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Lie Subalgebras of Differential Operators on
the Super Circle
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Abstract

We classify anti-involutions of Lie superalgebra SD preserving the principal gra-
dation, where 8D is the central extension of the Lie superalgebra of differential op-
erators on the super circle S We clarify the relations between the corresponding
subalgebras fixed by these anti-involutions and subalgebras of gl ., of types OSP
and P. We obtain a criterion for an irreducible highest weight module over these
subalgebras to be quasifinite and construct free field realizations of a distinguished
class of these modules. We further establish dualities between them and certain
finite-dimensional classical Lie groups on Fock spaces.
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81. Introduction

Extended symmetries have played an important role in conformal field
theories. This leads one to study W algebras, which are higher-spin extensions
of the Virasoro algebra, and their superanalogues, if one takes supersymmetry
into account, cf. [BS], [FeF] and the vast literature therein. A fundamental
example of W algebras, now known as the Wi o, algebra, appears as the limit,
in an appropriate sense, of the Wy algebras, as N goes to oo [PRS1]. It has
been realized [PRS2] that the Wi o algebra can also be interpreted as the
central extension of the Lie algebra of differential operators on the circle [KP].
Such an interpretation potentially links Wi, to geometry in a direct way,
which has yet to be developed. On the other hand, the super W; ., algebra,
which is a central extension of the Lie algebra SD of differential operators on
the super circle ' and which will be denoted by SD throughout this paper,
is also promising to have connection with mirror geometry, as it contains the
N = 2 superconformal algebra as a subalgebra.

The difficulty for the development of a reasonable representation theory
for such Lie (super)algebras lies in the fact that the graded subspaces are
infinite-dimensional in spite of the existence of a natural principle gradation
and thus of a triangular decomposition. The Cartan subalgebras of such Lie
algebras are also infinite-dimensional. A sensible physical theory however of-
ten requires finite-dimensionality of the graded subspaces in a representation
(which will be referred to as the quasifiniteness condition). In [KR1], Kac
and Radul developed a powerful machinery and initiated a systematic study of
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quasifinite representations of Wi ,. Subsequently, there have been further de-
velopment and extension, cf. [AFMO1], [FKRW], [AFMO2], [AFMO3], [KR2],
[W2], [KWY] and the references therein. In particular, the Kac-Radul method
was further extended to study the representation theory of the Lie superalgebra
SD in [AFMO1].

As explored in [KR1], the study of representations of Wi 1 is closely re-
lated to that of the well-known Lie algebra gAlOO. It is well known that gloo
admits natural subalgebras of types B,C,D. In the paper [KWY], the au-
thors identified certain distinguished subalgebras of Wi, which correspond
to these classical subalgebras of gAloo, by first classifying all anti-involutions of
Wit preserving the principal gradation. Quasifinite representations and free
field realizations of these subalgebras were studied systematically, and dualities
between these subalgebras and certain finite-dimensional Lie groups were ob-
tained by applying dualities for classical Lie subalgebras of gAloo in [W1]. We re-
mark that the free field realizations of Wi o, and dualities between W; 1 o, and
finite dimensional general linear Lie groups were earlier established in [FKRW]
and [KR2].

The goal of the present paper is to generalize the results of [KWY] to the
SD setting. Note that SD affords a canonical principal %Z—gradation. More
explicitly, we first classify all anti-involutions of the SD preserving the principal
gradation. It turns out the theory is much richer in the super case and we find
five families of such anti-involutions. This is done in Section 3. The anti-
involutions within each family is related to each other by a spectral flow, so
there are essentially five distinct anti-involutions of SD. In Section 4 we give
explicit descriptions of the central extensions of these five subalgebras fixed by
these anti-involutions, denoted by °SD and TSD.

By further developing the machinery in [KR1], we analyze the structure
of parabolic subalgebras of 05D and iigl\?, and obtain criterion in terms of
certain differential equations for an irreducible highest weight module of 05D
and T£SD to be quasifinite. This is the content of Section 5. Our analysis has
a somewhat different flavor from the one in [KR1].

The quasifinite representations of 08D and **8D turn out to be inti-

mately related to that of the Lie superalgebra gj and its subalgebras, B

of type OSP and Pyy of type P. It is interestin‘g to note the strange Lie
superalgebra of type P (cf. e.g. [K]) makes a natural appearance here. We
develop such a link by exhibiting certain Lie superalgebra homomorphisms
among them in Section 6 (compare [KR1], [AFMOI1], [KWY]). Via these

B

homomorphisms, the pullback of irreducible quaisifinite modules of §1

00|00’
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and Po remain irreducible and quasifinite as modules over °SD and *+8D,
respectively.

In Section 8 we study free field realization of the Lie superalgebras SD and
iSD in the Fock space §®! of | pairs of free fermionic fields (i.e. be fields) and [
pairs of bosonic ghosts (i.e. Gy fields), also cf. [AFMO1]. We further obtain a
duality in the sense of Howe [H1], [H2] between SD and the general linear group
GL(l). The multiplicity-free decomposition of F=! under the joint action of SD
and GL(I) is explicitly presented. In particular we obtain explicit formulas for
the joint highest weight vectors in each isotypic subspace under such a joint
action. To achieve this, we use the technique developed in [CW1] to study in
Section 7 a finite-dimensional duality between a general linear Lie superalgebra
and GL(I) with respect to certain non-standard Borel subalgebras, which is then
adapted to our infinite-dimensional setting. A similar duality between 05D and
the Lie group Pin(2l) is also obtained. We remark that the vacuum modules
of SD and T*SD carry a natural vertex superalgebra structure. Finally we
conclude this paper with discussion of some open problems.

Acknowledgement. The second author is grateful to the Max-Planck-
Institut fiir Mathematik in Bonn and the Center for Theoretical Sciences in
Hsinchu, Taiwan, for providing stimulating atmosphere and financial support,
where part of this work has been carried out.

Notation. N stands for the set of positive intergers, Z for the set of
integers, Z for the set of non-negative integers, Zy for the two-element group
Z/2Z, and C the field of complex numbers.

82. Lie Superalgebra SD of Differential Operators on st

In this section we set up notation and review the definition of the Lie
superalgebras SD and SD, cf. [KR1], [AFMO1].

Let t be an even indeterminate and let 0; = %. We denote by D, the
associative algebra of regular differential operators on the circle S'. It has a

linear basis given by
J=—t"F0,), 1€z ke

A different choice of basis of D, is given by t*D!,l € Z, k € Z, where
D = td,. Note that f(D)t = tf(D+1) for f(w) € C[w] and hence J} = —t*[D];,
where here and further we use the notation

(2.1) i =z(x—-1)...(x —=1+1).
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Let D denote the Lie algebra obtained from D, by taking the usual bracket
of operators [a,b] = ab — ba.

Denote by SD, the associative superalgebra of regular differential opera-
tors on the supercircle S'1*. Then the following elements

t*4(0,)' 009, 1" (0,)' 090,151 (0,)'0,85T1(D)) g, 1€ Zy keEZ

form a linear basis of SD,,, where 6 is an odd indeterminate. Here of course 6

and Jy commute with ¢t and 0;. Note that the odd elements # and 0y generate

the four-dimensional Clifford superalgebra with relation 09y + 0pf = 1. Clearly

8D, is isomorphic to the tensor algebra of D, and this Clifford superalgebra.
Denote by M(1,1) the set of all 2 x 2 matrices of the form

0 o+
(2.2) lo‘_ “ ]

where a® € C,a = 0,1,4, viewed as the associative superalgebra of linear
transformations on the complex (1|1)-dimensional superspace CH'. Namely,
letting M, (a = 0,1,4) be the matrix of the form (2.2) with «® = 1 and 0
elsewhere, we declare My, M; to be even and M, M_ to be odd elements. This
equips M(1,1) with a Zs-gradation. The supertrace Str of the matrix (2.2) is
then defined to be a® — .

Note that the four-dimensional Clifford superalgebra generated by 6 and
0p can be identified with M(1,1) as associative superalgebras by making the
following identification:

My = 050, My =00y, M, =03, M_=0.

It follows therefore that one can canonically identify the associative superal-
gebra 8D, with the associative superalgebra of 2 x 2 (super)matrices with
entries in D,s. By taking the usual super-bracket [, | we make SD,; into a
Lie superalgebra, which we denote by SD. We will adopt the convention that
the capital letter F(D) denotes the matrix

fo(D) f+(D)
(23) [ 7-(D) Hi(D) ] |

where f,(w) € Clw],a = 0,1, 4, so that we may regard F(D) as an element of
SD.

Denote by SD the central extension of SD by a one-dimensional vector
space with a specified generator C'. The commutation relation for homogeneous
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F(D) and G(D) in SD is given by
(2.4) [t"F(D),t*G(D)] = t""(F(D + s)G(D)
— (-)FISIF(D)G(D + 1))
+U("F(D),t*G(D))C,
where the two-cocycle ¥ is given by:

S Sw(FGIGG+7). r=—s>0

(2.5) ¥ (t"F(D),t*G(D)) = —r<j<—1
0, r+s#0.
= > (oGgolG +7)+ f+()g-(+7)

— [N+ +7) = f1(7)gr1(G +7))-

Here |F| and |G| stand for the degree of F'(D) and G(D), respectively.

We introduce the principal gradation of SD and SD by letting the
weight of C' be 0, the weights of " f(D)0pf and t"f(D)00y be n, and the
weights of t"f(D)# and t"*1f(D)ds be n + 1/2, that is, the grading is
uniquely determined by assigning wt(C) = 0,wt(D) = 0,wt(t) = 1, wt(d) =
1/2, and wt(9p) = —1/2. This equips SD and SD with %Z-gradations com-
patible with their Z,-gradations. Namely, if the Zs-graded decompositions
of SD,g’Zs are given by

SD =8P DSD;,  SD=38D; P SDy,

then
SDy = @S, SDi= P 8D,
nez neZ+1/2
§0; = 3D, b= @ b
nez nezZ+1/2

Note that each graded subspace §7\Dn is still infinite-dimensional.
We also have the following triangular decompositions of SD and SD:

SD=8D, (PSDPSpP-, SD=3SD.PSDPSD-,
where

Spi= P Sp;, SDi= P SD;.
JEEN/2 jE£N/2
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83. Anti-involutions of SD Preserving the Principal Gradation

In this section we classify anti-involutions of SD,s which preserve the prin-
cipal gradation. An anti-involution o of the superalgebra SD,; is an involutive
anti-automorphism of 8D, i.e. 02 = I,0(aX +bY) = ac(X) + bo(Y) and
o(XY) = (-1)XIVlg(Y)o(X), where a,b € C, X,Y € SD,s. We have the fol-
lowing description of anti-involutions of SD,s. The classification here is much
more involved than in the case of Wi as done in [KWY].

Theorem 3.1.  Any anti-involution o of SD,s which preserves the prin-
cipal gradation is one of the following (a € C, b € C*):

1) 0ap(t) = —t, 0ap(D) = —D+a+040, 54(0) = btdy, 54(d9) = —(bt)~16;
Oita(t) =t 0144(D)=-D+a, 044a(0) =0, 0414.4(0s)=—0p;
=t, o4—o(D)=-D+a, o1_4(0)=-0, 04 a(9)=0p;
t)=—-t, 0-44(D)=-D+a, o-140)=0, 01 4(0p) =—0p;
o alt) = —t, o——o(D) = —-Dta, o——a(0) = -0, o—— (D)= .

The rest of this section is devoted to the proof of Theorem 3.1. The
following simple lemma is often used in computations.

Lemma 3.1.  Given commuting variables x,y and a polynomial f of one
variable, the following identities hold.

f(z + 00py) f(@) +00(f(x+y) — f(x)),
[ (D90 + 00py) 900 f(x) + 000 f (y),
f(z +000y)0e0 = f(x)0a,
f(z+ 0p0y)00y = f(x)00s.

Proof. We will prove the first identity. Other identities are obtained
similarly.
If suffices to check for a monomial f(z) = z™. But in this case one has

n

(x +60py)" = Z (Z) ¥ (00py)" 7 = 2™ + Z <Z) 00ty
k=1

k=0
=" +00p ((z +y)" —a"),

which is the first identity. O
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Lemma 3.2.  Let 0 be an anti-involution of SD,s preserving the prin-
cipal gradation. We have the following two possibilities:

1) o(00y) = 00y,
2) 0'(939) = 390

Proof. As o preserves the principal gradation, we may assume
(3.1) 0(00y) = 00gko(D) + 0g0k1(D)
for some ko(w), ki(w) € C[w]. Since (09p)? = 09y, we have
(32)  a(09s) = o ((606)%) = (0(60))” = ko(D)*00p + Dbk1 (D)*
by using Lemma 3.1 and (3.1). It follows by comparing (3.1) with (3.2) that
(33) ko(w) = ko(w)?,
ki(w) = ki(w)?.

