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Abstract

We introduce an Uhlenbeck closure of the space of based maps from projective
line to the Kashiwara flag scheme of an untwisted affine Lie algebra. For the algebra
sl,, this space of based maps is isomorphic to the moduli space of locally free parabolic
sheaves on P! x P! trivialized at infinity. The Uhlenbeck closure admits a resolution
of singularities: the moduli space of torsion free parabolic sheaves on P! x P! triv-
ialized at infinity. We compute the Intersection Cohomology sheaf of the Uhlenbeck
space using this resolution of singularities. The moduli spaces of parabolic sheaves of
various degrees are connected by certain Hecke correspondences. We prove that these
correspondences define an action of sl,, in the cohomology of the above moduli spaces.

81. Introduction

1.1. For a symmetrizable Cartan matrix A, and the corresponding Kac-Moody
algebra g(A), M. Kashiwara has introduced a remarkable flag scheme B(A) [13].
It shares many properties of the usual flag varieties of semisimple Lie algebras.
For one thing, if C is a smooth projective curve of genus 0, and ¢ € C a
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marked point, the space IC/[”‘(A) of based maps from (C,c) to (B(A), By) of
degree o turns out surprisingly to be a smooth finite-dimensional quasiaffine
variety, though B(A) itself is of infinite type in general.

In case g(A) is semisimple, V. Drinfeld has introduced a remarkable affine

closure M*(A) D M*(A) (the space of based quasimaps, alias Zastava space)
which has found applications in the study of quantum groups at roots of unity
and geometric Eisenstein series. In fact, Drinfeld’s definition works for arbitrary
symmetrizable A, but M*(A) turns out to be of infinite type in general.

However, if g(A) is an untwisted affine Lie algebra, it appears that M“(A)
possesses a partial resolution M*(A) — M*(A) with rather favorable proper-
ties (for one thing, 9M*(A) is of finite type). The construction of M*(A) we
propose at the moment is quite cumbersome, in a sense it occupies the bulk of
this paper.

1.2. In case A = An_l we have g(A) = ;In, and IM* = 93?0‘(11”_1) admits
a semismall resolution of singularities w, : M* — 91®. The quasiprojective
variety M® is not new; it is just the moduli space of torsion free parabolic
sheaves of degree o on the surface C x P! trivialized at infinity. For a torsion
free parabolic sheaf F, € M one can define its saturation N'(F), which is a
locally free parabolic sheaf containing F,, and defect def(F,) which is roughly
speaking a colored zero-cycle on C x P! measuring the quotient N'(F)e/Fe.
The proper map w, : M®* — I glues together various parabolic sheaves
with the same saturation and defect.

Thus, the closure M D M may be obtained in two steps. First we view

l\O/ID‘ as the moduli space of locally free parabolic sheaves of degree o on the
surface C x P! trivialized at infinity, and put it inside the moduli space of
torsion free parabolic sheaves M®. Second, we glue together certain torsion
free parabolic sheaves. This idea is not new: for the moduli spaces of vector
bundles on surfaces it gives rise to Uhlenbeck compactifications. This is why
we call MM an Uhlenbeck flag space for A? (though we work with the surface
C x P!, the trivialization at infinity essentially leaves us with A2 C C x P*).
In the framework of moduli spaces of instantons on Riemannian
4-manifolds the Uhlenbeck compactification was introduced by S. Donaldson,
following the pioneering work [23]. In the framework of algebraic geometry,
the Uhlenbeck compactification of moduli space of vector bundles on a surface
was constructed by J. Li [17]. However, in the special case of the surface
C x P!, and vector bundles trivialized at infinity (or equivalently, vector
bundles on P? trivialized at infinity), the algebraic geometric version of
Uhlenbeck space was defined by S. Donaldson, via the ADHM description of
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instantons on S*, see chapter 3 of [7]. The algebraic geometry of Donaldson’s
Uhlenbeck space was thoroughly studied by H. Nakajima in his remarkable
works on Quiver varieties.

So roughly speaking we cook up our 9 from Drinfeld’s Zastava space M
and Donaldson’s Uhlenbeck space for A2. Though the exposition in the main
body of the paper concerns the case g(A) = sA[n, we spell it out in such a way
that the construction carries out without changes for an arbitrary untwisted
affine Lie algebra g(A), cf. 6.8.

1.3.  The particularity of the case g(A) = sl,, lies in the existence of a semis-
mall resolution of singularities w, : M — 9M*. This is similar to the exis-
tence of a small resolution, due to G. Laumon, of the Zastava space M*(sl,,).
We apply the resolution w, to compute the Intersection Cohomology sheaf
ZC(M™), similarly to [15], where Laumon’s resolution was used to compute
ZIC(M*(sl,)). The necessary information about the fibers of w, was already
obtained in [9], [21], so in a sense, all the hard work was already done a long time
ago. The generating function of the ZC-stalks is governed by the product of
Kostant partition function for sA[n, and another partition function, arising from
the invariants of a principal nilpotent element of s[,, in the nilpotent radical of
the maximal parabolic subalgebra of sA[n

For an arbitrary untwisted affine g(A) we propose a conjectural answer for
the stalks of ZC(9MM*(A)) in 6.7.

1.4, We also study another moduli space Mgy D M of parabolic torsion free
sheaves of degree a on C x P!, where we relax the condition of triviality at
infinity, and impose only a condition that a torsion free sheaf Fy is generically
trivial, that is trivial on some line cxP!. For any 7 there is a closed subvariety
of middle dimension (Hecke correspondence) €}, C Mgy x ./\/lg: 7. Tt is formed
by pairs of parabolic sheaves such that the second one is a subsheaf of the
first one. The top-dimensional irreducible components of €} are naturally
numbered by the isomorphism classes k € £(y) of 7-dimensional nilpotent
representations of the cyclic quiver :&n,l, independently of . For k € £(7) the
corresponding irreducible component €%, viewed as a correspondence between

Mg, and ng 7, defines two operators:

en: H*( gt):‘H°(Mg:_7) ¢ i

Let H denote the generic Hall algebra of nilpotent representations of the cyclic
quiver An_l at ¢ = 1. It turns out that the linear span of operators e, is closed
under composition; the algebra they form is naturally isomorphic to H, and the
isomorphism takes e, to the element of H corresponding to the isomorphism
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class k. Moreover, for the isomorphism classes of simple representations x =
{{i}}, i € Z/nZ, the corresponding operators e;, f; define the action of the
Chevalley generators of g(A,_) = sl, on D, H*(Mg;). This sl,,-action has
central charge 2. This is a partial realization of the programme outlined in
[9] 1.3.

1.5.  Let us say a few words about the structure of the paper. In §2 we recall
the well known facts about the Kashiwara flag scheme for E,A[n, and various real-
izations thereof. In §3 we introduce the moduli space of torsion free parabolic
sheaves M®, and construct a family of regular functions on it, which will be
used in the definition of the resolution w, : M — 9. In §4 we recall the

Drinfeld’s spaces of based maps and quasimaps M® C M, and define the Uh-

lenbeck flag space IMM“ as a closure of l\O/IO‘ in some quasiaffine embedding (like
Schubert varieties are closures of Schubert cells in the usual flag varieties). In
§5 we construct the resolution w,, and in §6 we compute ZC(9“). Note that
while the generating function of the stalks of w,.ZC (M%) involves the Kostant
partition function of é\[n, the generating function of the ZC-stalks of 9“ in-
volves the Kostant partition function of g[nl the semismallness of w, kills the
extra imaginary roots. In §7 we study the Hecke correspondences; among other
things, they are used in the proof of connectedness of M.

1.6.  Our main motivation was to understand the algebraic geometric meaning
of Uhlenbeck compactifications. We did not really succeed (for one thing, we
are bound to the surface A? with fixed coordinates); the present work may be
viewed just as an indication what to look for. We benefited strongly from the
explanations by V. Baranovsky, V. Drinfeld and V. Ginzburg about Uhlenbeck
compactifications. Moreover, this work owes its very existence to the ideas and
suggestions of V. Drinfeld. We are also grateful to O. Schiffmann for bringing
the reference [10] to our attention, and to K. Yokogawa for explanations about
extensions of parabolic O-modules. In the course of our study of Uhlenbeck
spaces, M.F. has enjoyed the hospitality and support of the IHES, the Univer-
sité Cergy-Pontoise, the Hebrew University of Jerusalem, and the University of
Chicago. His research was conducted for the Clay Mathematical Institute, and
was made possible in part by CRDF award No. RM1-2545-MO-03. D.G. is a
Prize Fellow of the Clay Mathematical Institute. A.K. was partially supported
by RFFI grants 02-01-00468, 02-01-01041, and INTAS-OPEN-2000-269. His
research was made possible in part by CRDF Award No. RM1-2406-MO-02.
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§2. Kashiwara Flag Scheme for sl,
2.1. Recall that the affine Lie algebra ;[n is the canonical central extension
0—C—sl,—sl,® c((t ') —o

Let us fix an n-dimensional vector space V with a basis vq, ... ,v,, and identify

sl, with sl(V). For 1 <i # j <n we denote by E;; € sl,, the operator taking
v; to v;, and annihilating other base vectors. Then the Chevalley generators of
;\[n are as follows: eqg =t 1E,1, fo = tE1n, ho = [eo, fo]; for 1 <i<n—1 we
set e; = Eji+1, fi = Eiy14, hi = [es, fi]. Thus the simple positive coroots are
naturally numbered by 0 < ¢ < n—1. We will identify this set with I := Z/nZ.
We will denote by Y the coroot lattice Z[I], and by X the dual weight lattice.
We denote the perfect pairing X x Y — Z by (,), and the basis of X dual to
I consists of fundamental weights w;, @ € I. Thus (wj,i) = d;;. A simple root
dual to a simple coroot ¢ € I will be denoted by i’ € X.

