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Abstract. In this paper we investigate local and global existence as well as asymp-
totic behavior of the solution for a class of abstract (hyperbolic) quasilinear equations
perturbed by bounded delay operators. We assume that the leading operator is of
bounded variation in time. In the last section, the abstract results are applied on a
heat conduction model.
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1. Introduction

In this paper we are interested in the following quasilinear initial value problem

u(t) = A(t,u(t))u(t) + f(t,ue), t>0 )
u(0) = up. (1)

Here w; is the so called history function:

un(s) = {u(t+s), s € [—t,0]

0, s € (—o0, —t).
The example we have in mind is
t
fto) = [ k(e s)uts) ds + g(0) &)
0

In [3] we have shown existence and uniqueness for (1) with A Lipschitz
continuous in ¢. In particular, we have proven local existence, and in case
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that A(t,v(t)) generate exponentially stable evolution families we have shown
existence of global solutions on bounded intervals and existence of bounded
solutions on Ry for f in the special form (2) with k, g and wuy small enough.
In this paper, we prove local existence and global existence for A of bounded
variation in ¢ (based on the generation theorem from [2]), and existence of a
stable solution (resp. an exponentially stable solution) on R, if f is of the
form (2) with k, g € L' (resp. k, g exponentially stable) small enough and
A(t,v(t)) generating exponentially stable evolution families.

Equations of the form (1), (2) come, e.g., from MacCamy’s model of heat
conduction in materials with memory (see [10])

¢
0f(t,x) = / a(t — 8)o'(0:0(s,1))0p0(s,x)ds + h(t,z), 0<z <.
0

For more about linear and quasilinear nonautonomous evolution equations with-
out delay see [4-9]. Some results on abstract quasilinear integrodifferential
equations can be found in [11,12].

This paper is organized as follows. The second section is devoted to the
general setting and local existence while the third section deals with existence
of global solutions and long-time behavior. In the last section we apply the
results to the equation describing heat conduction.

2. Local existence

Let us assume that X, Y are reflexive Banach spaces with Y continuously and
densely embedded in X. Denote by B(Y, X) the space of all bounded linear
operators from Y to X. Let W be an open bounded subset of Y contained in
the ball B(R,0) of radius R centered at zero. The appropriate space for history
functions is

C’(X) .: {f  (—00,0] — X | Tt <0 f continuous on [t, 0] and }

f=0on (—o0,t)

equipped with sup-norm. Denote I = [0, 7T]. Bdd(/,Y") means the space of all
functions f : I — Y bounded in Y-norm. We say that a family of operators
(A(t))t>0 on X is stable if —A(t) generates a strongly continuous semigroup
(e‘SA(t))S>O on X and the stability condition

”6*5114@1)6*3214(152) o e snAltn) HX—>X < M eBs1ts2ttsn)

holds for all 0 <¢; <--- <t,, s; > 0. We write A € sta(X, M, 3).

We say that u is a mild solution for (1) on [0, 7] if there exists a countable
set N C [0, T] such that u € C([0, 7]\ N,Y)NLip([0,T], X)NC* ([0, T]\ N, X)
and (1) holds for all ¢ € [0,T] \ N.
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Let us introduce our assumptions:
(i) A: I xW — B(Y,X) and A(-,v(-)) € sta(X,M,p) for every v €
Bdd(I, W) N Lip(I, X) with M, 3 depending only on Lip y (v);
(i) [JA(t, w)|ly—x < A4 and

|A(t,w) — At w")|ly—x < pallw —w'||x, tel, ww €W,

(iii) ¢+ A(t,-) is a mapping of bounded variation from I to C(W, B(Y, X));
(iv) f:IxCW) =Y, [[f{tw)ly <As,

||f(tvw) - f(tvw/)HX < Mf”w - w/||007 le [OvT]7 ,w’,w/ € C’(W)a

and t — f(t,v;) is continuous with values in Y, whenever v € Bdd(I, W)n
Lip(Z, X);

(v) for all yo € Y and every € > 0 there exists y € Y with ||y — yol|y < € and
|A(t, w)ylly < M forallt € I, we W.

The main result of this section is the following local existence theorem.

Theorem 2.1. Let (i)—(v) hold. Ifuy € W, then (1) has a unique mild solution
u on [0,T"] for some 0 <T' <T.

