Publ. RIMS, Kyoto Univ.
39 (2003), 275-296

A Maillet Type Theorem for First Order
Singular Nonlinear Partial Differential
Equations

By

Akira SHIRAT*

Abstract

We shall study the first order singular nonlinear partial differential equation
of the form f(z,u(z),0;u(z)) = 0 with «u(0) = 0, where z € C" and f(z,u,§) is
holomorphic in a neighborhood of the origin. This equation is said to be singular if
£(0,0,&) =0 for all £ € C™. The purpose of this paper is to study the Maillet type
theorem which means to determine the Gevrey order of a formal power series solution
which may diverge.

81. Introduction

We consider the following first order nonlinear partial differential equation
of general form in the complex domain:

(1.1) {f(x»U(w),azu(m)) =0,

where x = (z1,...,2,) € C*, dyu = (Op,u,...,0,,u), and f(z,u, &) (£ =
(&1,...,&,) € C™) is a holomorphic function in a neighborhood of the origin.

We assume that f(z,u,&) is an entire function in ¢ variables when = and
u are fixed. As a fundamental assumption, we always assume the existence of
a formal solution of the equation (1.1), that is,
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Assumption 1. The equation (1.1) has a formal solution of the form

(1.2) u(zx) = Z Uer® = 25933]- + Z uax® € Clz]],

lo|>1 loe[>2
where a = (aq,... ,a,) € N* (N ={0,1,2,...}) denotes the multi-index and

la| = a1 4+ -+ + ay.

Our interest in this paper is to study the convergence or the divergence
nature of such a formal solution in the case where the equation (1.1) is singular
in the sense defined in Miyake-Shirai [3] as follows:

(1.3) £(0,0,¢) =0, for all &€ C".

By (1.3), the coefficients €° = (£9,...,£2) of linear part of the formal
solution (1.2) satisfy

of of

0 o 0 0y¢0 _
8xlf(xau(x)7amu(x>) o0 - 8.’L’l (07076 )+ au(0707§ )gz - 0
for i =1,2,... ,n. We take and fix one £° of such roots.

Let v(z) = u(x) — Z;L:l £92; be a new unknown function. By substituting
this power series into (1.1), we see that v(z) satisfies the following equation:

Pyv(z) = Z cax™ + f3(z,v(x), Opv(x)),
(1.4) la|=2
v(z) = O(|z)

where f3(x,v,£) is holomorphic in a neighborhood of the origin with Taylor
expansion

folw,v.€) = D0 farsa™E m={n} €N |5l =3 nj,

la|+2r+|r|>3 j=1
and Py denotes the operator of the form

On,
(1.5) Py=(21,...,3,)A| |+ £.(0,0,6°)
D

n
with an n x n matrix A = (a;5)i j=1,2,... » given by

O f 0 f

_ 0
= gzg, %) T Guag

(0,0,£%)¢0.

aij
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Let the Jordan canonical form of A be given by

A'”'L
B,

where

Am = . , Bj= .o and O
(;m—l >\m 10

are the block of nonzero eigenvalues of size m, nilpotent block of size n; and zero
matrix block of size g, respectively. It is obvious that m+n;+---4+n,+q = n.
Under the above situation, Miyake-Shirai [3] proved the following results:

Theorem 1 (Miyake-Shirai). (i) Let m = n and {\;}}_, satisfy the
following condition which is called the Poincaré condition:

(1.6) Ch(A1, ..., \n) 30,

where Ch(A1, ..., Ay) denotes the convex hull of {\1,... ,A\,}. Then the formal
solution u(x) converges in a neighborhood of the origin.

(i) If g =n and £,(0,0,£%) # 0, then the formal solution u(z) belongs to
the Gevrey class of order at most 2, that is, the power series Z|a\21 Uax® /||
converges in a neighborhood of the origin.

In this paper, we give a refinement of Theorem 1. Firstly we determine
the Gevrey order of the formal solution u(z) in the case where the matrix A
is nilpotent, that is, the case where m = 0 and p > 1, which is not studied in
Miyake-Shirai [3].

Theorem 2. Ifm =0, p > 1 and f,(0,0,£%) # 0, then the formal
solution u(x) of (1.1) belongs to the Gevrey class of order at most 2N with N =
max{ni,...,n,}, that is, the power series Zlalzl uar®/|a|?N =1 converges in
a neighborhood of the origin.

In the case of first order linear singular equations, Hibino [2] and Yamazawa
[5], [6] studied the same problem and they determined the Gevrey order of the
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formal solutions which deeply depends on the Jordan canonical form of A.
Theorem 2 is a nonlinear version of their results in the case where the matrix
A is nilpotent.