The solutions of the equations (3.3) and (3.4) are (ko, k1) = (0,1),(1,0), (0,0)
or (1,1). The first two solutions give rise to what we have listed in 1) and 2).
The last two solutions are easily ruled out since an involution can not send 69y
toOor 1. O

Note that the case 1) in Lemma 3.2 is equivalent to o(99) = 9y while
the case 2) in Lemma 3.2 is equivalent to o(9p0) = 09y.

In the remainder of this section, we will continue to assume that o is an
anti-involution of SD,, preserving the principal gradation. We will analyze the
two cases that occurred in Lemma 3.2 one by one.

§3.1. The case when o(09y) = 69y
This subsection is devoted to the proof of the following.

Proposition 3.1.  Assume that an anti-involution o of SD preserving
the principal gradation satisfies 0(00p) = 009. Then o is one of the o, in part
1) of Theorem 3.1.

We divide the proof into a series of lemmas.

Lemma 3.3.  Assume that 0(00y) = 00p. Then o(0) = btdy,c(0) =
b=1t=10 for some nonzero b € C.
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Proof. We may assume that
o(0) = Oh_(D)+ dgth, (D), for some h (w) € Clw],
0(0g) = 0t7'j_(D)+ dpjr (D), for some ji (w) € Clw].
Since [0, 095) = —0, we have
(3.5) [0(00p),0(0)] = —0(0) = —0h_(D) — dpth (D).
On the other hand we have
(3.6)  [0(00y),0(0)] = [00g,0h_(D) + Ogth(D)] = Oh_(D) — dpth (D).

It follows by comparing (3.5) and (3.6) that h_(w) = 0. Similar calculation
by using [0(80y),c(0)] = (89) shows that jy(w) = 0. It follows from the
following identity
00y = o(60p)
= —o(0)o(0)
— (0t7'j_(D)) (Opth (D))
— —004j_(D+ )hy(D)

that j_(D + 1)h (D) = —1. Since both j_(w) and hy(w) are polynomials,
hy (w) is some nonzero constant b while j_ (w) is —b~1. O

Lemma 3.4.  Assume that 0(00p) = 00y. Then o(t) = —t.

Proof. Assume that

o(t) = 0p0tfo(D)+ 00t f1(D), for some fo(w), f1(w

) € Clwl,
o(D) = 0pfgo(D) + 00pg1(D),  for some go(w),g1(w) €

€
Clw].
Then we have
(3.7) t = o*(t) = o (0p0tfo(D) + 00st f1(D))
= fo0(96090(D) + 009g1(D)) (090t fo (D) + 60pt f1(D)) Do
+ f1 (99090(D) + 00pg1(D)) (0p0t fo(D) + 006t f1 (D)) 00s

)
900 fo (90(D)) (tfo(D)) + 00 f1 (91(D)) (tf1(D))
990t fo (90(D + 1)) (fo(D)) + 09t f1 (g1(D + 1)) (f1(D)).

(
As we may rewrite t = 9g0t + 09st, it follows from (3.7) that

fo (go(w +1)) (fo(w)) = f1 (g1(w+1)) (fr(w)) =
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This implies that (fo(w), f1(w)) = (1,1),(-1,-1),(1,—1) or (—=1,1). In the
first two cases we get o(t) = +t. The last two solutions for (fo(w), fi(w))
give rise to o(t) = £(9p0t — 00pt). We first claim that these last two cases
cannot happen. For example let us take o(t) = 09yt — 0p6t (the case o(t) =
—(00pt — DpBt) is similar). On one hand by Lemma 3.3 we have

o(t)o(0) = (00pt — 0pbt) (btDg) = —bt>0y,

a(@)a(t) = (btdy) (00t — Dplt) = bt>y.
So o (t)o(0) = —o(0)o(t). On the other hand, o(t)o(0) = o(0)o(t) since Ot = t6.
This is a contradiction.

We claim that o(t) = ¢ cannot occur either. Indeed if o(¢) = ¢ then by
Lemma 3.3

0 = c%(0) = o(btdy) = ba(9g)o(t) = b(—=b"'t10)t = -0,
which is a contradiction. O

Lemma 3.5.  Assume that 0(00y) = 60y. Then o(D) = —D + a + 0p0
for some a € C.

Proof. Assume that (D) = 9p0g0(D)+609g1(D) for some go(w), g1 (w) €
Clw]. Then we have
D = o*D)
= 0(0s090(D) + 009g1(D))
= 90(0p090(D) + 09991 (D))0e0 + g1(06090(D) + 009 g1(D))00s
= 0p090(g90(D)) + 60591 (91(D))
= 90(90(D)) + 095(91(91(D)) — go(90(D)))-

Thus go(go(w)) = g1(g1(w)) = w. This implies g1 (w) = —w +a for some a € C
or g1 (w) = w.

We have o(0)o(D) = o(D)o(0) as DI = 6D. On the other hand, we can
compute directly that

c(0)a(D) = (btdy) (0s0go(D) + 00gg1 (D)) = bOptgs (D),
a(D)o(0) = (9e090(D) + 00pg1(D)) (btdp) = bIptgo(D + 1).

Tt follows that go(w + 1) = g1(w). In the case that g1 (w) = —w + a, go(w) =
g1(w—1) = —w+a+1. Thus o(D) = =D+ a+ Jyf. We claim that g, (w) = w
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cannot occur. Indeed if g;(w) = w, then go(w) = w — 1 and o(D) = D — 946.
Together with Lemma 3.4 and the fact that [t, D] = —¢ this implies that

[D,=t] = [o(D),0(t)] = —o(t) = t.
This contradicts the fact that [t, D] = —t. O

Proposition 3.1 now follows from Lemmas 3.3, 3.4 and 3.5.

§3.2. The case when o(00y) = 940
This subsection is devoted to the proof of the following.

Proposition 3.2.  Assume that an anti-involution o of SD preserving
the principal gradation satisfies 0(00p) = 0p8. Then o is either o4y 4, 04— q,
O_t.q 0T 0__ o in Theorem 3.1.

We divide the proof into a series of lemmas.

Lemma 3.6.  Assume that 0(00p) = 0p6. Then o(0) = £6 and o(Jy) =
;6'9.

Proof. Assume that

o(0) = 6h_(D)+ dgthy (D), for some h4(w), h—(w) € Clw],
o(0g) = 0t7j_(D)+ 9pj (D), for some j (w),j—(w) € Clw].

Since [0, 00y] = —6, we have
(3.8) [0:(60y),0(8)] = —o(0) = —0h_ (D) — dyth. (D).

On the other hand, we also have

(3.9) [0(08s),0(8)] = (990, 0h_ (D) + ythy (D)] = —6h_ (D) + dgthy (D).

It follows by comparing (3.8) and (3.9) that hy(w) = 0. Similar calculation by
using [0(00y),0(0y)] = o(dy) shows that j_(w) = 0. It follows from

860 = 0(009) = —(9p)(0) = — (B4 (D)) (Oh_ (D)) = —ebj(D)h_(D)

that ji(w)h_(w) = —1. Since both j (w) and h_(w) are polynomials, h_(w)
is some nonzero constant b while j (w) is —b~!. Noting that 6 = 02(6) = b6,
we have b = £1. O
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Lemma 3.7.  Assume that 0(00y) = 0pf. Then o(t) = *t.

Proof. Assume that

o(t) = 0ybtfo(D)+ 00yt f1(D), for some fo(w), f1(w) € Clw],
o(D) = 0yOtgo(D)+ 00991 (D), for some gg(w), g1 (w) € Clw].

We calculate
t = o*(t)
= o (0p0tfo(D) + 00gt f1(D))
= fo(9eb90(D) + 606g1(D)) (990t fo(D) + 004t f1(D)) 60s
+ /1 (06090(D) + 09091 (D)) (060t fo(D) + 60t f1(D)) 06
= 000 fo(91(D))(tf1(D)) + 996 f1(90(D))(tfo(D))
= 00ptfo(g1(D + 1))(f1(D)) + 060t f1(g0(D + 1)) (fo(D)).

)
) )
(

As we may rewrite t = 0yft 4+ 00yt, it follows that

fo(g1(w +1)) fi(w) = f1(go(w + 1)) fo(w) = 1.

This implies that fo(w) and fi(w) are constants. Let us put fo = ¢ (¢ € C)
then f; = ¢=! and so o(t) = cOdgt + c~L0y0t.

It follows from t0 = 0t that o(t)o(f) = o(0)o(t). On the other hand we
have by Lemma 3.6

o(t)o(0) = (c00p + c '0p0)(+0) = +cb,
a(@)a(t) = (£0)(chdp + c 10p0) = £c 0.
This implies ¢ = ¢! i.e. ¢ = 1. Thus o(t) = gt + c 100t = +t. O

Lemma 3.8.  Assume that 0(00y) = 9p0. Then o(D) = —D + a for
some a € C.

Proof.  Assume that o(D) = 9p0go(D)+6009g1(D) for some go(w), g1(w) €
Clw]. We have

D = o*(D)
0(090g0(D) + 00991 (D))
90(39090(D) + 095g1(D))0s + 91(De0go(D) + 03991 (D)) Db
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= 009g0(91(D)) + 9a091(g90(D))
= go(91(D)) + 960(91(90(D)) — go(g1(D))).

It follows that

go(g1(w)) = g1(go(w)) = w.

This implies that go(go(w)) = w and thus go(w) = —w + a for some a € C or
go(w) = w.

From DO = 6D we conclude that o(0)o(D) = o(D)o(6). We calculate
(£0) (00990 (D) + 0p0g1(D)) = £0g:1(D),
(00690(D) + 090g1(D)) (£0) = £0g0(D).

202
S =
32
=5
[

Thus go(w) = ¢1

—~

w). We claim that go(w) = w is impossible. Indeed if
(D) = D. So by Lemma 3.7 (to be definite we choose
t) = —t is the same) it follows that

go(w) = w, then o
o(t) =t, the case o

—t = —o(t) = [o(D),0(t)] = [D, 1] = t,

which is a contradiction. Thus go(w) = ¢g1(w) = —w + a and so o(w) =
—w + a. g

Now Proposition 3.2 follows from Lemmas 3.6, 3.7 and 3.8.

It is straightforward to check that the o’s given in Theorem 3.1 are indeed
anti-involutions of SD,s. Combining Lemma 3.2 with Propositions 3.1 and 3.2,
we have proved Theorem 3.1.

84. Subalgebras of SD Fixed by Anti-involutions
Given an anti-involution o of 8D, one can check easily that
SD? = {e € SD|o(e) = —e}

is a Lie subalgebra of SD. If ¢ preserves the principal %Z—gradation of 8§D,
then SD? inherits the principal %Z—gradation from SD:

SDU == EBnE%ZSDZ'

Denote by C[w]") the space of all odd polynomials in C[w], and by C[w]® the
space of all even polynomials in C[w]. Let k = 0 if k is an odd integer and
k = 1if k is even. The purpose of this section is to give an explicit description
for the Lie superalgebra SD?, where ¢ is an involution given in Theorem 3.1.
We also provide a set of linear basis elements for these superalgebras, which
are canonical in connections to vertex algebras and free field realizations.
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Proposition 4.1.  We have the following description for the graded sub-
spaces SD]*" and SD;Ti’f/Q (j EZ) of SDa»:
SD;“"’ = {0p0t7f(D + (j —a —1)/2) + 00t°g(D + (j — a)/2)
| £.9 € COLul},
SDJ™y, = {07 go(D) + 0g(—1)"bgo(—D — j +a+1),90 € Clu]}.
Proof. Assume that A = 9p0t7 fo(D) +00st’ f1(D) and B = 0t/ ~1go(D) +
gt g1 (D) belong to SDa».
(Ta7b(A) = fo(-D+a+ 399)(—t)j899 + fi(-D+4+a+ 890)(—t)j0(99
= () fo(=D —j+a+340)940 + (=) fr(—=D — j + a+ 940)00%
= (—t) fo(—=D — j+a+1)9s0 + (—t)’ f1(—=D — j + a)09s.

It follows by comparing with o, 3(A) = —A that
fow) = (=1 fo(~w—j+a+1),
filw) = (1Y i(-w —j +a).