We will follow the approach of Kato. Let us introduce the following notation:
Ay (t) == A(t,v(t)) and f,(t) = f(t,v).

We first show that the linear problem

u(t) = Au(t)u(t) + fo(t),  u(0) = uo, (3)

has a solution u for every v. We denote ® : v +— w and show that & : £ — F is
a contraction in X-norm for an appropriate set E.

Let p > 0 be such that the closed ball with center uy, and radius p is
contained in W. Consider a set E of functions v € Bdd(I’,Y) N Lip(I’, X)
satisfying

[o(t) —uolly < p,  [lo(t) —v(s)l[x < LIt — s,
where " :=[0,7"], T" < T. The values of 7" and L will be specified later.

Let B : I — B(Y,X). By an evolution operator for B we mean a fam-
ily of operators (U(t, s))o<s<t<r satisfying U(t,s) = U(t,r)U(r,s), [|U(t,s)] <
MePt=9) for 0 < s <r <t <T,U(t,s)Y CY, ||[U®ts)|y-y < Mye®(=5),
and for every y € Y the mappings ¢t — U(t,s)y and s — U(t, s)y are contin-
uous in X-norm, continuous with countably many exceptions in Y-norm and
differentiable in X-norm in all ¢ and s with countably many exceptions and the
derivatives satisfy O,U (¢, s)y = —U(t, s)B(s)y and 0,U(t, s)y = B(t)U(t, s)y.
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Proposition 2.2. Let v € E and uy € Y. Then there exists an evolution
operator U, for A, and ||U,(t,s)||x < C, ||Uy(t,s)|ly < C" for0 < s <t <T,
where C', C" are independent of v. A unique solution of (3) is given by

u(t) := Uy,(t,0)ug —I—/O Uy(t,s)fu,(s) ds. (4)

Proof. The following estimate shows that A, is of bounded variation. For 0 <
to <ty <---<t, <T we have

D A, 0(tr)) = A1, 0(te—1))lly—x
< 3 At v(t) — Alte, otin)) v
+ Z [A(tr, v(te-1)) — Alte—1, v(te—1))lly—x

<> pallote) = vlte—n)llx + > sup || Aty w) — Altey, w)|ly—x
k=1 k=1

_, weW

< pa- LT + vy

Hence, the assumptions of [2, Theorem 1.2] hold and the existence of U, follows.
If u is given by (4), then it is easy to show that (3) is satisfied for all but
countably many ¢’s. O]

The rest of the proof of Theorem 2.1 is the same as in [3]. The only difference
is that the derivative of U(¢, s) does not exist in every ¢ and s but this fact does
not influence the proof. So, the proofs of the following propositions can be
found in [3].

Proposition 2.3. Let ug € W. Then constants p, L, and T" can be chosen
such that ® : £ — F.

Proposition 2.4. If T" > 0 is sufficiently small, then the mapping ® is a
contraction for the supremum norm of X := C(I', X).

3. Global existence

In this section we prove global existence on bounded and unbounded intervals.
If T < 400, then we obtain the same result as in [3] for Lipschitz continuous A.
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Theorem 3.1. Let T' < +o00, (i)-(iv) and
U, 8)l|x—x < My Ut ) ly—y < Mae™C2) 51,8, <0, (6)
hold for all v € BAd(I, W) NLip(I,X) and 0 < s <t <T. Let
My - pg+ 01 <0 (7)

and one of the following inequalities hold:

&
Lt )iy < =<7 sup [|o(®)lly (8)
Ms ter
or 5
£ (t,v)lly < Msup [o(t)|ly +&  for some M < —< > 0. (9)
tel M2

If ug € W and € are small enough, then (1) has a unique mild solution u on I.

The proof is also the same as in [3] since we have solutions of the linear
problem (3) for every v since A, is of bounded variation by (5).

If T = +00, then we cannot expect A, to be of bounded variation if v is only
Lipschitz continuous. However, if v is of bounded variation, we can modify (5)
in the following way:

> Alti,v(tr)) — Altr-1, v(tr1))

Y—-X

<Y Ak, v(t) = Alti, 0(te))ly—x
k=1
) At v(tio1)) — Alte—r, v(ter)) ly—x
k=1

<> pallo(ty) = vty llx + sup |A(ty, w) — A(tr—1, w)|ly—x
k=1 k=1 W€

< pa Varv + Var A.