For a dominant weight Xt 3> \ = EI liw;, l; € N, we denote by V)
the corresponding highest weight integrable sA[n—module (its highest vector is
annihilated by e;, i € I). We denote by V* the dual (pro-finite dimensional)
vector space.

2.2. Fundamental representations. The general reference for this sub-
section is [4]. Recall the semi-infinite wedge construction of the fundamental
representations V,,,. Let V denote the Tate vector space V @ C((¢t71)). Then
the Tate vector space W := V & V* has a natural symmetric bilinear form
which gives rise to the Clifford algebra Cliff(W). We choose a compact lattice
Ly =V ®CJ[[t7!]] C V, and consider a compact lattice Lyy = Ly & Li; C W.
Then Ly is an isotropic subspace of W, and its exterior algebra embeds nat-
urally into the Clifford algebra: A®(Ly) C Cliff(W).

We define the Clifford module Q as Indilif{(LVv\V];. In fact, its isomorphism
class is independent of the choice of compact lattice Ly C V.

Consider an arbitrary compact lattice L; C 'V and another compact lattice
Ly C L C V*. Weset Ly :=L; & Ly C W. Then the invariants Q*12 form
a finite dimensional vector subspace canonically isomorphic to A*(Ly /L1) ®
det(Ly). Here A*(?) is a vector space dual to the exterior algebra A*(?), and
det(Ly) is the relative determinant of the lattice Ly C 'V with respect to Ly .
Clearly, Q is a union of Q%2 as L, Lo shrink.

The algebra gA[n > sl, acts naturally on Q. It is well known that for any
t € I there is a canonical embedding s; : V,,, — Q. In fact, Q is the direct
sum of fundamental representations of gA[”.
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2.3. Pliicker equations. Kashiwara [13] defines the flag scheme B for sl,, as
the (infinite type) subscheme of [],c x+ P(VY) cut out by Plicker equations:
A collection of lines (£) C V) ex+ satisfies Pliicker equations if

(a) For any nonzero sl,-morphism ¢ : Vi ®Vﬂ* — Vi, wehave o(6y ® £,) =

€>\+u;

b) For any ;[n-morphism @ L*®[/ * — V* such that v < A + n we have
A I v
go(f)\ ® Eu) =0.

The inverse image of the line bundle O(1) on P(VY) is the line bundle on
B denoted by L. We have T'(B, L)) = V.

Note that the Pliicker equation (a) above implies that B embeds as a closed
subscheme into J[,.; P(V.)).
2.4. Discrete lattices. The above definition works in the generality of an
arbitrary symmetrizable Kac-Moody algebra. In the particular case of 5A[n there
is another well known definition of B in terms of periodic flags in the Tate vector
space V. Namely, B is a scheme (of infinite type) parametrizing collections of
discrete lattices (Fx C V)gez such that
(a) The kernel and cokernel of the natural map Fo @ V ® C[[t7!]] — V have

the same dimension.

(b) Fi C Fi41, and dim(Fyy1/Fy) = 1 for any k;

(¢) Fyn =t~ 1Fy for any k;

Let us construct an isomorphism from the second definition of B to the
first one. To this end let us temporarily denote B in the first (resp. second)
definition by B; (resp. Bs). Given a flag (Fi) and 0 < i < n — 1, we consider a
discrete lattice Fyy,; = F; @ Ff‘ C W. It is well known that the coinvariants of
the Clifford module Qp,,, are one-dimensional. Composing with the canonical
embedding s; : V., — Q (see 2.2) we obtain a projection p; : Vi, — Qp, .

Thus we have constructed a line bundle £; over By (with a fiber over
(Fr)rez equal to Qpy, ) together with a surjection p; : V,,, ® Op, — L;. It
defines a map By — P(V}), and taking the product over i € I we obtain an
embedding By — [[;c; P(V) which identifies it with the image of Pliicker
embedding of B;. This way £; on By gets identified with £,,, on B;.

2.5. Parabolic vector bundles. The second definition of the flag scheme B
translates immediately into the language of vector bundles on P!. Namely, let X
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be a smooth projective curve of genus 0. We choose two distinct points y,x € X
and a global rational coordinate t : X — P! such that t(y) =0, t(x) = oco.

Then Bs is isomorphic to the moduli space Bs of parabolic vector bundles on
X with a trivialization in the formal neighbourhood of x € X. More precisely,
we consider the moduli space of the collections (Fi, 7)rez where

(a) Fr is a vector bundle on X of degree k and rank n;
(b) Tk C Fk+1, and Fr41/Fk is supported at y € X for any k;

(¢) Sk4n = Tr(y) for any k;

(d) 7 is a trivialization of o restricted to the formal neighbourhood Xx of
x € X (and hence 7 is a trivialization of any i in Xg).

Let us recall the isomorphism from Bz to Bs. Given (§x, 7)kez we define
the flag of discrete lattices (F)rez as follows. Our coordinate ¢t : X — P!
identifies Ox, with C[[t7!]]. Hence 7 identifies §x|x, with V @ C[[t~!]]. Now
the space of global sections I'(X — x, §x) embeds as a discrete lattice Fj into
I'(Xz —x,8k) =V ®&C((t™1)). One checks easily that the conditions (a—c)
above imply the conditions 2.4 (a—c).

Under this isomorphism, the fiber of the line bundle £; at a point (Fg)kez
gets identified with the determinant of cohomology det RT'(X, ;).

2.6. Schubert divisors. Recall that V is a vector space with a basis
V1,...,U,. We define a complete flag of vector subspaces 0 = Vy C V; C
. C Va1 €V, =V where V; = (vq,...,v;). We define a transversal flag

V=VloVto. ..oV > V™ =0where VI = (v,,...,0j41).
We denote by B the flag variety of sl,. So we have two distinguished points
Ve Ve € B. Let b C sl, be a Borel subalgebra formed by all the operators
preserving our flag V. Let B C SL,, be the corresponding Borel subgroup. Let
n C b be the nilpotent radical.

We define a subalgebra bc g[n as a full preimage in the central extension of
a subalgebra b @ sl, @t 'C[[t™"]] C s, ® C((t™")). Let B be the corresponding
proalgebraic group. According to [13], B acts on B with a unique open orbit
U C B. The complement B — U is a union of n + 1 irreducible Cartier divisors
naturally numbered by I : B —U = [J;c; Ai. We have £; = Lo, = O(A),
see [14].

Finally, recall that Ay is cut out by the condition that Fy is a nontrivial
vector bundle on X.
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2.7. Base point. We choose a base point By € U C B as follows. In the
setup of 2.3 we set By = (£9)rex+ where £9 is the unique line in V¥ killed by
all f;, i € I. Equivalently, in the setup of 2.4 we have By = (F))kez where for
—n < k <0 we have Fy, = V ®@ tC[t] © V*. Equivalently, in the setup of 2.5 we
have By = (Fx, T)kez where §o =V ® Ox, 7 is the tautological trivialization,
and for —n < k < 0 the local sections of §; are those sections of Fp =V ® Ox
which take value in V¥ at y € X.

2.8. Beilinson-Drinfeld-Kottwitz flags. We recall the construction [11] of
an ind-scheme of ind-finite type “approximating” the infinite type scheme B.
For a positive integer a let X(®) denote the a-th symmetric power of X. For a
test scheme S, and an S-point y of X(®), we may view the graph I'yofy as a
subscheme of S x X (finite over S).

Following [11], we define the ind-scheme B* representing the functor asso-
ciating to a test scheme S the set of quadruples (y, V, ¢, V;) where

y is an S-point of (X — x)(@);

Vis an SL,-bundle on S x X;

¢ is a trivialization V|sxx-r, — V ® Osxx-r,;

Vs is a reduction of V|sxy to B C SL,.

B¢ is equipped with an evident projection p, : B* — (X —x)(®), and with
a section s, : (X —x)(® — B¢ defined as follows. For s,(y) € B¢ we have:
YV =V ®0gxx is a trivial SL,-bundle; ¢ = Id is the tautological trivialization;
Vy is given by a constant flag V*® ® Ogxy in Vsxy =V @ Ogxy.

We have an evident morphism m, : 8% — B restricting a rational trivial-
ization ¢ to the formal neighbourhood X3 of x in X. Note that m, contracts
the section s,((X — x)(®)) to the base point By € B.

2.9. Kashiwara Grassmannian. Kashiwara scheme B has an important
parabolic version G which we presently recall. In the setup of 2.3, for i = 0,
the line bundle £L,,, on B defines a morphism from B to P(V} ), and G is the image
of this morphism. We have a fiber bundle B — G with the typical fiber B. Thus,
the line bundle £,,, on B descends to the ample determinant line bundle Lo on G.

Equivalently, in the setup of 2.4, G is the moduli scheme of discrete lattices
F C V satisfying the condition (a) of loc. cit., such that F C t71F.

Equivalently, in the setup of 2.5, G is the moduli scheme of pairs (§,7)
where § is an SL,-bundle on X, and 7 is a trivialization of § in the formal
neighbourhood of x € X.

We have a divisor Ay C G cut out by the condition that Fy is a nontrivial
vector bundle on X, and £y = O(Ag). Also, we have a base point Gy € G
which is the image of By € B. Finally, in the setup of 2.8, for a« € N we have
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the ind-scheme ¢ (Beilinson-Drinfeld Grassmannian) representing the functor
associating to a test scheme S the set of triples (y,V,<) as in loc. cit. We have
an evident morphism m, : % — G.

§3. Parabolic Sheaves on A?

3.1. Let C be a smooth projective curve of genus 0. We choose two distinct
points b,c € C and a global rational coordinate z : C — P! such that
z(b) =0, z(c) = co.

We consider a smooth projective surface S’ := C x X with a normal
crossing divisor D’ := C x x|J¢ x X. Note that S’ — D' is the affine plane AZ
with coordinates z,t.