Define f(w) = fo(w — (j —a —1)/2) and g(w) = fi(w — (j —a)/2). We
see that f(w), g(w) € CY[w]. On the other hand, we calculate that
Gap(B) = go(—D+a+0p0)(—t) 1 (btds)+g1(—D+a+p0)(—t)? (—b~'t~10)
(—1) " bgo(—D +a+ 1)t70p + (=1) 1o g1 (=D + a)tV 710
= (1) 'btigo(~D —j+a+1)0

+ (=177 g (=D — j+a+1)0.

By comparing with o, (B) = —B we have
go(D) = (=1)b'g1(=D —j+a+1),
g1(D) = (=1)’bgo(-D —j+a+1).
We observe that these two equations are equivalent to each other. O

Letting t — t,0; — 04,0 — af and 0y — ady defines an automorphism f,
(a € CX) of 8SD. Tt is easy to verify that

O'a,bﬁoc = ﬁa*laa,b = Oa,ba-

Denote by ©4 the automorphism of SD defined by letting t +— ¢, D — D+s,60 +—
0 and 9y — 9y. Clearly

Oa,b* @s = O0a+s,b = @75 *Oa,b-
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In this way, we may regard the o, for different a,b as related to each other
by some spectral flow (cf. e.g. [AFMO1]). It follows that the Lie superalgebra
8Dt is isomorphic to SD%' .+ for all a,a’ € C,b,b" € C*. It turns out that a
convenient choice is putting ¢ = —1,b = 1, which we will fix from now on and
will denote SD7-1:1 by "SD. Also the 2-cocycle (2.5) of SD restricted to "SD
gives rise to a central extension of °SD, which we will denote by 0SD.

We introduce a canonical spanning set of °SD that will be used later.
Define

Wik = ¢ ([Dln + (=1 [=D — k]..) 90,
Wiy = ¢ (Dl + (=DM =D — k —1],,) 69,
Wi = 0t°[Dly + (=10t =D — k — 1],

Then OW;,C (k€ Z,n e N,a=0,1, x) span °SD.

Proposition 4.2.  We have the following description for the graded sub-
spaces SD?**’“ and SDjjf/‘; (j €7Z) of SD++=:
SD;”*‘“ = {&gt%jf(D) —00gt' f(—D — j +a) | f(w) € Clw]},
{07 f(D+ (G —a—1)/2) + 94t’g(D + ( — a)/2)

| f(w) € € [w], g(w) € CO[w]}.

SDI

Proof. Assume that A = 9p0t7 f(D) + 00t f1(D) and B = 0t'~1g_(D)+
Opt? g+ (D) belong to SD++:.

Ti+a(A) = 006f(=D +a)t! + s f1(—D + a)t!
00pt! f(—D — j + a) + 00t f1(—D — j + a).

We obtain by comparing with 044 ,(A) = —A that
—fD)=fi(=D—j+a), —HD)=[f(-D—j+a).

The two equations are clearly equivalent.
On the other hand, we have

O'++’a(B) = g,(_D + a)tj_19 — g+(_D + a)t](‘?g
= 0t/ g (-D—j+1+4a)+0t'gs(—D —j+a).
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We obtain by comparing with o4 ,(B) = —B that

—9-(D) = g-(-D—j+1+a),
g+(D) = g4(=D—j+a).

If we let f(w) = g-_(w+ (a+1—73)/2) and g(w) = g4+ (w + (a — j)/2), we see
that f(w) € CH[w], g(w) € COw)]. d

In a similar way we determine SD?+-+ as follows. We omit the arguments,
as they are parallel to the ones given above.

Proposition 4.3.  We have the following description for the graded sub-
spaces SD;*”“ and SD]Gjl’/g (j EZ) of SD+-a:
SD?*”“ = {(%thf(D) — 00t f(—=D — j +a) | f(w) € Clw]} ,
SD* s = {0 f(D+(j —a—1)/2) + 8t g(D + (j —a)/2)
| f(w) € Cw], g(w) € CV[uw]}.
Proposition 4.4. We have the following description for the graded sub-
spaces S’D;-'_J““ and SD;:I’/"; (j €Z) of SD7+:a:
SD; " = {00t f(D) — (=1)005t' f(—=D — j + a) | f(w) € Clw]},
SDT s = {007 f(D+(j—a—1)/2) +0et’g(D + (j — a)/2)

j—1/2
| f(w), g(w) € CUFD[w]}.

Proof. Assume that A = 9p0t7 f(D)+09t’ f1(D) and B = 0t ~1g_(D) +
Ogt? g1 (D) belong to SD7~+. We have
0—va(A) = 000f(—D + a)(—t)) 4+ 0s0 f1(—D + a)(—t)’
00s(—t)! (=D — j + a) + 0p0(—t)’ 1 (=D — j + a).

We obtain by comparing with o_4 ,(A) = —A that

~f(D)= (1 fi(-D—j+a), —fi(D)=(-1)f(~D~j+a).

These two equations are equivalent.
On the other hand, we have

0-t.a(B) = g-(=D+a)(~t)’"'0 — g1 (=D + a)(~t)’ 9y
= 0(=t)Y g (=D —j+14a)+0(=t)g1(=D = j +a)
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We obtain by comparing with o_4 ,(B) = —B that

—9-(D) = (-1))"'g_(-D—j+1+a),
g+(D) = (-1)g4(-D —j+a).

If we let f(w) = g-(w+ (a+1—7)/2) and g(w) = g4 (w + (a — 7)/2), we see
that f(w),g(w) € CUTDw]. O

In a similar way one determines SD?---= as follows.

Proposition 4.5.  We have the following description for the graded sub-

spaces SD;-T”’“ and SD;:I’/’; (j €7Z) of SD7——a:

SD] 7 = {8p0t f(D) — (=1)7005t" f(—=D — j +a) | f(w) € Clw]},
SD;:;/*; = {0 f(D+(j—a—1)/2)+ Opt’g(D + (j —a)/2)
| f(w), g(w) € CD[w]}.

Observe that the o+ ,’s for different a are transformed into each other by
some spectral flow. More explicitly we have 044 4O = 04+ 45 = O_5 014 4.
Thus the Lie superalgebra SD7++.« is isomorphic to SD7++.«’ for a,a’ € C. As
we shall see, it is most convenient to choose a = —1 which we will fix from
now on. Also we will write **SD for SD7++.~1. Similarly the corresponding
subalgebras of 35, induced by the 2-cocycle (2.5), will be denoted by ++35D,

We conclude this section by displaying a distinguished spanning set for
+£8D, that will be of use later on. Let

TEWE = % ([D],060 — [-D — k — 1],60) ,
W, = (Dl F =D —k—1]n) 9,
HEwn = 5 (D] £ [-D — k —1],) ds.
Then *=Wp, *£W and *EW" (k€ Z,n € Z,) span T=S8D. Similarly we
set
AW =t ([D1n060 + (—1)* T [=D — k — 1],,60p) ,
EWE, = (Dl £ ()M =D~k —1],) 6,
W = 5 (Dl £ (—DM=D — k= 1]) .

Then ~*Wp, ~*W  and ~=W"  (k € Z,n € Z, ) span ~=8D.
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85. Criterion for Quasifiniteness of Modules over iSD

Given a %Z—graded Lie superalgebra g = @jeéz g; (possibly dimg; = c0)
with €7 9, as the even part and @j€%+z g; as the odd part. A g-module
M = @je%zMJ’ is graded if g;M; C M;4;. M is called quasifinite if dim M; <
00, following the terminology of Kac and Radul [KR1]. We assume further that
go is abelian and regard it as the Cartan subalgebra of g.

Given a highest weight £ in the restricted dual g§ of gy, we denote by
L(g; &) the irreducible representation of g with highest weight £ and a highest
weight vector ve annihilated by g4 = @ jein 95 That is, it is the unique irre-
ducible quotient of the g-module obtained by inducing from the one-dimensional
(D, >0 85)-module determined by &.

From now on g will always be one of the Lie superalgebras 08D or T£SD.
Note that any of these Lie superalgebras has infinite-dimensional graded sub-
spaces. Our problem is to determine for which £ the corresponding irreducible
highest weight module L(g,£) is quasifinite. Note that the Verma module is
never quasifinite. We remark that the Wy o case was first determined in [KR1]
and subsequently the SD case was determined in [AFMO1]. Our analysis below
has a somewhat different flavor.

An obvious necessary condition for L(g, &) to be quasifinite is that g_ ;v
(7 > 0) is finite-dimensional, since g_;ve C L(g,§)—;. We will be particularly
interested in the case j = % We will show eventually that the condition that
g_1/2v¢ is finite dimensional is also sufficient for L(g; &) to be quasifinite.

For j € £7 we define P; = {X € g; | Xve = 0}. Obviously P = @D, is
a parabolic subalgebra of g.

Proposition 5.1. Letg= @jeZ g; be a Z-graded Lie superalgebra such
that go is abelian. Let & € gi and L(g, &) be the irreducible highest weight module
of highest weight £ and ve a corresponding highest weight vector. Suppose that
g;ve is finite-dimensional for all j. Then L(g,§) is quasifinite.

Proof. Of course if L(g,€) is quasifinite, then g;ve is necessarily finite-
dimensional for all j.

Conversely suppose that g;ve is finite-dimensional for all j. We need to
show that for any positive integers ii,%2,... ,%, € N the space g_;, g, - -
g—i,, V¢ is finite-dimensional. We will do this by induction on m, with m =1
being the hypothesis of the proposition.

Now g_;, ve is a finite-dimensional vector space, hence there exist finitely
many elements x1,%2,...,T, € g_;, such that g_; is spanned by zive,
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ToV¢,... ,TpVe. This implies that g_;, g, - - g—i, ve lies in the span of
9—i 8—ip " " 9—i,, _,Tive¢, for 1 < 4 < n. Thus it is enough to prove that, for
each ¢, each of these g_;, g—i, - - - 9—i,,_, TiV¢ is finite-dimensional.

Now we have

PoirO—in " Giy 1 TiVe S L@, 0—ip " F—ip,_ Ve + [xiag—ilg—ig "'g—im_l]U§~

By induction g_;,g—i, - g—i,,_,Ve is a finite-dimensional vector space and
hence the space x;g_;, g—i, - - - §—s,,_, V¢ is finite-dimensional. Thus it is enough
to prove that [z;, §—;, §—i, - - - §—i,, . V¢ is finite-dimensional as well. But

(20,01 8—iz 81 ]Ve C [20, 8- )00 - 0-i, Ve
+ 9—i [(Eia gfiQ] @iy, Ve 4o
+0-i G—iy [T, 8-y Ve

However each of these spaces on the right-hand side lies in some finite-dimen-
sional vector space by induction hypothesis. Thus [z;, g—i, 80—, - §—s,, ,|ve s
also finite-dimensional. O

Proposition 5.1 implies that quasifiniteness is equivalent to the spaces
g;/P; being finite-dimensional, for all j < 0. Hence our problem at hand
reduces to showing that the subspaces P; have finite co-dimension in g; for all
7 <0.

For a given &, we introduce the following generating functions in a variable
x for the highest weights:

ONo(z) = —£(p0sinh(zD)),
OA(z) = —£(80ysinh(z(D + 1/2)),
iiAo(.T) = —¢(sinh(z(D +1/2))),
() = =&

= —£((00p — 0p8) cosh(x(D + 1/2))),
where we recall that sinh(z) = (e* — e~ #)/2 and cosh(z) = (e* + e #)/2.
85.1. The case g = 05D
We will work out this case in detail. The other cases can be worked out in

a similar and straightforward fashion and we will omit the arguments for the
sake of preserving space.
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Let us first recall that for j € Z

g; = °SD; = {090 f(D+ j/2) +00st'g(D + (j +1)/2) | f,9 € CO[w]},
g1 = 0SD; 175 = {07 Lgo(D) + Bp(—t)? go(—D — j), go € Clw]}.

For j € Z, we define I{ (respectively I}) to be the subspace of CO) [w]
consisting of polynomials f(w) such that 9p0t’ f(D + j/2) € P; (respectively
00pt7 f(D + (j + 1)/2) € P;). Similarly we let I;_1 be the subspace of Clw]
consisting of polynomials f(w) such that 07! f(D)+8y(—t)? f(—D—j) € P;

_1.
2

Lemma 5.1.  For j € Z, I;_, is an ideal of Clw], while I? and I are
CO) [w]-submodules of CW[w]. Thus there exist monomials a;_1(w) € Cluw]
and 39(w), B} (w) € CO[w] such that I;_1 = Clw]ay

1y ), 19 = COw]8(w)
and I} = c©® [w]B} (w). Furthermore

_ - _ i+ 1
P = {8@9t7f (D—i—%) + 004t7 g (D-i-]%) fEIJQ,geIJl}'

1
2

Proof. Consider f(w) € CMw] so that 9p0f(D) € go. Take any
0/~ 1g(D) + 9g(~t)'g(~D — j) € P;_y, for some g(w) € I;

-1 We compute
their bracket

(050 f (D), 06"~ g(D) + 9g(—t)? g(—D — j)]
= — (0" 'g(D) f(D) + ds(—t)’ f (=D — j)g(—D — j)) € P

=3
Thus f(w)g(w) € I;_1, for any f(w) € CM[w], that is, I;_1 is invariant under
the multiplication of any odd polynomial. But then it follows that I;_ 1 is
invariant under the multiplication of any polynomial, and hence is an ideal of
Clw].

