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Noncommutative Sobolev Spaces, C'* Algebras
and Schwartz Distributions
Associated with Semicircular Systems

By

Masaru M1zuo*

Abstract

When the C*-algebra and the W*-algebra generated by a semicircular system are
viewed from the viewpoints of noncommutative topology and noncommutative proba-
bility theory, we may consider the C*-algebra as a certain kind of a “noncommutative
cubic space” and the W*-algebra as a “noncommutative cubic measure space.” In
this paper we introduce the Sobolev spaces W2 associated with the W*-algebra gen-
erated by a semicircular system, and the C°° algebra S is defined as the projective
limit of WP. The Schwartz distribution space is then defined as the dual space of S
and the Fourier representation theorem is obtained for Schwartz distributions. We
furthermore discuss vector fields on the C*° algebra S. Appendix treats the K-theory
of the noncommutative cubic space.

81. Introduction

Let (M, 7) be a W*-probability space, i.e., M is a finite W*-algebra with
a faithful normal tracial state 7. Let {s; : ¢ € I} be a semicircular system in
M with an index set I, i.e., s; (i € I) are selfadjoint elements in M whose
distributions with respect to 7 are the standard semicircular distribution and
they are free (or freely independent) in the sense of free probability. Then, any
element in the closed real linear span of {s; : i € I} in L?(M, ) is a centered
semicircular element, i.e., its distribution with respect to 7 is a semicircular one
with mean 0. Conversely, if V is a real subspace in L?(M, 7) consisting of only
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centered semicircular elements, then any orthonormal system of V' becomes a
semicircular system. This fact is easily proved by the use of the free cumulant
(see also [14, Proposition 2.1]) and it is the free probability analog of the well-
known fact on Gaussian systems and Gaussian spaces in classical probability
theory. Assume now that M is generated by {s; : ¢ € I'}. Then,

(M, 7) = (kict W ({8i}), *ierTlw=({s:}))
(*NL(Z),*N<53, . 5e>)
(‘C(FN)v <5€’ . §e>)a

(1)

1R 1R

where * denotes the W*-free product, £( ) is the group von Neumann algebra,
Fy is the free group of N generators (N = card I) and (J, - 0.) is the tracial
vector state defined by the vector §, supported on the group unit e. Throughout
the paper isomorphisms (of algebras, topological linear spaces or probability
spaces) are denoted by the same symbol . From now on we assume that
M=W*{s;:i€I}) = L(Fy). Let A be the C*-algebra generated by the set
{1} U {s; : i € I'}; then by the reduced C*-free product version of (1),

(A, 7) 2 (%521 C* ({1, si}),*,.J%Iﬂc*({l,sl_}))
(er, NC([=2,2]), % N f72 ~dp(z)),

1%

where %, denotes the reduced C*-free product, C([-2,2]) is the algebra of all
continuous functions on the interval [—2,2] and p is the standard semicircular
distribution. A is a simple C*-algebra with a unique trace 7 (see [6, Theorem
2]) and it is projectionless because it is a subalgebra of the reduced free group
C*-algebra C;(F ) which has no proper projections. Let x, nC([—2,2]) be the
universal free product C*-algebra of N copies of C'([—2,2]) and ¢ be the nat-
ural quotient map from *, yC([—2,2]) onto x, yC([—2,2]). We may consider
*, NC([—2,2]) as the algebra of all continuous functions on the “noncommu-
tative cubic space” *n[—2,2] by analogy from the fact that @ nC([—2,2]) =
C([-2,2]") is the algebra of all continuous functions on the usual cubic space.
Also, the algebra A may be regarded as the algebra of all continuous functions
on the “noncommutative topological support” in *y[—2,2] of the “noncommu-
tative measure” 7¢q, and on the other hand M may be regarded as the algebra
of all bounded measurable functions on *y[—2,2] with respect to 7q. In this
paper we always write hohy to mean the composition of a map hy after a map
hy.

In this paper we construct the noncommutative Sobolev spaces, the C'*®
algebra and the space of Schwartz distributions on the “noncommutative cubic
space” mentioned above. They have a certain aspect of the noncommutative
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geometry. They are also regarded as some ingredients of the “free Malliavin
calculus”; indeed our constructions are the free probabilistic analog of those
in Malliavin calculus (see [9] and [10]). The paper is organized as follows.
Section 2 is for preliminaries from free probability theory. In Section 3 we
introduce the Sobolev spaces WP inside the noncommutative LP-spaces and
the C'*° algebra S as the projective limit of the spaces WP. It is shown that
the abstractly constructed algebra S actually a subalgebra of the C*-algebra A.
Some results in Section 3 are proved in Section 4, and for this sake we introduce
the weak derivation of the free group factor. In Section 5 the space of Schwartz
distributions is constructed as the dual space of the C*° algebra & and their
Fourier representations are given. Finally in Section 6 we discuss vector fields
on the free group factor, but our discussions there are not complete for our real
motivation of this research. In addition, the K-theory of the noncommutative
cubic space xy[—2,2] is examined in the appendix to the paper.

§2. Preliminaries

Let P be the #-subalgebra algebraically generated by {1} U {s; : i € I};
then P = C(X; : ¢ € I) because the free product by a faithful state is just the
closure of the algebraic free product. Here C(X; : ¢ € I) is the noncommutative
polynomial ring over indeterminates X; (i € I), and s; and X; are associated
under the above isomorphism. For n € Ny (= NU {0}) let T,,(X) be the
nth Chebyshev polynomial of the second kind; 7T}, (X)’s are determined by the
recursion formula T}, 11(X) = XT,,(X) — T,—1(X) (n € N) with TH(X) = 1,
T1(X) = X, and they are the complete orthogonal polynomials for the standard
semicircular distribution.

Definition 2.1. For | € Ng, myp € Nand jr € T (1 < k < 1) with
J1# j2 # -+ # ji, define

Tjijy - jajaga--go -+ gugi-- g = L (85)Tms(855) =+ Tmy (85)
N — —— — ——

mq mo my

and Ty = 1 (for | = 0) by convention. We call T} ;,...;, (n € Ny, i1,i2,...,i, €
I) noncommutative Chebyshev polynomials.

The set of all noncommutative Chebyshev polynomials 75, ;,...;,, is clearly a

linear basis for P, and moreover they form an orthonormal basis for L?(M, T
b )
o0
n=0
D iviiniv el Sivigrin Tiyig-i, the Fourier expansion of x € L*(M,T), where

(see [2, Proposition 2.7] and also the next paragraph). We call x = >
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Civigin = T(T}4,...; @) are its Fourier coefficients. We also call z = Y |z,
the Fourier expansion of z, where x, =37, . 1 &isein Tiyisei, (0 € No).
When the Fourier expansion is referred to, we always consider it in L?(M,7)
norm, i.e.,

m m
z = lim T, = lim ivigein Tivigoi, | in L2(M, 7) norm.
Let P, = span{T;,i,..i, : @1,%2,...,9n € I}, the linear span, for n € Ny,
which are of course mutually orthogonal. Define the linear operator L on
L?*(M, ) with dom L = P by L(z) = nx for = € P,; then fsz(M’T) is non-
positive and called the Ornstein-Uhlenbeck Laplacian. Here we use the notation
~L*(M.7) 4 denote the closure in L?(M,T) of an operator or a subspace. In
this paper we also call L itself the Ornstein-Uhlenbeck Laplacian. Furthermore,
it is known (see [2, Theorem 2.11] and also the discussions below) that the

72
operators exp(fLL (M’T)t)

(t > 0) leave M globally invariant and they form
a o-weakly continuous contraction semigroup of 7-preserving, unital, normal
and completely positive maps on M. This is called the Ornstein-Uhlenbeck
semigroup and is the most natural diffusion process on M.