Blowing up the point ¢ x x € &’ we obtain a surface S with a projection
p: 8§ — &' It is well known that one can blow down the proper transform
of D' in S to obtain ¢ : § — §”. The surfaces &', S” have a common open
subscheme S’ D A2 C §”, and the complement S” — A? is a smooth divisor
D” c S”. In fact, S” is isomorphic to P?, and D” is a projective line.

Finally, we introduce a divisor Dy := C x y C &'. Note that Dy N A? is
cut out by the equation ¢ = 0.

3.2. Torsion free sheaves. For a positive integer a let A% D .jl“ denote
the fine moduli space of torsion free (resp. locally free) coherent sheaves F
on &’ of rank n, and second Chern class a, equipped with a trivialization at
D': Flpr =V ® Op. Its existence is proved in [12], and its smoothness is
well known. For the reader’s convenience let us recall the argument.

Lemma 3.1. A% is smooth.

Proof. Let F € A% be a torsion free sheaf. The obstruction to smoothness
of A% at F lies in Ext?(F, F(—D’)) which by Serre duality is a vector space
dual to Hom(F, F(D') ® Q%) ~ Hom(F, F(—D’)). We claim that the latter
vector space is zero, which at the same time proves that F has no infinitesimal
automorphisms. In effect, since F|cxx is a trivial vector bundle on C = P!,
for a general x € X the restriction F, := F|cx, is also a trivial vector bundle
on C. But then Hom(F,, F,(—c)) = 0 for a general 2 € X, and hence already
Hom(F, F(—c x X)) = 0. O

We will use an equivalent definition of A® going back to [1]. Namely, let
A$ denote a fine moduli space of torsion free coherent sheaves £ on 8" of rank
n, and second Chern class a, equipped with a trivialization at D” : &|p» =
V ® Opr. Its existence is proved in [12].
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Following [1], we construct an isomorphism &, from A% to A¢ sending F
to &€ := q.p*F (notations of 3.1); the inverse isomorphism from A¢ to A® sends
E to F :=p.q*E.

Given a torsion free sheaf F € A® and a point s € A? C S8’ we define a
saturation at s : Ng(F) := joujiF D F where js : 8’ —s — S’ is an open
embedding. It is well known that N, (F) is a torsion free sheaf locally free at s.
We define a defect at s : defs(F) as the length of the torsion sheaf N(F)/F.
Finally, N(F) denotes the total saturation of F, that is, N(F) = js.j5F
where S € A% C &’ is a finite subset such that F is locally free off S, and
js: §8—=8 < &' is an open embedding. The sum ) g def (F)-s € Sym?(A?)
is the total defect def(F).

3.3. Quiver description. Nakajima ([20], Theorem 2.1) gives another equiv-
alent definition of A(n,a) = A¢ as a certain quiver variety. Recall that A(n,a)
is a moduli space of certain linear algebra data (Bj, Ba,1,J), see loc. cit. Here
By, By € End(W) where W = C?%, + € Hom(V, W), 5 € Hom(W,V) satisfy a
condition [By, Ba] 4+ 23 = 0. Nakajima defines F as the middle cohomology of
a certain monad on 8" constructed from these linear algebra data.

Recall that z is our coordinate on C which identifies C — ¢ with Al. Also,
t is our coordinate on X which identifies X —x with A!. The restriction of this
monad to A% C 8" looks as follows:

32) 0-W®04pw-5WaWaV)®0: W0 —0
where a sends w € W ® Oy2 to ((By — 2)w, (B2 — t)w, jw), and b sends a triple
(w1, wa,v) to the sum —(By — t)wy + (By — z)ws + .

3.4. Parabolic sheaves. Let o =), ; a;i € N[I] C Y be a positive coroot
combination. A parabolic sheaf Fo of degree o on A? is an infinite flag of torsion
free coherent sheaves of rank non &’ : ... C F_; C Fy C F; C ... such that:
(a) Frtn = Fi(Do) for any k;

(b) chi(Fk) = k[Dy] for any k: the first Chern classes are proportional to the
fundamental class of Dg;

(¢) cho(Fy) = a; for i =k (mod n);
(d) Fo is locally free at D’ and trivialized at D’ : Fylpr =V ® Op/;

(e) For —n < k < 0 the sheaf Fy, is locally free at D’, and the quotient sheaves
Fr/F-n, Fo/Fr (both supported at Dy = C x y C §’) are both locally
free at the point ¢ x y; moreover, the local sections of Fy|cxx are those
sections of Fylexx =V ® Ox which take value in VFaty e X.
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We say that a parabolic sheaf F, is locally free if Fy, is locally free for any
k. Note that this condition implies that for any k& < [ < k + n the quotient
sheaf F;/Fj is a locally free sheaf on Dy, since Dy is smooth. Indeed, F;/Fy, is
a subsheaf in the sheaf Fj i, /Fi = Fr(Do)/Fr = Fr(Do)|p, which is locally
free.

3.5.  According to [12], [24], there exists a fine moduli scheme M® of parabolic

[e]
sheaves of degree a on A2, and its open subscheme M which is a fine moduli
space of locally free parabolic sheaves. We have a natural forgetting morphism

T : MY — A% (Fi)kez — Fo.
Lemma 3.3. M® is smooth.

Proof. Let Coh denote the moduli stack of coherent sheaves on C of generic
rank n, equipped with a trivialization at ¢ € C. Let FCoh denote the moduli
stack of flags 0 = o C §F1 C ... C §n of coherent sheaves on C with the
successive quotients being of generic rank 1, equipped with a trivialization at
c € C compatible with the flag. Both Coh and FCoh are smooth, see [16].

We have morphisms r : A* — Coh, F — F|p, = F/F(—Dy), and
t: M® — FCoh, Fq — (i := Fi—n/Fo(—Do))gcp<,- Evidently, M* is the
cartesian product of A% and FCoh over Coh. o

So it remains only to check that r: A% — Coh is smooth. Both stacks in
question being smooth it suffices to show the surjectivity of the corresponding
tangent map. The obstruction to r being a submersion at a point F € A%
lies in Ext?(F, F(=D’ — Dy)). As in the proof of Lemma 3.1, it is enough to
check Hom(F, F(—c x X)) = 0. But exactly this was done in the above cited

proof. O
Remark 3.4.  We will see in Proposition 7.1, Corollary 7.3 that M% is

connected of dimension dim M® = 2|a| : =23, a;.

3.6. For a future use we construct a family of regular functions on M*

factoring through the projection 7, : M* — A%,

Let O denote the algebraic variety formed by pairs of lines (P, P) in the
projective plane 8 such that all the three lines Py, P, D” are distinct. Note
that O is an affine algebraic variety. We have a fiber bundle Py (resp. Ps) over
O whose fiber over (Py, P2) is Py (resp. P3). We have a fiber bundle p : 0-0
whose fiber over (Pp, P,) is Py := P, — P, D" (isomorphic to A!). We denote
the a-th symmetric power of O relative over O by 0@,

The relative surface S§ := S§” x O over O has two sections p; := P; N

D", py := P,ND", and a relative line D{. Blowing up p1, p2 and blowing down
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the proper transform of D§ we obtain the relative surface Sg. Its exceptional
divisor Dy is a union of two P'-bundles over O; in fact, S§ ~ P1 xo P2, and
Dy =P1 xop2Up1 xo Pa.

Given a torsion free sheaf 7 € A% on §” trivialized at D" we lift it to Sg,
and then apply the relative version of Atiyah’s trick 3.2 to get a torsion free
sheaf 7’ on S trivialized at Dg. The sheaf F’ is flat over Pq, and for a point
f = (P, Py, c € Py) € Py its restriction to the fiber PL ~ P of &’ over f is a
coherent sheaf on a projective line. If ¢ = P, N D" then the restriction of F’
to IP’}- is trivialized by construction: F’ |]p} =V ® O]P},- Since the condition of
triviality is an open condition in the moduli stack of coherent sheaves on P, we
get a finite subset D C Py such that for ¢ € D the restriction F /hplf is trivial.

In fact, D is not just a finite subset of Py but it carries a structure of
an effective Cartier divisor in Py. Indeed, the restriction of F’ to the fiber
Py x Py of Sy over (Pi, P,) € O defines a morphism from P to the moduli
stack of coherent sheaves on P;. This stack has a canonical Cartier divisor A
of nontrivial coherent sheaves. We define D as the inverse image of Ag. It is
easy to see that deg D = a, and as (Py, P») vary in O, these effective divisors
form a section D(F) of O,

Let /P¢ denote the ind-scheme of sections of 0@ over O. In fact, it is
just an infinite-dimensional vector space. The above construction defines a
morphism 6, : A* — P,

3.7.  Using Nakajima’s construction of A% as a quiver variety, it is possible
to write down an explicit formula for the map 6, above. Recall that z is our
coordinate on C which identifies C — ¢ with A'. Also, ¢ is our coordinate on
X which identifies X — x with A!. Thus, A? = S — D” is equipped with
coordinates (t,z). The variety O is the variety of pairs of nonparallel lines in
A% If (PP, Ps) = ({t =0}, {z = 0}), and F € A“ is represented by a quadruple
(B1, B2,1,7), then the value of the section 6,(F) at the point (P, Pe) lies in
(X —x)@ = A@. We will prove that ev(p, p,)(0a(F)) = Spec(Bs) (that
is the effective divisor in A! cut out by the equation det(By — tId)), and the
morphism 6, is equivariant under the natural action of the group of affine linear
transformations of A2.

More precisely, given (P, Py) € O we choose an affine linear transformation
g of A% such that g({t = 0}) = PP, g({z =0}) = Ps. It also identifies Py with
X —x with coordinate ¢t. Let us write g as a linear transformation (with matrix
entries g11, 912, go1, g22) followed by a translation by (g1, g2) € A%, The natural
action of affine linear transformations of A% on A% in terms of Nakajima’s
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quadruples looks like

9(B1, B2,1,7) = (911B1 + g12B2 + g11d, g21B1
+ g22B2 + ¢21d, (911922 — 912921)%, 9)

For an operator B € End(W) we define Spec,(B) € (P$)(@ as follows. First
we consider an effective divisor on A? cut out by an equation det(B — (g212 +
g22t — g2)Id). Then we intersect it with Psy.