Secondly we consider (1.1) in the case where A is regular, that is, the
case where m = n. By Theorem 1, we already know that the formal solution
converges in a neighborhood of the origin under the Poincaré condition (1.6).
In this paper, we assume the following condition which is a combination of the
Siegel condition and the non-resonance condition:

Assumption 2. Forall o = {o;} € N™ with |a| > 2, there exist C' > 0
and p < 1 such that

(1.7) > A + £a(0,0.€")| = Claf”.

We remark that in the case where p > 0, the condition is equivalent to the
following two conditions:

(a) | 2j=1 Ajay| = ClafP,  |a| >2,  (Siegel condition),
(b) D75 Ay + £u(0,0,6% #0, |al >2,  (Non-resonance condition).

The Jordan canonical form of A in (1.5) is written by

Ay 1A
where A\; # 0 for j =1,2,... ,N and k; € N denotes the size of A;.

Our result is stated as follows:

Theorem 3. Under Assumption 2, the formal solution of the equation
(1.1) belongs to the Gevrey class of order at most s with

(1.8) s = 2max{ky, ka,... ,kn}(1 —p)+p,

that is, the power series 3, > uar® /|t~ converges in a neighborhood of
the origin.

We remark that when p = 1 Theorem 3 claims the convergence of the
formal solution, which is already known by Theorem 1.
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At the end of this introduction we give a mention about the study by
Gérard-Tahara on singular partial differential equations which can be seen in
their book [1] and the references therein. Their research treats many kinds
of problems for singular (nonlinear) partial differential equations such as the
convergence of formal solutions, the Maillet type theorem for divergent for-
mal solutions, the existence of singular solutions, etc. However, their study is
somewhat restricted to the equations of reduced form such as

n n
Z a;j7;i0z;u + cu = Z ajz; + fo(x, u, {20z, u}ij=12,.. n),

ij=1 j=1

u(0) =0,

(1.9)

where fa(2,u,§) = 3|41t ix/>2 fars@®u"€". Our equation (1.4) deals with
a wider class of equations than (1.9) in the sense that the derivative of the
unknown function u appears in nonlinear terms in the form 0,v, not in the
form {2;0;,u}i j=1,2,.. n asin (1.9). For example,

2
Z i ®i0p,u+ u = (w1 + 22)> + udpu, u=O(|z|?)
Q=1

can be treated only by our framework. Our theory can be said to be a trial
toward the classification of singular equations from the general point of view.

82. Refinements of Theorems

The estimate of Gevrey order given in Theorems 2 and 3 is not best-
possible. In fact, if we introduce the Gevrey order s = (sy,... ,s,) depending
on the variables (cf. Definition 1 below) after employing a linear transformation
which reduces the matrix A to its Jordan canonical form, we can obtain more
precise estimates.

Definition 1 (s-Borel transformation). Let s = (s1,...,5,) € (R>1)"
where R>y = {z € R; z > 1}. For a formal power series f(z) =}, /50 fa2?,
the s-Borel transform Bg(f)(x) of f(z) is defined by

!

(2.1) Bs(f)(z) =Y fa (S.Q)gw“'

|| =0
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Definition 2 (Gevrey class G5).  We say that f(x) = > ja)>0 faT® €
S if the s-Borel transform Bs(f)(z) converges in a neighborhood of the origin,
and s is called the Gevrey order.

Remark 1. (i) If two Gevrey orders s = {s;} and s’ = {s}} satisfy
sj < s} forall j =1,2,...,n, then Gscgs.
(ii) If 8" = (s, ;... ,8') € (R>1)", then f(z) € G if and only if

Ja
Z |a|!s/—1xa

converges in a neighborhood of the origin. Moreover, for all linear transforma-
tions £ = xM (¢ € C™ and M is an n xn invertible matrix), g(&) := f(EM 1) €
g,

(iii) For a formal power series u(x) € Cl[z]], if Bs(u)(z) € Qf, then we
have u(zx) € Qerg_l" with 1, = (1,1,...,1) € N™.