We next explain Voiculescu’s free functor and reintroduce the Ornstein-
Uhlenbeck semigroup mentioned above in terms of this functor. Let Hg be a
real Hilbert space with dimension N = card I and inner product (-, - )g. Let
H = Hgr ®r C be its complexification Hilbert space whose inner product is
(x ®@ra,y®rb) = (z,y)r(ad) for z,y € Hg and a,b € C. In this paper an inner
product is assumed to be linear in the second variable. Let F(Hg) be the full
Fock space over H, i.e.,

F(Hz) =COBP  HOHED-- BTN,
N=1 ——

with inner product (-, -)z(3y), where ® is the vacuum vector and &, ® are
Hilbert space direct sum and Hilbert space tensor product. For f € H define
the creation operator a*(f) by

a*(f)e =/,
A (g1 RgR Qg =R RGg R Qg

forn e N, g; € H (1 < j < n). The annihilation operator a(f) is the adjoint
operator (a*(f))* so that

a(f)®=0,
a(f)gl ®g2®®gn:<f7gl>92®®gn
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Let s(f) be the selfadjoint operator a*(f) + a(f) = 2Rea™(f), and for any
orthonormal basis {e; : i € I} of Hg (C H) let M (= M(Hg)) denote the
von Neumann algebra {s(e;) : i € I}". It is known that 7 = (®, - ®) r(3,)
is a faithful normal tracial state on M and {s(e;) : i € I} is a semicircular
system with respect to 7. So M is isomorphic to M by the isomorphism 7w
given by m(s;) = s(e;) (¢ € I), which will be sometimes used in the proofs
below. Furthermore, thanks to the cyclicity of ® for M\, L? (M\, 7) and F(Hg)
are isomorphic by the isomorphism 7 : L2(./\//T, 7) — F(Hg) given by n(x) = «®
forz € M. For l € N, my, € Nand jy € I (1 <k <1) with ji # jo # -+ # ji
we then have

(T, (s(€5,) T, (5(€5,)) -+ - Ty (5(€5,))
=€, Q¢ Q- -Qej Q€€ Q€0 - Be; Be; @ - Qej,

ma mo my

which shows that the above T, (s(ej,))Tm,(s(ej,)) - - - Tm, (s(ej,))’s together

=

with 1 form an orthonormal basis for L2%(M,7). Also, we notice
n(spanfste) i€ I} ) = Hand A = ({1} Us(e) ¢ i € 1)) =
C*({1} U {s(f) : f € Hr}) because s(f) (f € Hgr) are centered semicircu-

lar with respect to 7 so that ||s(f)| = 2||5<f)||L2(fvT+)'
morphism the ultracontractivity (see [1, Proposition 2.1]) is formulated on

L2(M, 1) = @ P M7 as follows.

Via the above iso-

Proposition 2.2.  For every n € Ny,

( —L2(M,‘r)).

[ellzomm < ll2ll < (v + Dllzllzomr (2 €Pn

This says that, for each n € Ny, L?(M, 7) norms (2 < p < 00) restricted on

P—nL2(M,T)

)
LP-spaces, all LP(M, 1) norms (1 < p < co0) on each PnL (

are all equivalent. But in fact, due to the duality of noncommutative

M, .
™) are equivalent.

Remark 2.3. In the commutative case, if a linear space of measurable
functions on a probability space is in L' N L™ and closed with both L' and
L norms, then it must be finite dimensional. But this is not the case in the
noncommutative case; for example, ﬁLz(M’T) (n € N) are infinite dimensional
when N = card [ is infinite.

We return to Fock space construction again. For a contraction T : Hg —
Hp between real Hilbert spaces, let T : H — H! be its complexification and
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F(T): F(H) — F(H') be defined by
F(T) =1ca®P,_ TeRTc®- - DT

Then F(T) is obviously a contraction with F(1) = 1, and F(T'T) = F(T!)
F(T) for another contraction 7' : Hy — HZ. Define the contraction oper-
ator I'(T) : LZ(A//T, 7) — LQ(J\//Tl,?l) (/\//T1 = /\//T(’Hﬂlg)) by the above isomor-
phism, ie., I(T)(z) = n~ Y (F(T)(n(z))) for x € L2(M,7). It is known (see
[2]) that, for the general contraction T', T'(T')| 5 becomes a trace-preserving,
unital, normal and completely positive map from M into M. We write just
[(T') for the above I'(T)| 57 in the sequel. The functor from the category of
(Hgr,T), real Hilbert spaces with contractions, to the category of (M\, (7)),
free group factors with trace-preserving unital complete positive maps, is so-
called Voiculescu’s free functor, and it is the free probabilistic analog of the
classical Gaussian functor. For T'(t) = exp (—t)1 (¢t > 0) on Hg, I'(T'(¢)) is iso-
morphic to the Ornstein-Uhlenbeck semigroup via the isomorphism 7, as easily
checked on the noncommutative Chebyshev polynomials. So the Ornstein-
Uhlenbeck semigroup is a o-weakly continuous semigroup of 7-preserving, uni-
tal, normal and completely positive maps on M.

For a finite ordered set of noncommutative Chebyshev polynomials
(Tivinviv> Tivgoegims - -+ s Thrkgekn) Where Lm, ... on € Ny 4y, gg, ..o kg €T (1<
r<l,1<s<m,...,1<t<mn), weassociate the following diagram with
l4+m+---+n vertices labeled by 71,%99,...,%n, 71,52, -« s Jms -+ K1, ko, o, kn
and partitioned by the symbol |:

......|......|...‘......
Qvig-cedp Jijaccc gmo oo kakaoo Ky
We call (i1,42,...,%), (j1,725-+sJm)s ---, (K1,k2,...,k,) blocks of the dia-

gram. A pair partition of the above [ + m + --- 4+ n vertices is called a non-
crossing pair partition of the diagram if the following conditions are satisfied:

1. the labels of two vertices paired in the partition are same,
2. the blocks of two vertices paired in the partition are different,

3. the pair partition is non-crossing.

A pair partition is presented by drawing the edges connecting paired vertices
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as follows:

L L

The meaning of the word “non-crossing” is obvious from this presentation. The
above is a unique non-crossing pair partition of the diagram associated with

(T123, T322, T21).

Lemma 2.4. Forlym,...,n€N, i, js,..., ks €I (1 <r<l,1<s<
m, ..., 1 <t<mn), 7(T;
non-crossing pair partitions of the diagram associated with (Tiyiy...i;s Tjy o i

visit Ljigacgm =+ Thiko-k,) 15 equal to the number of
oo Ty egeeken)-

Proof.  Step 1. First, we see that (T, (s;)) = D1, a*(e;)™a(e;)™ ™ for
i € I, m € Ng. The cases m = 0,1 are trivial. Moreover, we have

(a*(ei) + a(ei)) <Z a*(ei)"a(ei)m—n> _ z_: a*(ei)na(ei)m—l—n
n=0

n=0
m m
= Y@ (e) ale)™ " +ale) ™ + 3 a"(e)"ale) ™"

n=0 n=1

m—1
. Z a*(ei)na(ei)mflfn

n=0
m+1

— Z a*(ei)na(ei)m+lfn’
n=0

which is the same recursion formula as that for Chebyshev polynomials. So the
claim is proved.

Step 2. Second, we prove the assertion of the lemma when iy = --- =i, =4,
jl = :Jm :j7 ey kl == kn = k so that Ti1i2~~-il = CZ—‘Z(SZ)7 Tj1j2~--jm =
T (85)s s Thykyk, = Tn(sx). For this case we write m(1),m(2),...,m(r)
for I,m,...,n and i(1),i(2),...,i(r) for i,4,...,k, so our quantity in question

1S

T (T (5i1)) To2) (8i2)) * + * Toney (Si()))
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and the associated diagram is

m(1) m(2) m(r)
By Step 1,
7 (T ) (5:0)) T2 (i) -~ Tonr) (5:)))
m(1)

Z mz: P, a* )"Wae ())m(l)—n(l)

n(1)=0 n(r)=0

X a*(ei2)"Paleia) "D 0 (e Dalei) TR L

Note that each inner product in the above expression is either 0 or 1, and it is
1 if and only if

(3) @ (exn)" Valein)™ D7D " (i) Valein) " 0 = @

Hence it suffices to make a bijective correspondence between the set of non-
crossing pair partitions of the diagram (2) and the set of terms a*(ei(l))”(l)
ale;))™ MM a* (e5) " Males))™ ) satisfying (3). Assume that a
term

X = a*(ei(l))”(Ua(ei(l))m(l)_”(l)a*(ei(z))”(Q)a(ei(g))m@)_”@) e
a* (ei(r))n(r)a(ei(r))m(r)fn(r)
satisfies X® = ®. Let It = {i(1),i(2),...,i(r)} € I and M = m(r) + m(r —

1)+---+m(1). Looking M factors of X from the right to the left we recursively
define functions

hi:{0,1,2,--- ;m(r)+m(r—1)+---+m(1)} =Ny (i€ Ir)
as follows: h;(0) =0 (i € I7) and for 1 <k <m(r)+m(r—1)+---+m(1),

hi(k—1)+1 if the kth factor of X is a*(e;),
hi(k) =< hi(k—1)—1 if the kth factor of X is a(e;),
hi(k—1) otherwise.

