2 : (0,+∞)
→ (0,+∞) with lims→+0 ε2(s) = +0 such that for any l ≥ 1, p > 0, q > 0 and
(g, h) ∈ X ′ satisfying ‖(g, h)‖X′ ≤ 1,

‖(∂fl)[g, h, p, q]‖L(X′×R2,Y ) ≤ ε2(max{l/p, l/q, 1/l, ‖(g, h)‖X′})

holds, where ∂fl denotes the Frechet derivative of fl.

Proof. Because of fu(λa) − fu(a) = (
∫ 1

0
fuu(a + σ(λ − 1)a)dσ)(λ − 1)a,

when −(1/2)p ≤ y holds,∣∣∣∣∣fu(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))

−fu

(
1

1 + e−(y+p)/l
(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))

)∣∣∣∣∣
≤ 4

(
sup

u∈[−2,4]

|fuu(u)|
)
e−

1
2

p
l

holds, and when −p− (1/2)q ≤ y ≤ −(1/2)p holds,∣∣∣∣∣fu(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))

−fu

(
1

1 + e−(y+p)/l
(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))

)∣∣∣∣∣
≤
(

sup
u∈[−2,4]

|fuu(u)|
)(

max
x≤− 1

2 p
|φ(x)| + max

x≤− 1
2 q

|φ(x)| + ‖g‖C0 + ‖h‖C0

)

holds. Also, when y ≤ −p− (1/2)q holds,

1
1 + e−(y+p)/l

∣∣∣∣∣fu(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))
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−fu

(
1

1 + e−(y+p)/l
(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))

)∣∣∣∣∣
≤ 2

(
sup

u∈[−2,4]

|fu(u)|
)
e−

1
2

q
l

holds. Therefore, we obtain∥∥∥∥∥ 1
1 + e−(y+p)/l

(
fu(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))(5.5)

−fu

(
1

1 + e−(y+p)/l
(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))

))∥∥∥∥∥
C0

≤ 2

(
sup

u∈[−2,4]

|fu(u)|
)
e−

1
2

q
l

+

(
sup

u∈[−2,4]

|fuu(u)|
)(

4e−
1
2

p
l + max

x≤− 1
2 p

|φ(x)| + max
x≤− 1

2 q
|φ(x)| + ‖g‖C0+ ‖h‖C0

)
.

On the other hand, straightforward calculation shows

(((∂fl)[g, h, p, q])(∆g,∆h,∆p,∆q))(y)

= (fu(φ(y) + g(y)) − fu(φ(y)))(∆g)(y)

− 2
l

1
1 + e(y+p)/l

(∆g)y(y) +
1
l2

1
1 + e(y+p)/l

(∆g)(y)

+
1

1 + e−(y+p)/l

(
fu(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))

− fu

(
1

1 + e−(y+p)/l
(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))

))
×((∆g)(y) + (∆h)(−y − p− q))

+
1

1 + e−(y+p)/l

1
1 + e(y+p)/l

(
2
l2

(φ′(y) + gy(y)) − 1
l3

(φ(y) + g(y))
)

∆p

+
1
l

1
1 + e−(y+p)/l

1
1 + e(y+p)/l

×f (φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))∆p

− 1
l

1
1 + e−(y+p)/l

1
1 + e(y+p)/l

×fu

(
1

1 + e−(y+p)/l
(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))

)
×(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))∆p

− 1
1 + e−(y+p)/l

(
fu(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))
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− fu

(
1

1 + e−(y+p)/l
(φ(y) + φ(−y − p− q) + g(y) + h(−y − p− q))

))
×(φ′(−y − p− q) + hy(−y − p− q))(∆p+ ∆q).

From this and (5.5), Lemma 5.2 can be easily seen.

From Lemmas 5.1 and 5.2, the following lemma immediately follows.

Lemma 5.3. There exist c3 > 0, C3 > 0 and a monotone increasing
function ε3 : (0,+∞) → (0,+∞) with lims→+0 ε3(s) = +0 satisfying the fol-
lowing.