Let us give a refined form of Theorem 2. Let us suppose that the same
assumption as in Theorem 2 holds and further that the vanishing order of v(x)
is K > 2. Then by a linear change of independent variables which brings the
matrix A in (1.5) to the Jordan canonical form, the equation (1.4) is reduced
to the following form:

P’U(y,Z) = Z C/B’Yyﬁzry +fK+1(y7Z,'U,ayU,aZU),
(2.2) 161+ 1=K
vy, 2) = O((ly| + [2)),

where
4 TL,;*l

(23) P=3"%" 0yijii0y, +¢ = £u(0,0,6"),
i=1 j=1

§,ce C\ {0}, y=(y*,v% ... ,yP) € Cu Tt where y' = (yi1,... ,Yin,) €
C™, z=(z1,...,24) € CY,

fK+1(y727U7777<) = Z f,@’y’fﬂl’yﬁz’yvrnﬂgya
IBl+ v+ Er+(K=1)(|pl+|v)) > K+1

where |8], |v], |p| and |v| denote the length of multi-indices 8 = {8;;} €
Nmt=tme oy = {y} € N po= {p;;} € NmF* % and v = {1} € N,
respectively.
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Remark 2. We may assume that the constant ¢ is as small as we want.
Indeed, we introduce new independent variables ¥ = {y;;} by v, =
ghittni-itiy, . Then § is replaced by 6. Therefore, by choosing ¢ > 0
small enough, we may assume that the coefficient § is arbitrary small.

For p = (p1,p2,... ,p4) (d > 1) and a constant a, we define p(a) by
(24) p(a):(p1+a7p2+a‘7"' 7pd+a)'
Then Theorem 2 is obtained immediately from the following;:

Proposition 1. The equation (2.2) has a unique formal solution which
belongs to the Gevrey class of order s with

(2.5) s = (s1(0), 82(0)... ,8"(0), Ly(0)),
where s = (1,2,... ,n;) € N", 1, =(1,1,...,1) € N? and

Ap, v) }
2.6) o= max : ruw 705
(26) <ﬂmr»u»v>{|ﬂ+lvl+Kr+(K1)(Iu|+|1/|)K T #
max{j ; p;; # 0} if pl > 1,
Alp,v) = 1 if lul=0, ] >1,
0 i lul =] = 0.

Proof of Theorem 2. As mentioned above, the equation (2.2) is the one
which is obtained from (1.4) by a linear change of independent variables. The
Gevrey order of the formal solution v(x) of (1.4) is estimated by the maximal
value of components of s. Because of the trivial estimate A(u,v) < N =
max{ni,...,n,} and the determination of s’, we see that the Gevrey order of
v is estimated by 2N. O

Next we shall suppose Assumption 2 in Section 1 and consider a refinement
of Theorem 3. Similarly to the reduction of (1.4) into (2.2), the equation (1.4)
is reduced to the following one by a linear change of independent variables.

A+2)0(y) = > cat™ + frerw,v(y), 9yo(y)),
(2.7 la|=K

v(@) =0(yl*), K =2,
where

N k;—1

N  k;
A= Niyi g0y, + Fu(0,0.6%),  A=D"D"0yi 410y, .

i=1j=1 i=1 j=1
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fK+1(y7Ua£) = Z farﬁyavrgm.

|la|+Kr+(K—-1)|k|>K+1

By the same reason as in Remark 2, we may assume the coefficient ¢ is arbitrary
small as we want.
Now Theorem 3 is obtained from the following:

Proposition 2.  Under the condition (1.7), the equation (2.7) has a
unique formal solution which belongs to the Gevrey class of order s with

(2.8) 5= (t'(0), ... .V (0)),

where t* = {s; j}j=1,.. &, ={j — P — D}j=1.... .k, and

A(r, k)
= sy Jark 0 P
? (g,lg}:){a|+Kr+(K1)n|K $ Jarn }

max{s; j —p; Kij 7# 0} if k| >1,
1,7
A(r, k) = max{—p, 0} if r>1, |k =0,
0 if =Kl =0.

Proof of Theorem 3. By an easy calculation, we have
o <max{s;;} —p <max{ki,... ,kn}(1—p).
Then s; ; + o are estimated by

i ; + 0o <max{s; ;j} + max{ki,... , kn}(1—p)
<2max{ky,... ,kn}(1—p)+p.

By this inequality, we can see that the formal solution belongs to the Gevrey
class of order at most

(2.9) s = 2max{ky,... ,kn}(1 —p) +p.

83. Proof of Propositions 1 and 2

In this section, we shall prove Propositions 1 and 2 by assuming the lemmas
below which will be proved in the next section.
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83.1. Proof of Proposition 1

First we prove the uniqueness of formal solutions. We decompose the for-
mal power series v(y, z) into the sum of homogeneous polynomials in (y, 2)
variables, that is, we put v(y,2) = Y ;< x vr(y, 2) where vy (y, z) is a homoge-
neous polynomial of degree L in (y, z) variables.