Hence, t — A(t,v(t)) is of bounded variation on R, and according to [2, The-
orem 1.2] we have a solution u of (3) for every v that is bounded in Y-norm
and Lipschitz continuous and of bounded variation in X-norm. We will prove
two theorems. The first one yields bounded solutions and the second one yields
exponentially bounded solutions, both in Y-norm.

Theorem 3.2. Let (ii) and (iii) hold and let (i), (iv) and (6) hold for all v €
Z = LYR,,W)NLip(Ry, X)NBV(R,,X) and 0 < s < t. Moreover, let (7)
hold and assume that there exist ¢ > 0 and M < —]\% such that

Ifoller ey < Ml +e (fo@)lly < Msup vy +e
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hold for allv € Z. If ug € W and € are small enough, then (1) has a unique
mild solution u € Bdd(R4, W) NBV(R;, X) on Ry.

Let L and V be fixed constants defined below by (11) and (12). Let p; <1
be arbitrary and p < 1, B(0,p) C W is a fixed constant that will be specified
below (in (15)). Denote by E the set of all v € L'(R,, W) N Lip(Ry, X) N
BV(R;, X) such that

@y < e, lvllzi@.yy < pr o) =v(s)llx < Lt = 5], Varv <V (10)

forall ¢, s € I. Asin the previous section we define the mapping ® by ®(v) := u
where u is the solution of (3). We show that ® : £ — E.

Proposition 3.3. The mapping ® : v — u maps E into F.

Proof. Since u = ®(v) is given by (4), we can estimate

le@®lly < 10, 0)uly + H [ vt

Y

t
< MyeP?|ug ||y +/ Mye® =) (Mp + ) ds
0
1
< Mol|uo|ly + Mg—ﬁ(l — eﬁﬁ) (Mp+e)
—DP2
<p

if MM, < —f35 and ¢, ||up||y are small enough. To estimate L'-norm of u we
write

t
I sy < 100 Ol sl lly + H [ vt s
0

< %(1 _ eﬁzt)Huo”Y + %(1 _ eﬂQt)(Mpl 4 6)
— 2 —

Lt (R+ 7Y)

<m

provided MM, < —f5 and ¢, ||ug||y are small enough. The derivative of u is
estimated by

J0m(0)ll5 < Aallu(®)ly + IOy < Aap+ Mpte < Xa— 22 41 =L (11)
2

for all ¢ with countably many exceptions (we assume p, € < 1). Hence, u is
L-Lipschitz continuous. And, finally,

+oo “+o0o
Varu g/ 18y g/ Mallu@lly + | o)y dt < Aapr+Mpr +2< V (12)
0 0

ife <1, where V:= X4 — z\% + 1. Hence, ® maps E into E. [l
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Proposition 3.4. ® is a contraction in C(1,X), i.e.,
sup [|(v)(t) — 2(v)(#)]] < e - sup [[v(t) — '(¢)]
>0 >0

holds for some o < 1.

Proof. Let us estimate

[ (v) () = (W) (B)|lx < [(Un(t,0) = Uw(t, 0))uol|x

/0 (Uy(t,s) — Uy(t, s))fu(s)ds

+

X (13)

n /0Uv/(t,s)(fv(s)—fv'(s))ds

X
The identity

t
Uv(ta S)y - Uv’ <t7 S)y = / iUv(ta T’)le(?", S) dr

dr
t
:/ Up(t,m)(Ay(r) — Ay (r)) Uy (r, s)y dr
yields
1(UL(£:0) — U (2, 0) ol
t
< [ I xmalltr) 0, Ol
0
t (14)
< un [ MRH M5 - sup olr) — ) ol
0
< M Maguate™ uglly sup [o(r) — v/()]lx.

where 3 = max (3, 82). If ||ug||y is small enough, then M;Mypate’ |lug|ly < &
for all t > 0. The second term on the right-hand side of (13) is estimated by

/0 / 10 (&) e pallo(r) — o @) Vo, )l o)y dr ds

< pa(Mp+ <) / (t — 5)e™=9 ds sup [u(r) — /()| x (15)

< dsup [o(r) = o'(r)|x
provided p, € are small enough. The last term in (13) is less than
My
b
where ¢ < 1 by (7). If MMy < —(5 and p, €, ||ug||y are small enough such that
g+ 20 < 1, then ® is a contraction. O

(1= e™) - ppsup o) — v'()llx < gq-sup [lo(t) — ' (t)llx,
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Since @ is a contraction in Cy(R,, X)-norm, there is a fixed point u of ®.
This u is a solution of (1) on R, and it satisfies (10) except the L' estimate (the
estimate of Y-norm follows from the reflexivity of X and Y. In fact, the sequence
uy,(t) from the Banach contraction theorem is bounded for every ¢, so there exists
a weakly™ convergent subsequence, this subsequence is weakly convergent and
the norm of the limit u(¢) is bounded by p by the weak semicontinuity of the
norm).

