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On a Certain Semiclassical Problem
on Wiener Spaces

By

Shigeki AIDA*

Abstract

We study asymptotic behavior of the spectrum of a Schrédinger type operator
Ly = L — A2V on the Wiener space as A\ — oco. Here L denotes the Ornstein-
Uhlenbeck operator and V' is a nonnegative potential function which has finitely many
zero points. For some classes of potential functions, we determine the divergence order
of the lowest eigenvalue. Also tunneling effect is studied.

81. Introduction

Let A be the Laplace operator on R™ and consider a Schrédinger operator
Hy = A=)V, where V is a smooth nonnegative potential function. The study
on the spectral set of —H) when \ tends to infinity is called a semiclassical
problem and many results were obtained ([18], [19], [21], [30], [31] and references
therein).

We recall basic results in semiclassical problem on R™. Now we assume
that V has finitely many zero points and the Hessian is nondegenerate there and
lim inf || o V(2) > 0. Then the divergence order of the low lying eigenvalues
is the same as A and the coefficients are determined by the harmonic oscillators
which are obtained by approximating V by the quadratic functions near the
zero points. Also the ground state (= positive normalized eigenfunction corre-
sponding to the lowest eigenvalue) localizes near zero points as A — oo. If the
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ground state can localize in more than two wells in positive probability, then the

A under

difference of the lowest two eigenvalues is exponentially small like e~
semiclassical limit and the coefficient ¢ is determined by the Agmon distance
between the two zero points.

On the other hand, second order differential operators in infinite dimen-
sional spaces naturally arose in quantum field theory and the spectral properties
were studied from such view points and basic properties of Schrédinger type
operators in abstract Boson Fock spaces can be found in Simon and Hoegh-
Krohn [33]. More generally, let —L be a nonnegative self-adjoint operator which
generates a diffusion semigroup on L?(X, u). Here (X, ) denotes a probabil-
ity space. Take a nonnegative integrable function V on X and consider a
Schrédinger type operator —Ly = —L + V' which is an abstract version of
a perturbed Hamiltonian in Boson Fock space. Let Ey = inf{o(—Ly)} and
Ey, =inf{o(—Lv)\{Eo}}. Actually it is not trivial when Ey and E; are eigen-
values and Fy # Ey. By the result in [14], if —Ly generates a hyperbounded
semigroup, then Fj is an eigenvalue. In addition to the assumption, if —L sat-
isfies the weak spectral gap property (see [27], [4], [23], [13]), E1 — Ey > 0 holds
which was proved recently by Gong, Rockner and Wu [12]. This is a generaliza-
tion of a part of Theorem 4.5 in Simon and Hoegh-Krohn [33]. The results in
[12] can be applied to Schrodinger type operator on loop spaces over compact
Riemannian manifolds which were studied in [16], [3] and [11]. However, differ-
ently from finite dimensional cases, little is known about semiclassical analysis
in infinite dimensional spaces. It might be a good time to study semiclassi-
cal analysis in infinite dimensional spaces taking the developments above into
account.

In this paper, we will consider a Schrodinger type operator fL{\, =—-L+
A2V on an abstract Wiener space X and we will study the asymptotic behavior
of the lowest eigenvalue and the gap of the lowest two eingenvalues as A — oo.
Here L denotes the Ornstein-Uhlenbeck operator. We just consider the case
where X is a Hilbert space and V is a C® function on X in this paper. In Eu-
clidean quantum field theory, the different scaled Hamiltonian 7L+)\V()\’1/ 2¢)
should be studied and Arai [8] studied the semiclassical limit of the partition
function of the Hamiltonian. In the forthcoming paper [6], we will study the
behavior of the lowest eigenvalue of a Schrédinger operator of this scaling. Also
see [9], [20], [34] and [35] for the semiclassical problem in high dimensions. One
of my motivation to study semiclassical analysis in infinite dimensional spaces
is to study the semiclassical behavior of “Witten complex” on loop spaces. See
(36], [7], [6].
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The structure of this paper is as follows. First, we consider a Schrédinger
operator with a quadratic potential function. Differently from finite dimen-
sional cases, the asymptotic order of the lowest eigenvalue may be the same as
A%, where « is any positive number in [1,2). Next we consider a general po-
tential function V' and we prove that the asymptotics of the lowest eigenvalue
of L{‘, is the same as that of the Schrédinger operator with the approximate
quadratic potential. Finally, we will consider double well type potential func-
tion. In such a case, tunneling phenomena occur and we will give an upper
bound estimate on the asymptotics of the gap of the two lowest eigenvalues by
using the Agmon distance. At the moment, I do not have any results on the
lower bound estimate. For that purpose, probably, we need good estimates on

the semigroup etLv/A

which is related with Schilder type large deviation and
pointwise estimate on the ground state near the localized points under the limit

A — 00 as one can see in the proof in [30].

82. Quadratic Potential

Let H be a real separable Hilbert space. Let T be a trace class strictly
positive self-adjoint operator on H. Let X be the Hilbert space which is the
completion of H with respect to the norm ||h||x = |[v/Th|/z. Then naturally
H C X and the embedding is a Hilbert-Schmidt operator. For simplicity,
we may denote ( , ) instead of (, )y by omitting the subscript H. By the
definition, VT can be extended to an isometry uniquely from X onto H. We
denote the operator by the same notation. It is standard that there exists a
unique Gaussian measure g on X such that for any h € X*

e VL] duo) = o (310 ).

Here we use the natural identification and the embedding H ~ H* O X*.
The triplet (X, H, ) is called an abstract Wiener space. The space X is not
necessary a Hilbert space in general. But in the calculus below, we use the
Hilbert space structure. So we consider the Hilbert space case only in this
paper. For h € H, we denote by (¢, h)y a Wiener integral. Note that the
functional is defined just for almost all ¢ € X. We denote by L(H, H) the
set of bounded linear operators on H. Now we introduce a subset Lp(H, H)
of L(H,H). We define K € L(H, H) belongs to Lr(H, H) if and only if the
following (1) and (2) hold.