By substituting v(y, z) = > ;< vr(y, 2) into the equation, we can see that
the homogeneous polynomials {v L_(y, z)} 1>k satisty the following relations:

(31) PUK(ya Z) = Z cﬁ'yyﬁzrya
|B]+[v|=K

and for L > K

(32) PUL y, Z fﬂfyr,u.l/y z7 HULL Y,z

n; Hi,j

X H 11100, .2 H Hazkau (y, 2

i=1j=11=1 k=11=1

where P =Y, Z"‘_l 6yi,j+10y, , +c and 3" is taken over

18] + 1l +K7“+ (K— D(ul +vl) 2 K+ 1,

(3.3) n; Hi,j q Vi
W|+|V|+ZL1+ZZZ =D+ YD (N —1) =
i=1 j=1[=1 k=11=1

It follows from (3.3) that L;, M;;;, Ny < L —1 for all ¢, 7,k and l. Indeed, for
Mijl we have

n; HMHi,j q Vi
W|+|’Y|+ZL1‘|‘ZZZ z]l_l +ZZ Nkl—l

i=1 j=1[1=1 k=11=1
Z\ﬂ|+|7|+K7‘+(K—1)(\MI+IV|) (Miji —1) = (K = 1)

> M+ 1,

which implies M;;; < L — 1. We can prove the statements for {L;} and {Ny;}
in a similar mannar. These guarantee that (3.2) gives a recursion formula for

{or}.

Here we prepare the following lemma:

Lemma 1. (i) Let Cly, 2] be the set of homogeneous polynomials of
degree L in y and z variables. Then for all L > 2, the operator P : Cly, 2], —
Cly, 2|1, is invertible.
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(ii) Lets:=(s',...,sP,1,) = s—o, witho, = 1,(0)—1, = (0,0,... ,0)
€ (Rx>1)™ where s' is the vector defined in Proposition 1, and let ur(y, z),
fr(y,2) € Cly, z].. We consider the following equation:

P’U,L(y72) = fL(yvz)'

If @ majorant relation Bg(fr)(y,z) < Fr x (|ly| + |2])¥ does hold with |y| =
o1 2 Yig and |z] = 370, 2 by a positive constant Fr, > 0, then there

exists a positive constant C' > 0 independent of L such that

(3-4) Bg(uL)(y, 2) = Bg(P~ fr)(y,2) < CFL x (jy| + |2])".

By Lemma 1 (i), the recursion formulas (3.1) and (3.2) are solvable
uniquely. Therefore the uniqueness follows immediately.

Next we shall give the estimate of the Gevrey order. We take U(y, z) =
Pu(y, z) as a new unknown function. Then Uy, z) satisfies the following equa-
tion:

Uy,2)= Y. ey’ + frcaly, 2, P'U,0,P7'U,0.P'U),
(3.5) 1Bl+17|=K
Uly,z) = O((lyl + [21)%).

By applying the s-Borel transformation to the equation (3.5), we have

= 18]+ IW)! 4
(3.6) Bg(U)(y,z) = o LB
|ﬁ|§_x SRERCRYN

+Bg{fx+1(y, 2z, P~U,0,P~'U,0,P~'U)}.
In order to construct a majorant equation of this equation, we prepare the
following lemma.
Lemma 2. (i) For two arbitrary formal power series u(y,z) =
2181+ 7[20 ug,yP2Y and v(y, z) = 2181+ 7]20 vg,yP 27, we have
Bg(uwv)(y, z) < CoBg(|ul)(y,2)Bsg(|v])(y,2),  Co=max{s;} > 1,
where |u|(y, 2) = 32514410 lugy|yP27.

(ii) If Bg(u)(y,z) < W(T) = Y150 WiT" (T = |yl + |2]), then there
ezists a positive constant M > 0 independent of i,j and k such that
) d d\'
= P — — <1< <q7<n,
B39y, , P u)(y, z) < MdT (TdT> W(T), for 1<i<p, 1<j<n;,

Bg(0., P~ u)(y, 2) < MdiTW(T), for k=1,2,... q.
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Here we consider the following ordinary differential equation which is called
the majorant equation of (3.6):

(3.7)

UBI+ 1D )
Wy = 3 Jes I g
pimier &GN

d\
+ | fx+1] :F,...,’_F,clvtc{c2 (dT> W}

d
—W
,{CZdT }k 7
where Cl = CC(), CQ = MC().

Let us explain how the equation (3.7) is derived from (3.6). By Lemmas
1 and 2, we can show that a majorant relation Bg(U)(y,2) < W(T') implies
Bz (P~U)(y,z) < CW(T) and

Bs{fx1(y,2 P~'U,0,P~'U,0.P~'U)}

d '
< ‘fK+1‘ T? aTaCIW {02 ( ) W}

(4,4)

dr

{earm ),
(1.9)

Indeed, to prove this, it is sufficient to notice that Bg(U?) < {CoBg(|U])}? by
Cy > 1, etc., and that

Bg [ v°=7(P7'U) [ (9y,, P U) (0., P U)

1,5,k
<y’ {CoBs(IPUN}Y [[{CoBs(10y, , P~ U)}9{CoB5(|0., P~ U|)}**
.5,k
181+ 1] a7 d "
vy s -
<«T (CCyW) 1:[}6 MCo— ( dT) w {MCOdTW} .