Now given F € A® we compute 0,(F, Py, Py) € (P$)( in terms of Naka-
jima’s quiver data (By, Ba,1,) for F.

The following lemma is borrowed from [3].

Lemma 3.5.  0,(B1, B,1,7, P1, P2) = Spec,(g21 B1 + g22Bs2).

Proof. Recall that F|,2 is the middle cohomology of the monad (3.2). We
define the map

K, : Ker(b) — V @det ' (g21B1 + g2aBa — (9212 + gaot — g2)Id) O
as follows. It sends (wy,ws,v) € Ker(b) to
v —7(g21(B1 — 2) + g22(Ba — t) + g2) " (go1w1 + goows)
Since K4(Im(a)) = 0 we get a well defined map
Ly: Flaz =V @det ™ (g21B1 + g22B2 — (9212 + gaot — g2)1d) O
It is easy to see that L, is injective, and its image contains

V @ det (92181 + ga2 B2 — (9212 + gaat — g2)1d) O 0

In particular, in the coordinates g, the degree of section 6,(F) as a func-
tion of g is less than or equal to a. Let P C ’P* denote the space of sec-
tions of 0@ of degree less than or equal to a. Then our map 6, : A* —
"P actually lands into the finite dimensional subspace P®. Note that the
morphism 6, from A® to the ind-scheme "P* a priori lands into a (finite
type) subscheme of ‘P, and P? is just an explicit estimate of such a sub-
scheme.

Composing 0,, with the projection 7, : M — A% we get the desired
map ¥, : M* — P2,

When PP = {t = 0}, and P§ = {z = 0}, the fiber of 0@ over (P, Py)
canonically identifies with (X —x)(*). Composing 6, with evaluation at (Py, Py)
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we get the map 7, : A* — (X —x)(®. Composing 7,, with the projection
To © M — A% we get the map 7, : M® — (X — x)(@0),

3.8.  Let F € A% be a torsion free sheaf, let def(F) = s € Sym®(A?) (nota-
tions of 3.2). Then N(F) € A% and we will compute 0,(F) in terms of
eafd(N(:F))a§~

To this end we define a morphism U¢ from the symmetric power Sym? (A?%)
to P Namely, for s € Sym?(A?), and (Py, P2) € O we can project A? onto Py
along Py, and the projection of s will be an effective degree d divisor in Py.
As (Py, Py) vary in O we get the desired map U7 : Sym?(A?) — P?.

Also note that we have a natural addition O®*) X0 on - 6(’”[),
(D1, D3) +— Dy + Dy, which gives rise to the addition map P* x P! — Pr+,
Now we can formulate the following corollary of Lemma 3.5 due to Nakajima.
A proof of a similar statement for more general quiver varieties can be found
in [19], 3.27; see also [18], 2.30.

Corollary 3.6.  0,(F) = U%(s) + 04—a(N(F)).

84. Quasimaps into the Kashiwara Flag Scheme
and Uhlenbeck Spaces

4.1. Based maps and quasimaps. We return to the setup of 2.3. According

o [14], H?(B,Z) is canonically isomorphic to the weight lattice X : X\ ~—
c1(Ly). The dual lattice Hy (B, Z) is canonically isomorphic to the coroot lattice
Y. We say that a regular map ¢ : C — B has degree o € Y if the fundamental
class of C in the second homology of B equals « : ¢.[C] = a. Equivalently,
deg(¢) = a iff for any A € X we have deg(¢*Ly) = (A, @). Then necessarily
aeYT =NI[I].

We say that ¢ is based if ¢(c) = By (notations of 2.7).

According to [6], for any o € YT there exists a fine moduli space l\O/I"
of based maps of degree « from (C,c) to (B, By). Moreover, it is a smooth
connected quasiaffine scheme of dimension 2|«|. Let us recall its quasiaffine
embedding. Recall that we have a canonical surjection of vector bundles on
B: Vy®Op — Ly for any A € XT. Dually, we have an embedding of vector

bundles: £_) — VY ® Og. Thus, ¢ € M® gives rise to a collection of line
subbundles (¢*L_x — V¥ ® Oc)ex+ such that

(a) the fiber of ¢*L_, at c € C equals £{ C V; (notations of 2.7);

(b) This collection of line subbundles satisfies fiberwise Pliicker equations.
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Note that ¢*L_» ~ Oc({(—A, )). Hence the datum of ¢*L_ — Vi ®
Oc & ¢*Lo((A a)) — VI®Oc((A, a)) is equivalent to the datum of nowhere
vanishing section sy € I'(C, V¥ @ Oc((A, a))) up to scalar multiplication.

Recall that we have chosen a coordinate z on C — c¢. Thus s) is just a
polynomial in z of degree (A, &) with values in V}¥. The condition (a) above
means that the scalar product of sy with a highest vector of V) is a (scalar)
polynomial of degree exactly (), a), and the scalar product of sy with any other
weight vector of V), is a (scalar) polynomial of degree strictly less than (\, ).
Now we may scale a constant multiple indeterminacy in the choice of sy by
requirement that the scalar product of sy with the highest vector vy € V) is a
monic polynomial of degree (), ).

All in all, 1\0/_[0‘ is formed by collections of such Vy-valued nowhere vanishing
polynomials sy satisfying Pliicker equations. If we drop the nowhere vanishing
condition, we obtain an affine closure M“ D I\O/IO‘.

Equivalently, M® is formed by collections of invertible subsheaves (£_» C
Vi ® Oc)aex+ such that

(a) £_, is a line subbundle at ¢ € C, and its fiber equals £§ C Vi (notations
of 2.7);

(b) This collection of invertible subsheaves satisfies fiberwise Pliicker equations;
(c) deg(£-x) = —(X ).
The points of M* will be called based quasimaps of degree c.

4.2. Relative based quasimaps. We will need a slight generalization of
the above construction. Let Q be a scheme, let K be a set of indices, and for
k € K let W* be a (pro)finite dimensional vector bundle over Q. Let P(W¥) be
the corresponding projective scheme over Q. Let R C [],cx P(W*) (cartesian
product over @) be a closed subscheme. Let s : Q — R, ¢ — (w®(q)) be a
section.

A relative based quasimap ¢ from (C, ¢) to (R, s) is the following collection
of data:

(a) a point ¢ € Q;

(b) an invertible subsheaf £, C WF®Oc¢ for any k € K satisfying the following
conditions:

(i) for an open subset U C C the invertible subsheaves £ C W(f ® Oy
are line subbundles, so they give rise toamap ¢ : U — [[,cx IP)(qu),
and its image is required to lie in R;
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(ii) we have c € U, and ¢(c) = s(q).

The arguments of the previous subsection show the existence of the clas-
sifying scheme M (C,c; R, s) for the relative based quasimaps. Simultaneously
we obtain the open subscheme Z\O4(C,C;R, s) C M(C,c;R,s) classifying the
relative based maps (i.e. when U above equals C).

Note that if R’ — R is a closed subscheme, and the section s factors
through s : @ — R’ — R, then M(C,c;R/,s) is a closed subscheme of
M(C,c; R, s).

4.3. Quasimaps into Grassmannian. Recall the setup of 2.9. We have a
closed subscheme G C P(V} ) with the base point Gy C G. It is well known that
H?%(G,7Z) = 7Z is generated by chyi(Ly). Thus for a positive integer a we have

the classifying scheme A®* O A® of based quasimaps (resp. maps) of degree a
from (C,¢) to (G,Gyo).

4.4. We will construct an identification M® = M?*. Let F, € M% be a
parabolic sheaf of degree o on A? (notations of 3.4). Then Fj is trivialized at
D’, and in particular, at C x x C D’ : Fylexx — V ® Oc.

Lemma 4.1.  The trivialization o extends canonically to a trivialization
in the formal neighbourhood of C x x in S': Fols _ ——V @ Os__.
Cxx Cxx

Proof. We essentially repeat the arguments of 3.6. Let us denote by
ox : 8 = C x X — X the canonical projection from &’ to X. For any
point y € X the fiber g, := g)_(l(y) is identified with C. The sheaf Fj is flat
over X, and the restrictions Fyl,, are coherent sheaves on C. Thus we obtain
a morphism from X to the moduli stack of coherent sheaves on C. By our
assumption this morphism sends x € X to the class of trivial vector bundle on
C. Let D C X — x be the inverse image of the Cartier divisor of nontrivial
coherent sheaves in this moduli stack. Then our trivialization o extends to a
trivialization on C x (X — D) : Folecxx—p) = V ® Ocx(x—p). There is a
unique choice of such an extension ¢ such that §|CX(X_ p) coincides with the
given trivialization of Fylex(x—p) (as ¢ x (X = D) € D’). Finally, we just
restrict our canonical rational trivialization ¢ to the formal neighbourhood of
Cxxin&'. O

Given a locally free parabolic sheaf F, € /\o/l"‘, we equip it with the canon-
ical trivialization ¢ in the formal neighbourhood of C x x in §’. Consider the
canonical projection pc from & = C x X to C. For a point ¢ € C, restrict-
ing (F.,s) to the fiber g. := og'(c) = X we obtain a parabolic vector bundle
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(Fe(c),7(c)) on X (notations of 2.5). For ¢ = ¢ the corresponding parabolic vec-

tor bundle (Fe(c), 7(c)) gives the point By € B. Thus, starting from F, € M?,
we have constructed a based map ¢ from (C,c) to (B, Bg). It is easy to see

that deg(¢) = «, so we have constructed a morphism ¢ : M — M*<.