)

Furthermore, set h =) h;. Since X® = &, for 1 < j < r we notice

i€l

a(ei(j))k—(m(r)+m(r—1)+~~+m(j+1)) . a*(ei(r))"(”a(ei(r))m(’”)_"(’”)(b € Pui)
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ifm(r)+--4+m@G+1) <k<m(r)+---+m(j+1)+m(j) —n(j) (with obvious
convention m(r) +---+m(j + 1) =0 for j = r), and

)k—(m(f’)-{-nL(r—l)-{-u~+7n(j)—n(j))a( m(j)—n(j) ...

a”(eigj) €i(j))

a* (ei(r))n(r)a(ei(r))m(r)in(r)q) € Ph(k)

itm(r)+---+m(j) —n() <k <m(r)+---+m(j). So h(k) is nonnegative for
all k& and it has a peak (since h(M) = 0 due to the assumption X® = &). Let
k be the far right peak point so that h(k—1)+1=h(k+1)+1 = h(k). There
exists a unique ¢ € Iy such that h;(k) = hy(k — 1) + 1 due to the definition of
h;’s, and the kth factor must be a*(e;). Then the k + 1st factor must be a(e;)
because otherwise X ® = 0. This shows that the kth and the k + 1st vertices of
(2) have the same label (counted from the right to the left) and these vertices
belong to different blocks (say, jth and j + 1st blocks). So we make a pair of
these two vertices. Since a(e;)a*(e;) = 1, we have X'® = ® for the shorter
term

X' = a*(ei(l))”(1)a(ei(1))m(1)*"(1) . a*(ei(j))n(j)a(ei(j))m(j)flfn(j)

Y=g m@j+1)-n(+1) ..

x a”(€(j+1) €i(j+1))
a* (€)M a(eyry) ™0,

Now the above procedure can be again applied to this new term so that we can
choose two neighboring factors of X’ having the same label and belonging to
different blocks. This process can be repeated until all the factors are removed,
and a pair partition of the vertices of (2) is obtained in this way. It is obvious
from the procedure that the pair partition constructed is non-crossing.

Next, we consider the process reverse to the above. Let a non-crossing pair
partition of the diagram (2) be given. Define a product ap/ap—1 ---a; made
from a*(e;),a(e;) (i € Ir) in the following way: If the kth and the Ith vertices
where k > [ (counted from the right to the left) are paired with the same label
i, then a, = a(e;) and a; = a*(e;). We then show that apap—1---a1® = P.
Since the pair partition is non-crossing, there is a pair consisting of neigh-
boring vertices with the same label i. Hence a1 = a(e;) and ap = a*(e;)
for a certain k, so that apdp_1---a1 = Gpr- - Agi20k_1---a1. Removing
the kth and the k 4 1st vertices we have a non-crossing pair partition of the
shortened diagram, and the product corresponding to the new pair partition is
apnf - Ggaodg—1 - - - ap. This process can be continued until @,z - - - @y is reduced
to 1. Soay ---a1® = ® is shown. Moreover, it is immediate to see that the
two maps given by the above procedures are the inverse of each other.
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Step 3. For a general (T4, Tjyjoejoms - -+ s Ly ko-r-ky, ) WE Write

Tiyigoiy = m(l,l)(Si(l,l))Tm(1,2)(Si(1,2)) e 'Tm(l,r(l))(si(l,r(l)))7
Ty joejm = Tm(2,1)(si(2,1))Tm(272)(si(2,2)) e 'Tm(2,r(2)) (Si(27r(2)))7

Ty kgt = Tin(p,1) (Sip,1) Tin(p,2) (Sip,2)) *** T, ()) (Sio,r (0)))5

where p is the number of noncommutative Chebyshev polynomials and i(¢, 1) #
i(t,2) £ - £ i(t,r(t)) for each 1 <t < p. Let A and B denote the diagrams
associated with (Ti1i2~-iz 5 lejz"'j'rn, ey Tk1k2-~~k") and

(Tm(1,1)(5¢(1,1)), ooy T, (1) (Si(1,r (1)) )5 - -+
T, (5it00): -+ Tt Sitoron) )

respectively. By Step 2, 7(Tiyig i, Tjrja-jm = Lhaka--ky, ) 1S €qual to the number
of non-crossing pair partitions of B. So it remains to show that any non-crossing
pair partition of B is also that of A, the converse being trivially true. Assume
that two vertices paired by a non-crossing pair partition of B belong to the same
block of A. From the non-crossingness we can choose such two neighboring
vertices between the above two vertices. Then, by the construction of B, the
two vertices cannot have the same label. This is a contradiction, and the proof

is completed. ]

Remarks 2.5.

(1) The above lemma extends the known formula for 7(s;, s, -+ s;,) (see [7,
Lemma 2.5.3]), which is the case where all noncommutative Chebyshev
polynomials are the first 77. In fact, the condition on blocks is irrelevant
in this case.

(2) The assertion similar to Lemma 2.4 in classical probability is known (see
[5]), where the non-crossing condition must be dropped.

(3) Lemma 2.4 is also used to prove the already mentioned fact that the set
{T; ip.i, : m € Ny, i1,...,i, € I} is an orthonormal basis for L2(M, 7).
In fact, for n,m € N and i1,...,%,,J1,---,dm € I,

(Tiyigervins Tjrjoejom )22 Mor) = T(Liigei, Tirgoegon) = T(Tiin_yvin Tinjaoojun )

which is nonzero (in fact, equal to 1) if and only if n = m and i, = ji (1 <
kE <mn).
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(4) Here is another application of Lemma 2.4. For n,m € N and i1, ..., in, J1,
cogm € 1, 7(Thy4y0, 15, T, - - Tj,,) is nonzero, then n must be one of
m,m—2,m—4,... and {i1,i2,...,in}t C {Jj1,J2,.--,Jm}. In fact, assume
that there is a non-crossing pair partition of the diagram associated with
(Tivigevin> Tjn s Tjyy - Ty, ). I m=m, then i, = j1,9-1 = jJo, - ,01 = Jn

and 7'( ivigeinLin Tjy -+ Ty, ) = 1. If n < m, then there must be 1 < k(1) <
kE(2) < --- < k(n) < m such that the vertices in the first block with labels
in,in—1,--- 01 are paired with the vertices with labels jr(1), jr(2), - - - > Jh(n)>
respectively.

83. Sobolev Spaces and C'*° Algebra

In this section we construct the Sobolev spaces WP (1 < p < oo, n € Np)
and the C* algebra §. We begin by introducing the Sobolev norms. For
z =Y :2,x; € P (a finite sum Fourier expansion), define L*(z) = >, i%x;

for each @ € R. (This L*(z) may be defined by the functional calculus of the
L2(M,T))

Definition 3.1. For every x € P, 1 < p < oo and n € Ny, define the
norm ||z||y» by

selfadjoint operator L

1
(21120 gy HIEE 2N gy + - H L]0 r) (1< p < 00),

max{ ||zl oo (tr)s 1 L2 Lo (A7) s - - -5 ILE @] poe(pt,y } (P = 00),

where || - || Lo (a1,-) means C*-norm of M. We call the norm || - [|y» on P the
Sobolev WP norm. (The W;° norm is included here for the convenience of later
discussions.)

By definition, || - lwz = || - [|Lo(m.r) for all 1 < p < co. We also introduce
the modified Sobolev WP norm (1 < p < oo, n € Ny) for the convenience of
the proofs bellow.

Definition 3.2. For every x € P, 1 < p < 0o and n € Ny, define the
modified Sobolev WP norm ||z||5,» by

1 n
Izl =zl + IL2 2l ey + - F L2 2] o1y
For each 1 < p < 0o and n € Ny,
nealie < lellwg < el (@ eP).