(1) For any l ≥ 1, r ≥ 1 and (g, h, p, q) ∈ X ′ × R2 with ‖(g, h)‖X′ ≤ c3,

‖Fl,r[g, h, p, q]‖X ≤ ε3(1/r) + ε3(1/l)‖(g, h)‖X′ + C3‖(g, h)‖2
X′

and

‖(∂Fl,r)[g, h, p, q]‖L(X′×R2,X) + ‖(∂Gl,r)[g, h, p, q]‖L(X′×R2,R2)

≤ ε3(max{1/r, 1/l, ‖(g, h)‖X′})

hold, where Fl,r[g, h, p, q] and Gl,r[g, h, p, q] denote χ(p/lr)χ(q/lr)Fl[g, h, p,
q] and χ(p/lr)χ(q/lr)Gl[g, h, p, q], respectively.

(2) For any l ≥ 1, p > 0, q > 0 and (g, h) ∈ X ′ with ‖(g, h)‖X′ ≤ c3,

‖Fl[g, h, p, q]‖X + ‖Gl[g, h, p, q]‖R2

≤ ε3(max{l/p, l/q, ‖(g, h)‖X′})

holds.

We obtain the following by Lemma 5.3 (1).

Proposition 5.4. For any ∆ ∈ (0, 1], there exists l1 ≥ 1 such that for
any d > 0, there exists r1 ≥ 1 such that for any l ≥ l1 and r ≥ r1, there exists
an invariant manifold

S = {(g, h, p, q) ∈ U × R2| (g, h) = σ(p, q)}

for (ES)l,r satisfying ‖σ(p, q)‖X′ ≤ d and ‖σ(p1, q1)−σ(p2, q2)‖X′ ≤ ∆‖(p1, q1)
−(p2, q2)‖R2 .
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Proof. Let M and β > 0 be constants such that ‖e−At‖L(X,X) ≤ Me−βt

and ‖A3/4e−At‖L(X,X) ≤Mt−3/4e−βt hold for all t > 0.
Let ∆ ∈ (0, 1] be given, and let l1 ≥ 1 be a constant such that

ε3(1/l1) ≤ β

2(1 + ∆)
,

ε3(1/l1)M
∫ ∞

0

u−3/4e−
β
2 udu ≤ ∆

1 + ∆

and

ε3(1/l1)M
∫ ∞

0

u−3/4e−βudu ≤ 1
8

hold.
Let d > 0 be given, let D > 0 be a constant defined by

D = min

{
d,
c3
2
,

1
2l1

,
1

32C3M
∫∞
0
u−3/4e−βudu

}
,

and let r1 ≥ l1 be a constant such that

ε3(1/r1)M
∫ ∞

0

u−3/4e−βudu ≤ D

8

holds.
Then, by Lemma 5.3 (1), the hypotheses of Theorem 6.1.2 of [10] for

(ES)l,r are satisfied under the notations Y = R2, α = 3/4, U = {(g, h) ∈
X ′| ‖(g, h)‖X′ < 2D}, λ = ε3(1/l1), N = D/(2M

∫∞
0
u−3/4e−βudu), M1 = 1,

M2 = β/(2(1 + ∆)) and µ = β/(2(1 + ∆)). Hence, this proposition follows
from Theorem 6.1.2 of [10].

We also obtain the following by Lemma 5.3 (1).

Proposition 5.5. There exist D1 > 0, δ1 > 0, K1 > 0, γ1 > 0, L1 ≥ 1
and R1 ≥ 1 such that for any l ≥ L1 and r ≥ R1, there exists an invariant
manifold

S = {(g, h, p, q) ∈ U × R2| (g, h) = σ(p, q)}
for (ES)l,r satisfying ‖σ(p, q)‖X′ ≤ D1, ‖σ(p1, q1) − σ(p2, q2)‖X′ ≤ ‖(p1, q1)
− (p2, q2)‖R2 and the following. For any (g0, h0, p0, q0) ∈ X ′ × R2 with
‖(g0, h0)‖X′ ≤ δ1, there exist solutions (g, h, p, q) ∈ C([0,+∞), U × R2) and
(ḡ, h̄, p̄, q̄) ∈ C([0,+∞), S) of (ES)l,r such that

(g, h, p, q)(0) = (g0, h0, p0, q0)
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and for any t ≥ 0,

‖(g, h, p, q)(t)− (ḡ, h̄, p̄, q̄)(t)‖X′×R2 ≤ K1e
−γ1t‖(g0, h0) − σ(p0, q0)‖X′

hold.