Conversely, the data of a based map ¢ € M®, by the very definition,
consists of a family of parabolic vector bundles over C, that is, a locally free
parabolic sheaf F, on A? along with a trivialization of Fy in the formal neigh-
bourhood Séx\x , compatible with a given trivialization of Fy|p/. To define
(7 1(¢) we just forget the formal trivialization. Thus we have constructed the
inverse isomorphism ¢! : 1\0/,[& — /\o/l‘x.

o o
The same argument establishes an identification A% = A®.

4.5. Uhlenbeck space. Recall that Nakajima (following Donaldson) defines
A% as the moduli space of stable quadruples (Bj, Bs,1,7), see 3.3. He also
defines the Uhlenbeck space M as the GIT quotient of the space of quadruples
with respect to the natural GL(WW)-action. There is a natural proper morphism
T, : A — 9° which is a semismall resolution of singularities, see [19]. In
fact, M* is the affinization of A%, that is the spectrum of the algebra of regular
functions on A®.

We propose two more definitions of the Uhlenbeck space; we conjecture
that they are both equivalent to Donaldson’s definition, see 5.4. From now

on we will identify A% with A% In particular, we have an open embedding
j: A% — A% Recall also the morphism 6, : A% — P* defined in 3.7.

We define! the Uhlenbeck space 21 as the closure of A% in A® x P? (with
respect to the locally closed embedding (j,6,)).

4.6.  The virtue of our second construction of the Uhlenbeck space is that it
carries a natural action of the group of affine linear transformations of AZ.
Recall the setup of 3.6. For a projective line Py with a point ps = P, N D" we
consider the moduli space Gp, ,, of SL,-bundles on P; trivialized in the formal
neighbourhood of py € P,. It carries an ample line bundle Lp, ;,, whose fiber
at (§,7) is det RT'(Py,§) (where we view § as a vector bundle of rank n on
P,). Also, we have a base point Gp, p, € Gp, p,, namely, Gp, ,,, = (§, 7) where
§ =V ® Op,, and 7 is the tautological trivialization. Thus we have a relative
scheme Go over O together with a section Go.

o
Tt was V.Drinfeld who noticed that the closure ‘A% of A% in A% x (X —x)(%) is a wrong
candidate for the Uhlenbeck space; in particular, 2(® is not normal in general.
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Following 4.2 we define a relative based quasimap of degree a from (Py,p1)
to (Go, Go) as the following collection of data:

(a) a point (P, P2) € O;

(b) an invertible subsheaf £ C I™*(Gp, p,, Lr,.p,) @ Op, of degree —a, satisfying
the conditions (i),(ii) of loc. cit.

The arguments of loc. cit. establish the existence of the classifying scheme
M®(Py,p1;Go,Go) for the relative based quasimaps. We have an evident pro-
jection M®(Py,p1;G0,Go) — O with a typical fiber isomorphic to A®. All
the schemes in question are affine. Let M be the ind-scheme of sections of
M®(Py,p1;Go,Go) over O.

Given a locally free sheaf F € jla we get a locally free sheaf 7’ on Sj
trivialized at D¢ as in 3.6. Applying the relative version of the arguments in
4.4 to F' we produce from it a section of M*(Py,p1;Go,Go) over O. Thus we
construct a morphism j : jl“ — M.

Finally, we define our second version of the Uhlenbeck space A% as the
closure of ;la in M* x P with respect to the locally closed embedding (j, 8,).

Evaluating the sections in M® at the point (P, Py) = ({t = 0},{z = 0})
we obtain the morphisms M® — A% and Z, : A® — 2°.

4.7. Uhlenbeck flag space. From now on we will identify M“ with M¢<.
In particular, we have an open embedding j : M% — M“. Recall also the

morphism 9, : /()/lo‘ — P defined in 3.7. We are finally able to introduce our
main character. 5

We define the Uhlenbeck flag space IM® as the closure of M in M* x Peo
(with respect to the locally closed embedding (j, Vs )).

Proposition 4.2. 9N is an irreducible affine scheme of finite type, of
dimension dim(9M*) = 2|a|.

Proof. According to [6] (alternatively, see Proposition 7.1, Corollary 7.3),
./{)/lo‘ is smooth, connected of dimension 2|c|. Hence it only remains to prove
that 9¢ is of finite type, the problem being that M® is not of finite type, see
loc. cit. Recall the morphism 7, : /{)/l”‘ — (X —x)(90) defined in 3.7. Let us
consider the closure "9M* of /{)/lo‘ in M x (X —x)(%) (with respect to the locally
closed embedding (j,7n,)). Since 7, factors through 9., we may equivalently

[e]
define M as the closure of M in 'OM* x P . Thus it suffices to prove that
"9 is of finite type.
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Let us denote ag by a till the end of the proof. Recall the Beilinson-
Drinfeld-Kottwitz ind-scheme B¢. We have a closed embedding? (mg,p,) :
B — B x (X —x)(® (notations of 2.8). Recall the notion of relative based
(quasi)maps, see 4.2. We apply it to the case @ = (X —x)(* R = B x (X —
x)(®) with the (relative) Pliicker embedding, and the evident section s. Then
evidently M*(C,c; R, s) = M® x (X —x)(*, and M*(C,c; R,s) = M x (X —
x)(®). We will use an embedding (Id, 74) : M® < M%(C,c; R, s).

Lemma 4.3.  There exists a closed subscheme of finite type B¢ C B

such that for any based map ¢ € M?* the relative based map ¢' := (Id, n4)(9)
factors through BY .

Proof. For a fixed ¢, the proof of Lemma 4.1 shows that ¢’ factors through
B — B x (X —x)@, and hence through its closed subscheme of finite type.

o
We have to choose such a subscheme uniformly, as ¢ varies. Recall that M =
M*® is a scheme of finite type, and we have a natural evaluation morphism

[e]
ev: M* x C — B (¢,c) — ¢'(c). By definition, such a morphism into the
ind-scheme B¢ factors through a finite type scheme B¢ . O

Remark 4.4.  Let us give a more concrete description of B¢. Let
(Y1, ,¥a) € (X —x —y)@ — A be a collection of distinct points. Then the
fiber of B over (y1,...,Ys) equals the product of B (the flag variety of sl,,)
and of a copies of the affine Grassmannian Gr of sl,,, see [11]. Let Gr,, C Gr
be the closure of SL, (O)-orbit numbered by the highest (co)root 7y of sl,.
Let B¢ C p; '((X —x —y)@ — A) be a closed subscheme of finite type whose
fiber over (y1,...,%.) € (X —x —y)@ — A equals B x [[Gr,, C B x [ Gr.
Let B4 C B* be the closure of BY.

The proof of Lemma 3.5 actually shows that if 7, (¢) € (X —x —y)(® then
¢’ factors through Bg.

According to [11], the fiber of B over a -y € (X — x)(® equals the affine
flag variety FI of sl,,. We define a closed subscheme of finite type Fl, C Fl as
the fiber of B4 over a -y € (X —x)(@.

We have an embedding (X — x — y)@™!) — A — (X — x)® — A,
(Y1, yYa—-1) — (¥V,¥1,--- ,Ya—1). According to [11], the fiber of B* over
(¥,Y1,--- sYa—1) equals the product of FI and a — 1 copies of Gr. We define
b= max(a;)icr. Let B¢ C p; (X —x —y)@ 1 — A) be a closed subscheme

2We just mean that the restriction of (mg,pa) to a finite type closed subscheme of B is
a closed embedding.
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of finite type whose fiber over (y,y1,...,%.—1) equals Fl, x [[Gr,,. Let
BG C B be the closure of B.

Finally, we define B¢ := B5(JB¢. Clearly, it is a closed subscheme of
finite type solving our problem.

4.8.  We return to the proof of Proposition 4.2. In the setup of 4.2 we set

(ma,pa

R = 8% < : B x (X —x)® = R Thus we have a closed embed-
ding M(C,c;R',s) — M(C,c;R,s). Since R’ is a scheme of finite type,
M(C,¢; R, s) is a scheme of finite type as well. By Lemma 4.3, J\OJ(C7 c; R, s)
coincides with the image of 1\0/_[0‘ under the embedding (Id,7n,). Thus, the clo-

sure ‘M of (Id,n,)(M®) in M(C,c; R, s) is a closed subscheme in a scheme
of finite type M(C,c; R, s). Hence '9M“ is a scheme of finite type itself. This
completes the proof of Proposition 4.2. ]

4.9.  The same proof as above (using the Beilinson-Drinfeld ind-scheme &%,
see 2.9, instead of B%) shows that both A* and * are irreducible affine schemes

of finite type.

85. Resolution of Singularities w, : M* — MM~

5.1. Determinant line bundles. We start with a construction of a mor-
phism w® : M* — M®. So let F, be an S-point of M, that is, a parabolic
sheaf on S x & flat over S along with a trivialization o of Fy at S x D’.
We have to construct the invertible subsheaves £, C V. ® Ogxc satisty-
ing the Pliicker equations. Equivalently, we have to construct the generically
surjective maps V,,, ® Ogxc — £, =: £; defined up to scalar multiplica-
tion. Recall that the fundamental representation V,,, is canonically embedded
into the semi-infinite wedge power Q (see 2.2). Hence it suffices to construct
the generically surjective maps p; : Q ® Ogxc — £; defined up to scalar
multiplication.

According to Lemma 4.1, the trivialization o restricted to S x C x x
canonically extends to a trivialization ¢ of Fy (and hence Fy, k € Z) in the
formal neighbourhood of S x C x xin S x &'.

Let us denote by U C S x &’ the open subset S x &’ — S x C x x. Let us
denote by p: S x & — S x C the natural projection, and by f) U —-5%xC

L]

its restriction to U. Let us denote by U the intersection of U with the formal
neighbourhood of S x C x x in S x &’ (the “pointed formal neighbourhood”),

L]
and by f) : U — C the natural projection. Then for any k € Z the trivialization

¢ identifies f)*(]-'k|&) with V ® Ogc (notations of 2.2), and Fy, := P, (Fily) is
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naturally a discrete lattice in f)*(fk|z}) = V®0Ogx«c. Recall that Ly ®Ogyxc :=
V @ C[[t71]] ® Osxc is a compact lattice in V ® Ogxc.