(1) K is a strictly positive trace class operator on H.

(2) VK can be extended to a bounded linear operator from X to H,
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Again we denote the extension by v K. Of course, T € Ly(H, H). In this
section, we denote the eigenvalues and normalized eigenvectors of K by {£;}22,
and {e;}$2; such that Ke; = &e;. Note that e; € X* for all 4. This is obvious
because |(e;, h)g| < {;UQH\/EHL(X,H)HhHX for all h € H. Therefore (¢, e¢;) is
not a Wiener integral but a continuous linear functional on X. Let us consider a
quadratic Wiener functional Vi 5 (¢) = [[VEK (¢ —h)||% (¢ € X). Tt holds that
DV n(¢) = 2(K¢ — Kh) and |DVic 1(¢) | < 2|VE || (1) - /Vie,n(9) for all
¢. Here D denotes the H-derivative. Below we will use several notations in the
Malliavin calculus. D*P denotes the space of real valued functions on X whose
H-derivatives up to k-times and themselves are in LP. We refer the precise
definition to [10]. Let L be the Ornstein-Uhlenbeck operator on L?(X, u). Let
us consider a nonpositive symmetric operator Ly , = L—X*V j, on FCi°. Here
FC;° denotes the space of smooth cylindrical functions. Then by Theorem X.58
in [28], this operator is essentially self-adjoint. We use the same notation to
denote the self-adjoint extension. We can see the spectral property of L;\(,h in
Theorem 2.2 below. Before doing so, we prepare the following.

Lemma 2.1.  For any h € H, we have

21) 0< ((«/IH Y AK - IH) h, h) < 2min {(Kh, h), (\/Eh, h)} .
In particular \/Ig + 4X2K — Iy is a trace class operator for any A.

Proof. Let h; = (h,e;)g. Then for any h € H, it holds

(2.2) ((m - IH) h,h) - i (m _ 1) n2

_i A&ih7

VTG

< min {QZ@-h?,zZ \/ZhQ} :
=1 1=1

Theorem 2.2. (1) The lowest eigenvalue of _L}\gh is given by

(2.3) EO()\,K,h):i{;<m—l>+W}.

Pt 1+ 4)\251
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(2) The spectral set of O’(*L;‘(,h) consists of eigenvalues
(2.4)

O—ZDP(_L}\(,h) = {EO()‘v Kv h) + Z ki\/ 14+ 4)‘251
=1

ki € NU{0}, ) ki < oo}
=1

and the essential spectrum
(2.5) aess(—L}\ﬂh) = {a: +n ‘x € Upp(—L;‘(’h),n € N} .

The set Upp(—L%h) 18 given by counting multiplicities. Also the multiplicity of
each eigenvalue is finite and the eigenfunctions constitute a complete orthonor-
mal system.

(3) The ground state of _L?(,h s given by

(2.6)
Qr.n(N D)
= det (1 + 42 K) " exp [ (VI 0K ~ 1) (6= ). (9= )]
X exp [—% (qS —h, {(IH +4>\2K)—1/2 _ [H} h)

+ i ({1a = (1w +422K) 72} , h)] .

Proof. Let h; = (h,e;). Define —Lj ,, . = —>"1" | L;, where

L. = _d_2 _5_35‘1 + )\25,(35, — h,)2
(2 dgjf ’del (2 7 (2 M

L; is a 1-dimensional version of —L}\(’h. Namely it is a self-adjoint operator
o2

on L*(R,u;), where du; = %dmi. Let us consider the spectral set of L;.

By using the unitary transformation U; : L?(R,dp;) — L*(R,dx;) such that
o2

(Uif)(x;) = pi(zi)f(z;), we have Uilfinfl = H; where p;(z) = % and

—H, = —% + %? — 5 4+ A% (w; — hi)?. Let Sj, be the unitary transformation

on L*(R,dz) such that Sy, f(z) = f(x 4 h). Then for h; = ANEih

1+4X2¢;
@1 1 Rz
2.7 S: HiS 5 = — 1T (144M2)a? — = 4 NS
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Note that H, = f% + in2x2 has the pure point spectrum with multiplicity
1 and it is given by

(2.8) {|n|< +k> ’keNU{O}}

Normalized eigenfunction with eigenvalue |n| (% + k) is

exp (—%1'2)

(2.9) n(e) = Hi(v/) (2rfn|-)"*

where Hy(z) = %612/2% (6’12/2> is the Hermite polynomial of degree k.

Thus —L} %,h,n has the eigenvalues

' Koo shon V1+4xe 2 T 144N

and the corresponding eigenfunction is

(2.11) €y ko (150 X)) = Hpi(xi)_lekh\/m(% — hy).
i=1
For ¢ € X,

(2~12) €ky,... 7kn70(¢) = hmoo k1, kpn,Om ((¢7 61)7 S (¢; em-i-n)) >

m—

where 0,, is the m-dimensional zero vector. This limit exists for almost all ¢
and explicitly we have

(2.13)  en,,.. ko0(@) = Qrn(A HHk ( (14 422¢;)1/4 <(¢7€i) _Bi))-

It is easy to check that e, ... 1, o is an eigenfunction of L 7, With the eigenvalue

yeen

Ey, ... k.0, Where

1 22
B0 Z{ VIRDE (5 +) - 5+ 1 g )

and k; = 0 for j > n+1. In order to complete the proof of (2.3) and (2.4), it is
sufficient to show that the set of eigenfunctions e, . x,.0 (ki € {0}UN,n € N)
is a complete orthonormal system of L?(X, ). To this end, let