Theorem 3.5. Let (ii) and (iii) hold and let (i), (iv) and (6) hold for all v €
Z:=LYR,,W)NLip(Ry, X)NBV(R,, X) and t € Ry. Moreover, let (7) hold
and assume that there exist B3 € (3,0) (where = max{f,B2}) and py > 0
such that for every 0 < p < po it holds that

veZ ol <o = IR0l <M <P g
2

If ug € W is small enough, then (1) has a unique mild solution u € BV(R, X)
satisfying ||lu(t)||y < KePt for some K and all t > 0.

Let p, L, and V be small enough (exact values will be specified later).
Denote by E the set of all v € Bdd(R,, W) N Lip(R,, X) N BV(R,, X) such
that

lo(t)|ly < pe®',  |lo(t) —v(s)||x < L|t—s| and Varv <V (17)

for all t, s € I. As in the previous section we define the mapping ® by u = ®(v)
where u is the solution of (3). We show that ® : £ — E.

Proposition 3.6. The mapping ® : v — u maps E into F.

Proof. Let us estimate

(Ol < 1006 0ualy + | [ 17,05)

Y
t

< M2€B2tHUOHY +/ MQeﬁQ(t’s)(Me&s) ds
0

1

< M26’83t||U0HY + M MyePt——
B3 — Ba

(e(ﬁz—ﬂz)t _ 1)
< peﬂst
if M < ML2(63 — Ba)p and ||ugl|y is small enough. Then:

10wu(®)ll 5 < Aallu(@)lly + L0y <Aap+Ap SAa+Ap =L
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for all £ with countably many exceptions. Hence, w is L-Lipschitz continuous.
And, finally,

400 +00 +oo
Varu g/ H@tuHS/ )\A||u(t)||y+||fv(t)||ydt§/ Aapet L Mt <V,
0 0 0

B3—B2
My +Aap

—Bs

where V' := . Hence, ® maps E into F. [l

Proposition 3.7. ® is a contraction in C(1,X), i.e.,

sup 1®(v)(t) — (W) (B)]| < o - sup [o(t) =o' (@)

holds for some o < 1.

Proof. The proof is the same as the proof of Proposition 3.4 when we replace
(14) by

t pt
/0/HUv(tﬂ“)HxﬂAHU(T)—U'(T)HXHUv(TaS)H‘/va(s)Hyd?"dS
t ot
S,uAMMlMQ/ / e’gl(t_’")e@(“s)eﬁ”drdssup||v(r)—v’(r)||X
0 s

< dsup [[o(r) = o'(r)x
provided M is small enough (i.e., if p is small enough). O

Since ® is a contraction in Cy(R,, X)-norm, there is a fixed point u of ®.
This wu is a solution of (1) on Ry and it satisfies (17) (the estimate of Y-norm
follows from reflexivity of X and Y).

We finally formulate three corollaries for f being of the following type:

f(t,v) = /0 k(t — s)v(s)ds + g(t), (18)

where k € L'(I) and g € C(I,W). The first one is for bounded intevals.

Corollary 3.8. Let T < +oo, (ii) and (iii) hold. Let (i) and (6) hold for all
v € Bdd([0,T], W) NLip([0,7],X) and 0 < s <t <T. Let f be given by (18)
and the following inequalities hold:

|kl < _ﬁﬁ; and ||glly small enough or k|1 = _ﬁﬁ; and g =0 (19)

—b

—. 2
Ikl < 37 (20)

If ||uo||y is small enough, then (1) has a unique mild solution u on [0,T].
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Proof. This corollary follows from Theorem 3.1. In fact, estimate (8) resp. (9)
follows immediately from (19) and estimate (7) from (20). Assumption (iv) of
Theorem 3.1 is satisfied with Ay = [|k||1 - R+ ||g]|, = ||k||x and continuity of
fo» follows from the estimate

1fo(®) = fols)Il < /0 [k(t — o) = k(s —o)| - [[v(o)lly do
+/ [kt = o)| - [lo(o)[ly do + [lg(t) — g(s)lly

< dsup [lv(a)]ly + dsup [[o(o)[ly +9,

where 6 — 0 if |t — s| — 0. The other assumptions of Theorem 3.1 are satisfied
obviously. O]

The second corollary yields a bounded solution on R,. It follows from
Theorem 3.2 by the same arguments as in the previous proof.