We define £; as the dual of the determinant line bundle of a natural Fred-
holm operator (Ly ® Osxc) ®F; — V @ Ogxc (notations of [4]).

5.2. We still have to construct the generically surjective maps p; : Q ®
Osxc — £;. Recall that Q is a union of finite dimensional subspaces Q%12
(see 2.2). Tt suffices to construct a compatible system of maps piLl’2 ol
Osxc — £;.

For small enough compact lattices L1, Lo (such that Ly C Li C V*)
we have Li(\F; = 0, and Ly + F;, = V® Ogxc for any 0 < i < n — 1.
In effect, by Cech calculation, this is equivalent to Rp.Fi(—N) = 0 and
R'p.Fi(N) = 0 for N > 0. We define FZ-L2 = Ker(Ly ®F; — V® Ogsxc)-
This is a coherent sheaf flat over S x C equipped with a canonical embedding
into a vector bundle Ly /L; ® Ogxc. Note that det(F~2) = £* @ det(Ly ), thus
det*(FL?) = £; ® det*(Ly).

The embedding FZ-L2 — Lj‘/Ll ® Ogxc gives rise to an invertible sub-
sheaf det(F-2) € A*(Ly/L1) ® Ogxc. Dually, we have a generically surjective
morphism A*(Lg /L1) ® Osxc — det™(FL?), or equivalently, A*(Ls /Li) ®
det(Ly) ® Ogxc — det*(FF?) @ det(Lg ) = £;. Now recall that A*(Ly /L) ®
det(Ly) is canonically isomorphic to Q12 (see 2.2), hence we have obtained
the desired morphism piLl’2 Qb2 @ Oge — £

5.3. Over an open subset U C S x C such that .7:.|p71(U) is a parabolic
vector bundle, the above construction reduces to Q® Oy — £; := (2R Oy )y,
(notations of 2.4). Hence £, |y C V; ® Oy satisfy Pliicker relations, hence
£_u, CV; @ Ogsxc satisfy Pliicker relations. Evidently, U D § x ¢, and the
fibers of £_,,, at S x c are as prescribed. So all in all we have constructed the

desired morphism w® : M* — M®. By the same token, we have constructed
the morphism v® : A% — A%,

Recall the morphism ¥, : M® — P? constructed in 3.7.

We define the morphism w, := (w*,¥,) : M — M®* x P%. Since /\o/la
is dense in M%, the morphism w, factors through M* — 9M* <— M= x P2,
Thus we obtain the same named morphism w, : M% — 9N,

Proposition 5.1. w, is a proper morphism.

Proof. Recall that ‘9N is the closure of M® in M® x (X —x)(%0) (with re-
spect to the locally closed embedding (j,74)). The morphism '@, := (W, 14) :
M — M® x (X —x)(@) factors through the morphism '@, : M* — "I,
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and ', factors through M =% 9n® — "9N* so it suffices to check that 'w,
is projective.

Let us consider the moduli scheme M* D M® of quasimaps from C to B
removing the based condition in the definition of M. Recall that gx : &’ =
Cx X — X is the canonical projection. For an effective divisor D € (X —x)(@0)
we denote by Dp the effective divisor ox' (D) in S'. Let M be the moduli
ind-scheme of the following data:

(a) a divisor D € (X — x)(@0);

(b) a parabolic sheaf F, of degree @ on &’ such that V ® Og/(—o0 - Dp) C
Fo C V®031(00~DD).

Note in particular that Fy (and hence all the Fy, k € Z) are trivialized
in a Zariski (and hence in the formal) neighbourhood of C x x C §’. Now the
construction of 5.1-5.2 defines a morphism Q% : M® — M. The construction
of 3.6 defines a locally closed embedding M® — Ma, and we have a cartesian
diagram

M Ma

l l

M® —— M

We denote by 1/ : M* — (X —x)(®) the tautological projection. Note that 7,
factors through M® — M® o, (X — x)(ao),

It suffices to prove that (Q%,7') : M® — M* x (X —x)(@) is ind-projective.
Moreover, it is enough to prove that 7’ : M2 — s x)(“o) is ind-projective.
Let us view a “universal divisor” Dp as a closed subscheme of (X —x)(®0) x &',
projective over (X — x)(“‘)). Then M? is a closed ind-subscheme of a product of
certain inductive limits of Quot-schemes over Dy.pyy, k — oo, cf. [9], p. 164.
These Quot-schemes being projective, n’ is ind-projective. This completes the
proof of the Proposition. O

Remark 5.2.  Lemma 3.5 shows that instead of the ind-scheme M® in
the above argument, one could use the scheme 'M® defined as M® with the
condition (b) being replaced by

(’b) Ve0Os(-Dp)CFpCVe® Os/(DD).

5.4.  Recall the setup of 4.5, 4.6. The relative version over O of the construc-
tion 5.2-5.3 defines the proper morphisms ¢, : A% — A% ¢, : A% — 2A°
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such that e, = Z, o ¢,. Since A* (resp. A*) is affine, ¢, (resp. ¢,) fac-
tors through the affinization T, : A% — M* and we get the morphisms
T, : N — A% d, : N — A such that &, = =, 0 U,,.

We conjecture® that all the maps ¥, ®,, =, are isomorphisms. This can
be checked at the level of C-points. In effect, it is well known that Donaldson’s

space M¢ has a decomposition into locally closed pieces M = || A?7° x
b<a
Sym®(A2?). On the other hand, recall that A®* = |] A*"" x Sym®(C — c)
b<a

(see e.g. [5]). Also, recall the embedding U° : Sym®(A2) — PP, see 3.8. We
have A* C A% x P%, and the arguments of 6.1 below show that 2A* has a
decomposition into locally closed pieces

A = |_| <.:Zlab x Sym®(C — C)) X Symb(C—c) Sym®(A?)
b<a
— | ] A" x Sym®(42)

b<a

Here the embedding .Zla_b X Symb(AZ) — A% x P?® goes as follows:
(F;8) = (F,0c(8);0a_p(F) + U'(s)) where we use the natural projection
oc : Sym’(A?) — Sym®(C — ¢).

86. ZC Stalks

6.1. Uhlenbeck stratification. We refine the decomposition of the Uhlen-
beck space 2* into locally closed pieces described in 5.4. We define the diagonal
stratification of Sym® (A?) as follows. For a positive integer b we denote by J3(b)
the set of partitions of b (in the traditional meaning). For P = (by > by > ... >
by > 0) € B(b) the corresponding stratum Sym”(A2)gq of Sym®(A?) is formed
by configurations which can be subdivided into m groups of points, the r-th
group containing b, points; all the points in one group equal to each other, the
different groups being disjoint. We have Sym®(A?) = | | Symb(A2)m.
ER(b

In the setup of 5.4, for b < a, P € P(b), we deggneq}&(m )locally closed sub-

scheme A7 _, on = ;la_b x Sym®(A?)q C ;l“_b x Sym®(A2) ¢ A% x P,
PeP(b)

In order to show A* = [| AT , 5 we describe the inverse image
b<a

e AL, ) C A® First we define the saturation and defect of a based

3This conjecture is proved in [6].
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quasimap ¢ = (£ C~V;0 ® Oc) € A Namely, the saturation Ng,zb) S Kd
is the based map (£ C VJ ® Oc) where the line subbundle £¢ is the
saturation of the invertible subsheaf £3. The quotient £¢/£¢ is a torsion
sheaf on C — ¢ of length b supported at a finite subset S, and we define the
defect def(¢) € (C —c)® as Zseslengths(ﬁo/ﬁo) -'s. Note that necessarily
a=d+b.

Recall that the saturation and defect of a torsion free sheaf F € A® were
defined in 3.2. Recall the morphism ¢, = (v%,6,) : A% — 2A* C A* x P* and
the natural projection oc : Sym’(A2?) — (C — ¢)®. We have the following

Lemma 6.1.  Suppose the defect def(F) of a torsion free sheaf F € A®

has degree b < a, so that the saturation N'(F) lies in .Zla_b. Then the quasimap
¢ == v¥(F) € A® has saturation N'(¢) = v*~°(N(F)), and defect def(¢) =
oc(def(F)) € (C—c)®).

Proof. Let ¢ = (£ C V}, ® O¢), and ¢ = v* " (N(F)) = (£} C
Vo ® Og). Since F C N(F), by the construction of v, we see that £ C £{.
Moreover, since N'(F) € A27% = A*~b we see that £/ is saturated; hence £}
is the saturation of £y. Since F and N (F) coincide off the support of def(F),
by the construction of v, £y and £{ coincide off the support of pc(def(F)).

Finally, since length(£(,/£0) = b, and the definition of v is local over C, we
conclude that def(¢) = oc(def(F)). O

It follows immediately from the above Lemma and Corollary 3.6 that
Ag_m = 5_1(9%—}),33) C A% is formed by all the torsion free sheaves F € A®

such that NV (F) lies in .Zl“_b, and def (F) lies in Sym®(A?)q. Clearly, A is cov-

PEP(b)
ered by the above locally closed pieces: A* = || A7 _, 5. Hence 2 being
b<a
the image of A% under the proper morphism &, is covered by the Uhlenbeck
PeP(0)
strata: A¢ = [ | AT, 5.
b<a

6.2. Saturation and defect. Our next goal is to describe a similar stratifi-
cation of the Uhlenbeck flag space.

Given a parabolic sheaf F, € M“ we define its saturation N'(F), as the
parabolic sheaf formed by saturations of all components of the parabolic sheaf
Fo:

N(f)k = N(]'-k)

Clearly, N'(F), is indeed a parabolic sheaf. Moreover, it is evidently locally free.
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By construction, F, C N(F)y, for any k € Z.