Proof. Let K > 0 be a constant such that Theorem 6.1.4 of [10] holds for
α = 3/4, and let M and β > 0 be constants such that ‖e−At‖L(X,X) ≤ Me−βt

and ‖A3/4e−At‖L(X,X) ≤Mt−3/4e−βt hold for all t > 0.
Let L1 ≥ 1 be a constant such that

ε3(1/L1) ≤ β

4
,

ε3(1/L1)M
∫ ∞

0

u−3/4e−
β
2 udu ≤ 1

4

and

ε3(1/L1)(2 +KM)M
∫ ∞

0

u−3/4e−βudu ≤ 1
4

hold, let D1 > 0 be a constant defined by

D1 = min

{
c3
2
,

1
2L1

,
1

8C3(2 +KM)2M
∫∞
0 u−3/4e−βudu

}
,

and let R1 ≥ L1 be a constant such that

ε3(1/R1)M
∫ ∞

0

u−3/4e−βudu ≤ D1

8

holds.
Then, by Lemma 5.3 (1), the hypotheses of Theorem 6.1.4 of [10] for

(ES)l,r are satisfied under the notations Y = R2, α = 3/4, U = {(g, h) ∈
X ′| ‖(g, h)‖X′ < (2+KM)D1}, λ = ε3(1/L1), N = D1/(2M

∫∞
0
u−3/4e−βudu),

M1 = 1, M2 = β/4, µ = β/4, ∆ = 1 and D = D1. Hence, there exists an
invariant manifold

S = {(g, h, p, q) ∈ U × R2| (g, h) = σ(p, q)}

for (ES)l,r with ‖σ(p, q)‖X′ ≤ D1 and ‖σ(p1, q1) − σ(p2, q2)‖X′ ≤ ‖(p1, q1) −
(p2, q2)‖R2 satisfying the following. If (g, h, p, q)(t) is a solution of (ES)l,r on
0 ≤ t < T with ‖(g, h)(t)‖X′ < (2 +KM)D1, then

‖(g, h)(t) − σ((p, q)(t))‖X′ ≤ KMe−γ1t‖(g, h)(0) − σ((p, q)(0))‖X′
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holds on 0 ≤ t < T with γ1 = (1 − 8(ε3(1/L1)M
∫∞
0
u−3/4e−(β/2)udu)4)β >

(1/2)β. Therefore, according to Proof of Corollary 6.1.5 of [10] with δ1 =
D1/2KM and K1 = (1 + β/(2γ1 − β)KM)KM , we can see that for any
(g0, h0, p0, q0) ∈ X ′×R2 with ‖(g0, h0)‖X′ ≤ δ1, there exist solutions (g, h, p, q)
∈ C([0,+∞), U × R2) and (ḡ, h̄, p̄, q̄) ∈ C([0,+∞), S) of (ES)l,r such that

(g, h, p, q)(0) = (g0, h0, p0, q0)

and for any t ≥ 0,

‖(g, h, p, q)(t)− (ḡ, h̄, p̄, q̄)(t)‖X′×R2 ≤ K1e
−γ1t‖(g0, h0) − σ(p0, q0)‖X′

hold.

Now, we prove Theorem 2.3 from the above preparations.

Proof of Theorem 2.3. Let D1, δ1, K1, γ1 > 0, L1 and R1 ≥ 1 be con-
stants satisfying Proposition 5.5, and let l1 and r1 ≥ 1 be constants such that
Proposition 5.4 holds for ∆ = 1 and d = δ1/2.

We define positive constants D0, l0 and r0 by D0 = d, l0 = max{l1, L1}
and r0 = max{r1, R1}, respectively. Then, by Proposition 5.4, there exists an
invariant manifold

S = {(g, h, p, q) ∈ U × R2| (g, h) = Σ(p, q)}
for (ES)l0,r0

with ‖Σ(p, q)‖X′ ≤ D0.
Also, by Proposition 5.5, there exists an invariant manifold

S′ = {(g, h, p, q) ∈ U × R2| (g, h) = σ(p, q)}
for (ES)l0,r0

with ‖σ(p, q)‖X′ ≤ D1 and ‖σ(p1, q1) − σ(p2, q2)‖X′ ≤ ‖(p1, q1) −
(p2, q2)‖R2 satisfying the following. For any (g0, h0, p0, q0) ∈ X ′ × R2 with
‖(g0, h0)‖X′ ≤ 2D0, there exist solutions (g, h, p, q) ∈ C([0,+∞), U × R2) and
(ḡ, h̄, p̄, q̄) ∈ C([0,+∞), S′) of (ES)l0,r0

such that

(g, h, p, q)(0) = (g0, h0, p0, q0)

and for any t ≥ 0,

‖(g, h, p, q)(t)− (ḡ, h̄, p̄, q̄)(t)‖X′×R2 ≤ K1e
−γ1t‖(g0, h0) − σ(p0, q0)‖X′

hold. Fix any point (p0, q0) ∈ R2, and let (p, q) denote the solution on S with
(p, q)(0) = (p0, q0). Then, because of ‖Σ(p, q)‖X′ ≤ D0, for any t < 0, there
exists (p̄0, q̄0) ∈ R2 such that