Thus, the Sobolev norm and the modified one are equivalent, so we can use the
modified Sobolev norm in proving continuity property, etc.
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Definition 3.3. For 1 < p < co and n € Ny we define the LP Sobolev
space WP of order n as the (abstract) completion of P with respect to the norm

- llwz-

By definition, for each 1 < p < oo, W} is isometric to LP(M,7) by the
canonical isomorphism, so we just write W = LP(M,7) in the sequel. For

each n € Ng, W2 is a Hilbert space with the following inner product

(T, v)w2 = (T, y) L2(Mm,7) + (L% (), Lé(@))m(m,r) 4+ (L2 (), L2 (Y)) L2 (M)
=(x,(I+ L'+ -+ L"y) r2(m.m)

and the norm
1
lzllwe = (T + L'+ -+ L") 2z 12, r)

for 2,y € P. Assume that 1 <p < p’ <ooand 0 <n < n'. Since || - [[j;» <
Il - H:VP/ and || - [l < |- H*I;Vp/ on P, we can extend the identity map on P as
o WE S WE(1<p<p <oo,neNg)andd, WP

n’,n n Wﬁ (1 <p <o,
0 <n < n'). Then the next proposition holds.

Theorem 3.4. For each 1 < p < p' < oo and 0 < n < n', the maps
and F

n’,n

n
PP
WP can be regarded as linear subspaces of L*(M,T).

L defined above are all injective. Consequently, all Sobolev spaces

The proof of the theorem will be presented in the next section. In the rest
of this section (also in Sections 5 and 6) we consider the abstract Sobolev spaces
as subspaces of L' (M, 7). We now get the following commutative diagram. The
commutativity is obvious from the fact that all the maps Ly p (p <p') and Lﬁ,yn
(n < n') are the closures of the identity map on P. In the following the symbol
€ is used to mean continuous imbedding.

(L*=)Me WP=IL" eWg=1Lc WP=1LF eI

(2<p<o0) (1<p<?2)
U U u
wr e W e WP
U v u
wy e Wi e Wy
y y y

Definition 3.5.  For each n € Ny let W] be the projective limit of the
Sobolev spaces WP (1 < p < o0) (see the following diagram). Let S denote the
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projective limit of W' (n € Ny) (see the following diagram). We call S the

C™ algebra or the rapidly decreasing function algebra. The justification of the
terms “algebra” and “rapidly decreasing” are clarified below.

MeW)e WP=1LF» eW2=1I1%e WP=1P el

(2<p< o) (1<p<?2)
U u u U
Wie wr e W? e wP
U u u U
4
(4) wWie WP e Wi e WP
1] v v v

U
S

Then we have the next theorem.

Theorem 3.6.  For each n € No, W!' is a Fréchet x-algebra, i.c., a
complete, locally convex and metrizable linear topological space with continuous
x-operation and bicontinuous multiplication. Consequently, S is also a Fréchet
x-algebra. Here, the x-operation and the multiplication are defined by continu-
ously extending those of the algebra P.

This theorem as well as Theorem 3.4 will be proved in the next section.

Now, we show that the abstractly constructed C'>° algebra S sits in the
C* algebra A. The next lemma is regarded as the free analog of the Sobolev
lemma.

, 1
Theorem 3.7. Let1 <p < oo andn € Ny, and set C= (>0, (E)?) 2.
If n' > 4, then

(5) lellivy < Cllallis | (@€ P).

Proof. Since ||a:||Lp(M7T) < 2] Lo (Mm,r) and H:L’||*W3+4 < ||:c||”‘{}[,2+ . we

may prove that [|z|jy. < C’||a:H’6V5+£1 (n € Ny) for z = > 2 x; € P (a finite
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sum Fourier expansion). We estimate

2]y e = @l Lo (mr) + D22l Lo Mty + -+ + (L F 2] Lo mt,m)

o0

<lwolle ) + Y il Loe (mr)

i=1

+ 2 il oy + o D i il
i=1 =l

<zollzzmn + 3G+ Dllzill o

=1
[ee] ) G oo ) n
+ Z(Z + )iz ||zl L2 vy + o0+ Z(Z +1)i2 ||| L2 (m,7)
i=1 i=1
o~ (i+1)
= llzollL2(mr) + D 3 il L2 (v,
i=1
e (i+1) 5,1 > (i4+1) o1n
2 il + o+ DT il e
i=1 =1
1
oo 2
< lzoll2 + C(Z i4||xi%z<M,T>>
i=1
. i . i
ro( Sl ) oS
=1 =1

<Clliys,

In the above, the second inequality is implied by Proposition 2.2 and the third
is due to the Cauchy-Schwarz inequality. O

We have the free analog of the Sobolev inclusion theorem.

Corollary 3.8. The space W2 is continuously imbedded in A, i.e., W}
€ A. Furthermore, the imbeddings W[ @ A forn > 4 and S @ A are x-
algebraic homomorphisms.

Proof. This can be shown by using the commutative diagram (4). Let
002 be the inclusion map from A = W§° into L*(M,7) = W§, and let
L(4,2),(0,00) W2 — WE® be the closure of the identity map on P, whose exis-
tence is guaranteed by Theorem 3.7. Then LZ,O = 0o0,2L(4,2),(0,00), SO the map

L(4,2),(0,00) 18 injective because so is Lio by Theorem 3.4. The assertion that the
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inclusion map W' € A is a *-algebraic homomorphism will be proved in the
proof of Theorem 3.6, which is in the next section. O

Note that the proof of Theorem 3.7 shows a stronger result as follows: Let
z = Y 0, x; be the Fourier expansion of z € L*(M, 7). The inequality (5)
with n = 0 and n’ = 4 shows that if [|z[|yz < oo, then the Fourier expansion
x =Y 2, is an absolutely convergent series with respect to C*-norm, i.e.,
> iz 1%ill oo (p,7) < 00

Corollary 3.9.  The Fréchet topology on the C*° algebra S is generated
by the family of W2 (n € Ng) norms of Hilbert type.

Proof.  The norm families {|| - |z : 1 <p < oo, n € No} and {|| - [|w2 :
n € No} are equivalent to {||-[|7;» : 1 <p < oo, n € No} and {]|-|[§» : n € No},
respectively. The latter two norm families are equivalent by Theorem 3.7. O

Corollary 3.10.  The C* algebra S is not nuclear.

Proof. By the above corollary the Fréchet topology on S is defined by
the norms || - [|w2 (n € Np) of Hilbert type. We say that a countable family
{Il  lln : » € N} of Hilbert type seminorms on a linear space E has property
A if it satisfies the condition that for any n € N there exists n’ € N such
that the identity map on E is a Hilbert-Schmidt operator from (E, || - ||n/) to
(E, |I]ln)- A locally convex and metrizable linear topological space defined by a
countable family of Hilbert type seminorms is said to be nuclear if the family of
seminorms has property A (see [13, Definition 50.1]). Note that if a seminorm
family {||-]|1,» : » € N} has the property A, then any other equivalent countable
seminorm family {|| - [|2,m : m € N} satisfies property A. In fact, for any m € N
there are n,n/,m’ € N such that || - ||2,m < Ci|| - |10 <#s |- 1,0 < Co|l - ||l2,m/
for some C7,C3 > 0, where <pgg means that the identity map is a Hilbert-

Schmidt class operator. So, it suffices to show that for any n’ > n, || - [ly-=,
is never stronger than || - [|y2 in the Hilbert-Schmidt sense, i.e., 12, ,, is not a
Hilbert-Schmidt operator.

The vectors T, i,...i, (k € No, i1,42,...,9 € I) form a countable complete
orthogonal set of the space W2 for each n € Ny because they are a complete
orthogonal eigenvectors for the Laplacian L. Let N (= card ) be finite (the
case of N being infinite is easier). Since || T;,i,..i, lwz = (1 +k+ -+ + km)z
and ||Ti1i2...ikHW3/ =(14k+---+ k)2 for all iy,ia, ..., i € I, we get

k=11i1i,....in €] 1T llwre, e
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2

Hence ¢, isnot a Hilbert Schmidt operator. O

We note that when N is finite and n’ > n, the above Li, ,, is compact at

least because
1+k+---+ k" _ 0

1m T =

84. Weak Derivation

In this section we introduce the notion of weak derivation, and by making
use of it we prove Theorems 3.4 and 3.6 stated in the previous section.