Therefore by the above construction of the equation (3.7), the formal solution
W(T) of (3.7) is a majorant series of Bz(U)(y, z), that is,

(3-8) W(lyl +121) > B5(U)(y, 2).

For the equation (3.7), we have W (|y|+|z|) € Qy"(” because we can prove
the following result:

Lemma 3.  Let p be nonnegative real number and Dy = d/dT (T € C).
We define the formal differentiation (T Dr)P by

(3.9) (TDr)P(T*) := LPT".
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We consider the following nonlinear equation:

(3.10) U(T) = aT® + fx1(T,U,(TDr)PU,{D7r(TD7)*U}r=12.  n),
' U(T) = O(TX),

where a #0,p >0, s, >0 (k=1,2,...,n), K >2 and

fK—H(T’ vV, g) - Z fij7naTinVm§a.
V(i,j,m,a)ZK+1

Here V(i,j,m,a) =i+ Kj+Km+ (K —1)(a1+---+a,) denotes the vanishing
order of T'UI{(T'Dr)PU}" [1i_{Dr (T Dr)**U}*. Then the equation (3.10)
has a unique formal solution which belongs to g}*“ with

{ V(A(@} g, m, @)

iajamaa) -

0 = max
i,J,m,a

K ; fijmoc 7é 0}

where
max{p, max{s, + 1 ; oy # 0}} if ol >1, m>1,
. y > —
Ai, j,m, o) = max{se +1; a7 0} i lof 21, m =0,
p if la| =0, m>1,
0 if la|=m=0.

We remark that A(i, j, m, @) denotes the maximal order of differentiation
in the term T'U{(T D7 )PU Y™ [ 11— {Dr (T Dy)*<U}**.

Now we return to the proof of Proposition 1. In our majorant equation
(3.7), the maximal order of differentiation in each term is given by A(p, v) which
appeared in the statement of Proposition 1, and the difference of vanishing order
of each term and that of W(T) is given by

1Bl + 17| + K + (K = 1)(|u] + [v]) - K.

Therefore, by Lemma 3, we have W(T) € G1"7.
By Lemma 1 (ii), the following majorant relation holds:

B3(v)(y, z) = Bg(P'U)(y, 2) < CW(|y| + |2|) € Gan(®.

By Remark 1 (iii), we have u(y, z) € gjjl"(“)*ln =G5 ..
Thus Proposition 1 is proved. O
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83.2. Proof of Proposition 2
First we give the following lemma:

Lemma 4. (i) For all L > 2, the operator P = A+A : Cly], — Cly]L
is invertible.
(i1) Let ur(y), fr(y) € Cly]lr. We consider the following equation:

Pur(y) = fr(y).

Let a majorant relation By(fr)(y) < FL x TE (Fr, > 0) hold where T = |y| =
Zf-vzl Zf’zl yi; and t = (t',... ,t") which appeared in Proposition 2. Then
there exists a positive constant C' > 0 independent of L such that

(811)  Bylus)(y) = By(P~'f1)(y)

d

< CLPF, xTE = C (TdT

>_p (FL x T"),

where p < 1 is the constant which appeared in (1.7).

We take Pu(y) = U(y) as a new unknown function. Then U(y) satisfies
the following equation:

Uy)= > cay®+ frr1(y, P7'U(y),0,P U (y)),
(3.12) la|=K

U(y) = O(Jy[™).

By the same argument as in the proof of Lemma 2 (ii), we have

d (. d\" P!
—1 el el

where s, ; =j—p(j—1)fori=1,2,... ,N,j=1,2,... k.
Then the following equation gives a majorant equation for BE(U )(y) which

is obtained from (3.12) by the t-Borel transformation in the same way as in
obtaining the equation (3.7).

(3.14)

W) = 3 Jeal ot g

S - )

d max{0,—p} d d sij—p—1
T,.... 1.0, (T 2 (r L .
+ |fK+1‘ ) ) acl ( dT) I/V, CQdT ( dT) w
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Here C; = CCy and Cy = MCy, where C, Cy and M are the positive constants

which appeared in Lemma 4, Lemma 2 (i) and (3.13), respectively. This means
that

(3.15) B (U)(y) < W(lyl).