‖(Σ(p0, q0), p0, q0) − (σ(p̄0, q̄0), p̄0, q̄0)‖X′×R2 ≤ (D0 +D1)K1e
γ1t
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holds. Hence, because limt→−∞(p̄0, q̄0) = (p0, q0) and limt→−∞ σ(p̄0, q̄0) =
Σ(p0, q0) hold, we have Σ(p0, q0) = σ(p0, q0). That is S = S′. Therefore, there
uniquely exists an invariant manifold

S = {(g, h, p, q) ∈ U × R2| (g, h) = Σ(p, q) (= (Σ1(p, q),Σ2(p, q)))}

for (ES)l0,r0
with ‖Σ(p, q)‖X′ ≤ D0. From symmetry of (ES)l0,r0

and unique-
ness of S, Σ2(p, q) = Σ1(q, p) holds.

Fix any ε > 0. By Proposition 5.4, there exist rε ≥ r0 and an invariant
manifold

Sε = {(g, h, p, q) ∈ U × R2| (g, h) = Σε(p, q)}

for (ES)l0,rε
with ‖Σε(p, q)‖X′ ≤ min{ε/2, D0}. Let p0 and q0 > l0rε be suffi-

ciently large. Then, there exists (p̄0, q̄0) ∈ R2 such that

‖(Σε(p0, q0), p0, q0)− (Σ(p̄0, q̄0), p̄0, q̄0)‖X′×R2

≤ (D0 +D1)K1e
−γ1

min{p0,q0}−l0rε
2 supp>l0rε,q>l0rε

‖(c,c)+Gl0
[Σε(p,q),p,q]‖

R2

holds. Hence, because p0 and q0 are sufficiently large, ‖(Σε(p0, q0), p0, q0) −
(Σ(p̄0, q̄0), p̄0, q̄0)‖X′×R2 ≤ ε/8 holds. We have ‖Σ(p0, q0)‖X′ ≤ ‖Σε(p0, q0)‖X′

+‖Σ(p̄0, q̄0) −Σε(p0, q0)‖X′ + ‖Σ(p0, q0)− Σ(p̄0, q̄0)‖X′ ≤ ε/2 + ε/8 + ε/8 < ε.
Therefore, we obtain lim(p,q)→(+∞,+∞) ‖Σ(p, q)‖X′ = 0. Hence, by Lemma 5.3
(2), lim(p,q)→(+∞,+∞)(‖F̃ (p, q)‖X + ‖G̃(p, q)‖R2) = 0 also holds.

§6. Characterizing Annihilation Dynamics

In this section, we give the proof of Proposition 1.3. This section is inde-
pendent of Sections 2, 3, 4 and 5.

Lemma 6.1. For any δ0 ∈ (0, α), there exist P1, D1, k1 and λ1 > 0
such that for any p(t) and σ(t) satisfying{

ṗ = c−D1(e−λ1p + σ), p ≥ P1,

σ̇ = −k1σ, 0 ≤ σ ≤ α− δ0,
(6.1)

the function u(x, t) defined by

u(x, t) = φ(|x| − p(t)) + e−λ1(|x|+p(t)) + σ(t)(6.2)

is a super-solution of ut = uxx + f(u) in R.
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Proof.
Step 1. In this step, we show the following.
There exist δ1 and k1 > 0 such that

f(a) − f(a+ b) ≥ k1b(6.3)

holds for all a ∈ [0, δ1] ∪ [1 − δ1, 1] and b ∈ [0, (α− δ0) + δ1].
Take a constant δ > 0 such that infu∈[0,δ]∪[1−δ,1](−fu(u)) > 0 holds.