Again take any f(w) € C[w] so that 90 f(D) € go, and any element

. 1 . ] 1
960t g (D + %) + 005175 (D + %) € P,

for some g(w) € I{ and g(w) € I}. We compute

990 f (D), 0t g <D+%> +005t7 g (D+¥)} =009 <D+%> h <D+%> ;

where h(D + %) = f(D+j)— f(D). As f(w) ranges over all odd polynomials,
h(w) ranges over all even polynomials. From this it follows that I]Q is a module
over C(O[w].
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Replacing 990 f (D) with 69, f (D) in the above calculation one shows sim-
ilarly that I} is a module over C(O[w]. O

It follows from Lemma 5.1 that L(g,£) is quasifinite if and only if IJO, Ijl,

and Ij+% are all nonzero for j € —N.

Lemma 5.2.  Suppose that I_% # 0 and j € N. We have:
(i) I # 0 if and only ifI-_% #0, fora=0,1.
(ii) Ij+% # 0 if and only if I # 0, for a =0, 1.

Proof. We will first prove (ii). Suppose that 0 # f(w) € IY. Let g(w) €
Clw] so that 0g(D) — dgtg(—D — 1) € g1. We compute

[899tjf (D + %),99(13) — Otg(—D — 1)
= 0t h(D) + 8p(—t) (=D — j = 1) € P4,

where h(D) = g(D + j) f(D + %). Since f(w) # 0 and g(w) can be taken to be
an arbitrary non-zero element of C[w], it follows that I, 1 # 0. The claim that
I ]1 # 0 implies that I, 1 # 0 is proved similarly and thus

omitted.
Conversely suppose that I; 1 7 0. Let 0 # f(w) € I 1 and 0 # g(w) €
I 1 and compute

[0t~ g(D) + 99g(—D), 0t (D) + dp(—t) ' f(=D — j = 1)]
= Dp0t’ h (D + %) + 009t k (D + %) ,

where h(D + %) = f(D)g(—=D — j) + (1)1 f(=D — j)g(D) and k(D + 5*) =
f(D)g(=D) + (=1)7*1 f(=D — j = 1)g(D +j +1).
Now h(w) = 0 if and only 1ff(w—%)g( ) € CYUtD[w]. Now since Ij+%
) €

is an ideal of C[w], we may replace f(w above by 0 # (w + ) f(w) €
I, 1. This implies then that w f(w— Dg(-w-1)eC JH)[ ] as well. But this
-4)=

€l 1
2
J w—3§
is impossible unless f(w — %)g(f g 0, which is a contradiction. Hence
O . . 1 .
I3 # 0. Similarly I; # 0. This proves (ii).
Next we prove (i). For this suppose 0 # f(w) € I](-J and 0 # g(w) € I_..
Then

{aget]f<D+ ) 0t~ g(D) + 0pg(—D)
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= (-1 (o290 i)f (-0 §) + (tveus (D + ) ol-D) € Py,

and hence IJ__ # 0. Similarly Il # 0 implies I._1 # 0.

Finally suppose that 0 # g( ) € Iy = Clw } and 0 # f(w) € I
consider

[09(D) — dptg(—D —1),06 " (D) + dg(—t)’ f(—=D — j)]
— 090t (D n %) + 00,7k (D + %) ,
where h(D + %) = (=1)/f(=D - j)g9(D) — f(D)g(—D — j) and k(D + %) =

(=1)g(D+35)f(=D—35)— f(D+1)g(—D—1). Now the same argument proving
IJ+% # 0 implying I # 0 can be used to derive that I # 0, fora =0,1. O

Corollary 5.1.  The irreducible highest weight module L(g,§) is quasifi-
nite if and only if I, #0.

In particular setting a(w) = a_i(w) in Lemma 5.1 we obtain the
following.
Corollary 5.2.  There exists a monomial a(w) € Clw] such that any

element in (Ogl\?)_% annihilating ve is of the form 6t~'g(D)a(D) +
0pg(—D)a(—D), for some g(w) € Clw].
Take this 6t~ 'a(D) + dpa(—D) € g_1/o and any element 6f(D) —
Optf(—D — 1) € g1/2. One computes
[0f(D) — 9ptf(—D —1),0t a(D) + dpa(~D)]
= 0s0(a(=D)f(D) — a(D)f(=D))
+ 005(a(=D)f(D) —a(D+1)f(=D —1)) — a(0)f(0)C.

Since [0f(D) — dpt f(—D — 1),0t'a(D) + dgar(—D)]ve = 0, we obtain
§{0s0(a(=D)f(D) — a(D)f(=D))
+009(a(=D)f(D) — (D + 1) f(=D — 1) — a(0) f(0)c} = 0.
Putting f(D) = e~*P this is equivalent to
(5.1) a (%) <0A0(x) L OA (2)e®/? — g) —0.

Combining the results of this section we obtain the following characteriza-
tion of quasifinite °SD-modules.



LIE SUBALGEBRAS OF SUPER W14 567

Theorem 5.1.  The irreducible highest weight module L(Ogﬁ,f) is
quasifinite if and only if "Ag(x) and °Aq(z) satisfy the differential equation
(5.1).

§5.2. The case g = T=SD

First we let g = ++SD. The arguments leading to the following propo-
sition is similar to the ones we have given in the previous section leading to
Corollaries 5.1 and 5.2 and so we will omit the details.

Proposition 5.2.  There exist a(w) € CV[w] and B(w) € CO[w] such
that any element in (++§]\))_% annihilating ve is of the form 0t~ f(D)a(D) +
dog(D)B(D + 1/2), where f(w),g(w) € COw]. Furthermore the irreducible
highest weight module L(g,&) is quasifinite if and only if a(w) # 0 and

B(w) # 0.

Take 0f(D 4 1/2) + Optg(D + 1) € g1/ and 0t~ (D) + 9pB(D +1/2) €
P_y/3, where a, f € CW[w] and 3, g € CO[w]. One computes

[0f(D +1/2) + 0gtg(D + 1), 0t (D) + 99 B(D + 1/2)]
= B(D+1/2)f(D+1/2) + %(a(D +1)g(D + 1) + a(D)g(D))
+ %(989 — 090)(a(D + 1)g(D +1) — a(D)g(D)) + a(0)g(0)C.

This implies that

(5.2) &(B(D+1/2)f(D+1/2)+ %(a(D +1)g(D + 1) + a(D)g(D))
+ 5600 — 0,0)(0(D + 1g(D + 1) ~ a(D)g(D) + 0(0)g(0)c) = 0.
By putting g(D) = 0 and f(D + 1/2) = 3(e*(P+1/2) — ¢=2(D+1/2)) we have
(53) 5(4) (aan =0,
Now putting f(D) = 0 and g(D) = 1(e®P + e~*P) we obtain
(5.4)
a (%) ((e"’v/2 +e72) A (2) + (72 — e TTA () - 20) =0.

Next, we consider g = +-8D. In this case we have similarly the following
proposition.
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Proposition 5.3.  There exist a(w) € CO[w] and B(w) € CV|w)] such
that any element in (“‘_35)_% annihilating ve is of the form 6t~ f(D)a(D) +
Dg(D)B(D + 1/2), where f(w),g(w) € COw]. Furthermore the irreducible
highest weight module L(g,&) is quasifinite if and only if a(w) # 0 and
Bw) £0.

Take 0f(D +1/2) + Optg(D + 1) € g12 and 0t 'a(D) + 0p3(D +1/2) €
g_1/2, Where o, f € COfw] and B,9 € CV[w]. As before we obtain iden-
tity (5.2). Now using the pairs g(D) = 0 together with f(D + 1/2) =
1(en(PH1/2) 4 e=2(D+1/2)) and f(D) = 0 together with g(D) = (e"P +e~*P)
we obtain again the equations (5.3) and (5.4), where AFT(z) is replaced by
A ().

Next, we consider g = ~+SD. In this case we have similarly the following
proposition.

Proposition 5.4.  There exist a(w), 3(w) € COw] such that any ele-
ment in (+_§2\7)7% annihilating ve is of the form 6t~ f(D)a(D)~+08pg(D)B(D+
1/2), where f(w),g(w) € COw]. Furthermore the irreducible highest weight
module L(g,§) is quasifinite if and only if a(w) # 0 and B(w) # 0.

Take 0f(D 4 1/2) + dotg(D + 1) € g1/ and 0t 'a(D) + 9p(D +1/2) €
g_1/2, where a, f € COfw] and 8,9 € CD[w], and taking their bracket gives
identity (5.2). Now using the pairs g(D) = 0 together with f(D + 1/2) =
1(ex(PH1/D) _ e=2(D+1/2)) and (D) = 0 together with g(D) = 3(e*? —e=*D)
we obtain again (5.3) and (5.4), where A} (z) is replaced by A7 T (z).

Finally, we consider g = ~=SD. In this case we have similarly the following
proposition.

Proposition 5.5.  There exist a(w), 3(w) € CV[w] such that any ele-
ment in (+*§23)_% annihilating ve is of the form 6t~ f(D)a(D)+dpg(D)B(D+
1/2), where f(w),g(w) € COw]. Furthermore the irreducible highest weight
module L(g, ) is quasifinite if and only if a(w) # 0 and B(w) # 0.

As before we obtain identity (5.2). Now we use the pairs g(D) = 0 together
with f(D + 1/2) = 1(e®(PH+1/2) 4 ¢==(P+1/2)) and f(D) = 0 together with
g(D) = 3(e*P + e7"P) to obtain (5.3) and (5.4), where A} " (x) is replaced by
AT (z).

We summarize our results in the following.
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Theorem 5.2.  The irreducible highest weight module L(iigﬁ,f) is
quasifinite if and only if T=Ao(x) and T A (x) satisfy the following differ-
ential equations:

5( 4 ) Fale)) = o
a<di> ((ew/2 +emo/2). ﬂAO(x))

i

+ a(%) ((61/2 — e*””/2) CEEA L (z) - 20) = 0.

§6. Subalgebras of Lie Superalgebras gAl and SD

oo|oo

In this section we will describe Lie subalgebras of gl, ., of types OSP
and P. We study the embeddings of the Lie subalgebras of SD introduced

in Section 4 into (the subalgebras of) gl We then study the relations

among the central extensions of these superalgebras. Also cf. [AFMO1] for the
embedding of SD into gl

86.1. Lie superalgebra gl

oo|oco

Let My, be the associative algebra consisting of matrices (a;;)i jez such
that a;; = 0 for |i — j| >> 0. We denote by gl the Lie algebra obtained from
My, by taking the usual commutator. Denote by E;; the elementary matrix
with 1 at the (i, j)-th entry and 0 elsewhere. Define the Lie superalgebra gl |,
to be gl ® M (1,1) with the induced Zs-graded structure from M(1,1) (recall
that M (1,1) is defined earlier in Section 2).

One may have two different ways of looking at gl

8loooo = @azo,l,i gl o M,, that is,

gl gl
1 = R I
Blooloo l gl gl ]

so|oo- First we may regard

Secondly, one may identify gly|o = {(@ij)ijez/2 | aij =0, for |i —j| >> 0}.
Under this identification, the Zs-graded structure is given by letting E;; (i—j €
Z) be even while E;; (i —j € Z+ 1/2) be odd. One could easily identify the

two presentations of gl as follows (i,j € Z):

oo|co
E;; My = Eyj, EijMy = FEi_135-1/2,
EijM+ = Ei,j—1/27 Ez‘jM— = Ei—1/2,j~
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The Lie superalgebra gl is equipped with a natural %Z—gradation

oo |oo

TE%Z

where (gl,o|o)r is the completion of the linear span of E;; with j —i = r
in the notation of the second realization above. We will call this gradation

the principal gradation of gl This gradation naturally gives a choice of a

Borel subalgebra B|oc = EBDO(glOO‘OO)T and a choice of a Cartan subalgebra
Boojoo = (gloo|oo)o. We obtain thus a triangular decomposition of gl

where (gloo|oo):|: = @TG%N(gIOO|OO)iT'

8§6.2. Subalgebras B and Py. of gl

oo oo

Consider the superspace C*I> with even basis vectors {e;]i € Z} and odd
basis vectors {e,|r € 5+ Z}. The Lie superalgebra 8lo|oo acts on €l in the
usual way:

1
Eijek = 5jk61', i,j, ke §Z.

Consider the even super-symmetric non-degenerate bilinear form (-|-) on
C>I>® given by

(eilej) = (_1)i5i,7j7 Z,]GZ,
1
(eres) = ()36, rses+ T

1
(esler) = 0, iEZ,r€§+Z.