(214)  Unf(8) = Qa0 0) - f (1 +40°K) (0 1)
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where h = 4\>K (I + 4\*K)~'h. Let
(2.15)  u(¢) = {(IH FANE) YA IH} ¢ — (Iy + AN2K) Y4,

Then u(-) is an H-valued function and it holds that

216)  Quca(n)? = detalli + Dulo)) exp (~Du(o) 5l ).

where det 5 stands for the Carleman-Fredholm determinant. Consequently Uj,
is an unitary transformation on L?(X, 1) by Theorem 6.4 in [25]. Since the set

{H Hy, ((0,€:)) ‘ ki e NU{0},n € N}
i=1

constitutes an complete orthonormal system in L?(X,u), these prove (2.3),
(2.4) and (2.6). Now we prove the multiplicity of the eigenvalue is finite and
(2.5). To this end, it suffices to prove the following Lemma 2.3. |

Lemma 2.3.  Let {a;}52, be a positive sequence such that a; > 1 and
lim; .a; = 1. Let S be the set of all real numbers which are written as
Yoo, kia; where k; e NU{0}. For s € S, we denote by m(s) the total number
of such representations of s. Then the following hold.

(1) For all s, m(s) < o0.
(2) The set of accumulation points of S is {x +n | z € S,n € N}.

Proof. (1) Assume m(s) = oco. Then there exists at least one natural
number n and there exist countable family of finite sequence such that

e pi <. <ph, Py €N, {q},...,q,} CNU{0} and S:Z;.L:lq;ap; for
all 7 e N.

Since a; > 1 for all i, there exists | (1 <1 < n), such that lim; . p} = oo
for I < j < mn and limsup,_, p; < oo for 1 < j<[—1. Then there exists M
such that pj; < M and ¢ < M forall 1 < 7 <1l—1 and t,i € N. Therefore
by choosing subsequence of i, we may assume P =Pj, 4 = Gt forall1 <j<
[ —1,1 <t <n. This implies for all i

§= Z gjap; + Z q5ap: = Z qjap; + Z q;-

1<5<i-1 1<j<n 1<j<i-1 1<j<n
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But this is a contradiction since a,; > 1.

(2) Clearly = 4+ n where = € S n € N is an accumulation point. Let ¢
be an accumulation point of S. Then ¢ = lim;_, ZFl qj pis where qj,pj are
numbers satisfying the same property as in the proof of (1). Then by the same
argument as in (1), we have ¢ = 215j§1—1 qjap; + Zlgjgn g; which completes
the proof. O

Remark 2.4. A similar fact of the essential spectrum of the Dirichlet
operator for a weighted Wiener measure was obtained by Hino [22].

Now let us consider the divergence order of the lowest eigenvalue. For
L hon» by (2.10)

info(—L

(2.17) lim Kh n) _ Z V.

A—o0

This kind of asymptotics is well-known in semiclassical analysis in finite dimen-
sional spaces. Also it is known that the growth order of the lowest eigenvalue
of the Schrédinger operator —A + A\%[z|® is not linear if o # 2. In infinite di-
mensional cases, the effect of the dimension appears. That is, differently from
finite dimensional cases, Eg(), K, h) is an infinite sum and the divergence or-
der changes according to the decreasing speed of {£;}. We will prove it in the
lemma below.

Lemma 2.5. (1) Let 1 <a <2 If 352, 5?/2 < 00, then

(2.18) lim 22K

A—00 A
(2) Assume that {&,} is a strictly decreasing sequence and limsup,_,
A"*Eo(\, K, h) < 0o. Here 1 < a < 2. Then it holds that sup, n*/“&, < co.
(3) We have

oo

(2.19) lim ﬂ Z\/Z

A—00

In particular, if Y .0, /& = oo, then the left-hand side diverges.
(4) Let 1 < o < 2. Set &, = -5, where =2/« Then

. Eo(\ K h) /‘X’ 2
2.20 lim ————=~ = —dt<
( ) A—00 P 0 1P+ Vt28 + 418
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(5) Let &, = 1/n?. Then

. EO(Aa K7 h’)
2.21 lim ——— =1
(2.21) Mine T 20 log A
Proof. First note that
— hIGN? 1
2.22 —__ < _|hl%.

i=1

So we may omit this term in the calculation below.

(1) Let
1 R W 27 S
(2.23) s = 5 (VI+ %6 -1) = e

and set h;(A) = g;(;\ ). Then by elementary calculations, we see that h;(A) has

/ =T
% So for any A > 0,

the maximum value at A =

2—«
(2.24) ha(y) < 20— Y) ( “(2_0‘)> €.

@ 2(a—1) '

Therefore if Y o, & /2 < o, then by the Lebesgue dominated convergence
theorem, we are done.

(2) Let f(z) be a smooth strictly decreasing function on [0, 00) such that
f(i) = &1 for i € NU{0}. For 0 <t <&, set p(t) = f~1(t). For R > 0, let

B R 202 f(x)
IR(A)_/O RV E ey

Then for any R,
(2.25) Ir(A) < ZgiO‘)'
i=1

Let € be a continuous point of ¢’. Then

Loio(A) = / R SR
A R I ey erAd
2eX2¢(e)

T 14+ V1 +4X3%
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Then by the assumption, we have

lim sup A™ %I, (x-2)(A) < oo.
A—00
This implies that there exists C' > 0 such that o(t) < C -t~*/2 for sufficiently
small ¢. By the definition of ¢(t), for sufficiently large z, f(x) < (%)Q/Q. This

completes the proof.
(3) We have

Qi(A) 2¢;

R T

Hence by the Lebesgue dominated convergence theorem, we have

(2.26) &-

o0

i PO TN -3 Ve

A—00

: _ _ daPyre
(4) By the monotone decreasing property of f(z) = Oy wrerer (x > 0),

we have

© 4gPNe Ak=PN2—e
(2.27) / i Z
1 14++V/1+4X2z—8 14+ V1+4X2k—5

42~ o 4P\
<—+ dx
T+VI+4X2 J1 1+ V1I+4X22F
and
I()\)_/OQ 4PN\ e 4t=0
1 1+ vV14+4X22— a8 1+ VI+ AP
Since the improper integral limy_, o, I(A) converges and 2 — « < 1, the proof is
completed.
4