Then, let δ1 ∈ (0,min{δ, δ0/4}] be a constant satisfying infu∈[0,δ1] f(u) >

supu∈[δ,α−δ0/2] f(u).
Because of infu∈[0,δ](−fu(u)) > 0, f(a)− f(a+ b) > 0 holds when 0 ≤ a <

a + b ≤ δ holds. Because of infu∈[0,δ1] f(u) > supu∈[δ,α−δ0/2] f(u), f(a) −
f(a + b) > 0 holds when 0 ≤ a ≤ δ1 and δ ≤ a + b hold. Because of
infu∈[1−δ,1](−fu(u)) > 0, f(a)− f(a+ b) > 0 holds when 1− δ1 ≤ a < a+ b ≤ 1
holds. Because of f(a) ≥ 0 and f(a+ b) < 0, f(a) − f(a+ b) > 0 holds when
1 − δ1 ≤ a ≤ 1 and 1 < a+ b hold.

Therefore, (f(a) − f(a+ b))/b > 0 holds when b > 0 holds. Because
−fu(a) > 0 also holds, we have

k1 := inf
a∈[0,δ1]∪[1−δ1,1], b∈(0,(α−δ0)+δ1]

f(a) − f(a+ b)
b

> 0.

Then, (6.3) holds.

Step 2. In this step, we prove Lemma 6.1.
Let λ1 > 0 be a constant satisfying

λ1(λ1 + c) ≤ k1(6.4)

and

lim
p→+∞φ′(−p)eλ1p = 0.

Let P1 > 0 be a constant such that

φ′(−p) ≤ λ1e
−λ1p(6.5)

and

e−λ1p ≤ δ1(6.6)

hold for all p ≥ P1. Let L1 > 0 be a constant satisfying

φ(z) ∈ [0, δ1] ∪ [1 − δ1, 1](6.7)
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for |z| ≥ L1, and let D1 > 0 be defined by

D1 =
sup0≤u≤1+α−δ0+δ1

fu(u) + k1

inf |z|≤L1 φ
′(z)

.(6.8)

Then, on x > 0, because

−uxx + ut − f(u) = −φ′′ − ṗφ′ − f(u) − λ1(λ1 + ṗ)e−λ1(x+p) + σ̇

= (c− ṗ)φ′ + f(φ) − f(u) − λ1(λ1 + ṗ)e−λ1(x+p) + σ̇

holds from (6.2), by (6.1) and (6.4), we get

−uxx + ut − f(u) ≥ f(φ) − f(u) − k1(e−λ1(x+p) + σ).

Hence, by (6.1), (6.2), (6.3), (6.6) and (6.7),

−uxx + ut − f(u) ≥ 0(6.9)

holds in x ∈ {x ∈ R| x > 0, |x− p| ≥ L1}.
On x > 0, because

−uxx + ut − f(u) = (c− ṗ)φ′ + f(φ) − f(u) − λ1(λ1 + ṗ)e−λ1(x+p) + σ̇

holds, by (6.1) and (6.4), we also get

−uxx + ut − f(u) ≥ D1φ
′(e−λ1p + σ) + f(φ) − f(u) − k1(e−λ1(x+p) + σ).

Hence, because

−uxx + ut − f(u)≥D1φ
′(e−λ1p + σ)

−
(

sup
0≤u≤1+α−δ0+δ1

fu(u) + k1

)
(e−λ1(x+p) + σ)

holds from (6.1), (6.2) and (6.6), by (6.8),

−uxx + ut − f(u) ≥ 0(6.10)

holds in x ∈ {x ∈ R| x > 0, |x− p| ≤ L1}.
Also, we have

lim
x↓+0

u(x, t) − u(0, t)
x

= φ′(−p) − λ1e
−λ1p ≤ 0

by (6.1) and (6.5). Hence, by (6.9) and (6.10), u(x, t) is a super-solution of
ut = uxx + f(u) in R.
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Lemma 6.2. For any δ0 ∈ (0, 1 − α), there exist D2 and k2 > 0 such
that for any p(t) and σ(t) satisfying{

ṗ = c+D2σ,

σ̇ = −k2σ, 0 ≤ σ ≤ (1 − α) − δ0,
(6.11)

the function u(x, t) defined by

u(x, t) = φ(|x| − p(t)) − σ(t)(6.12)

is a sub-solution of ut = uxx + f(u) in R.

Proof.
Step 1. In this step, we show the following.
There exist δ2 and k2 > 0 such that

f(a− b) − f(a) ≥ k2b(6.13)

holds for all a ∈ [0, δ2] ∪ [1 − δ2, 1] and b ∈ [0, (1− α) − δ0].
Take a constant δ > 0 such that infu∈[0,δ]∪[1−δ,1](−fu(u)) > 0 holds.