Let I be a copy of I and I®® = TUI. Let M® = W*({s; : i € I?}),
which is regarded as an M bimodule naturally defined by the inclusion M C
M@ In the same way as before define L2, S@) PR 72 ete. associated
with M®). Also, let i + N denote the element of I corresponding to i € I
(regardless of N = card I being finite or not).

Definition 4.1. We define the weak derivation D from M to the M
(or P) bimodule M) with dom D = P by D(s;) = s;4n fori € I.

Note that the derivation D is well defined by the Leipniz rule because P
is isomorphic to the noncommutative polynomial ring. We here use the full
Fock space construction. Let Hr be a real Hilbert space with dimHg = N =
cardl. Consider the one-parameter orthogonal group on Hr @ Hgr defined by
the following 2 x 2 matrix form:

o(t>z<co”'1”m ‘Slnt'lﬁm> (t€R).

sint - 1y, cost - 1y

Then T'(O(t)) (t € R) is a o-weakly continuous one-parameter action on M
(Hr ® R?). Furthermore, let D be the linear operator on F(Hg & Hg) with

dom D = CO® Dty P atg (H & H) Bty -+ Gt (HOH) (€ F(H @ Hy))

n=1

n

defined by

oo n
DO@alg@alg(Z 1®a1g"'®alg A ®a1g"'®alg1>,
n=1 m=1 mth
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where @a1g, ®alg mean algebraic direct sum and algebraic tensor product and
A is represented in the 2 x 2 matrix form

A= Or  —ln .
In 0%

We then have D ¢ £F(O(1)],_, and n(LT(O®)),_,) € LFOW®)],_,
Note that %F(O(t))hzo is a derivation on /\//T('HR ® R?) because I'(O(t)) is
a one-parameter action. Let J : Hr — Hr ®r R? be the isometry defined via
the obvious identification Hr = Hr ®r R(1,0) C Hr ®r R2. Then T'(J) :
M\(HR) — M\(HR ® R?) is an injective homomorphism. Now we obtain
D|p = my 'y~ Dyl (J)m1|p because both sides of this equality are derivations
and

D(T;) = D(si) = sisn = Tign, w3 ' ' DyD()mi(T;) = Tiynw (i € 1),

where 7 : M — M\(HR) and 7y : M® — M\(HR ®g R?) are isomorphisms
explained in Section 2. An easy calculation gives

ﬂz_lnflﬁnf([])wl(Tiliz,,,in) = ZTiliQ"'(ij+N)"‘in (n S N, il,ig, . .,in S I)
j=1

so that we get the next lemma.

Lemma 4.2.  For everyn € N and i1,19,...,i, € 1,
n
D(Tlllz’bn) - ZT'Ll'LQ('L]JFN)Zn
j=1

Forie I (cI® =TUI)sothati=j+ N withje I, leti— N =j. Let
Dgual be the linear operator from M® to M with dom Dgya; = P2 defined
by

) Tigei =N ifi; € Tand iy €1 (k # j) for some j,
Ddual(irilign-i ): / " .
" 0 otherwise
for n € Ng and iq,...,i, € [?).
Lemma 4.3. Ifz € P andyc P, then

7@ (y*D(z)) = 7(Daual (y*)).
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Proof. We may assume that x = T;,4,...,,, and y = Tj, j,...;,, where n,m €
No, 1,...,in € I and j1,...,jm € I®. But the desired equality for this case
is directly checked by Lemma 4.2 and the definition of Dgya. O

Based on the familiar duality between the spaces LP(M, 1) and LY1(M, 1)
where 1 < p < o0 and q = ﬁ, we get the next corollary since P is dense in
LP(M(Q)’ 7(2)).

Corollary 4.4. The operators D and Dgqua are closable as operators
from LP(M, 1) to LP(MP® 7)Y and from LI(MP) 7)) to LI(M,T), respec-
tively.

For any a € R the operator L® on P is naturally defined as mentioned
in Section 3, and its kernel is Py = C1. The next corollary is also an easy
consequence of the Lemma 4.2.

Corollary 4.5.  For every x € P and o € R,

DgwaDx = Lz, DL% = (L(2))QD$

Proof. Direct computations using Lemma 4.2 give the above equalities
forx:Tilizu.in (TLEN(), il,ig,...,inEI). O

It is easy to see that DL~ 7 is isometric on @°°, P, (C Pg- in L2(M, 7))
with respect to L2(M, 7) and L?(M?) 7)) norms. Hence we have an isometry
DL~ 2 : L2 (M, 7) &Py — L2(M®P 7)), Furthermore, we can see that DL~ 2
is a bounded operator from LP(M, 1) to LP(M ), 7(2)). This can be proved by
the same technique as in Pisier [11] in classical probability, and in fact the next
proposition as well as Lemma 4.2 above was given in [8] in the setting of more
general Fock spaces. Note that N = card I < oo was assumed in [8], but the
cardinality of I is irrelevant to the proposition in the case of free probability.

Proposition 4.6. For 1 < p < oo the operator DL~ on @2021 P s
bounded above and below with respect to LP(M, 1) and LP(M®P) 7(2)) norms.
More precisely, there exist constants Co p, C1 p > 0, independent of N = card I,
such that

COJI

_1
2l L (myry S NIDL™ 22 Lo 7y < Cuplll|zoa,n

for all x € @, Pn.

The following three corollaries are easy consequences of the above propo-
sition.
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Corollary 4.7.  For every n € N, ||L% - |[popm,r) =~ (L®)*z D -
||Lp(M(z>7T(z>) on P, where >~ means the equivalence of two norms.

Proof. For n € N and =z € P, by Corollary 4.5 and Proposition 4.6 we
have

—1

1LY *T Dall o pacar iy = (L) T D@ = 7(2)) | o pueo )
=|DL72LE (2 — 7(2)) | Lo o)
< CrpllL% (x = 7(2)) || Lo,y

= C1pl L2 @] o,y

The proof of the inverse inequality is similar. O
Corollary 4.8. D extends to a continuous operator from S to S).
Corollary 4.9.  On P the norm | - H;le is equivalent to || - || Lo (pm,7) +

1D+ [|Le(m ry, the graph norm of D",

Proof. This is immediate since

I Bye =11 llzeaary + 1127 - e v,n)

= Nerm,r) 1D - lor(m@ 22y

O

Let MW = M, PO =P and DM = D : PD — PR In the same way as
above we recursively define I = I U T®?) (I?) being a copy of 1)), M),
D® P - PE) (¢ M®), T® M@ DB and so on. Now, an induction
argument proves the following proposition.

Proposition 4.10.  Let1 <p < oo andn € N. On'P the norm ||-||3;,» is
equivalent to ||-|| Lo (a1 7))+ DD ()l o m@ 7@y ++ - -+ D DO .. DO
(-)||LP(M<n+1>yT<n+1>). Furthermore, the linear operator D DM=1 ... D) .
PO — POHY) s closable with respect to the norms || - e (M) 70y + DM (-)
||LP(M<2>,T<2>) 4 - 4 | D=V D(=2) "D(l)(')HLP(Mw),T(n)) on PM) and || -

1
||Lp(M(n+1)7T<n+1>) on P(n+ ).

Proof. By Corollary 4.5 and Proposition 4.6 repeatedly applied to D),
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D@ ... D the first assertion is seen as follows:

1 e =1 llew (ac w3 + HED)E o pacw) -y
+ 1) E o aaen ey
+ o M) E ) ez
2| [l zo (70 + IDD ) o e oy
+ (L2 DD ()| o) sy

1

+o DY T DD o 20

~ | o w0y + DD () o r@y + IDP DD ()l oane) 70y
4+ 4 [[DWDO=D L DO M Lo (A1) ity

The latter assertion is obvious because Corollary 4.4 says that D™ : P(?) —
P+ s closable with respect to LP(M™ 7)) and LP(M+D 7(+1))
norms. O

We denote by D™ D=1 ... D" the closure of D™ D=1 ... D) with
respect to the norms stated in the above proposition.