Given 3 =Y, b;i € N[I] we define A® = (C — ¢)” as the product [[,(C —
c)®). This is the moduli space of effective I-colored divisors of degree 8 on
Al = C — c. We define A? ¢ A% as A2 — Dy. Note that Dy NA%? =C —c.

For a parabolic sheaf F, C M® we define its defect def(F,) = def'(F,) +
def®(Fo) = 3, defi(Fo) + def®(F,) € A% x Sym?(A?) (for some 3,d) as
follows. Note that for any k € Z the quotient sheaf N(f)k/fk|g2 is a torsion

sheaf of finite length d on 1&2 independent of k. In particular, it is supported on a
finite subset S C A2. So def®(F,) := > cglength (N (F)p/Fi)-s € Symd(,&Q).

Now for ¢ € I the quotient N(F);/F; is a torsion sheaf of
finite length d + b;. In particular, it is supported on a finite sub-

set S; C A% So defy(F.) = Y .cq.np, length, (N (F);/F;) - s, and
def!(F4) == 32, Y ses,np, 1ength( (F)i/Fi) -5 € H( — )"
Finally, we define def*(F, Z length, (N (F)o/Fo) - s € Sym»T (A?).
s€Sy

Recall that the imaginary coroot of g[n is dp := Y, . Note that if Fy C
M, and N(F)e € M7, and def(F,) € A® x Sym?(A?), then o = v + 3 + ddo.

6.3. Partitions. We refer the reader to [9] 2.2 for a general terminology on
partitions. So for o € N[I] we have the set of usual partitions T'(«). The
definition of Kostant partitions &(«) of loc. cit. makes reference to the set RT
of ¥-roots, or in other words, “positive roots of é\[n”. To avoid a confusion we
will denote the set of 1-roots by RA , and the corresponding set of é\[n-K ostant

partitions by ﬁg (a). We deﬁne a Subset R+ C R+ whose complement

n

consists of ¢y-roots (0,kn), k = 1,2,... (notatlons of loc cit. 2.1). The set
Rﬁf[ together with the dimension function restricted from R;il gives rise to the

set of sl,-Kostant partitions 8y ().
The number of summands in a partition ? is denoted by K(?).

6.4. Configurations. @ We define the diagonal stratification of A% =
(C—c)~.

Recall that the multisubsets of a set S are defined as elements of some
symmetric power S and we denote the image of (si,...,5,) € S™ by
{{s1,.-.,8m}}. In particular, the set of usual partitions I'(«) is formed by all
the multisubsets I' = {{y1,...,vm}} of N[I] — {0} such that > /" v = c.
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For I' € T'(«) the corresponding stratum Ag¢ is defined as follows. It is
formed by configurations which can be subdivided into m groups of points, the
r-th group containing ~, points; all the points in one group equal to each other,
the different groups being disjoint. We have dim(Ag) = K(I'). For example,
the main diagonal in A® is the closed stratum given by partition o = «, while
the complement to all diagonals in A® is the open stratum given by partition
a=3 i c(i4+i+---+1i). Evidently, A* = || Ag.

’ Tel'(a)
a; times

Similarly, we define the diagonal stratification of Symd(A2).

We have Sym?(A%?) = || Sym?(A?)y. Also, in evident notations,
PeP(d)

dia2y da2 e dra2)__

Sym®(A%) = me%(d) Sym“(A%)gp. For a partition P € P(d) let Sym(A%)g

denote the closure of the stratum Sym?(A?)y. If P = {{k1 - d1,... ,km - dm}}

for some 0 < d; < ... < d, then we have an evident finite morphism

N¥® . J] Sym*(A?) — Symd(AZ)ﬁ. The morphism N¥ is generically one-to-
=1

m
one; moreover, || Sym™ (A?) isjust the normalization Symd(A2)q~3 of the stratum
=1

closure Sym®(A?)g. We have dim(Sym?(A?)g;) = dim(Sym?(A?)g) = 2K(%).
6.5. Defect stratification. We define the defect stratification of M®. Recall
the setup of 6.2. For a decomposition a = v + 3 + ddp, and a partition I €
I'(8), and a partition P € P(d), the stratum M p g is formed by all Fo €
M® such that def’(F,) e A?, and def®(F,) € Sym®(A?)g. We have M® =
PEr(@) pepd)
amyiBds, | TTF

We have an evident projection N : MSp g — M. Also we have a

morphism def* : Srp Sym‘Tto(A2).

We define the defect stratification of M as follows. For a based quasimap

M® 3 ¢ = (£, C V) ® Oc)ier we define its saturation N'(¢) € l\o/ﬁ as the
collection (E_wi C V3 ®0Oc¢)ier where the line subbundle Z‘,_wi is the saturation
of the invertible subsheaf £_,,,. The quotient E_wi /L£_., is a torsion sheaf on
C — c of length b; supported at a finite subset .S;, and we define the defect

def(¢) = Y,  defi(¢) € A% as 3, ;> g length (£, /£ o,) - s. Note that
necessarily a = v + .
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Finally, for a decomposition a = v 4+ 3, and a partition T' € T'(3), the
stratum MY . is formed by all ¢ € M® such that def(¢) € AP, Note that
o rer
M2 [~ M? x Al and M = E|_|(B) M2 1 (cf. [6]).
a=y+p
Recall that oc : &’ = C x X — C is the canonical projection from S’ to
C, and ox : 8 = C x X — X is the canonical projection from S’ to X. Recall

also the setup of 3.7, 3.8.

Lemma 6.2.  For a parabolic sheaf Fo € MY o the quasimap ¢ =
w*(F.) € M? has saturation N'(¢) =w (N (F)s), and defect def(¢)=def’ (Fy)+
8o - oc(def®(F,)). Furthermore, 9,(Fs) = U%0 (def* (F,)) 4+ 9, (N (F)a).

Proof. Clear from definitions and Corollary 3.6. O

6.6. Uhlenbeck flag stratification. For a decomposition o = v + 3 + ddy,
and a partition I' € I'((3), and a partition 3 € PB(d), we define a constructible
subset M p gy C M as wo (M g). Lemma 6.2 implies that MS g =
w;l(i)ﬁf‘hrm). It follows that 9 1 o, is a locally closed subscheme of 9, and
Wy : Mgrm — smg)m is proper. Moreover, one can see easily that smg)m
is smooth.

Thus we have the Uhlenbeck flag stratification 9N® =
Pel(B),PeP(d)

m%F,‘B'
a=~vy+p+ddo

Lemma 6.2 implies that M g ~ ./\/l’y X AB x Sym? (AQ)qg Let 93??: P
denote the closure of the stratum 9MS . ;. Furthermore, if 3 =0 (hence T =),
the above isomorphism extends to the finite morphism 97 x Sym? (AQ) —

Emf: T Composing it with the normalization morphism N¥ from 6.4 we obtain
the finite morphism N7% : 97 x Symd(AQ)i3 — Dﬁz T which is generically
one-to-one. .

Theorem 6.3. w, : M®* — M is semismall. The relevant strata in
M are the ones with 3 =0, T' =0, i.e. M g for o =y +ddo, B € B(d).
The fibers of w,, over the relevant strata are irreducible.

Proof. Recall that dim(9*) = dim(M*?*) = 2|a|. It follows from the
above discussion that dim(9MS . p) = 2|7 + K(I') + 2K(P). The fibers of
@Wa 1 Mg — MG 1 g were computed in [2], [9], [21]. Namely, consider a

locally free parabolic sheaf Fy € M7, and ' € N[I]. Recall the projective
variety K g (F,) introduced in [9], 3.1.3. For a point ¢ € C—c let Fibg: (F,) C
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Kg/(F,) be a closed subvariety given by the condition that the quotient sheaf

o
T, (see loc. cit.) is concentrated at ¢ € C. For a point s € A% and d’ € N let

Fibas s(Fo) be the projective variety classifying all the torsion free subsheaves
F' C Fo with def(F') = d’ - s (see the Appendix of [2]).
Let P = {{ki-di,... ., km-dn}}, and IT' = {{n1-01,... ,ny-B,4}} for distinct

Biy.- By Lets = (dy-st,...,di-st", ... dpy-sk,... dp-skm) € Sym? (AQ)F,
and ¢ = ((By - ci,... ,[31 A By ey By cg?) € AF, and ¢ € M
correspond to F, in ./\/l'V. Then the reduced fiber @, (¢, ¢, s) is isomorphic to

s

g9
(Fibﬁhczl (]:°) XKoo X Fibﬁuc X H Flbdz s, .7'—0 s X Fibdz,sfl (_7:0))
! 1=1

Now according to the Appendix of [2], the variety Fibg s(Fo) is irreducible of
dimension nd’ — 1. And according to [9], Theorem 1, Fibg: .(F,) is a union of
various irreducible components of dimension smaller than or equal to || — 1.

Now a routine arithmetical check completes the proof of the Theorem. [

Corollary 6.4. w@,.C[2|a|] = @ IC(
a=v+ddo

v,0 ﬁB)

O
6.7. Symmetric algebras. We compute the stalks of @w,.C[2|a|]. To this
end we have to know the cohomology of fibers of w,. A cellular decomposition
of Fibg: (Fs) is constructed, and the dimensions of the cells are computed in [9],
p. 165. The cohomology of Fibg s(Fo) (equal to H*(A(n,d’))) are computed in
[21], Theorem 2.3. To arrange the cited information into a neat form we need
some linear algebraic preliminaries.

Recall the Hall algebra H of the category of nilpotent representations of
the cyclic quiver 11”_1, see e.g. [9], 1.3. It is naturally N[I]-graded by the
dimension of representation H = @©geniHg, see loc. cit. It has also a natural
filtration F'H C F'H C ..., namely, we say that a class [M] of a nilpotent
representation M lies in F*H if M is a direct sum of k indecomposable repre-
sentations. In particular, F1H/F'H = (C[RJr ] (notations of 6.3). We denote
by H® the associated graded algebra gr F.H "1t is canonically isomorphic to
Sym® ((C[Rg[ ]). We have H® = @geninHj.