5) In this case, I'(\) = ————.  So by L’hospital’s theorem,

5) 9 1+ V144N Y P
limy oo 21(();))\ =1. ]

§3. Estimates on Eigenfunctions

In this section, we consider a potential function V' which satisfies the fol-
lowing assumptions (A1)—(A4).
(A1) V is a nonnegative C® function on X in the sense of Fréchet and it holds
that for some p, L > 0,
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3
(1) V(@) + D IDV(@)lgix < L-(1+]¢llx) forall ¢ € X.
=1

Note that the notation D above denotes the usual Fréchet derivative. We
will use the positive number p and L for an estimate on an Agmon distance
which we will introduce later.

(A2) {p e X | V(¢) =0} = {h1,...,h,}, where h; € H. We denote N :=
{h1,-.  hn}.

The second derivative (D?V')(h;) defines a continuous symmetric form on
X. We assume the following.
(A3) There exists £; > 0 such that for all ¢ € X,

(3.2) (DV)(h;) (0, 8) > &0l

The bounded symmetric operator on H corresponding to the continuous
symmetric form £(D?V)(h;)|gxp is a trace class operator. We denote it by
K;. Note that K; € Ly(H,H) and ||\/K;¢|% = 3(D*V)(h;)(¢,¢) for all
¢ € X. Ly(H, H) was introduced in Section 2.

(A4) There exists a positive constant C'(V') > 0 such that
(33)  Wf{V() | |6 hillx > 8 (1 <j<n)}>C(V)min(? 1),

All assumptions above hold for
(3.4) V(o) =[] lle = hillx
i=1

where h; # h; if i # j. When n = 1, it gives a quadratic Wiener functional
studied in Section 2. When n = 2, the corresponding potential function is an
infinite dimensional version of so called double well potential. Let us consider
—L3y = —L + A2V on FC;°. Then again by Theorem X.58 in [28], this is
essentially self-adjoint. Approximate quadratic potential function Vi, 5, also
satisfies all assumptions above. In the next section, we will use the Schrédinger
operator —L + /\2VKJ,,;LJ. and the lowest eigenvalue Ey(\, K, h;) to describe the
asymptotic property of —Lg.

Now we introduce the Agmon distance which is related with the
Schrédinger operator —Lg.
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Definition 3.1. (1) Let ¢1, ¢ € X. Define

(3.5)
p(¢1, p2) = inf {/0 V(o1 + h(t))||h(t)||Hdt ‘ h € H and ¢1 + h(1) = gbg} ,
where

(3.6) H= {h : [0,1] = H ‘ h(0) = 0 and h(-) is an absolutely

1
continuous path on H and satisfies that / h(t)]|%dt < oo}.
0

In (3.5), if the set on the right-hand side is empty set, we define p(¢1, ¢2) = oco.
(2) For an open subset G of X, we define

(3.7) p(z,G) = inf {p(x, y)‘ y € G} .

We can prove the measurability of p(-, G). To this end, we introduce some
notations. Let S be a countable dense subset of H and for v € S, let C, be
a countable dense subset of H([0,1] — H | ¢(0) = 0, ¢(1) = v) consisting of
smooth curves. Also let Cg = UyesCyp = {cn(v) | n=1,2,...}.

Lemma 3.2.  For any non empty open set G, p(-,G) is a measurable
function on X and for any ¢ € G, p(¢,G) < co.

Proof. Let 1hg(¢) be a measurable function on X such that ¢g(é) = 0
for ¢ € G and Y (¢) = 0o for ¢ ¢ G. For each ¢, € Cg, define

(38)  pa(.G) = / VG F en(D) e ()]t + (6 + en(1):

By the continuity of V' and the open property of G, it holds that for each
¢e X,

n—oo 1<k<n

Noting pi(¢, G) is a measurable function, we see p(¢, G) is a measurable func-
tion. The latter part is obvious since for any ¢ € X, there exists h € H such
that ¢+ h € G. O

Let us denote
Us(N) =Uj_,Us(hy),
Us(hj)={¢p € X | [[¢ —hjlly <d}.
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Since Us(N) is an open set, p (-, Us(NN)) is a measurable function.

We prove some elementary properties of the Agmon distance below. Recall
that a measurable function F' on X is called an H-continuous function if
F(¢+-) : H— Ris continuous for all ¢ € X.

Lemma 3.3.  For each § > 0, the following hold.
(1) p(-,Us(N)) is an H-continuous function and p(-,Us(N)) € DY2 and
satisfies that

(3.9) [Dp(¢, Us(N))| < V/V(9), p-a.e. ¢.

(2) There exists a polynomial P(x,y,z) whose degree is at most 2p such
that for all ¢ € X,

(3.10) V(@) < P (8,67 p(6,Us(N))) -

The coefficients of P are positive number and determined by K, h;, L, C(V)
and &;.

(3) Let us consider the case where V(¢) = Vg n(¢). Then, for all ¢ € X,
we have

(3.11) (View(9) = 6%) " < 2|VE || 1,1y (6, Us (h)).

where at := max(a, 0).

Proof. (1) First, we prove the H-continuity of p (-,Us(N)). Let h € H.
Then by the polynomial growth condition on V/,

(3812) 6+ h,Us(N)) < p (6, Us(N /\/ @+ h—th)||hll e
p (6, Us(N)) + LY2(1 + 8]l x + 1Bl x)""2I1A] .