In the rest of this section we prove Theorems 3.4 and 3.6 in the previous
section. To do so we need the following easy lemma. For each m € N let (™)
be the natural inclusion of P into P(™*1)  which obviously extends to an
injective homomorphism from M(™ into M+ with 7+, (m) — 7(m),

Lemma 4.11.  For every m € N and x € P(™),
Iz [lfwryen = 11 @) 1wy (1 <p<oo, n€Ny),

where Hx||’(kwp)(m) denotes the modified Sobolev WP norm associated with M™)

(see Definition 3.2). Consequently, M) extends to a continuous injection from

the C* algebra S (associated with M(m)) into S Burthermore, if

1<m<m and x € P, then
D), m 1) (m) (93)||>(W5)<m'+1)

= || D™ @)y sy (1<p<oo, neNp).

Proof. Since (™ is a trace-preserving homomorphism as mentioned
above, we notice ||x||Lp(M(m,))T(m)) = ||[/(m)(x)“Lp(M(m,+l)’T(nL+l)) for = S P(m)
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Hence the first assertion follows from L(m+1),(m) — ,(m+h)p(m) By 4 di-
rect computation for noncommutative Chebyshev polynomials, we can see that
DD )| = || (mFU D) g for all 2 € PU™). This and the first assertion
imply the second. O

Proof of Theorem 3.4. First, we prove that LfH_Ln is injective for 1 < p <
oo and n € Ny. Thanks to Corollary 4.9 the modified Sobolev norm || - H*Wf and
the graph norm ||z{| 1o ) -0y + [[D(2) || Lo (pme) r2) Of the closable operator
D) are equivalent, so the Sobolev space WP is isomorphic to the Banach space
dom D" Since the following diagram is commutative, Llf’o is injective.

WP - dom D"

p
11,0

wp = LP(M(U,T(U)

Similarly, Proposition 4.10 says that the norm || - [|;» is equivalent to the
n+1

graph norm |- || Lo (a0 D ()l o @ ry+- -+ DT DO .. DO

()l zr(ment2) rnr2)y of the closable operator D™V DM ... D) Hence the

following commutative diagram implies the injectivity of ¢ 1

Wi = dom D+ D) D) pn—1) ... p”
[’:fL+1,n inclusion
wh = dom DM D=1 ... p”

Now, the theorem is easily proved as follows. Let 1 < p < p’ < co and
0 <n <n'. Then LZ,)n = Li,,n,ilbi,717n,72 . Li+1’n is injective. Furthermore,

’
. P n _ 0 P . . . . . R P
since ¢, oty = Ly plno 18 injective thanks to the compatibility of LP(M, )
norms, iy, ., is also injective. O

Proof of Theorem 3.6. First, for each n € Ny we show that the x-operation
on P is continuous in W, topology and that the multiplication on P is bicon-
tinuous in W/ topology. The first claim is seen because

123 @) ooy = IE3 ) oty = 32l mry (@ €P).
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For the second claim, it suffices to prove that for every 0 < p < oo there exists
a constant Cy, , such that |zy|[7,» < Cnp

x”;v%”yH*sz for all x,y = ’P We
estimate

x|l < C{||$Z/HLP(M<1>,T<1>) + DD @y)ll Lo 22y

4+ 4 | D™ DML D(l)(xy)||Lp(M(n+l);r(n+l))}

< C{”‘Ty”LP(M(l),T(I)) + 1DV (@)D W) oo )

+ 11D @) DD W) Lo are -
n n—1 1 n n—1
oot >0 ARARTY A (@) AT A
Jc{1,2,...,n}

.. Afllc) (y)HLP(M(n+1)7T(n+1>) }

< 2”C{||$IIL2P(M<1>,T<1>) + DY @) p2v paca) 721
4t HD(”)D(”*DD(U(x)||L2p(M<n+1)7T(n+1>)}

% Iyl 2w a0y + DD @) z2ranee r0)
+. 4 D™ DD DO (y)||L2p(M(n+1)7T<n+1>)}

< 2°CC allfy a0 20

In the above, ZJC{LQ,M,”} is the summation over all subsets J of {1,2,...,n},
Je={1,2,...,n}\ J and

Ak — D) ifkeJ,
A if k¢ J.

The first and last inequalities in the above follow from Proposition 4.10, and
the third one is due to Lemma 4.11.

Now, the s-operation and the multiplication on P can be canonically ex-
tended on W/ by continuity so that W' and also S become Fréchet *-algebras.
Finally, it is easily verified (see the proof of Theorem 3.7) that the *-operation
and the multiplication on W where n > 4 are equal to those of the C*-algebra
A, that is, the inclusion W' @ A for n > 4 is a *-algebraic homomorphism.
The same is true for S too, and the proof of Corollary 3.8 is also completed. [
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85. Schwartz Distribution Space

The C*° algebra S constructed in Section 3 may be regarded as the free
analog of the rapidly decreasing C* function algebra. So it is natural to intro-

duce Schwartz distributions in free probability as continuous linear functionals
on S.

Definition 5.1. Let S’ denote the dual space of S, i.e., the space of all
continuous linear functionals on S equipped with weak* topology. We call &’
the Schwartz distribution space.

For each 1 < p < oo and n € Ny, the dual space of WP is denoted by
Win with ¢ = %, which we are going to formulate as the Sobolev space with
minus index. In the following we use the symbol ()’ to mean the dual of a
space or a map. Let1<p<p’<oo7q:%7q’= e (1<q <qg< o)

p'=1
and 0 < n < n'. Since .7, » and @, have dense ranges, the dual maps i, ", =

P 4,9
/ —~ —~ / ! —~ —~
n TV q ~q — (P . q s
(Lp/’p) WZo, - Wi, andiZ, = (Ln',n) W2, — WZ , are injective, and
we have
,\_n/ ~q _ n’ li P / _ P TL/ /
Lq,q’ [’—n,—n’ - (Lp',p) (Ln’,n) - (”n’,n[’p',p)

’ ’
_(,m P _q A
- (Lp’,pbn’,n) = ln,—nrlqq-

Thus, we obtain the following commuting diagram:

o~ o~ o~

q 2 q
Wi, e W2, e Wi

U U u
(6) Wi e W2, e WY
v v U
wi, e w2 e Wi
(2<qg<o0) (1<g¢g<?2)

Due to Theorem 3.7 (and Definition 3.5) we see that S’ is the inductive limit
space of (S, ||- ||w3)/ that is the inductive limit of W2, as n — co. The duality
for noncommutative LP spaces says that the Banach spaces W} = LP(M, )
(1 <p< ) and Wfo = (Wg)l = (Lq(M,T))I are identified via the linear
isometry A, : W — wr o given by

Ap(z) =7(2) EWEO: (Lq(./\/ln'))/ (x € W§ = LP(M, 7).

By combining the diagrams (4) and (6) with identification W§ = we o via
Ap, we finally obtain the diagram of all the Sobolev spaces with positive and
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negative indices as follows. In the sequel we omit the symbol ~ for Sobolev

spaces W7,
S/
X . . u
wr, e wi, e WP, ewy
U U U v
wr, e wi o oe WP oewY
U U U
MeWile W=LFP eWg=Lec WY)=Lr € L*
) (2<p< o) (I1<p<?2)
U U U U
wi'e WP e W e w!
U U U U
wie Wy e Wi e W}
U U U U

U
S

In the above diagram, for each n € N let WY, be the inductive limit space of
WP, (1 <p< ), then & is the inductive limit of WY, (n € N). We may and

—-n

do regard S, A and M as subspaces of S’ as described in the above diagram.

—_ 2 T
Let IC be the direct product linear space of ’PkL () (k € Np), i.e., the
_ 72
linear space of all sequences (zg,Z1,...,Tk,...) such that xj € 77,6 (M) for

all k € Ny. For each n € Z define the subspace

H? = {x = (20, X1, ..., Tg,...) EK: Z(l +k‘)"||xk||%2(M7T) < oo}.
k=0

Then it is easy to see that H2 is a Hilbert space with the inner product

o0

(@, gz =Y (1 +E) " (@p o)) 2mry (.27 € HY),
k=0

and it is naturally isomorphic to W2. For instance, when n < 0, the isomor-
phism W2 ~ H?2 is given as z(y) = > _po(zk, yx) for x € H2 and y € P C W2
In fact, this defines a bounded linear functional z(-) on W2, whose norm is
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computed as

1
e’} 2
Hd0|={§:O+k+-~+HU”WmﬁaMﬂ} ~ Jlall 2

k=0

If n < n/, then H 2/ is a subspace of H2, so we denote its inclusion map by

Fon’ - On the other hand, the inclusion map of W?, € W} in the diagram (7) is
denoted by ¢y 5. Then, ks 2 H2, — H2 and ty ,, : W2 — W2 are conjugate
via W2 ~ H2 and W2, ~ H?,; namely we obtain the commuting diagram

W2~ H?
y (Ul
W2 ~ H?,

Now, it is straightforward to verify the next representation theorem for S and
S’ based on the facts explained so far; we omit the detailed proof.