Associated to this form we define the Lie superalgebra B = By @ B; to be the

subalgebra of gl preserving this form, where

oo|oo

B = {T € (glo;o0) | (To|w) = —(=1)l(v, Tw)},  e=0,1.

o] oo

This is a Lie superalgebra of type OSP. It is easy to see that the subalgebra
B’ spanned by the following elements is a dense subalgebra inside B (4, j € Z,
r,s €3 +7):
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L 1 rls—
Eij—(-1)"E_j_, Ei,— (-1)"""2E_, _;, B — (-1 'E_, _,.

In our first realization of gl,,, the subalgebra B/ is the span of elements of
the form (E; ; — (=1)"WE_; _;)Mo, (E; j — (=1)""Ey_j1_;)My, and E; ;M +
(1) Ey _; _;M_.

In the remainder of this subsection we will introduce four subalgebras of
SD of type P. Note that the type P Lie superalgebra is one of the two strange
series of Lie superalgebras, cf. e.g. [K] for the finite-dimensional case.

First, we introduce an odd symmetric non-degenerate bilinear form (-|-) on
C>I°° which is uniquely determined by

(6.1) (ei,ej_%) :§i+j_%7%, i,j € Z.

We denote by P, the subalgebra of gl preserving this form. Then using

the notation in the second realization of gl

oo|oo

the subalgebra spanned by

oo|oco
By =B jiy vt Bijy ¥ E iy Bigy—Ejig i

forms a dense subalgebra 73_{ . inside Py 4. In the first realization of gl he

00|00 t

subalgebra 77_{ . is the span of elements of the form
EijMy — E1_j1—iMy, (Eij —Ei1_j1-i))M_, (Eijj+ Ev_j1-i)M,.

We may also use (6.1) to (uniquely) determine an odd skew-symmetric
non-degenerate bilinear form (-|-) on C*®I°°. We denote by P, _ the subalgebra
of gl preserving this form. Then the subalgebra spanned by

oo|oo
Bij =B jiy ity Bijoy —E gy By T E iy i

forms a dense subalgebra 73{__ inside P, _. In the first realization PJ]:_ corre-
sponds to the subalgebra spanned by elements of the form

EijMy — E1_j1—iMy, (Eij+FEi_j1-i))M_, (Eijj — E1_j1-i)M,.

Next, we consider the odd symmetric non-degenerate bilinear form (+|-) on
C*1°® uniquely determined by

(6.2) (ei,ej_%) = (71)1’51_4_]__%7%’ i,7 € Z.

Let P_. be the subalgebra of gl |, preserving this form. Then the subalgebra

spanned by Eij—(—l)i+jE_j+%,_i+% B o1 +(_1)i+jE—j+17—i+%7 and B;_1 ;—
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(—1)1'*'3']5_]44%7_24Jrl forms a dense subalgebra Pf+ inside P_,. In the first

realization of gl the subalgebra Pl . is the span of elements of the form

00| oo
EiiMy — (=1)" Ey_j 1My, (Byj — (1) E_j1_)M_,

and (E;; + (=) Ey_j1_;) M.

Similarly we may consider the odd skew-symmetric non-degenerate bilinear
form (-|-) on C*I*® determined by (6.2). Let P__ be the subalgebra of gl
preserving this form. Then the subalgebra spanned by

o0o|oo

Bij = (-1D)"™E_j 1 i1, B = (C)™ME_ i,

and FE,

1
1=3,]

In the first realization P/ _ corresponds to the subalgebra spanned by elements

+ (=1)"E_;;1 ;4 forms a dense subalgebra P/ inside P__.

of the form
EijMy — (=1)"E;_; 1My, (Eij + (=1)"E_j1_;)M_,

and (E;; — (=1)""E1_j1-;)M;. We note the Lie superalgebras B and Py

inherit from gl the principal gradation and the triangular decomposition.

00| oo

86.3. Embedding of subalgebras of SD into gl

oo|oo

Take a basis in C®I* = C* @ C>®0 = t°C[t,t "] @ 0t°C[t,t™'] as {v; =
t7S 0,y 5 = t7750,4 € Z}, where s € C. The Lie superalgebra 8locjoo
on C>®I*® via E;jui, = 0xvi, 1,j,k € Z/2. The Lie superalgebra SD acts on
C>I> as differential operators. In this way we obtain a family of embeddings
¢s of 8D into gl

acts

oo|oo*

s (t°fo(D)) s (t*F4(D))

Ps
(6.3) ¢ (I"F(D)) = s (t"-(D)) s (*F1(D)) |

where

¢s(tfo(D)) = D fol—j+ )Ej—k; Mo,
JEZ
> h(=j+$)Ej kM,
JEZ

Gs(t" F1 (D)) = D fi(=j+8)Ej_r; My,

jez

¢s(t* f1(D))
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¢( Zf .]+3 Jj— k,jM—

JEZ

Note that the principal gradation on gl is compatible with that on SD

oo |oo
under the map ¢,.
Denote by O the algebra of all holomorphic functions on C with topology

of uniform convergence on compact sets. For an integer k we let

0N =00 = {feO]f(w)=f(-w)},
OEH Y =0 = {fe 0| f(w) =—f(-w)}
We define a completion SD® of SD consisting of all differential operators of
the form aj tJ f,(D)M,, where f, € O and j € Z. This induces completions
08D and F£ESDO of °SD and TESD, respectively. The embedding ¢, extends

naturally to °SD® and *=SDO.
We define

I, :={f € O|f(n+s) =0,¥n € Z},
and, for j, k € Z,

Setting Js = Dpez{d u—01.+ t* f.(D)M,|f. € I} we have the following
proposition whose proof is a straightforward calculation (compare [KR1]).

Proposition 6.1. We have the following exact sequence of Lie superal-
gebras:
0— Jg — SDO =, gl

oo — 0.

For k € Z, let YJ; ;. be the linear span of
k k k k+1 k-1
t* fo D+§ My, t* f1 D+T My, (=t)*g(—=D — k)M + " 'g(D)M_,
where fo € I(]H'1 , fi€ Isk,;rll) and g € I,. Set °J, = @kez s,k We can easily
show the followmg

Proposition 6.2.  We have the following exact sequences of Lie super-
algebras:

0— J, OSDO—>g1 — 0, s¢%Z,

00| oo

0—>OJO—>OS'DO—O>B—>O.
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For k € Z we let % ;, be the linear span of t*(f(D+ %)My — f(—D—k—
DMy), 5= f_(D+E)M_, and t* f, (D + 5L )M, , where f € I, and f_ € Isk),
fi € Is(?k)_l in the case of TTJ,, and f_ € 15(327 fi € Is(},g_l in the case of
s k-

For k € Z we let _iJs’k be the linear span of

t*(f(D+k/2)My — (=1)*f(=D —k = 1)My),  t*7'f (D+k/2)M_,

and t*f, (D + (k — 1)/2)M,, where f € I, and f_ € Is(ffk), f+ € Igck)fl in the
case of ~TJs ., and f_ € Iék,:_l), f+ € Iik;_ll) in the case of =7 J, k.
Similarly, putting *+.J, = Dz iiJ&k, we can show the following.

Proposition 6.3.  We have the following short exact sequences of Lie
superalgebras:
1
0_)iijs_)iiSrD(9&,gloo‘oo—>07 s¢§Z7

0 — T+t J, — TESDO Po, Pir — 0.

Remark 6.1.  One can also explicitly describe the images of ¢4 (s € %Z)

which are Lie subalgebras of gAl For our purpose in this paper, we only

need the surjectivity of the homomorphisms ¢ in Propositions 6.1 and 6.2.

86.4. Lifting of the embeddings to the central extensions

Next we extend the above homomorphism ¢ to a homomorphism between
the central extensions of the corresponding Lie superalgebras.

We begin by describing the central extension of gl The Lie superal-

is the central extension of gl by a 1-dimensional vector space

gebra gloc‘oo oc|oo
spanned by 1. The 2-cocycle giving rise to this central extension is explicitly

given by

a(A, B) = Str([J, A]B), A,Begl

00|00

where J denotes the matrix »° _; Eyr, and for a matrix C' = (cij) € glygjoos
Str(C) stands for the supertrace of the matrix C, which is given by

Zre%z(fl)zrcw. We note that the expression a(A,B) is well-defined for
A, B € gl
subalgebras of gAl

so|oo- The restriction of a to the subalgebras B, Piy gives rise to

which we denote accordingly by B and 73117 respectively.

0|00
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The linear map ¢ sending D to D + 1 induces an associative algebra au-
tomorphism of SD. Furthermore (1 — o) maps SD onto SD, thus the map
(1—0): SD/ker(1 — o) — SD is a linear isomorphism. Now let Str, : SD — C,
s € C, be the linear map defined by

f=(D) fHD)

We note that Strs vanishes on ker(1 — o) and hence the linear map Strg o (1 —

St (17 (f o) +(D)> = 5,0(£(s) — £2(0) — £1(5) + £1(0)).

o)1 : 8D — C is well-defined. The following lemma is a consequence of a
straightforward computation (cf. [KR1]).

Lemma 6.1. Fort"F(D),t*G(D) € 8D, r,s € Z, we have
U(t"F(D),t*G(D)) + Stry o (1 — o) " ([t"F(D), t*G(D)])
= a(¢s(t"F(D)), ¢s(t°G(D))).

It follows from Lemma 6.1 that the map qgs . SD — gl defined by

00| oo
(6.4) bs(t"F(D)) = ¢(t" F(D)) + Stry o (1 — o)~ (t"F(D))

is a homomorphism of Lie superalgebras.
Let 2 be a formal variable and define the generating functions e*?%% and

e®P%? in the usual way by > -, (‘”Dz# and Y, < (mefe)n, respectively.
Since (1 — o)~ 1(e™) = — E;U —1 we have the following description of the map

QASS. A somewhat different proof can be given parallel to the proof of Lemma
5.1, p. 87, [KWY].

Proposition 6.4.  The C-linear map ¢A>s . SD — gloo‘oo defined by
$s|§5j = ¢slgp,,  J#0,
Bule D) = ()~ T,
(;S(ea:Deag) _ ¢S(exD089) + e’ —1 1,
et —1
6s(0) = 1,

is a homomorphism of Lie superalgebras.

We note that it follows from Proposition 4.1 that OEY\)O is spanned by
the basis elements {D"9y0, (D + §)"09y|n odd}. We thus obtain the following
description for the embedding of 05D into gAl &
(Compare Proposition 5.2, p. 87, [KWY]).

by restricting the map ¢,.

oo|oo
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Proposition 6.5.  The C-linear map 53 08D — gAloo|OC defined below
is a homomorphism of Lie superalgebras:

¢S|0§5j = ¢’S|0§5ja J#0,

b4 (sinh(zD0y0)) = ¢8(Sinh(wD8@0))_COSh((S_Sil)E()g_) cosh(§) |
2

3, (sinh (x (D + %) 989» b5 (sinh (x (D v %) 939» + % 1

¢s(C) = 1.

In particular, QASO is a homomorphism from 08D to B.

It follows from Propositions 4.2, 4.3, 4.4 and 4.5 that the Cartan subalgebra
+£3D,, is spanned by the basis elements {(D+3)"090 — (—1)"(D+ 3)"00|n €
Z4} which is the same as {(D + 3)***1, (D + 3)?*(990 — 009)|k € Z}. We
may consider the following generating functions:

sinh((D +1/2)z),  cosh((D + 1/2)z)(8s0 — 6).

Thus restricting ¥, we obtain the following description for the embedding of
+£SD into gl

Proposition 6.6.  The C-linear map $S (EESD gAloobo defined below
1s a homomorphism of Lie superalgebras:

Olissn, = oluszp, J#0,
(o ) - el (o)
3, <cosh(<D + %)z) (996 — oag)) = 4 (cosh((D + %)x) (906 — oag))

2cosh((s + 1)x) — cosh(%)
et —1

.]_,

ds(C) = 1.
In particular, QASO 18 a homomorphism from +£35D to ﬁii,

We conclude this section with the following proposition whose proof is
analogous to the one of Proposition 4.3 in [KR1].
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Proposition 6.7.  Let g be either SD or igﬁ, where i = 0,++. Let
g© denote the corresponding holomorphic completion of g and V a quasifinite

g-module. The action of g extends naturally to an action of at least g, for all

k # 0.