This proves the H-continuity of p (-, Us(N)). If V is a bounded function, then by
the same argument above, we see that p (-, Us(N)) is an H-Lipschitz continuous
function. That is, there exists C' > 0 such that for all ¢ € X and h € H,
lp(¢ + h,Us(N)) — p(¢,Us(N))| < C|h||g. By 5.4.10. Example in [10], we
obtain p (-,Us(N)) € DY2. Also by the same calculation as in (3.12), we see
that

(3.13) lim sup p(¢ +eh,Us(N)) — p(¢,Us(N < \/V—HhHH

e—0 3

By 5.7.2. Theorem in [10], we obtain (3.9).
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Now let us consider the unbounded case. Let V,,,(¢) = min(V (¢), m) and
denote the Agmon distance by p,, (¢, Us(N)) which is defined by the potential

function V;,,(¢). Then we have |Dpp, (¢, Us(N))| < /Vin(¢) a.e. ¢ and for any
¢eX,

(3.14) T p(, Us(N)) = p (6, Us(N)

These imply (3.9).
(2) For simplicity, we write r = p (¢, Us(N)). Note that

(3.15) p(¢,Us(N)) = min{p(¢, Us(h;)) | 1 < j <n}.

First we consider the case where ¢ ¢ Us(N). Then there exists h € H, (by
reparametrization if necessary) ¢+h(t) € Us/o(N)¢ forall0 <t <1, ¢+h(1) €
Us(h;) for some 1 < j <n and

1
(3.16) /0 VV (6 + h(0)||ht) || gdt < r+ 1.

Since \/V (¢ + h(t)) > +/C(V)min(§/2,1) for 0 < ¢ < 1, this proves

r)l < (5+1) 2.

¢+ h(1) € Us(h;) implies ||¢ + h(1) — h;|| x < é. Hence we obtain

(317) V(I <L (1 + [6llx)"
SLA+]1¢+h(1) = hilx + [1AD)x + 17lx)"

IVE | £e,m) (2 ) :
<L|14+6+ ——rn——2"(1+ —+1)+|h; .
< ( e (5 Il

Now we consider the case ¢ € Us(N). Then there exists h; such that
ll¢ — hjllx <4. Therefore

V(@) < L1+ [l¢llx)" < L1 +0+[[hllx)"-

(3) First let V be a general potential function satisfying (A1)-(A4). Take u
such that for any ¢ € X, u(¢ +-) : H — R is C! function and ||Du(¢)||g <
V(¢) and u(¢) = 0 for all ¢ € Us(h). Then we prove that

(3.18) (@) < p(¢,Us(h))  for all .
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For arbitrary ¢ > 0, there exists ¢ + h(-) with h(:) € H and ¢ + h(1) € Us(h)
such that

(3.19) / V@Rt < p(o, Us(h)) + <.

Then
u(@) = u(é + h(1)) - / (Du(o + h(t)). (1)) de
< / NG RO

S p(¢7 U(S(h)) +e€

which is a desired result. Now we prove (3.11). Note that (Vi n(¢) —6%)T =0
on Us(h) and

DV ()| < 20VE | L, m)\/ Vic.n (6)-

So by approximating (z — §%)* by a smooth function and applying (3.18), we
are done. O

We prove the decay estimate on eigenfunctions of L{‘, in the rest of this
section. This kind of estimate is common in semiclassical analysis and originally
is due to Agmon [1], [2]. See also Theorem 3.1.1 in [19], p. 105-107 in [31].

To state the results, we introduce some functions. For R > 0, let Or(t) be
the piecewise linear function such that Og(t) = ¢ for ¢ < R and Og(t) = R for
t > R. Let us define for 0 < g < 1,

(3.20) ©q.r5(9) = q-Or (p (¢, Us(N))) .

Lemma 3.4. Take n € D2 N L>(X, ) such that Dy € L™=~ (X, u).
Let U(\, @) be an eigenfunction such that

(3.21) —LYU (N, ¢) = EON)T(N, ).

Then
(3.22) /X WA =PV (9) — BN} eeans@n(¢)2W(X, ¢)*du(9)
< [ ene w0 Difdu(e)
X

+ 2\ /}( eQ)\SO(LR,J n(Dn7 D(pq7R,§)le()\’ ¢)2du(¢)
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Proof. The proof is similar to the argument in p. 106 and 107 in [31]. For
the completeness of the paper, we include it. Let F,G € D> N L>(X, u). By
using the integration by parts, the nonnegativity of —L and (3.9), we have

(3.23) (MG, (=LY — E(N) (e @)
= (G,—LG) + (G,2\(DF, DG)) + ((\*V — E(\))G, G)
+(G,A\LF -G) — (G,N’|DF[*G)
> ((X(V ~ |DF]?) - E(V) G.G)..

Let n € D*® N L*(X, ). Since ¥(A, ¢) € L~ (X, u) (this follows from the

hyperbounded property of etL‘A/)7 (3.23) holds for G = W(), ¢)-e M. Therefore
we have

(3.24) /X D2V (6) — IDF@)? — B} e F@n(6)2B(\, 6)%du(o)
< / PO (), 6)% Dy(6)|2dp(o)
X

420 [ AO(0)(D(6), (@)U 0)°du(6).
X
Let F' = ¢q4,r,s and by approximating 7, the proof is completed. ]

Theorem 3.5. Assume that [[W(A,-)||L2(x,) = 1. Let g(A) be a posi-
tive number such that g(A\) > 1 and A"2E(\)g()\) < C(V).

(1) Let0 < q < 1 be a real number such that \"2E(X\)g(\) < C(V)(1—¢?).
Then it holds that

e [ WO\ 0)%di(0)
p(¢,Us(N))2d(A)
<P (8,67,3¢ gV (9(0) +2))

<S8 Loy - - B covaon-annaon,

where d(\) > 3¢ g(\)~" and § is a positive number such that § > g(X\)~/2.
Also P is the polynomial in (3.10).