Theorem 5.2.  The Schwartz distribution space S’ is represented as the
subspace of IC consisting of all slowly increasing sequences, i.e., x = (zg, 1, ... ,
Tk, ... ) € K such that

Zl—i—k‘ ||kaL2(MT)<oo for some mn € Z.
k=0

On the other hand, the C'*° algebra S is represented as the subspace of IC con-

sisting of all rapidly decreeing sequences, i.e., Y = (Yo, Y1, .- > Yk,---) € K such
that

o0

Z(l + k)"||yk||2L2(M,T) < oo for all n€Z.

k=0

Under these representations, the duality is given by

) =D @immmn (eS8, yes).
k=0

Furthermore, for every x € 8', Y7, x converges to x as m — oo in S’ topol-
ogy, where xy = ZZNQ’W el fi1i2~--ikﬁ1i2 4, (in 8 topology) and & iy, =
@(T,iy.i). (Here, Ty iyoi, and z(-) are regarded as linear functionals on S )
Similarly, for everyy € S, Y ;- yr converges to y as m — oo in S topol-
ogy, where yi = Zil,i%‘..,ikel Niyig- iy Livio-i, (in S topology) and My iy..i, =
T(Tz*mzky)
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86. (' Vector Fields

Let ST be the direct product of S over I which is a linear space. For any
k = (k;)ier € ST the derivation 6, on S with domd, = P is uniquely well
defined by the condition 0 (s;) = k; (i € I), because P is isomorphic to the
noncommutative polynomial ring C(X; : ¢ € I). Then, it is obvious that
is *-derivation if and only if k = (k;)ie; € (S°?)! C S, where ¢ is the real
linear space consisting of selfadjoint elements of S. We denote by D denote the
linear span of T;,;,...., € 8@ for n € Ny and iy, ...,i, € I® such that i; € I
(a copy of I) and i, € I (k # j) for some 1 < j < n. Then D becomes a P
subbimodule of S®). Let B be an algebra, NV, a B bimodule and &, : B — N, a
derivation. Then (d,, N,,) is called a universal differential bimodule for B if, for
any derivation § : B — N with a B bimodule N, there exists a unique bimodule
map mgs : N, — N such that § = mgsd,.

B Ou N,

ms

N

Due to the universality definition, a universal differential bimodule for a
given algebra is unique up to isomorphism. For P let Np be the algebraic direct
sum P, ), je;(P @ P), a P bimodule, and define the derivation dp : P — Np
by

o i an"'70a1 1707"' EN
P(si) = ( ® ) € Np
ith
Then (Np,dp) is the universal differential bimodule for P being isomorphic to
the noncommutative polynomial ring.

Lemma 6.1.  Consider the weak derivation D given in Definition 4.1 as
a deriwation D : P — D. Then (Np,dp) and (D, D) are isomorphic, so (D, D)
18 the universal differential bimodule for P.

Proof. The elements T}, ;,...;, ®Tj, j,...;, Where n,l € Ny and 71,12, ..., 0,
1,42y, 51 € I form a linear basis of P ® P. For each i € I define the linear
map

mi: 0@ G0OPOP&0---(CNp) =D
ith
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by

my (0 @ D0D Tiiyeiy, ®Tjjpsy 0+ ) = Thrig-vin (- N)jagai>

ith

and consider m = @,.;m; : Np — D. Then it is immediate to see that
@, mi is an injective P bimodule map from Np onto D. Since

m67>(sl) = m(O,...,O,l ® 1,0,...) =Ty N = D(Sl) (’L S I),
we have mdép = D. O

Thank to the above lemma, for any k = (k;);cs € S’ there exists a unique
P bimodule map my, : D — S such that mg(Tiyn) = k; (¢ € I); it satisfies

0 = mpD. For each i € I the partial weak derivation % : P — D and the P
bimodule map my, : D — P are well defined by
9 Tow  ifj=4,
T;)=
851'( 3) {O otherwise,
k; if j =1,
(T; =
i (Tj4n) {O otherwise

for all j € I. Then we obtain

7]
D:Z(?Si’

icl
my = E M, ,
el
0
5k :mkD = E mg,; .
881'

iel

We call the derivation §y : P — D defined as above a C'°° wvector field because
it is a differential operator of the first order with C'*® coefficients. The linear
space of all C* vector fields can be identified with the linear space S'.

In the next theorem, we find a necessary and sufficient condition for a C'*°
vector field 0y to have divergence zero, that is, for the 7-preservation of d; in
the sense that 7(dx(x)) = 0 for all z € P. The condition is presented as a
simple cocyclic condition for the Fourier coeflicients of the vector field. Note
that the same is obtained in [15, Corollary 7.6] but our derivation is more direct
than that in [15].
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Theorem 6.2.  Let §y be a C* vector field, and assume that the Fourier

expansions of its coefficients are

k; = Z Z Ci7i17;2...in/rili2...in (’L € I)

n=01iy,...,in €I
Then, T(0k(x)) = 0 holds for all x € P if and only if the conditions
Cirigoin T Cigyigeinis + Cigigoivia T+ Cipigonin_y = 0
are satisfied for alln € N and i1,19,...,1, € I.
Proof.  Sufficiency. Assume the cocyclic conditions stated above. We may
prove that T(5k(sjlsj2 "‘Sjl)) =0 for all I € N and j1,7j2,...,j; € I because

the set {1} U {s;,8j,---s;, : L € N, j1,J2,...,1 € I} is a linear basis of
dom o, = P. We get

5k(sjlsj2 T Sjl) = (Sk(leTJé T le)
=0k (T5,) Ty, - - Tj, + Ty, 00(T,) T -~ Ty,
AT 'le715k(le)

o0
= Z Z cjl»i1i2~--in,Ti1i2~--z‘n Tj2 .. .j’jl

n=0141,i2,...,in, €1

+ T}, (Z Z Cj2yili2'“inTili2'“in> Ty, ---Tj

n=001 i2,... in €I

o+ Ty Ty, (Z Z Cjz,iliz"'inTiliz"'in> :

n=041,ia,...,in €]

Hence, by the norm convergence of Fourier expansions (as noted after Corollary
3.8) we compute

(8)

70k (55,55, -~ 531))

oo
= § : E : Cj1,iliz~~-inT(Ti1i2~-inTj2Tj3 ’ "le)

n=011,in,...,in €l

Y ChiriainT( T Ty, Ty -+ T)

n=011,ia,...,in €1

+-t Z Z le,i1i2"'inT(Tj1Tj T El—lTili2"‘in)

n=0141,i2,...,in, €1
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= Z { Z Cj17i1i2"'inT(ﬂ1’i2-*~inTj Tj .. .le)
nef{l—1,1-3, ...} Wiy ia,..

in }C{J2,d3,- 501}

+ § : Cj27i1i2"'inT(Ti1i2“'inTj3 o TJLTJ )
{i1,82,00 yin }C{I1,d850-- 501 }
+F » Cipyiviaerin T (Livigein Ty T "'szl)}
{i1,i2,- sin }C{d1,J250- sJ1—1}

thanks to Remark 2.5 (4). We now proceed to compute based on Lemma 2.4 and
Remark 2.5 (4). Let n € {{ — 1,1 —3,...} be fixed and (ry,r2,...,7-1) be one

of (jo,j3y---3791)s (J3s--sd1551)5 «-+5 (J1,Jd2,---,51—1). Consider the following
diagram associated with (Ti,4y.ip, s Trqs Trgs -« Iry_y )

9)

i1dg - dp T1 T2 v T

Lemma 2.4 implies that 7(T;,ip.i, Ty Trp - T,

r_,) is equal to the number of

non-crossing pair partitions of the diagram (9). In a non-crossing pair partition
of (9),let 1 < k(1) <k(2) <--- < k(n) <1—1 be the indices such that the n
vertices in the first block with labels i,,,4,_1, ..., 41 are paired with the vertices
with labels 74,1), 7k(2), - - -, Tk(n), Tespectively. For each 1 < p(0) < p(1) <--- <
p(n) <1 consider the case