Corollary 3.9. Let (ii) and (iii) hold and let (i) and (6) hold for all v €
LYR, W) NLip(Ry, X) NBV(R,, X) and 0 < s <t < T. Let [ be given
by (18) and

—0s —b

k[l < M, and k[l < M, (21)

are satisfied. If ||uolly, |lgllL1®,.y) and sup,cg, ||g(t)|ly are small enough, then
(1) has a unique solution v € L*(R,, W) N Lip(Ry, X) NBV(R,, X).

Let k and g satisfy
k(1) < KieP and  |g(t)| < Ky, (22)

Then we have for [[v(t)|y < pet, 3, < 35 <0,

¢
| f(t, vy < / Klpeﬁ“te(ﬁr’g‘l)s ds + KyePt < (Klp + K2> et (23)
0

1
B3 — fa
and K
1t 0) = f(tw)lx < [[Klallv — wlle < _—ﬁZHv — Wl (24)
We have the following corollary.

Corollary 3.10. Let (ii) and (iii) hold and let (i) and
|Uo(t, 8)||x—x < MieP" and  ||U,(t,s)|ly—y < My (25)

hold with By, B < 0 for all v € Bdd(R, W) N Lip(R,, X) N BV(R,, X) with
lo@)]ly < Re® and 0 < s <t < T. Let f be given by (18) and (22) hold.
Assume

MKy < 1By and MoKy < (B3 — 32) - (85 — B4) (26)
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hold for some 0 > B3 > B4 If ug € W and Ky are small enough, then (1) has a
unique mild solution u € LY(R,, W) NBV(R,, X) on R, satisfying |u(t)|y <
Ce%t for some C > 0.

Proof. We show that the assumptions of Theorem 3.5 are satisfied. From (23)

and (24) we obtain assumption (iv) with p; = % and the assumption (16)
with M = K, Bsf 5+ K5. This is less than ”(63T_2’62) by the second inequality

in (26) provided K> is small enough. Assumption (7) follows immediately from
the first inequality in (26). So, Corollary 3.10 follows from Theorem 3.5. [

4. Application to heat conduction

Consider the following modified Mac Camy’s model for heat conduction in ma-
terials with memory, where the temperature # in position x and time ¢ is given

by
t
00(t,x) = / a(t —s)020(8,0,0(s,x))02:0(s,x)ds+h(t,z), 0<az <1, (27)
0

with prescribed boundary 6(¢,0) = 0(¢,1) = 0 and an initial value (0, x) =
Oo(x) (see [10] for details). If a is positive, non-increasing, log-convex and

a — 0 for t — 400, then there exists a completely positive function ¢ € Lj,

satisfying 1 a = ¢ ¢ and a creep function r (i.e., positive, non-decreasing and
concave) such that ¢+ 7 =t (see Priiss [12, Section 4]). Assume 7" € L'([0,T7),
h € C([0,T],H3) and o € C? with 0 < ¢; < ¢’ < ¢3. Then (27) can be rewritten
as (details are given in [1])

u(t) = A(t, u(t))u(t) + /0 k(t — s)u(s)ds+ g(t), u(0) = uo, (28)

where u takes values in a product of two function spaces:

0(t7) == t — S g(s S, S, S
(n(t,-))’ where n(t, _/0 (= )05 (5, 06(5,-))Pral(s, ) ds.

We have

Alt,w) = <320(§,%i%1)a —r{(0>) for = (Z;)

KO = (1), g(t) = (r(O)h(t) + fotg’(t — s)h(s) ds) = (900)

provided 7(0) and 7/(0) are finite.
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As in [3] we will work on the spaces
X 1= HE(0,1) x HY(0,1), Y = H(0,1) x H2(0,1) = D(A(2)),
where

H§(0,1) = {f € H*(0,1) = f(0) = f(1) = 0}
Hg(0,1) = {f € H*(0,1) = f(0) = f(1) = f"(0) = f"(1) = O}.