Then, let δ2 ∈ (0,min{δ, δ0/2}] be a constant satisfying supu∈[1−δ2,1] f(u) <
infu∈[α+δ0/2,1−δ] f(u).

Because of infu∈[1−δ,1](−fu(u)) > 0, f(a−b)−f(a) > 0 holds when 1−δ ≤
a − b < a ≤ 1 holds. Because of supu∈[1−δ2,1] f(u) < infu∈[α+δ0/2,1−δ] f(u),
f(a− b)− f(a) > 0 holds when 1− δ2 ≤ a ≤ 1 and a− b ≤ 1− δ hold. Because
of infu∈[0,δ](−fu(u)) > 0, f(a − b) − f(a) > 0 holds when 0 ≤ a − b < a ≤ δ

holds. Because of f(a) ≤ 0 and f(a− b) > 0, f(a− b) − f(a) > 0 holds when
0 ≤ a ≤ δ2 and a− b < 0 hold.

Therefore, (f(a− b) − f(a))/b > 0 holds when b > 0 holds. Because
−fu(a) > 0 also holds, we have

k2 := inf
a∈[0,δ2]∪[1−δ2,1], b∈(0,(1−α)−δ0]

f(a− b) − f(a)
b

> 0.

Then, (6.13) holds.

Step 2. In this step, we prove Lemma 6.2.
Let L2 > 0 be a constant satisfying

φ(z) ∈ [0, δ2] ∪ [1 − δ2, 1](6.14)

for |z| ≥ L2, and let D2 > 0 be defined by

D2 =
sup−(1−α)+δ0≤u≤1 fu(u) + k2

inf |z|≤L2 φ
′(z)

.(6.15)
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Then, on x > 0, because

uxx − ut + f(u) = φ′′ + ṗφ′ + f(u) + σ̇

= (ṗ− c)φ′ + f(u) − f(φ) + σ̇

holds from (6.12), by (6.11), we get

uxx − ut + f(u) ≥ f(u) − f(φ) − k2σ.

Hence, by (6.11), (6.12), (6.13) and (6.14),

uxx − ut + f(u) ≥ 0(6.16)

holds in x ∈ {x ∈ R| x > 0, |x− p| ≥ L2}.
On x > 0, because

uxx − ut + f(u) = (ṗ− c)φ′ + f(u) − f(φ) + σ̇

holds, by (6.11), we get

uxx − ut + f(u) ≥ D2φ
′σ + f(u) − f(φ) − k2σ.

Hence, because we have

uxx − ut + f(u) ≥ D2φ
′σ −

(
sup

−(1−α)+δ0≤u≤1

fu(u) + k2

)
σ

from (6.11) and (6.12), by (6.15),

uxx − ut + f(u) ≥ 0(6.17)

holds in x ∈ {x ∈ R| x > 0, |x− p| ≤ L2}.
Also, we have

lim
x↓+0

u(x, t) − u(0, t)
x

= φ′(−p) ≥ 0.

Hence, by (6.16) and (6.17), u(x, t) is a sub-solution.

Definition 10. For L > 0, a closed subset ΛL of BU(R) is defined by

ΛL = {u ∈ BU(R)|φ(x− L) ≤ u(x) ≤ φ(x+ L)}.

Under the above definition, the following holds from Lemmas 6.1 and 6.2.
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Lemma 6.3. Let δ̄0 ∈ (0,min{α, 1 − α}) and L̄0 > 0 be given. Then,
there exist L > 0 satisfying the following.

For any ε′ > 0, there exists l̄0 > 0 such that for any l ≥ l̄0 and u0 ∈
Ξl,δ̄0,L̄0

, the solution u ∈ C([0,+∞), BU(R)) of ut = uxx+f(u) with u(0) = u0

satisfies

inf
v0∈ΛL

∥∥∥χ(x+ 1)u(x, l̄1/2
0 ) − v0(x− (l + cl̄

1/2
0 ))

∥∥∥
C0(R)

< ε′

and

sup
(x,t)∈[−1,1]×[l̄

1/2
0 ,2l̄

1/2
0 ]

(|u(x, t)| + |ux(x, t)|) < ε′,

where χ is a cutoff function given in Lemma 2.1.