(11,7255 71-1) = (Jp)+1> Ip(t)+2> - - > Jp(t)+i—1);

where t = 0,1,...,n and p(t) + ¢ (1 < ¢ <1 —1) are understood under mod 1
(80 Jp(t)+i—1 = Jp(t)—1 for instance). For this case the number of pair partitions
of (9) such that

(k(1),k(2),...,k(n)) = (p(t+1),p(t+2),...,p(t—1)) (in the cyclic order)

is equal to
M(p(0),p(1),...,p(n)) = MoMy --- My,

where M, is the number of pair partitions of the subdiagram (interval) of (9):

° o |- °
p(w)+1 puw)+2 -+ plut+l) -1
for u = 0,1,...,n. Therefore, the contribution of these pair partitions to

7(0k(sj, 85, -+ 55,)) is

M(p(O),p(l), s ,p(n)) Chn(t)s Ip(t+1)dp(t+2)  Jp(t—1)*
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whose sum over t =0,1,...,n is

M(p(0),p(1), ..., p(n))

{Cﬂmo) Gpydp@ dpm T Cipay do@ dpmdpe) T T ij(n)»J'p<o>J'p<1>"'jp<n—1>}

by assumption. Finally, notice that every non-crossing pair partition of one
of the diagrams associated with the terms in (8) is counted just once in the
above computation. Summing up zeros over all choices of 1 < p(0) < p(1) <
-<p(n) <lforne{l—1,1-3,...} we obtain 7(0x(s;,5j,---55)) =0, as
required.
Necessity. Assume that there exist iq,149,... ,4, such that

Ciyigervin T Cigjigeriniy + Cigig-viria T " T Cipigovip_y 7 0

Let 41,72,... ,i, be one of such strings with least n. Then, from the above
proof of sufficiency we see that

T(0k(Siyiy *+ $i,)) = Cirsigenviny + Cigyigeriniy T Ciggigmivia + 0 F Cipiyenin_y # 0.
]

Although it cannot be proved at the moment, we expect that, for any
C* vector field Jy, the bimodule map my : D — S is continuous when D is
equipped with S topology and S with S topology. If this is the case, then
any C'*° vector field §; is continuous on S thanks to §x = miD, and so the
(continuous) dual map (dx)’ is defined on the space S’ of Schwartz distributions.
Furthermore, in this situation, the next proposition says that any 7-preserving
C® vector field 0y is continuous with respect to S’ topology and it has the
closure defined on the whole space S.

Proposition 6.3.  If a C* vector field 0, is T-preserving and continu-
ous on S, then s
—(01)'|s = 0k

. . . —S" .
Consequently, &y, is continuous with respect to S’ topology and 0y is defined
on the whole space 8" of Schwartz distributions

Proof. First, we prove that —(dx)’|p = dkx|p- To do so, we may prove
that
(6/6) ( G102 ) = 6k(11i1i2~~in)
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for all n € N and 41,42, ...,i, € I. For every I € N and j1, jo2,...,J; € I, using
the derivation formula and the 7-preservation, we get

7Ok (Tivigein ) Thngogi) = =T (Tivigin Ok (T joeragi)) + T (06 (Tiyigervi, Tagoii))
T (Tisizin Ok (Thijarii))
= —(0k) (Tiyin-in ) Tjrjo-gi)-

Hence we have —(di)'|p = di|p. Since P is dense in S, this implies that
—S

—(0k)|s = 0 so that dy is continuous with respect to S’ topology. The last

assertion is obvious because P is dense in S’ by Theorem 5.2. U

Finally, we would like to mention that our final goal would be attained
by analyzing the actions on the free group factors by the pseudo-differential
technique from the PDE theory in contrast to the traditional method ([3] and
[12]). This viewpoint looks most attractive to the author and is the reason why
we have constructed the free analog of the Schwartz distribution space.

87. Appendix: Noncommutative Cubic Space

We here discuss a bit C*-algebras that appeared in this paper. The K-
theory of the C*-algebra *, nC([—2,2]) can be obtained in the same way as in
[4], but we here get it in a simpler way.

Let By, By be two unital C*-algebras and g, ¥1 be two unital homomor-
phisms from B; to By. We say that ¢y and ¥ are unitally homotopic and write
1o ~p 1)1 if there exists a point-norm-continuous map zZ(t) on t € [0,1] into
the unital homomorphisms from B; to B such that 1;(0) = 1o and szv(l) = 1.
Moreover, we say that By and Bs are unitally homotopic and write B ~j, Bs
if there exist two unital homomorphism iy : By — By and 5 : By — By such
that ¥ty ~p, idp, and Y1tPe ~p, idp,. Let B; (i € I) be unital C*-algebras in-
dexed by I. Then the universal C*-free product x, ;c1B; is a unique C*-algebra
with unital homomorphisms o; : B; — %, e1B; (i € I) satisfying the following
universality property: for any C*-algebra C and for any family of unital homo-
morphisms ¢; : B; — C (i € I), there exists a unique unital homomorphism
*u,icI®i + *uicrB; — C such that the following diagram is commuting for each
iel:

B; i > xu,ic1Bi

i

*u,iel¢i

C
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Proposition 7.1.  Let Bi; and By ; (i € I) be two families of unital C*-
algebras indexed by I. If By ; ~p, Bay for alli € I, then %y ie1B1s ~h *u,ic1Ba,i.

Proof. By assumption there exist C*-homomorphisms 5 ; : B1; — Ba;
and ’(/}2’7; : 82’7; — Bl,i (’L € I) such that 1[)271'1/1177; ~h idBl,i and 1[)171'1/1277; ~p idBQ,i‘
Then we have the homomorphisms  icrt1,; @ *uiciBi,i — *u,icrB2,; and
*uicIW2,i * *uic1Bai — *uicrBi,;. We need to prove that

(kusicr¥2,i) (Fujicr¥1,i) ~n iduy scrBy 2
(kusicr¥1,i) (ujicrthe,i) ~n ide, ,c B, -

By symmetry it is enough to prove the first assertion. For each i € I let
Y;(t) (t € [0,1]) be a homotopy map connecting 1211, and idp, , so that
1;(0) = 2 3415 and (1) = idp, ,. Then, by construction we have

Heuie1®i(0) = %y icr (Vo ith1 ;) = (kusicrtha,i) (ku,icrth,i)
and
Swicr¥i(1) = *yicridp, , = idy, 8, ,-
So it suffices to show the point-norm-continuity of the one-parameter unital
homomorphisms *weﬂzi(t) tkuierBii = *u,ierBis. But this is immediately
verified by applying to elements in the algebraic free product of B; ;, a dense
subalgebra of %y ;e 1B1 4. O

Corollary 7.2.  The C*-algebra x, nC([—2,2]) are contractible to one
point for any N = cardl, i.e., %, NC([—2,2]) ~p C. Consequently, %, nC
([-2,2]) are projectionless and

Ko(*u,nC([-2,2])) =Z, Ki(*u,nC([-2,2])) =0.
In the Ko isomorphism, [1,, | c(~2,2))] corresponds to 1 € Z.

Proof. Since C([—2,2]) ~y C, the above proposition implies that %, yC°
([-2,2]) ~p, *#4,nC = C. This shows the assertions on the K-theory. There is a
homotopy map ¢(t) on ¢ € [0,1] into the unital homomorphisms of C([—2,2])
into itself such that ¢(0) = ide(_o)) and ¢(1) = 6y where d(f) = f(0) for
f e C(-2,2]). Set U(t) = *mNg(t) for ¢ € [0,1], which is a homotopy map
connecting id,, \c(—2,2)) and %y, n00 : %y, NC([=2,2]) = C (C xu,nC([-2,2])).
Assume that a nontrivial projection p exists in x, yC([—2,2]). Then ¢(t)(p) is
a continuous path from p to a projection in C. This gives a contradiction. [

Let q : *, nC([—2,2]) — A = %, vC([—2,2]) be the natural surjective
homomorphism. Then Ky(g) is an injective map because A has a faithful
tracial state. An interesting problem is to decide whether it is surjective.
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