87. Finite-dimensional Howe Duality

Howe duality [H1|, [H2] was generalized in [CW1], [CW2] in a systematic
way (also cf. [OP], [Naz], [Se] for other independent approaches') to finite-
dimensional Lie superalgebras. However in order to apply those results to our
infinite dimensional setting, we need to use Borel subalgebras different from
the ones used in [CW1]. In this section we will obtain explicit formulas of the
joint highest weight vectors for a dual pair of Lie superalgebras acting on a
supersymmetric module with respect to the new Borel subalgebras, and thus
obtain an explicit isotypic decomposition of the supersymmetric module with
respect to the action of dual pairs. A variation of these formulas will be applied
to the study of Howe duality involving infinite-dimensional Lie superalgebras
in the next section.

Let gl(m|n) denote the general linear Lie superalgebra of linear transfor-
mations on the (m|n)-dimensional complex superspace C™I" Let the subspace
Z;’:{" CE;; of diagonal matrices be our choice of a Cartan subalgebra h and B
any Borel subalgebra containing h. A finite-dimensional irreducible represen-
tation VA 1, is determined by a unique (up to a scalar) non-zero highest weight
vector v € Vr;\”n, where A € h*, which in turn is uniquely determined by the
properties

hv = A(h)v, h e,
bv = 0, b € [B, B].

Consider the natural action of the Lie superalgebra gl(n|n) on the C™I"
and the natural action of the Lie algebra gl(I) on the space C'. We obtain an
action of gl(n|n) x gl(l) on the space C"I" @ C'.

We will assume for the rest of this section that n > [, which is all
we need for the application in the next section.

We consider the induced action of gl(n|n) x gl(l) on the k-th skew-
symmetric tensor A*(C™" @ C!). As a gl(n|n) x gl(I)-module A*(C"" @ C!) is
completely reducible and we have

(7.1) AFECrir e CY =NV e VA
A

I'We thank M. Nazarov for bringing the reference [Naz], [OP] to our attention.
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where A = (A1, Ag,...) is summed over all partitions of size |[\| = k and length
I(A\) < 1. As usual X denotes the transpose of A. Here the partition A is viewed
as highest weights of gl(n|n) and gl(l) with respect to their standard Borel
subalgebras of upper triangular matrices as follows. As a gl(l)-highest weight
we have A\(E;;) = \;, for i = 1,...,1, while as a gl(n|n)-highest weight we have
MEi;) =X, fori=1,... ,n,and A(Ejinjn) = (A\j —n), for j=1,... ,n (cf.
[CW1], [OP], [Se]). The symbol (m), m € Z, stands for m, if m € Z,, and
stands for zero otherwise.

For our application in next section, we will use the technique developed
in [CW1] to derive explicit formulas for the joint highest weight vectors with
respect to certain non-standard Borel subalgebras (compare [OP] where less
explicit formulas are also presented).

We note that while all Borel subalgebras of gl(l) are conjugate to each
other, this is no longer true for Lie superalgebras [K]. Therefore it follows that
a different choice of Borel subalgebra for gl(n|n) above may result in different
description of gl(n|n)-highest weights in the decomposition (7.1).

Let {e',...,e" e ... "™} be the standard basis of C*™. In par-
ticular {e’|1 < i < n} are even basis vectors, while {e‘|n +1 < i < 2n} are
odd basis vectors. Of course any ordering of this basis gives rise, via tak-
ing the upper triangular matrices with respect to this ordering, to a Borel
subalgebra of gl(n|n) containing the Cartan subalgebra of diagonal matri-
ces. We consider two orderings that are relevant for our discussion. The
first one is the ordering {e!,e"*1 e? ent2 ... e" e"*"} and we denote by
B; the Borel subalgebra corresponding to this ordering. The second ordering is
{entl el ent2 e2 ... e"*™ e"} and we denote the corresponding Borel subal-
gebra by By. Our present goal is to find the gl(n|n) x gl(l)-joint highest weight
vectors inside A*F(C™"™ @ C!) with respect to the Borel subalgebra B; x B/,
i = 1,2, where B’ is the Borel subalgebra of gl(l) consisting of upper triangular
[ x | matrices.

Denote by e;, j = 1,..., the standard basis for C!. Then {¢'® el <
i <2n,1<j<lI}is a basis for C"l" @ C!. We set forl<i<nand1<j<I:

5; = ' ®ej,

x; = " ®e;.

Then the skew-symmetric algebra A®(C"" @ C!) = S°32 AF(C"" @ C!) may
be identified with the superalgebra Clz’] ® A(}), the tensor algebra of the
polynomial algebra in the variables z; and the Grassmann superalgebra in the
variables £}, for 1 <i<pand 1 <j <l
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Under this identification the action of gl(n|n) on Clz}] ® A(£}) may be
realized as first order linear differential operators

T N
D Gar DT DT D &g 1<ibk<n,
j=1 ’ 85]’ j=1 ’ (“)§j j=1 ’ 8xj j=1 ! 8xj
while that of gl({) may be realized as
"L, 0 .0
g—+Y al=,  1<jk<lL
; 3 ; T ox},

The Cartan subalgebra of gl(n|n) is spanned by the basis vectors
Zj & 8(@ and Z] 1 18 7, for 1 < i < n, while the nilpotent radical of
the Borel subalgebra By is gjenerated by the odd simple root vectors

% 9 .
J=1 J
l 9
j=1 J

The nilpotent radical of the Borel subalgebra B is generated by the odd simple
root vectors

l
i 0 ;
(7.4) ija_gi.’ 1<i<n;
Jj=1 J
l 9
(7.5) }:gazﬁ, i<i<n-—1.
=1 J

The Cartan subalgebra of gl(l) on the other hand is spanned by
> 15; o7 + >, de” for 1 < j < I, while the nilpotent radical of the

Borel subalgebra is generated by the simple root vectors

(7.6) }:g - +§:Jaz ,  1<j<i-L

J+1 i=1

Consider the following | x [ matrices

dg g
o ldag-d
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1 .1 1
xl xz “ e xl
2 2 2
, |88 g
X° = . s
2 2 2
S i
1.1 1
L1 Ta ]
2 .2 2
T1 T3 ]
3 ¢3 3
X? = 1 S2 ],
3 ¢3 3
& & &
1 .1 1
T Tg x;
2 .2 2
x5 x5 x;
_ 3 .3 3
Xk = xi-1 T T3 Ty |, k>1
T !
1‘1 :L'Q e xl

For 0 <r <[ we let X}; denote the first  x r minor of the matrix X*.

Remark 7.1. By the determinant of an r X r matrix A = (a{), denoted
by detA, we will always mean the expression Y ¢ sgn(o)a a2, ---aj . It
is necessary to specify the order of product as some of the a]’s might be odd

variables.

The following lemma, which is the Corollary 4.1 in [CW1], plays an im-
portant role.

Lemma 7.1.  Let xf be even variables fori=1,... ;randj=1,... ,q
with v >t > q. Let &! and & be odd variables fori=1,...,l. Then

.731 1‘1 l‘l
1 2 T 1 1 1
e 22 T T3 Ty
1 2 T 2 2 2
. Ty Ty ,fIJt
zd 22 x4 :
1 2 r q q q
9 ¢q4 .. ¢q x{ x T
det | §1 &2 r|det|Th 72 il =o.
a ¢q ... q 1 S2 t
1 2 T
S S S
. 1 2 t
. s s s
& & &
& & &
1 2 r
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Corollary 7.1.  Let xf be even wariables for i = 1,...,r and j =
1,...,q+m withr >t > q. Let & and & be odd variables for i =1,... 1.
Then

1 1 1
x x x
x% x% CC}n 1 '2 t
v} a3 ay :
: : i 3 i
q 'q ff g o f
Ty Tg o i q+2 q+2 q+2
q a q xl x2 P xt
det | S1 S2 " S | -det . . . =0.
a cq . ¢q : : :
1 2 T : .
It gt zItm
. & & &
&g & - & '
b " & & &

Proof. The identity follows by applying successively the differential op-
erators of the form >'_, xf”%, S xf+3%,. D DN A 82:,, to the
identity in Lemma 7.1. O

Theorem 7.1.  Let X be a partition of length [(\) < 1. Then the expres-
sion

A1
] detxs,
=1

is annihilated by (7.2), (7.3) and (7.6), and hence is a gl(n|n) x gl(l) highest
weight vector with respect to the Borel subalgebra B1 x B’.

Proof. From the definition of the determinant it is easy to see that the
simple root vectors in (7.6) kill each detX?,. Hence they kill Hj‘il det X3, .

Also it is clear that Hf‘:ll detX?}, is annihilated by (7.3), since such an ex-

pression acts on detX!™! by replacing the row (€71 eltl . ghtly by
(ot,2h, ... ,2L), where | > 1. As the latter row already appears in X!*1
the resulting determinant is zero.

Hence it remains to show that (7.2) also annihilates H;\:ll detX f\, But this

now can be easily seen using Corollary 7.1. O

Let A be a partition of size k and length [(A) < I. Define ¢1(A) to be the
n|n-tuple of integers

P1(A) = ()‘/17<)‘/2 - 1>7"' ’<)\’/ﬂ —n+ 1>§ (A1 — 1>7<)‘2 _2>7"' a<)‘n —n)).
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The following corollary follows from an easy computation of the weight of vector
in Theorem 7.1.

Corollary 7.2.  As a gl(n|n) x gl(l)-module we have
Ak((cn\n ® (Cl) o Z V¢1(>\) ® V}A,

nln
A

where ¢1(N) is the highest weight of gl(n|n) with respect to the Borel subalgebra
By and X\ above is summed over all partitions with [(X\) <1 and |\ = k.

Theorem 7.2.  Let A be a partition of length I(X\) < 1. Then the expres-
sion

[ detxyH
i=1 ’

is annihilated by (7.4), (7.5) and (7.6), and hence is a gl(n|n) x gl(l) highest
weight vector with respect to the Borel subalgebra By x B'.

Proof. The proof is similar to that of Theorem 7.1. Again it is easy to
show that the expression is annihilated by operators of the form (7.6) and
(7.4). The fact that it is annihilated by operators of the form (7.5) is again a
consequence of Corollary 7.1. O

Similarly for a partition A with |[A| = k and [(\) <[ we define an n|n-tuple
of integers

¢2(>‘) = (</\/1 - 1>a <)‘I2 - 2>7 ] <)\'/n - n>;)‘17 </\2 - 1>7 cey <>‘n —n+ 1>)
Corollary 7.3.  As a gl(n|n) x gl(l)-module we have
Ak((cn\n ® (Cl) o~ Z V¢2()\) ® Vz)\’

n|n
A
where ¢o(N) is the highest weight of gl(n|n) with respect to the Borel subalgebra
By and X above is summed over all partitions with I(A\) <1 and |\ = k.

Remark 7.2. The arguments and results in this section remain valid for
the dual pair gl(m|n) x gl(1), as long as m,n > [. In this more general setting we
need to replace B and Bs with appropriate Borel subalgebras. Let’s denote the

standard basis of C™™ by {e!, ... e™;emt ... emt")l We may replace By
with any Borel subalgebra corresponding to any ordering of the basis according
to which e™t1 el emt2 ¢2 ... ™t ¢! appear as the first 2/ members. Sim-

ilarly we may replace By by any Borel subalgebra whose corresponding order

1 m+1 2 _m+2 I m—+l
yee e

of basis has e*, e ,ec e ,e'e as its first 2] members.
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Remark 7.3.  One can modify some results in the next section to obtain
a finite dimensional (Pin(2l),0sp(2n + 1,2m)) duality (n,m > 1) which seems
to be new as well.

88. Free Field Realizations and Duality

Take a pair of fermionic fields (bc fields)
P ="yl () =) e
neL neE”Z

with the following anti-commutation relations

[ ;mw;} :6m+’n,0a [wiuwi} :O7 m7n€Z'

Also we take a pair of bosonic ghost fields (5 fields)

rei+z

with the following commutation relations

_ 1
[7ja73]26T+s,07 [77%:772:]:07 r,SsE §+Z

Denote by § the Fock space of ¥ (z) and y*(z) generated by a vacuum
vector |0) which is annihilated by 1;, %, 1 (m € Z1), v (r € 3 +Zy).