(2) Let us consider the case where V.= Vi, and U(A, ¢) = Qg n(A, ¢).
In this case, C(V) = 1 holds. Also for A > 0 and 0 < q < 1 satisfying
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A2Eo(\, K, h)g(\) < 1—¢? and g(\) > 1, it holds that

(3.26) Qe n (A, 0)*dp()

/Hﬁ(¢h>||H>d(A>1/2

S@(@Jﬂ) {1_q2_w}—1

X (6 |[VE|| p o,y + 1)e892/ 9N 72003

where d(X) > (67 |VEK ||z, + 1)g(N) 7L

Proof (1) Let xx(t) be the function on R such that xx(t) = 0 for ¢ <
29(0) 7" xa(t) = (¢ —29(\)7") g() for 2g(\) 7" <t < 3g(N) ! and xa(t) = 1
for t > 3g(\)~'. Define 1(¢) = xx (¢q,r,5(¢)), where we assume R > 3¢~"
Noting

inf {V(¢) [ n(¢) > 0} = C(V)g(\) ™",

we have

(3:27)  M(1-¢*)V(6) — E(N)
> C(V)A = g)Ng(\) " = E(N)  for ¢ on {n(¢) # 0}.

Thus by (3.22), we botain

(3.28)
/ e rs (D)W (X, ¢)2du(p) < h(A) x right-hand side of (3.22),
$q,R o>39(/\) B

where

(3.29) ) = 55 {C(V)(l _ ) - E(A/\)Qg()\) } '

Now let us consider the right-hand side of (3.22). By (3.9), we have for almost
all ¢ € X,

Doy, rs(0) <av/V(9),

|Dn(o)] < qg(M)VV ().
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Therefore

(3.30)

/ P90 WA, 6)%dp
Yq,R,5239(\) 71

< h(\) / [(g(N) +2)) g2V ()} T(A, §)ZePeonsdy,
2g(AN) "1 <¢q.r,5<3g(A) "1
(3.31)
<P (5,671,307 g(N) 1) (9() + 2X)g (VAN

In (3.31), we used that gR > 3 > 3g(\)~! and (3.10). In (3.31), taking the

limit R — oo,

(3.32) e2>‘qp(¢’U5(N))\Il()\,¢)2du

/qp(axUs(N))>3g(>\)‘1
<P (6,67,3¢7 g(N) ™) (9(N) + 2X0)g(A)h(X)eb I,

This implies (3.25).
(2) C(V) = 1 is obvious by the definition. Let § = g(\)~'/2. In (3.30), by

using the estimate Vi (¢) < 2| VK| .z, m)p(¢, Us(h)) + g(A) ™ which follows

Eo(A\,K,h)g(X) 2
)\2

from (3.11), we have for \ satisfying <1-¢7

(3.33) / e Qe (X, 0)2dp
©q,R,6>3g(N) "1 ’

< h() /
29(N)71<pq, R,6<3g(N) 7L

{2 (9 +22) 90 (60 IVE mang V)~ +90) )}
X QK,h(A, ¢)262>\<Pq,R,5du
< % (g(N) +2X) (64 VK |,y + 1)R(A) 5N,

Here take the limit R — oco. Next noting

(3.34) Vi () = A} € {ap(, Us(h)) = 39(0) '}

we complete the proof. O
The following corollary immediately follows from Theorem 3.5 (2).

Corollary 3.6. Let V = Vg, U(\, @) = Qx (A, @).
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(1) Assume that limsup,_, o w < 00, where 1 < o < 2. Then there
exist positive constants C1, Cy such that for sufficiently large R and A, it holds
that

(3.35) Qi n (N, 6)2du(¢) < Cre= G2

/lx/?(¢—h)|HzRA<a/2>—1

(2) Let0<p<1 and assume that

p
lim A'~7 (LO(A’K’ h)> = oo.
A—o00 A

Let 0 < Cy < 3/4 and set R > Oy '(3||VK || p(m,my + 1)Y/P. Then there exists
0 < Oy < 1 such that for sufficiently large A,

(3.36) Qe n(As 0)2dp(9)

/wmﬁ—h)lHz(f’fo“f’hm)m

< exp [—02 (RP — CyP) AP (W)p} .

Proof. (1) For 6,C > 0, set g(\) = 6A>~® and d(\) = A*/2-15-1C.
Then for sufficiently small d, ¢ and large C, we have

(3.37) / Qe n(A, ¢)2dp(9)
IVE($=h)l[ar>(C/6)1/2 A /D=1

C 3
< e |20 (60 VR nm + 1) - 3]

By setting R = C/d, we complete the proof.

(2) Let g(\) = (%)p d()) = (w)p and ¢ = 1/2. Then

Eo(\ K, h

GqL —2gAd()\) = X177 ( 3 ))p (3RP — CT).

9(N)
So (3.36) holds. O

84. Asymptotics of Lowest Eigenvalue of fo‘/

By [33] and [14], L{> has the lowest eigenvalue and the ground state. Let
us denote by Eg(\) and Q(A, ¢) the lowest eigenvalue and the positive ground
state of —Lgy. In this section, we determine the divergence order of Eg(A) by
using Ey(A, K, hj). Let us denote
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(4.1) Eo(A, N) = min{Eo(A, Kj, hy) [ 1 <j <n}.
Main theorem in this section is the following.

Theorem 4.1. It holds that

. Eo(N)
4.2 lim ———— =1.
(4.2) "o Eo(A, N)
Consequently we have
. Eo(N)
(4.3) >\h_}n;0 e 0.

The proof is divided into two parts. The following proof is a modification of
Simon [30].