By Lemma 3, the formal solution W(|y|) of (3.14) belongs to the Gevrey
class g; »(?) Where o is the constant which appeared in Proposition 2. Therefore
by (3.11) we have

(3.16) %@@z%@lm@<c@£gwme@mx

By Remark 1 (iii), the Gevrey order s of v(y) is estimated by
s =T 4 10(0) 1, = (t'(0).... .tV (o).

Thus the proof is completed. O

84. Proof of Lemmas
84.1. Proof of Lemma 1

By the lexicographic order of the basis of homogeneous polynomials of
degree L in y = {y;;} and z = {2}, the matrix representation of P =
- Z?;ll 0yi j+10y, , + ¢ is given by a triangle matrix as follows:

yl,lL cC L(S K eeerec e een k yl,lL
y1,1L71y1,2 0 ¢ & % «ovvevnns * 91,1L71y1,2
* ......... * E
ymL_lzq 0 ¢ 0 = * yLlL_lzq
P =
.0 -k
Y2.1 0 ¢ % % Y2.1
: Lotk :
zg" O 0c zgt
Therefore P is an invertible operator for all L > K, since ¢ # 0.
Thus the invertibility is proved. O

For fr(y,2) = 2254y 1=z fa,y°27 € Cly, 2], and s € (Rx1)", we intro-
duce the s norm of f;, by

(4.1) 1fzlls = inf {M >0 Bs(f)(y,2) < M x (Jy| + |2))"} .
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Remark 3. (i) If a majorant relation Bs(fr)(y,2) < Fr x (ly| + |z))*
holds, then we have ||fL||s < FL.
(ii) The definition of the s norm of f7, is equivalent to the following:

= max ShL
(4.2) 1f2lls = 18I+ 7Y=L {|f,6’7{8 (B, ’Y)}'}

where B! = [[7_, [T}, Bij! and ol = 71!yl

Let e(i, j) be a vector defined by e(i, j) = (el,... ,eP) € N1+ 1 where
e’ = (0,0,...,0) € N" for k # i and ¢;; = 1, e = 0 (I # j) for €' =
(€i1)i=1,2.... ;- Since

Yij+10y,, fL(y, 2) = Z ﬂi,jfﬁyyﬁ_e(i7j)+e(i’j+1)2’y7
1B1+|~I=L
we see that the 8 norm of y; j110,, , fr(y, 2) is estimated by

5i,j+15!7! }
e(i,j) +e(i,j+1),7)}!

- 5i,j+15!’Y!
T lithl=L {U% {s- ﬁ v) + 1}!}

e ([ S T

that is, the operator norm of y; 110y, ; is estimated by [|y; j+10y, ;|lg < 1. This

S s,

As mentioned at Remark 2 in Section 2, we may assume || to be as small as we
want. Therefore we assume that 6] < |c|/{2(n1+---+n,)}. By this inequality
and Neumann’s series expansion of P~!, we have

i.ji+10y, - fLllg = max —
o110, Sulls = mox {155

implies

< (n1 -+ )0

P15 < L <2
1_1 -
TRTE S S R

Moreover, by Remark 3, we have

Bg(ur)(y, 2) = Bg(P~' f1)(y, 2)

_ 2
<[Pl x [1fells x (Jyl + 12" < i (lyl + 12"
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84.2. Proof of Lemma 2

First we shall prove Lemma 2 (i).

Let u(y, z) = Z\ﬁHIWIZO ug,yP 27 and v(y, z) = Z\ﬁHMZO vg,y”27. Then
we have

81+ D!
BA(UU)(:‘/’Z) = Z Z Uﬁl 1Uﬁ2 2 — yﬁz"/’
’ 1Bl+17120 \ s1+52=5 ! ! {s-(B,7)}!

+y2=y

Bs(|ul)(y, 2)Bs(|v]) (v, 2)

B+ "D A8+ DY) s
- Z Z gyt gz | e v e gz ey | Y 2
18]+|v|>0 31+52 8 {8 ! (5 et )} {8 : (ﬂ Y )}
’Y =7
We shall prove that there exists a positive constant Cy > 1 independent of 3,
v, 37 and 47 (j = 1,2) such that

UB1+ 1D o U8+ IDY (8% + 2]
G-~ T E A E (R
for all 8, 7, 3 and 4/ with 81432 = 8 and v' ++? = v satisfying |37+ || > 1
for j = 1,2. In fact, this implies Lemma 2 (i), because if |3'| = |y}| = 0 or
|32 = |v?| = 0, it is sufficient to take Cy = 1.