More generally we take | (independent) copies of bcBy fields 1HF(2),
yEE(2) (k=1,...,1) and consider the corresponding Fock space F%'.

§8.1. The case of gAl and SD

oo|oco

In this subsection, we will realize g?loobo and SD in the Fock space F%!, also
cf. [AFMO1]. We then establish a (GL(1), gl.|o) duality in . A (GL(1),

SD) duality follows from this via the embeddings ¢s.
Introduce the following generating functions for gl

Ey(z,w) = ZEijzi_lw_j,

i,JEZ
Ei(z,w) = g oM PV
1\~ - TS )
nsE%-&-Z
i— _g—41
E+(Z,U)) = E EisZZ lw ® 2,

i€Z,5€ 3+7
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1 )
E_(z,w) = Z E .z 72w,
re€34+7Z,5€L
We have the following free field realization for SD.

Proposition 8.1.  Let
1

Eo(z,w) = Y v TF@)w R (w)

k=1
1
Bi(z,w) = =Y iyP Ry R (w)
k=1
1
Ey(z,w) = Y gty (w)
k=1
1
E_(z,w) = =Y 7M@) F (w)
k=1
This defines a representation of gloobc on F® of central charge 1.

Componentwise, we can write down the above representation of gl on

oo|oco
F®! as follows:

l
Z:w—&;%kwj—,k' : Z ’7+k —k
l

Z R O D DL Aruau

k=1

Eis

where ¢,j € Z and 1,5 € % + Z. The normal ordering : : is defined by moving
the annihilation operators to the right.

It is well known that the fields : 1¥7%(2)17~(z) : define a representation of
the affine algebra gAl(l) on the Fock space §% of central charge I. On the other
hand the components of fields — : v7%(2)y(z) : define a representation of
gl(l) on % of central charge —I. Hence

PP () T ey T (2) s 1< <,

give a representation of gl(l) of central charge zero on §®'. The horizontal
subalgebra is gl(l) and its action on §®' lifts to a rational action of the group
GL(I). In particular as a GL(I)-module %! is completely reducible. The follow-
ing proposition is a variant in our infinite-dimensional setting of the description
of GL(I)-invariants in End(3®!) [H1].
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Proposition 8.2. GL(I) and gloobc are mutual centralizers in
End(3®Y). In particular %' is a multiplicity-free direct sum of irreducible
8losjoe X GL(I)-modules.

Our next task is to determine the decomposition of F®! with respect to
the joint action of gAloo|OO x GL(I).

We will do this by explicitly displaying all joint gloo‘oo x GL(l) highest
weight vectors with respect to the (joint) Borel subalgebra B x B’, where
Bogjoo = @rzo@oo\oo)r-

For this purpose we need some notation. Define for j € Z, the matrices
X7 as follows:

| -1
vt g g

0 =i -1
vt g g

1 —l-1 -1
Vot by e g
-l =11 -1

PR ’7 l
2

v
== -
v Y ... Y7}

[

Xt =

D

D
e

-

LI

<
llD;L...

|
Yoy P

b
b
I
| = I‘QI I‘QI
[l;«l_mWa;.mlHL.
5 |\2I |\2|
[l:wl_mwwpag_
RO
< I\QI I\QI
l «Lmlw“’_‘mh—-“’_‘
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The matrices X7, for j € N, are defined in a similar fashion. Namely, X7 is
obtained from X7 by replacing ;" by ;7' 7* T and 4% by 4=k For
example,

2 2
+1 42 +1
o pht gt o gt

+.1 2 +.1
pit gt o gt

For 0 <r <, we let X'(i > 0) denote the first r x r minor of the matrix
X% and let X°, (i < 0) denote the first 7 x 7 minor of the matrix X*.
Consider a generalized Young diagram A = (A1, Ag, ... , Ap) of length | with

)\12)\22"'2)\i>)\i+1:0:"':/\j—1>)\j2"'2)\l~

It is well-known that the irreducible rational representations of GL(I) are pa-
rameterized by generalized Young diagrams, hence they may be interpreted as
highest weights of irreducible representations of GL(). As usual we denote by
/\;- the length of the j-th column of \. We use the convention that the first
column of X is the first column of the Young diagram A1 > Ao > --- > \;. The
column to the right is the second column of A, while the column to the left
of it is the zeroth column and the column to the left of the zeroth column is
the —1-st column. We also use the convention that a non-positive column has
negative length. As an example consider A = (5,3,2,1,—1,—2) with [(A\) = 6.
We have \_; = —1, A\[j = =2 A} =4 etc. (see (8.1)).

(8.1) |

Let A € (é\lm‘m)(’;. Then A may be interpreted as a highest weight for a
sojoor We let Ay = A(Eq,), for
a € 37Z. Given a generalized Young diagram A with [(\) < [, we define A()) of

highest weight irreducible representation of gAl
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(gAloobo)S to be the weight whose components are given by:

A=\ —i),  QeN,
Aj = — (=N + i) J € —Ly,
1
/\r:<)\r+1/2—(r—1/2)>, TE§+Z+,
1
>‘s:7<*)\p+(s+1/2)+(871/2)>’ SG*E*Z_._.

Theorem 8.1. (1) As a GL(I) x gl
ducible and decomposes into isotypic components as follows:

oc|o0 ~MOdule, 9 is completely re-

§ = PV @ Lgloojoe, AN),
A

where the summation is summed over all generalized Young diagrams A with
A <l

(2) The GL(I) x gAloobo—highest weight vector with respect to the Borel subalgebra
Boo‘oo x B’ in the \-isotypic component of F& is

A — A
(8.2) det X3/ ~-~detXAL11 ~det XY, - det Xy, - detX3, -~-detXXi1|O>.

Al—1

Proof. The second part is a variation in our infinite-dimensional setting
of Theorem 7.1. Since §®' is a rational representation of GL(I), it follows from
the second part that all irreducible representations of GL(I) appears in the
decomposition of F®!. The multiplicity-freeness follows from Proposition 8.2.

O

The irreducible representation L(gAloo|007 A())) pulls back via ¢, to an irre-

ducible representation of SD. For & e (gﬁ)(";, we denote as usual by L(gﬁ, §)
the irreducible highest weight representation of SD. Introduce the generating
functions

Ao(z) = —€(e"P?),
A (z) = —€(e"P0%).

Proposition 8.3.  Let L(gAIOO‘OO, A) be the irreducible highest weight rep-
resentation of highest weight A and central charge ¢ such that A(E.q) = Ag.
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Then via ¢s the module L(gAl A) pulls back to the irreducible highest weight

module L(gﬁ, Asp), where g5 is specified by the generating functions

o0|oo?

Y serNii — s + 6i00)e T 4 ¢
et —1

_ ienNimgiog ~Airdivd — §i00)e 7T 4 ¢
et —1 '

)

Proof. The generating functions above can be directly calculated by using
the embedding ¢ given in (6.3) and Proposition 6.4. The irreducibility follows
from Propositions 6.1 and 6.7. O

Remark 8.1. It follows that SD and GL(I) form a dual pair in the sense
of Howe on §®. The decomposition of F® with respect to the joint action
SD x GL(I) follows from Theorem 8.1 and Proposition 8.3.

Indeed we can write down the action of SD on §®in an explicit manner.
Note that J&* = JEM, (a = 0,1,+) together with C' span SD. Define

Ja’n(z) — Z J]t:,nz—n—k—l_
keZ

Proposition 8.4.  The action ofgi\) on F% of central charge l is given
in terms of the following generating functions:

1
1) = =3 ()R

p=1

()

MN

Jhn(z) =
1

=
Il

l
Jrn(z) = =Y gt (2
p=1

TP (2)0™pP(2) -

MN

JTMz) =

]
[

Here and further 0" (-) denotes the n-th derivative with respect to z.
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Proof. We will prove the last identity only and the proof of the others is
similar. Using the embedding ¢ we calculate

J7Mz) = Y (—t*[D], M)z

kEZ
= Z*[*j]nEj—k,jM—Z_k_n_l
kEZ
l
= D =il Y ey
keZ p=1

l
= Z TP (2)0™p P (2) - .
p=1
4

Let‘B—{J“"\n+k>Ok€Zn€Z+,a—01:|:}andlet‘J3—
PP CC. One can check that ‘}3 is a parabolic subalgebra of SD (the central
extension when restricted to 9 is trivial). Geometrically, 8 consists of those
differential operators in SD which extend to the interior of the circle. De-
note by MC(§5) (¢ € C) the vacuum module (which is a generalized Verma
module)

M(SD, R, \) = U(SD) ® C.,

where U(-) denotes the universal enveloping algebra, C. is the one-dimensional
representation of ‘33 by letting C' = ¢Id and ‘33 - C; = 0. Denote by Vc(gl\)) the
irreducible quotient of the SD-module Mc(gls) Then Mc(gﬁ) and Vc(gﬁ)
carry vertex superalgebra structures. For example, a proof of this can be given
based on the above free field realization given in Proposition 8.4 parallel to the
proof of Theorem 14.1, p. 132, [KWY].

Now the duality in Theorem 8.1 (cf. Remark 8.1) can be interpreted as a
duality between GL(I) and the vertex superalgebra Vl(gl\D) on the Fock space
3®!. The irreducible gl

ule over the vertex superalgebra Vl(@)

so|oo-module appearing in F®! becomes irreducible mod-

88.2. The case of B and °SD

In this subsection we will construct actions of B and °SD on 5oL
and establish a (B,Pin(2l)) duality and then a (°SD,Pin(2l)) duality.
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Let

Eo(z,w) + 2 'wEy(—w, —2)
> (B — (—1)"E_; )My 2w

©,JEZL

k=1
Ei(z,w) + Fy(—w, —2)
= Z (E” — (—1)i+jE1,J 1,Z)M1 zz_lw J
i,jEL
1
==Y P W) s+ (TR (=2) )
k=1
2B (z,w) + E_(—w,—2z)

)
=) (ByMy+ ()" B iM_)z'w™

1
== 3T (R W) s R Cu)y R (—2) ).
Proposition 8.5. The above equations define a representation 0fl§ on

O of central charge 1.

According to Feingold and Frenkel [FF|, the Fourier components of the
generating functions

(8:3) 1T P()YT(=2) 1, 1 TP (YT (=2) 1 TP ()Y () ¢ +%5p,q271

generate a representation of the twisted affine algebra gl(z) (21) of type Agll
on §® with central charge 1. On the other hand, the Fourier components of

the following generating functions

(84) — TPy U(=2), =y P()yT(=2) s = TP ()T (2)
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generate a representation of the twisted affine algebra gl(2) (20) of type Ag)—1 on
§®~! with central charge —1. We observe that the Fourier components of the
generating functions in (8.3) and (8.4) correspond to the same generators in
¢1®®(21) with the appropriate coefficients as in (8.3) and (8.4) (cf. Eqs. (3.55-
3.57), p. 139-140 in [FFJ; note that our convention here is a little different).
Then the diagonal action on %! given by

i(z) = Y Bin)zT T = PPt (—2) s — P ()T (—2)

neZ

() = Y =TT (—) s =y ()
neEZ

1(z) = Y n)z T = (YT (E) () g
neZ

(p,g=1,...,1) is that of an affine algebra gl(2)(2l) of type Ag)_l of central
charge zero. The horizontal subalgebra of the affine algebra gl(Q)(2l) spanned
by €59(0),e??(0), e’9(0) (p,qg = 1,...,1) is isomorphic to the Lie algebra
so(21).

We claim that the action of the horizontal subalgebra so(2l) can be lifted
to an action of the Lie group Pin(2!), also cf. [W1]. First let us take a digression
to recall the group Pin(21).

The Pin group Pin(n) is the double covering group of O(n), namely we
have an exact sequence

1 — Zs — Pin(n) — O(n) — 1.

We then define the Spin group Spin(n) to be the inverse image of SO(n) under
the projection from Pin(n) to O(n). Then we have the following exact sequence
of Lie groups:

1 — Zy — Spin(n) — SO(n) — 1.
Set n = 2l. Denote 1; = (1,1,...,1,1) € Z' and 1; = (1,1,...,1,—-1) € Z..
The irreducible representations of Spin(2!) that do not factor to SO(2l) are
irreducible representations of so(2l) of highest weights parameterized by

1
(8.5) A:§11+(m1,m2,... ;)
and
1_
(86) A= 511+(m1,m27... ,—ml)
where mqy > --- > m; > 0,m; € Z. We are interested in irreducible repre-

sentations of Pin(2[) induced from irreducible representations of Spin(2l) with
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highest weight of (8.5) or (8.6). When restricted to Spin(2!), it will decompose
into a sum of the two irreducible representations of highest weights (8.5) and
(8.6). We will use V(Pin(2l), A), where XA = |1 + (my1,mo, ... ,m;),m; >0,
to denote this irreducible representation of Pin(2l). Denote by

1
3(Pin) = {§|1l| + (my,ma, ... ,my),my > - >my; >0,m; € Z}.