Lemma 4.2 (Upper bound). It holds that

. Eo()\)
4.4 limsup ——————— < 1.
(4.4) msup Ny S

Proof of Lemma 4.2. We construct an approximate ground state of L{‘,
near h; by using the ground state Qx; », (A, ¢) of L?@-,hj- Let x(t) be a smooth
nonnegative function such that x(t) = 1 for [¢t| < 2, x(t) = 1 — exp (7@)
for 2 <t <3 and x(t) =0 for [t| > 4. Also we assume x'(¢) <0 for ¢t > 0. Set
(4.5) ®; (X, @) = C3 e, (X @)X ([l = hylI% L)

where C'), is the normalized constant and

(4.6) I\ = (W)S/G .

By (3.36), limy_,oc Cx = 1. Let us calculate the energy of ®;(\, ¢).
= (=L, 0, B3N ), @5 (0 ) + X (V= Vi, ) )25 (4, ), B5(A, )
= Eo(\, K, hy) + 41(1)*C5?
x (176 = )13, O OX (16 = B ZUN) 2, 0, (0, 9))
+ X% ((V = Vi, 0, )@5 (X, 6), @5(X, ¢))
= Eo(A\, K, hy) + i(A) + LI2(N).
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First let us consider I;. We have

(4.8) ‘LM <C- l()\)/ Qe n, (A, 0)2dps,
lp—hjllx >1(N)~1/2

Here we have used that || T'(¢—h;)||3 < ||\/T||2L(H7H) |l¢—h;l%- By (3.36) and
(3.2), limy oo I1 (A) = 0. Let us consider Is(A). By applying Taylor’s theorem
for V around h;, we get

(L9)  V(6) = Vie,,(6) + 5, (D*V) (g + 06— hy)) (%6~ hy)
Thus on {®;(\, ¢) # 0}, it holds that

(4.10) N |V() = Vi, (0)] < C - NN 32

5/4
_Coy (Eo@,Kj,hj)) /
A2

EO(AaK_nh]) e
A2 ’

Consequently, we have
(411) E(]()\) S E(]()\,Kﬁhj)(].“f‘O(l))
which completes the proof. O

Lemma 4.3 (Lower bound).

(4.12) Jim inf —20)

S AV
Amoo Eo(A, N) —

To prove the lower bound estimate, we need IMS localization formula.
This can be proved in the same way as in [30].

Lemma 4.4.  Let Jy,...,J, € D> and assume that
(4.13) JE=1.
k=1
Then
(4.14) —Ly ==Y JLy i — Y |DJi[*.

k=1 k=1
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Proof of Lemma 4.3. Let

eA?

419 o -x(lo-mlBpags) sk

n 1/2
(4.16) Jo () = {1 -> J,?w)?} :

k=1
where € is a small positive number and x is the function in the proof of
Lemma 4.2. Note that since hq, ... , h, are distinct points in H, for sufficiently
large A,

(4.17) JMNp) =0  for¢e U( a0 /2 (N).

By IMS localization formula,

(4.18) —Ly = =S LyJy = > I L, IR
k=1

+ ARV = Vi )i = Y ID.
k=1 k=0
First we consider |DJQ[? (k # 0). We have
222 ez \?
419) |DJNG)? =4y (116 — hpllZ —2— ) 1T(b — b))% [ —2—
(419) 10520 =1 (o= Ml g0y ) 1760~ w0l (5o

A2\ e
. <4Cx (16 — hul|% == .

Here noting that limsup,_, WQMQ < 00, this term is negligible if ¢ is small.
Noting x'(t)? < Cr(1 — x(t)) for |[t| < R, by the calculation similar to the
above, we see that |DJg(¢)|? is also negligible. Let us consider the third term.

By Taylor’s expansion in (4.9),

n 1/2 3
(4.21) |2 Z TNV = Vig, g )] < CN2 (M)

— el/2)
572 Bo(A, N)Y/2
< CEo(, N)5*3/2¥.
Since limy_ EO(;;JN) = 0, this term is negligible. Let us consider the first

term in (4.18). By the nonnegativity of —L and (A4), in operator sense, it
holds that

(4.22) —JNLY TS > NIV IS > C(V)Eo(A, N)e H(J)2.
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Consequently, combining the estimates above, the following estimate holds as

operators.
(4.23)
—Ly > C(V)Eo(A, N)e ' (J0)? + ) Eo(\, Ki, hi) (JR)? — CeEg(A, N).
k=1
Since Y p_,(J2)? = 1, this shows the lower bound estimate. O

85. Upper Bound on the Gap of Spectrum

Let

(5.1) Ei1(\) =inf {o (L) \ {Eo(\)}} .

In this section, we consider the situation where the gap of spectrum FE;(\) —
Eo()) is exponentially small and we give an upper bound by using the Agmon
distance. In this case, for sufficiently large A, F1(\) — Eg(A) < 1 and so by the
result in [33], E1()) is an eigenvalue. This result may be useful to get lower
bound estimate on F1(\) — Eg(A).

In this section, we need the following additional assumptions.
(A5) N ={hq,h2}. Moreover, for any 6 > 0 and € > 0,

(5.2) lim inf min {/ QN ¢)%dp, / Q(A,(;S)Qdu} > 0.
p(6,Us(h1))<e p(6.Us (h))<e

(A6)

(5.3) }LH})P(Ué(hl% Us(h2)) = p(ha, h2),

where

(5.4) p(Us(h1), Us(h2)) = inf {p(z,y) | € Us(h1),y € Us(h2)} .

We prove that the assumptions above hold for double well potentials.