Define A, := A,+r'(0)I. In [2] we have shown that A, is stable on H}(0,1)x
L2(0,1) if t — Oyo(t,dpu(t, x)) is in BV(Z,L>((0,1))). We will proceed in a
similar way. According to [2, Corollary 1.4.] we need ¢ — A,(t) to be of bounded
variation and to find a family of scalar products (-, -); on X such that t || - ||;

is of bounded variation and A,(t) generates a semigroup of contractions on
(X, || - ]]+) for every fixed t. So, we define a family of scalar products (-,-); on X

b
' ((m) (w1>> L /1 u//w// dx—i—/l u/w/;dm
Uy ) " \we t'_ o 1 o 2 Coo(t,u(t,x))

It is easy to show that A,(t) is skew-adjoint with respect to (-,-);, hence it
generates a semigroup of contractions. The mapping ¢ +— || - ||; is of bounded
variation if

t +— Oy (t, 0pvi(t,x)) € BV(I, L>((0,1))) (29)

(the proof is the same as in [2]). We show that (29) holds if
09 = 0y0 € BV(I,L>(0,1)) N L>=(1,Lip(0, 1)) 20
and 0,v; € BV(I, L>(0,1)). (30)

In fact,

Z |02 (tk, Opv1 (tk, 7)) — 02(tk-1, Opv1 (th-1, 7))]
< Z |oa(tr, Opvr (e, 7)) — oa(tr—1, Opv1(ty, 7))
+ |oa(tr—1, Opv1 (th, ) — oa(tr—1, Opv1 (tr—1, 7)) (31)

< " sup |oa(ty, w) — oa(tio1, w)| + Ll Opv1 (b, ) — Opvi (t1, )|

< Varoy + L,, Var(0,v;).
It is easy to show that t — fl(zﬁ,v(t)) is of bounded variation if (30) holds.
Then, [2, Corollary 1.4] yields A, € sta(X,M,0) for v € BV(I,X). Hence,
A, € sta(X,M,—r'(0)) and assumption (i) holds. We have also proven the
assumption (iii).

Assumptions (ii), (iv) and (v) are easy to verify, so Theorem 2.1 yields
local existence and Corollary 3.8 yields existence on bounded time intervals
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provided the data are sufficiently small. In fact, in (19) and (20) we have
|k||1 = r'(0)—7"(T) if we restrict k to a bounded interval [0, T'], f; = B2 = —r/(0)
and M, M, depend on the variation of ¢ — || - ||;. In particular, according
to [2, Section 2] and estimates (31) we have

Var || - || < C(Var oy + L, Var(9,v1))

and according to [2, Lemma 1.1]

M, < 620((Var02+L02 Var(azm)))‘ (32)

The estimate
]\42 < 636’((Var<72-|—L¢72 Var(9zv1)))

then follows from (32) and [2, Lemma 1.1] if we take ||y||y; := ||A(t)y||¢- Since
the second term in the exponent can be made arbitrarily small, M;, M, are close
to 1 if Varoy = 0. In this case, T can be taken arbitrarily large and we have

existence on every bounded interval [0, 7] (this case was investigated in [3]). If
Var oy # 0, then

Mi[k|ly + B < Ma|[klly + B
— (7,/(0) o 7a/(j-v))eBC'(VarO'QJrLgQ Var(9zv1)) 7a/<0)

< (0) (mv)% - 1),

(33)

Hence, (19) and (20) hold if the right-hand side in (33) is less than zero, e.g., if

3C Var oo T,(O) B T/(T)
e 7(0) <1 (34)
and ¢ is small enough. Hence, (34) gives an estimate for 7" for which the mild
solution exists on [0, 7] if the data are sufficiently small. If '(c0) > 0, then
(34) holds with T" = +o0 if Var oy is small enough. In this case, we can apply
Corollary 3.9 (resp. Corollary 3.10 if & and ¢ tend to zero exponentially) and
obtain a bounded (resp. exponentially bounded) solution on R;. However,
7’(00) > 0 never holds if the equation (28) arose as a reformulation of equation
(27), as is noticed in [3].
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