By the relation between the Gamma functions and the Beta functions, we
have

{s- (81, /HIs- (8%}
{s- (8,7}

where B(p, q) denotes the Beta function defined by

(4.3)

= {3-(8,7)+1}-BE- (859 +1,5-(8%,42) + 1),

1
B(p+1,q+1)=/ (1 —t)dt.
0

We remark that if 1 < p < p’ and 1 < ¢ < ¢/, then B(p' +1,¢ +1) <
B(p+1,q+ 1) holds. By this inequality, we have

{5- (BB - (B2}
{5-(B,}
<8181+ vl + 1) - BUBY + W'+ 1, 18% + WP+ 1)
_ |§|(Iﬁll + ' DIUB% 4 12!
(18] + D! ’
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where |8| denotes the maximum of components of 5. This implies Lemma 2 (i).
O
For the proof of Lemma 2 (ii), we prepare the following lemma:

Lemma 5.  For an arbitrary’s = {s;} € (R>1)" and an arbitrary power
series f(t) = 32 450 fat® (t = (t1,... ,tn)), there exists a positive constant
My > 0 independent of l = 1,2, ... ,n such that the following majorant relation
holds:

(1.4) Ba(@ 1)(t) << Mody (¢ 2) ' Bs(1£ (1),
where t- 0y = 610y, ++ -+ + 1,0, and for s > 0 the operator (t-0;)® is defined by
(t-0)°tY = |aft™.
Proof. The both sides of (4.4) are calculated by

!
Left hand side of (4.4) = Z fawt“_eu)

e e(l))}!

-y g o] = D aeq).

- (X

e (s- afsl)‘

O‘l|a|SL |a|!tafe(l)

Right hand side of (4.4) = M, Z | fol oo ,
~a)!

|a|>1

where e(l) is an n-dimensional vector whose I-component is equal to 1 and the
other components are equal to 0. Hence, the majorant relation (4.4) follows
from the following inequality:

1 a|®
< My x A
(s-a)!

where My is a positive constant. Let us show (4.5).
e The case of - a — s = 0, that is, o = e(l). It is sufficient to put
My = max;—1 2, n{s:'}.

(4.5) e

e The case of s-a—s; > 1. We put a = §- « for simplicity. By the Stirling
formula, there exist positive constants C; and Cs independent of « and § such
that

al < C’laaH/Qe*a, (a—s)! > Cy(a— sl)‘“S’H/Qe*‘”S’.

These imply

< =3
(a—s))! = Co(a— sp)a—s1t1/2e—atst — es

— — 1/2
al Claa+1/2 a CS a a—s;+1/ s
x a™
a— S
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where C3 = C1/Cy. By noticing an inequality

a a—s;+1/2 s a—sg 1
( ) :(1—1— ) 1+ < e'V1+ g,

a — Sy a — Sy a— S

we obtain

a! 5
(a — Sl)! S 04 (j—IlllQa,.}.(. n{sj}> |O[‘Sl,

where Cy = max{C3./1+s;; j=1,2,...,n}.
It is enough to take MO = maXl:1727“_m{Sl!,C4(H1&Xj:1727“_m{Sj})Sl} in
(4.5). O

We return to the proof of Lemma 2 (ii). Let 3 =3 = (s!,...,s?,1,) and
T=t+ -+t, By Lemmas 1 and 5, the following majorant relation holds:
Ba (0, P~"w) < Mod, (¢ - 0"~ By (|P~"ul)(¢)

<K C Mooy, (t- 0,)" ' W(T).

Now it is sufficient to prove the following equality:

(4.6) 0 (t-0)" W (T) = (TdiT> W),

Indeed, by putting ¢t = (y',...,y",z) and 8 =5 = (s',...,sP,1,), we obtain
Lemma 2 (ii).
For T* = (t; +--- +t,)", we have
L d 1L d\"" L
0y, (T7) = —(T t-0)%" (T = (T— ).
W) = @), (ot = () )
Thus we have

8171
Left hand side of (4.6) = diT <TdiT> W (T)

which shows (4.6). O

84.3. Proof of Lemma 3

Lemma 3 is proved in a similar manner to the proof of Theorem 1 in Shirai
[4].

Let U(T) = 3,5 ULT* be a formal solution of (3.10). By substituting
this into the equation (3.10), we have the following recursion formula:

UKZCL,
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and for L > K

m n o

U= Zfz]ma H UMk H Lk)pULk H H(Nkl)Sk—i_lUNkm
k=1

k=11=1

where 3, is taken over

J m n o
i+ M+ Y Li+> > (Nu—-1)=L and V(i,jma)>K+1.
k=1 k=1 k=11=1

Let Vi, = U /(L!)°. Then {VL} satisfy

NU7

J m n
VL == ZfijmaG(ivjam?a H H H

()

utj?