Lemma 5.1. (1) Assume that V(¢) = V(—¢) for any ¢ € X and
{V =0} = {ho, —ho}, where ho(# 0) € H. Then N = {hg,—ho} and the
assumption (A5) holds.
(2) For hi,hy € H, let V(¢) = ||¢ — hi|% |6 — hal|%k - Assume hy # ha. Then
(5.3) holds.
(3) Let hi,hy € H and assume hy # hy. For V(¢) = ||¢ — hi|%]l¢ — hal%,
p(h1,ha) > 0 holds.
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Proof. (1) By the invariance property of the Wiener measure under the
transformation ¢ — —¢, (5.2) holds. Now we prove (2). Let {e;}2; and
{&}52, be eigenvalues and eigenvectors of T such that Te; = &;e;. Let b, =
(ha,ei), where a = 1,2. Let us define a map F from X to H by F(¢) =
Sy Fi((¢,e:))e;. Fi is a real valued function on R as follows. Suppose
hi, < hj (o, 8 =1,2). Then Fj(u) = hj for u > hf, Fi(u) = u for hi, <u < hj
and F;(u) = h?, for v < h%,. Noting e; € X*, it is easy to check that F is a
continuous map on X. Also note that if p—v € H, ||F(¢)—F () ||lg < ||¢—¢|g
and ||F(¢)||1% < k1|3 + ||ha|/% for all ¢ € X. By the definition of F}, it holds
that

(5.5) IF(¢) = hall% —Zé} (¢, €:)) — ho)?

<Z£, (¢, e5) — hi)’
—||¢ halk  (a=1,2).

Therefore V(F(¢)) < V(¢) for any ¢ € X. Let us take a smooth path ¢(t) such
that ¢(0) € Us(h1), ¢(1) € Us(ha), ¢(-) — ¢(0) € H and satisfying that

/O VOV mdt < p(Us(h), Us(ha)) + ¢

Let p(t) = F(c(t)). Then for any ¢, V(p(t)) < V(c(t)). Noting [|p(t) —p(s)|lz <
llc(t) — ¢(s)|| &, we have for almost all ¢,

B < le)]|a-
Therefore

(5.6) / STGOBO) ladt < p(Us(ha), Us(hs)) + ¢

On the other hand, by (5.5)

(5.7) max {||p(0) — hullx, [p(1) — halx} < 6.

Consider two segments ¢(¢) = hy + ¢(p(0) — hq1) € H and r(t) = p(1) + t(ha—
p(1)). Then it holds that

(5.8) / V@@ a0 et + / VGO #O)mdt < C -5,
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where C' depends only on [|h;||z and ||ha[|z. Consequently we have
p(hi,hs) < p(Us(ha), Us(he)) +e+C -0

which implies p(hq, he) < liminfs_o p(Us(hy),Us(h2)). Now we prove the con-
verse direction. For any &, there exists a smooth curve h(-) € H such that
hy + h(l) = ho and

/0 Vi TR0 dt < plhr, ho) + <.

Take a point ¢ € Us(h1). Then
(5.9) ¢+ h(1) = hollx = [|¢ — hallx <9
This shows ¢ + h(1) € Us(hz). Thus

p(Us(h1),Us(h2)) < p(h1, ho) + €.

This completes the proof.

(3) Without loss of generality, we may assume that h} < hi. Then
V() ZiVl(hl), where h! = (h, h1) g and Vi (k') = &2 (h' — h1)%(h' — h1)?. For
h(-) € H satisfying h(1) + hy = ha, set h'(t) = (h(t),e1)n. Then

(5.10) /0\/v<h1+h<t>>||h<t>||Hdtz / Vi(h + B (6)| (b))t

hy
>— &1 (u— hi)(u— hy)du
hl
= %(h; —h})? >0.

O

Remark 5.2. By the calculation similar to the above, we can prove that
(A6) holds for the potential function defined by

(5.11) V(#) = Fu(llo = hallx,- - ¢ = hallx) -

where F), is nonnegative C'*° increasing function in the sense that for any x =
(1,...,2,) and y = (y1,... ,yn) such that x; > y; (1 <i <n), F,(z) > F,(y)
holds.

We need the following elementary lemma.



390 SHIGEKI AIDA

Lemma 5.3.  Let (X,B,m) be a probability space and ¢ € L*(X,m).
Then for any § > 0, it holds that

(5.12) /X ((p - /X gpdm)z dm > 26°m (¢ > 6) -m (¢ < —0).

Proof. For ¢, we have

/. go%zm—( /. cpdm> 3 /[ ola) = o) dmia)m(y)

>26%m (¢ > 6)-m(p < =9).
O

Theorem 5.4. In addition to (A1)—(A4), we assume that (5.2) and
(5.3) hold. Then it holds that

(5.13) h,r\isolip log (EIO‘;_ Ey(N))

< —p(hi, ho).

Proof. Let 1. (t) be the piecewise linear function on R such that ¢, (t) = 1
for t < (p(hy1,he) —2¢€)/2, ¥e(t) = 0 for t > (p(h1,h2) —€)/2. Let us define a
trial function by

(5.14) ©e (@) = Ve (p(¢, Us(h1))) — v (p(, Us(h2))) -
By (5.3), for sufficiently small 6 > 0, it holds that for any ¢ € X
(5.15) p(6.U5(h)) + p(6. Us(h) = plh. o) — .

Therefore 1. (p(¢p, Us(h1))) -9 (p(é, Us(h2))) = 0 for any ¢. By the assumption
(5.2) and Lemma 5.3, we see

— 00

G16)  limin [ (%(qﬁ)— /. %(as)Q(A,¢>2du)29<x,¢>2du(¢>>0.

Also by (3.9), (3.10) and (3.25), there exists a certain polynomial P(\,d,5~ 1,
e~ 1) such that

(5.17) /X Dge(6) PN, 6)2du(6)

2
= /X ?'V(‘b)'(1—*’“12”12)—a§p<¢,U5(hl))sip“l’;?)*f

T Lot te) (g0 (o)) < 012 ) U 9)°dp(9)
< P66 e exp (—gh(p(hy, ha) — 3¢)),
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. . hih
where we applied (3.25) in the case where d(\) = % — ¢ and g(\) =

C-y/ WZ‘N) Since limy_, o E‘j\—(f‘) = 0, we can take ¢ to be arbitrarily close to
1 in (3.25). This completes the proof. O
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