Proof. We take constants y1 > y2 such that φ(y1) = 1 − α + δ̄0 and
φ(y2) = 1 − α − δ̄0 hold. Let L > 0 be defined by L = max{L̄0 + y1 +
D1/k1(α− δ̄0) + 1, L̄0 − y2 +D2/k2(1 − α− δ̄0)}.

Then,

φ(|x| − (l + L̄0 − y2))− (1 − α− δ̄0) ≤ u0(x)(6.18)

≤ φ(|x| − (l − L̄0 − y1)) + (α− δ̄0)

holds for all u0 ∈ Ξl,δ̄0,L̄0
. Let (p, σ) and (p, σ) ∈ C1([0, 2l̄1/2

0 ],R2) be solutions
of {

ṗ = c−D1(e−λ1p + σ), p(0) = l − L̄0 − y1,

σ̇ = −k1σ, σ(0) = α− δ̄0

and {
ṗ = c+D2σ, p(0) = l + L̄0 − y2,

σ̇ = −k2σ, σ(0) = 1 − α− δ̄0,

respectively. If l̄0 > 0 is sufficiently large, then

p(t) ≥ l/2,

p(t) ≥ l + ct−
(
L̄0 + y1 +

D1

k1
(α− δ̄0) + 1

)

and

p(t) ≤ l + ct+
(
L̄0 − y2 +

D2

k2
(1 − α− δ̄0)

)
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hold on t ∈ [0, 2l̄1/2
0 ]. Hence, by Lemmas 6.1, 6.2 and (6.18), when l̄0 > 0 is

sufficiently large,

φ(|x| − (l + ct+ L))− (1 − α− δ̄0)e−k2t ≤ u(x, t)

≤ φ(|x| − (l + ct− L)) + e−
λ1
2 l + (α− δ̄0)e−k1t

holds on t ∈ [0, 2l̄1/2
0 ] for all u0 ∈ Ξl,δ̄0,L̄0

. Therefore, for any ε > 0, if l̄0 > 0 is
sufficiently large, then

φ(|x| − (l + cl̄
1/2
0 + L))− ε ≤ u(x, l̄1/2

0 )

≤ φ(|x| − (l + cl̄
1/2
0 − L)) + ε

and

sup
(x,t)∈[−2,2]×[l̄

1/2
0 −1,2l̄

1/2
0 ]

|u(x, t)| < ε

hold for all u0 ∈ Ξl,δ̄0,L̄0
. Hence, by (1.4) of [6], there exists l̄0 > 0 such that

inf
v0∈ΛL

∥∥∥χ(x+ 1)u(x, l̄1/2
0 ) − v0(x− (l + cl̄

1/2
0 ))

∥∥∥
C0(R)

< ε′

and

sup
(x,t)∈[−1,1]×[l̄

1/2
0 ,2l̄

1/2
0 ]

(|u(x, t)| + |ux(x, t)|) < ε′

hold for all u0 ∈ Ξl,δ̄0,L̄0
.

We obtain the following by Theorems A and B.

Lemma 6.4. For any L and ε > 0, there exist T ′ and δ > 0 such
that for any g ∈ C([0, T ′], BU(R)) with supt∈[0,T ′] ‖g(t)‖C0 < δ and solution
v ∈ C([0, T ′], BU(R)) of vt = vxx +f(v)+g(t) with infu0∈ΛL ‖v(0)−u0‖C0 < δ

and 0 ≤ v(x, t) ≤ 1 in R × [0, T ′],

inf
x0∈[−L,L]

‖v(x, T ′) − φ(x− x0 − cT ′)‖C0(R) < ε/2

holds.

Proof.
Step 1. In this step, we show the following.
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For any L > 0 and ε > 0, there exists T ′ > 0 satisfying the following. For
any u0 ∈ ΛL, the solution u ∈ C([0,+∞), BU(R)) of ut = uxx + f(u) with
u(0) = u0 satisfies

inf
x0∈[−L,L]

‖u(x, T ′) − φ(x− x0 − cT ′)‖C0(R) < ε/4.

Let δ > 0 be sufficiently small. By Theorem B, for any u0 ∈ ΛL−c, there
exists T̄u0 > 0 such that

inf
x0∈R

‖u(x, T̄u0) − φ(x− x0)‖C0(R) < δ/2

holds. Hence, for any v0 ∈ ΛL−c, there exists a open neighborhood Wv0 of v0
in BU(R) such that

inf
x0∈R

‖u(x, T̄v0) − φ(x− x0)‖C0(R) < δ

holds for all u0 ∈ Wv0 . Also, we let Λ1
L denote the set

{u(x, 1) ∈ BU(R)|u is a solution of ut = uxx + f(u) with u0(x) ∈ ΛL}.