(4.7) G(i,j,m,a) = [ [ (Lx HH(NM)S’““

k

=1
o
( k= 1Mk'Hk 1Lk'Hk 1Hl 1Nkl)
Lo

We notice the following inequality which can be seen in Shirai [4, Lemma 6].

Lemma 6. Ifmy,...,mq € N satisfy mj > M (M € N) for all j =
1,2,...,d, then we have

(4.8) my!-omg! < (M) (my + -4+ mg — (d—1)M)\.
By Lemma 6, for an arbitrary M € N, G(i,j, m, @) is estimated by

(4.9) G(i, j,m @)

n o
< p Mo sk+1—M0'
Hezer e 1L o
) o
X (Hi—l(Mk + M)!Hk Lk + M 'Hk 1H Nkl M M )

Lo

m n o
< (K+M)!(j+m+‘a|71)0— H Lk p—MO H H sk+17MO'BO"
k=1 k=11=1
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where
<2Mk+ZLk+ZZNkl+M ]+m+a|1)K>!
(4.10) B= k=112 - .
<z+ZMk+ZLk+ZZNMl>
k=11=1
Let

- A(i, j,m, )
Q = . =
1 {(17]7m7a) ) V(z’,j,m,a)fK g,
. . A(Z’j’ m7 a)
Qo = ; )
2 {(z,j,m,a) " Vi, j,m,a) — K <7
We remark that €7 is a finite set.
We put M which is used in (4.9) by

V(iajamaa)va (iajamaa)egla
(4.11) M = M(i,j,m,a) = [A(i,]}m,a)

P :| +17 (iajamaa)eg%

where [- - -] denotes the integral part of {--- }. By the definition of o and (4.11),
we have

A(z’,j7m,a) <M< A(imjamaa)

g g

+1<V(i,j,ma)—K+1

for (i,4,m,a) € Q. By this inequality, we have M < V' (i, 7, m,a) — K for all
(i,4,m, «), because M and V (i,j,m,a) — K + 1 are natural numbers. By the
choice of M as (4.11), we have

n o

ﬁ Lk p— MO'HH 5k+1—MU < 17 and BO’ < 17
k=1 k=11=1

for all (¢, 4, m, ), where B is defined above as (4.10). This implies that

(412)  G(i,4,m,a) < (K 4+ max{M (i, j,m,a)})|UtmFlel=1e

j + .
}J+m | _. CJ+m+|C¥|

< {(K + max{M (i, j,m, &) })!?

holds for all (7, j,m, ). Therefore V7, is estimated by

n o

(4.13) Vi < Z|fw| HO|VMk| Hmvm ITIICIVal-

k=11=1
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Finally, we consider the following functional equation:

(4.14)
lal

WIT) = 710

TX + | fxa|(T,CW,CW,{CW/T}),  W(T) =O(T*).

Then the unique existence of holomorphic solution W(T') in a neighborhood
of the origin follows by the implicit function theorem since the nonlinear part
|frcv1| satisfies |fx1|(T,CW,CW,{CW/T}) = O(TE+'). Moreover, by
(4.13), we can see that

U pr.

L>K L>K

Thus Lemma 3 is proved. U

84.4. Proof of Lemma 4

The invertibility is easily proved by the same argument as in the proof of
Lemma 1, so we omit the proof.

By the assumption (1.7), we have vazl E?;l Aia; j+c#0 (e = f,(0,0,
€%)). Hence we easily see that A is invertible on C[y];, and the inverse is given
by

—1

N k;
A ) = D0 [ DD N+ fay™

la]=L \i=1 j=1

By the definition of the £ norm and (1.7), we have

ful_a
e b= el

A flly < max{

This implies
1
CcLr’
Moreover, by the same calculation as in Section 4.1, we have

o j{a 1,5)+e(i, 7+ 1)}
(416) a0y, foll = s { 1o S lo =l U

L. |
= may {mM}
(t-a+1—p)!

al
= I(ill_)z{|fa@.a_p)!}.

(4.15) 1A= <
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By the same argument as in the proof of the inequality (4.5), we have

1 CoL?
(4.17) - <=0
(t-a—p!  (t-a)!
with some Cy > 0 independent of L. This implies that the operator norm of
Yi,j+10y, , is estimated as [[yij+10y, ||z < CoLP, that is,

N k;—1
A1l <D0 BICoL? < [8|nCoLP.

i=1 j=1
Since we can take |§] as small as we want, we may assume that |[A71A| lp<1/2.

1A=l 5
SN[

Then we have

—1 .
1P~ < £

This inequality implies

By(ur)(y) = B3P~ f1)(y) < = (T_>,, Fy < T".
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