The proof of the following lemma is straightforward.

Lemma 8.1.  The action of so(2l) commutes with that of B on .

Remark 8.2.  As a representation of so(2l), the Fock space §¥ is iso-
morphic to A(CH) A A(C? QCY) ® S(C*®CY), where A(C!) is the sum of
two half-spin representations and so(2l) acts on C? @ CN naturally by the
left action on C%. The action of so(2l) can be lifted to Spin(2/) which ex-
tends naturally to Pin(2l). It follows that any irreducible representation of
Spin(2() appearing in §®' cannot factor to SO(2l). A similar argument to
the classical dual pair case [H2] shows that Pin(2l) and B form a dual pair
on F®.

The Cartan subalgebra B\o of B is spanned by the basis elements E,, —
E_,4_q, a € 3N, and the central element 1. Let A € (Bo)*, the restricted dual
of g(). We denote its components A(Eqq — F_q,—q) by Aq-

Given a Young diagram A = (A1, g, ..., A;) of length at most [ with

AM2>X2>- >N >N >0,
we may define a highest weight A(\) € (Bo)* as follows:
A= (No=g), JeN,
o= o= 0-1/2),  re 4

For each j € N define the matrix X7 to be the matrix obtained from X7
by replacing its last column (,yjﬁ’ e 77:-:_; , z/)f}.l, . ,wi_}l) by
2 2

N/ )L N/ j Aol j N/ j )0
<_7t1a7—_'—§u _lyi_é yeee (_1)J’7fj+17 (_1)j+1wtj PRI (_1)J+1wij> .
2 2 2 2

For 0 < r < let us, as usual, denote by Xﬂ the first r x r minor of X7.
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Theorem 8.2. (1) As a Pin(2l) x B-module, & is completely reducible
and decomposes into isotypic components as follows:

9= P v(Pin@):\) QLB AN)).

AeX(Pin)

(2) Let A = (A1, Aa,...,\) be a Young diagram of length at most I. The
following vectors are joint highest weight vectors of so(21) x B in F®:

1 2 A
(a) det Xy, det X3, - -detX/\,i1 .
—l a5 % 2
(b) %o detX}\/ldetXi,2 . -detX)\i1 .

Furthermore the highest weight with respect to B of (a) and (b) is A(\), while
their highest weights with respect to so(2l) are A = (A1 + 3, Ao+ 2,... . A+ 3)
and A = (A1 + %,)\2 + %, =N — %), respectively.

Proof. From the second part we see that all irreducible modules of Pin(21)
that do not factor through O(2[) appear in the Fock space. The first part follows
from this and the fact that B and Pin(2!) form a dual pair.

In order to show that (a) is a highest weight vector it is enough to check
that it is annihilated by e%?(0), for all p # ¢, due to Theorem 8.1, which is an
easy computation.

The proof of (b) is somewhat more tedious, and we will omit the details, as
it is also a rather straightforward calculation. We only remark that the crucial
identity used in the computation is again Lemma 7.1.

Finally, once the highest weight vectors are explicitly given, the computa-
tion of weights of these vectors is straightforward. O

By composing the homomorphism éo with the action of B on F% we
realize a representation of °SD on F®'. Let us write down the action of °SD
on F® explicitly. We introduce the following generating functions:

Oyy/n Oyyn —k—n—1
Wh(z) = E Wiz , a=0,1,
keZ

W) = 3 OWE e
keZ
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Proposition 8.6.  The action of 05D on FO is given in terms of the
following generating functions:

l

Wi z) = D (TP T(2) =2 M (P (—2)) P (=2) 1),

l

W) = =Y (0P T(E) 4 (P (=) TP (=2) )
p=1
l

W) = =) (0P (2) 4 0N (P (=) P (—2) o) -

p=1

Proof. We will only give a proof of the first identity, as proofs for the
other two are obtained similarly.

OWSL(Z) = Ztk' ([D]n )k-i—l[ D — k], )Moz—k'—n—l

kez

= Z ([*j]nJr(*l)kJrl[jf]g]n) Ej—k,jM()Zikfnfl
k,jEL

= D (B + (D) n B y) Mzt
k,jEL

- Z Z( P ) g T )
k,jEZ p=1

X Moz~ F—n-1
l

= X (s o) Lo )

p=1
O
Remark 8.3.  We recall that Eg(z,w) + z 'wEo(—w, —2), E1(z,w) +

Ei\(—w,—2) and E_(z,w) — wE,(—w,—z) are the generating functions for
generators of B. Indeed, one can also express the field as

W (2) = 0 (Eo(z,w) + 2 ' wEo(—w, —2))|we-

In other words, we have for |w| > |z|

— 1
Fo(z,w) + 2 'wEy(— Z—' o (2)(w—2)".
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Similarly for |w| > |z| we have
1
El(sz)‘i’El(*wa*Z) Z_| Wiﬂ(z)(wiz)na
n=0

E_(z,w) —wE (—w,—z) = Z ;|OW”( Yw —2)".
n=0
Now the irreducible module L(B, A(X)) pulls back to via ¢g to a module
over 03-73, which remains irreducible thanks to Propositions 6.2 and 6.7. For £ €
(032\7)8, we denote by L(OEZ\D, €) the irreducible highest weight representation
of 9SD. Recall that the Cartan subalgebra of 05D is spanned, aside from the
central element, by

{D"00|n odd} U { <D + %) 00 |n odd},

so that its generating functions are °Ag(x) = —£(9p0sinh(zD)) and A, (z) =
—£(00p sinh(xz(D +1/2)).

Proposition 8.7.  Let L(lj:)’\7 A) be the irreducible highest weight repre-
sentation of highest weight A such that A(Eqq — E_q,—a) = Aa, 0 € %N. Then
via qASO the module L(gloo|oo, A) pulls back to the irreducible highest weight mod-

ule L(OSD Aogg), where the highest weight Aoz is specified by the generating
functions

YAo(z Z Arpsinh(—rx),
1€ 5 +Z+

OAl Z)\usmh —ix)
€N

Proof. The generating functions for 08D can be computed using Propo-
sition 6.5. Irreducibility is a consequence of Propositions 6.2 and 6.7. O

Now via ¢g, s # 37, the irreducible representation L(gl A(X)) pulls
back to an irreducible representation of 058D by Proposition 6.2. Again using

Proposition 6.5 we can show the following.

00|00

Proposition 8.8.  Let L(gAIOO‘OO, A) be the irreducible highest weight rep-
resentation of highest weight A and central charge ¢ such that A(E.q) = Ag.
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Then via ¢, s # IZ the module L(gAloobo, A) pulls back to the irreducible high-

est weight module L(OSD Aogp), where the highest weight A,z is specified by
the generating functions

o _ . _ cosh(sz) —1
Ag(x) = ;Z sinh(—rx) A “snh(z/3) ¢,

o cosh((s — 3)z) — cosh(z/2)
Aq(z zezz sinh((—i + s)z)\i; + Snh(z/2)

Remark 8.4. Tt follows that °SD and Pin(2l) form a dual pair in the
sense of Howe on §®'. The decomposition of ¥ with respect to the joint
action 98D x Pin(2]) is easily obtained from Theorem 8.2 and Proposition 8.7.
We further note that Theorem 8.1 together with Proposition 8.8 imply that
08D and GL(l) form a dual pair on §®! as well.

§8.3. The case of Py, and **SD

We may also compose the homomorphism (50 with the action of ﬁii on
§®!. This way we obtain a representation of T*SD on F®' which we will
describe explicitly. We introduce the following generating functions (we recall

that the elements iiW,? , iiW” and iiW” n ++8D were introduced at
the end of Section 4):
:t:th Z:t:twn —k—n— 1
kEZ
iiWn ZiiWEk —k—n— 1
keZ
+E1n +d1rn 7k n— 1
Wi(z) = > =wr
keZ

Proposition 8.9.  The action of 7*SD on F! is given in terms of the
following generating functions:

l
TEWM2) = D ()" P(2) 4 0" TP ()Y P (2) 1)
p=1
!
TEWH(2) = =) (P(2)0" P (2) 0N (7 ()Y (2) 1)
p=1
l
TEW(2) = Y (tP(2)0"y P (2) s 0T ()Y TP (2) )

=
Il
—
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Proof. We will only give a proof of the second identity, as proofs for the
other two are obtained similarly.

TEWR(z) = Y tH (Dl F[-D -k —1],) M_zF !

k€EZ
= Z ([_.j]n + [,] — k- l]n) Ej—k,jM_Z_k_n_l
k,jeZ
1
= > (il F U=k = 1) DAy P
k,jEL =

l
= =) (AR F (TP T(=) )
p=1

O

Remark 8.5.  Let P+ = {*iW£,+iWﬂ7k7+iWik | n+k > 0,k €
Z,n %Jr} One ca/n\show that ‘ﬁi = PEPCC is E\parabolic subalg(ioia
of T£SD. As in the SD case, we define the vacuum T+SD-module M,.(T+SD)
(ceC)

M (**8D) =u(**SD) ) C.
UP*)

and its irreducible quotient V,(**8D). Then M,(*£SD) and V,(*£SD) also
carry vertex superalgebra structures.
Proposition 8.10.  The action of ~+SD on F® is given in terms of

the following generating functions:

l

TEW(z) = Y (0P TP(2) s = Oy TP (—2)y P (—2) )

p=1
l
TEWE(2) = Y (20" () £ 0" (TP (=) P (—2) 1)
p=1
l
TEWR(z) = Y (TP(2)0" P (2) 0" (WP ()Y P(2) ) -
p=1

Proof. We will give a proof of the second identity only.
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W) = (Dl £ (DR D — k- 1],) MR

kEZ
- Z (I=dln £ (1) =k —1],)) Bj_p jM_z~F 71
k,jEL
l
- Z ([_ﬂ" + (_1)k+1[j — k- l]n) Z'V/jfj-s-l/Q%‘_pz_k_”—l
k,jEL =1

l
= S (RO (z) £ (=) (—2) ).

O

Remark 8.6.  The Fock space %! is not completely reducible with re-
spect to the action of P44. Similar remarks as Remark 8.3 hold in the cases
of *+SD.

89. Conclusion and Discussion

In this paper we have classified all anti-involutions of Lie superalgebra SD
preserving the principal gradation, where SD is the central extension of the
Lie superalgebra of differential operators on the super circle S''. There are
five familes of them, while the anti-involutions within a family is related to
each other by a spectral flow. We found close relations between the subalge-
bras 0§23, +£3D fixed by the five anti-involutions and subalgebras g, ﬁii of
gAloo‘oo. We realize these Lie superalgebras by a free field realization, and fur-
ther establish dualities between them and certain finite-dimensional classical
Lie groups on Fock spaces. Our construction generalizes [KWY].

There are various interesting questions arising from our current work. Be-
low we will list some of them. Some of these questions have been better under-
stood in the Wi case.

(1) The Lie superalgebra SD, ie. the super extension of Witoo was first
studied by Manin and Radul [MR] in the context of sypersymmetric KP
hierarchy. It is natural to ask to construct the hierarchy corresponding to
the Lie superalgebras °SD and **+SD.

(2) Calculate the principle g-character formulas for the irreducible modules of
0SD and *+SD that appear in the free field realizations. For SD this
problem is solved in [CL].
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(3) Identify the vertex superalgebras Vl(@) and Vl(+i§5) of central charge
[ € N with more familiar W superalgebras (cf. [BS]). Such a question has
been answered for Wy when I € N [FKRW] and when [ = —1 [W2].

(4) Classify the irreducible modules of the vertex superalgebras Vl(gi\)) and
Vi(*£8D).

(5) What is the fusion ring of the vertex superalgebras Vl(gﬁ) and Vl(*‘igl\))
of central charge | € N? The duality between (GL(1), W1tool|c=i) lead
the authors in [FKRW] to conjecture that the fusion ring for Wi yeo|e—; is
isomorphic to the representation ring of GL(l). (Indeed one can argue that
the former contains the later). It is natural to conjecture that the fusion
ring for SD of central charge [ is also isomorphic to the representation ring
of GL(I) based on our duality results.

(6) We have studied the superalgebra of differential operator on the super circle
SHUN with N = 1 extended symmetry. One may ask similar questions for
the super circle SV for a general N.
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