Then, because Λ1
L ⊂ ΛL−c and supv∈Λ1

L
‖v‖C1 < ∞ hold, Λ1

L is relatively
compact in BU(R). There exist v1, v2, . . . and vn ∈ ΛL−c such that Λ1

L ⊂⋃n
i=1Wvi holds. Therefore, for any u0 ∈ ΛL, there exists i ∈ {1, 2, . . . , n} such

that

inf
x0∈R

‖u(x, 1 + T̄vi) − φ(x− x0)‖C0(R) < δ

holds. Hence, because δ > 0 is sufficiently small, by Theorem A (2) with
T ′ = 1 + maxi=1,... ,n T̄vi > 0,

inf
x0∈R

‖u(x, T ′) − φ(x− x0)‖C0(R) < ε/4

holds for all u0 ∈ ΛL. Because φ(x−L− cT ′) ≤ u(x, T ′) ≤ φ(x+L− cT ′) also
holds for all u0 ∈ ΛL, we have

inf
x0∈[−L,L]

‖u(x, T ′) − φ(x− x0 − cT ′)‖C0(R) < ε/4.

Step 2. In this step, we prove Lemma 6.4.
Let T ′ > 0 be a constant such that Step 1 holds, and fixed. Then, let δ > 0

be sufficiently small.
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Let u be a solution of ut = uxx + f(u) with u(0) = u0 ∈ ΛL satisfying
‖v(0) − u0‖C0 < δ. Then, because (v − u)t − (v − u)xx = f(v) − f(u) + g(t)
holds,

‖(v − u)(t)‖C0 ≤ (1 + T ′)δ +
(

sup
0≤u≤1

|fu(u)|
)∫ t

0

‖(v − u)(s)‖C0ds

holds on t ∈ [0, T ′]. Because δ > 0 is sufficiently small, by Gronwall’s inequality,
we obtain ‖(v − u)(T ′)‖C0 < ε/4. Hence, by Step 1,

inf
x0∈[−L,L]

‖v(x, T ′) − φ(x− x0 − cT ′)‖C0(R) < ε/2

holds.

Now, we prove Proposition 1.3 from Lemmas 6.3 and 6.4.

Proof of Proposition 1.3. Let L > 0 be a constant such that Lemma 6.3
holds for δ̄0 and L̄0, and let T ′ and δ > 0 be constants such that Lemma 6.4
holds for L and ε. Then, let l̄0 > 0 be sufficiently large.

Fix any l ≥ l̄0 and u0 ∈ Ξl,δ̄0,L̄0
. We define v ∈ C([l̄1/2

0 , l̄
1/2
0 +T ′], BU(R))

and g ∈ C([l̄1/2
0 , l̄

1/2
0 + T ′], BU(R)) by

v(x, t) = χ(x+ 1)u(x, t)

and

g(x, t) = χ(x+ 1)uxx(x, t) − (χ(x+ 1)u(x, t))xx

+ χ(x+ 1)f(u(x, t)) − f(χ(x+ 1)u(x, t)),

respectively. Then, vt = vxx + f(v)+ g(t) holds on t ∈ [l̄1/2
0 , l̄

1/2
0 +T ′]. Further,

by Lemma 6.3, we have infv0∈ΛL

∥∥∥v(x+ (l + cl̄
1/2
0 ), l̄1/2

0 ) − v0(x)
∥∥∥

C0(R)
< δ and

sup
t∈[l̄

1/2
0 ,l̄

1/2
0 +T ′] ‖g(x, t)‖C0(R) < δ. Therefore, by Lemma 6.4 with T = l̄

1/2
0 +

T ′, there exists x1 ∈ [l− L, l+ L] such that

‖χ(x+ 1)u(x, T ) − φ(x− x1 − cT )‖C0(R) < ε/2

holds. Also, there exists x2 ∈ [l − L, l + L] such that

‖χ(x+ 1)u(−x, T )− φ(x− x2 − cT )‖C0(R) < ε/2

holds. Because l̄0 > 0 is sufficiently large, x1 + cT > 0 and x2 + cT > 0 are
also sufficiently large. Therefore,

‖u(x, T )− (φ(x− x1 − cT ) + φ(−x− x2 − cT ))‖C0(R) < ε

holds.
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