Let n. be a subalgebra of 5A[n generated by e;, i € I. Choosing a
root basis* we identify it with (C[R;I[ ]. Thus we have Sym®(ny) =

4To avoid a confusion between roots and coroots, we should have worked with the Langlands
dual Lie algebra EIV We prefer to use a coincidence 5(n ~ 5[ to save notations at this
moment. To clear up things, the interested reader is referred to 6.8.
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Sym'((C[R;I[n]) C Sym'(C[R;I[ ]) = H*. Also, we have a natural grading
Sym*(ny) = GgeninSym® ().

- 1<k<n -
We also define a bigraded space u(gl,,) = u(g n)’; where u(gl,)" is
d=1,2,..
~ QS <n ~
1-dimensional C-vector space. We define u(sl,) = EB u(g[n)s C u(gl,).
—1,2,.

s
~

Thus, the symmetric algebras Sym(u(gl,)), Sym( ( n ) are also bigraded:

~

Sym<u<3rn>>=§Sym<u<§tn>>s, Sym(u(sl,)) = @Symu D)k

Recall the notations of the proof of Theorern 6.3.

Proposition 6.5.  The stalk of @w..C[2|a[] at a point (¢,c,s) € M
is isomorphic to

® (©rentty 2) " & Q) (@renSvmn(u(@t, ) 2r1) ™ 2]
=1 =1

Proof. Follows immediately from the proof of Theorem 6.3, and the above
cited results of [21], [9]. O

Theorem 6.6.  The stalk of IC(M*) at a point (¢,c,s) € M o is
isomorphic to

m

" g Rk
Q) (@renSym” (1), [2r]) ™ @ (X) (®reNSym (s1n))3, [27"}) (2]7]]

1=1 =1

Proof. Recall the finite, generically one-to-one morphism N7V% : 97 x
Symd(AQ)g3 — Emf:w introduced in 6.6. It is well known that Sym? (A2)‘I¥
is rationally smooth; hence ZC(Sym? (AQ)%) = C[2K(B)], and IC(E)J?S‘@ ‘B) =
NI (ZC(9M) B C[2K(P))).

Now we use Corollary 6.4, Proposition 6.5, and induction in «,d (cf. the

argument in [2], 3.7). O

6.8. Uhlenbeck flag spaces for untwisted affine Lie algebras. Let g
be a simple finite dimensional Lie algebra, and let g be the corresponding un-
twisted affine Lie algebra with the coroot lattice Y = Z[I], and the dual lattice
of weights X. Let g¥ be the Langlands dual affine Lie algebra, with the roles of
X and Y interchanged (note that if g is not simply laced, then gV is twisted).
Let nY C g" be the standard maximal nilpotent subalgebra graded by N[I], and
1Y (p) C nY the nilpotent radical of the standard maximal parabolic subalgebra
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p C g¥. Let 6 € N[I] be the minimal imaginary root of nY. Then 1V (p) is nat-
urally graded by N[dp] : 0¥ (p) = @genn” (p)as,. Also, n¥(p) carries a natural
integrable action of the Langlands dual algebra gV. Let f € gV be a principal
nilpotent element. Let Won¥ (p) be the monodromy filtration associated to the
action of f. Then the invariants (1" (p))? project injectively into gryy, 1Y (p),
and hence we obtain a grading on the space (7Y (p))! =: u(g¥) = Grenu(g’)*r.
Recall that we also have another grading on u(gV), so that it is actually bi-
keN

graded: u(g") = @ u(g")}s,- Thus, the symmetric algebra Sym(u(g")) is also
deN

bigraded: Sym(u(g")) = %Sym(( §Y))ks, -

The Kashiwara definition of the flag scheme B, and the Drinfeld definition
of the based quasimaps’ scheme M® works for the affine Lie algebra g as well.
Repeating the constructions of 3.6, 4.7 we define the Uhlenbeck flag space 971%.
It is stratified as in 6.6. On the base of [5], 7.3, we propose the following
generalization® of Theorem 6.6 to arbitrary g.

Conjecture 6.7.  The stalk of ZC(M®) at a point (¢,c,s) € M 1 g is
isomorphic to

m

® (@TENSym ( [31 2T

=1

g
n r k
)¥™ © @) (@renSym(u(@))s, [20) 7 [20]]
=1

87. Hecke Correspondences

7.1. Boundary. We define an open subvariety M% D /\./lo‘ D ./\O/la formed by
the parabolic sheaves F, which are locally free parabolic sheaves in some Zariski
open neighbourhood of Dy C &’. The complementary closed subvariety M“ —
/\./lo‘ is denoted by /\./lo‘ For o,y € N[I] we consider the Hecke correspondence
€1 C M* x M*™ formed by the pairs (F,, F,) of parabolic sheaves such that
F. C Fo. The first projection &Y — M will be denoted by p, and the second
projection €7 — M>*7 will be denoted by q. Note that q is proper while p is
not.

Proposition 7.1. M®% is connected.

L]
Proof. Assume for a moment that M is connected for any «. Then we
just have to prove that the boundary M® is connected. By induction in a we

5This conjecture is proved in [6].
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may assume that M” is connected for any 8 < a. Recall that a =Y, .; asi,
and for i € I such that a; > 0 we set o; = a —i. Then, evidently, M* =
(]

U; q(@&i), and any two nonempty pieces of the boundary intersect nontrivially:
q(€ ) ﬂq(@{;j) # . So we only have to prove that q(€% ) is connected. But
the fibers of projection &, — M@ were computed in [9], 4.3.5. It follows in
particular that these fibers are connected. Since M is connected by induction
assumption, @gi is connected itself, hence q(QEﬁh) is also connected. Thus it

L]
remains to prove that M is connected. This is the subject of the following
Lemma.

[ ]
Lemma 7.2. M® is connected.

Proof. We introduce a still bigger open subvariety M® > M® > /\./lo‘
formed by the parabolic sheaves F, such that Fy is locally free in some Zariski
open neighbourhood of Dy C &, and for —n < k < 0 the quotient sheaves
Fr/F_n on Dy are locally free. For such a parabolic sheaf F, the quotients
Fi/F_y are locally free subsheaves of the vector bundle Fy|p, on C, and the
parabolic sheaf F, can be uniquely reconstructed from Fy, and the flag of
locally free subsheaves Fy,/F_,, of Fo|p,-

Thus we have a cartesian diagram

Moe v QE

S

A I, Bun

Here A% C A% is an open subvariety formed by torsion free sheaves which
are locally free in a Zariski open neighbourhood of Dy C &’. Furthermore,
Bun is the moduli stack of SL,-bundles on C, and r sends A% 3 Fy to
Folp,- Also, r sends F, to Fo. Finally, Q™ £, Bun is Laumon’s stack
of quasiflags of degree @, see [16]. Here @ is an element of coroot lattice
Z[I — 0] C Z[I] = Y of sl,, C sl,,. It is given by the formula @ = > ozicr(ai —
ao)’i.

Now A% is connected being an open subvariety in A% which is con-
nected by Nakajima’s quiver realization [20], 2.1, and cohomology computation
[21], 2.3. Moreover, the fibers of p are connected since Q® is connected, and Bun
is normal. Hence M® is connected. This completes the proof of the Lemma

along with Proposition 7.1. O
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Corollary 7.3. dim M® = 2|al.

Proof. We use the cartesian diagram in the proof of the above Lemma,
together with the known formulas for the dimensions of Bun, Q¥ (see [16]) and
of A% (see [20]). O

7.2. Generically trivial parabolic sheaves. Our next goal is to study the
action of Hecke correspondences ¢’ on the cohomology of M®. Recall that the
first projection p : €!, — M® is not proper, and this causes a difficulty in the
definition of the desired action. To get around this difficulty we will introduce
another version of moduli spaces Mg, and Hecke correspondences between
them which have proper projections. Recall that M< is the moduli space of

parabolic sheaves which are trivialized at C x x|Jc¢ x X. In the definition of

«
gt
of Fy at some line ¢ x X, i.e. the condition of generic triviality of Fy. To give

we replace the condition of triviality at ¢ x X by the condition of triviality

a rigorous definition we need some preparations.
For any collection of points ci,..., ¢, of the curve C we consider the

moduli scheme ﬂ“(ch ..., Cm) of all infinite flags --- C F_; C Fp C F1 C ---
of torsion free coherent sheaves of rank n on S’ such that

(a) Fitn = Fr(Dy) for any k;

(b) chi(Fk) = k[Dy] for any k: the first Chern classes are proportional to the
fundamental class of Dg;

(¢) cho(Fy) = a; for i =k (mod n);
(d) For all k € Z the sheaf Fy, is locally free at the lines ¢y XX, ..., ¢, x X C §&’;

(e) The sheaf Fy is trivialized at the line C x x C & and trivial at the lines
caaxX,...,c,, x X8

It is instructive to compare this definition with 3.4. The difference is the
following. First, we replace one fixed line ¢ x X C &’ with an m-tuple of
lines ¢; x X,...,¢, x X C &’; and secondly, we drop the condition (e) of
3.4, imposing the behavior of the restrictions F .. x and replace it by a much
weaker condition of locally freeness.

Proposition 7.4.  For all m > 0 and all ¢1,...,¢,, € C the mod-
uli scheme M“(cl, ..y Cm) exists. It is smooth connected scheme of dimen-
sion dim B + |2«|. For any permutation o of the set {1,...,m} the schemes
M- (c1y...,¢cm) and M= (Co(1)s -+ Co(m)) are canonically isomorphic.
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Proof. The first part follows from [12] and [24] as in 3.5, and the third part
is evident. Thus it remains to check the smoothness and the connectedness and
to compute the dimension.

First, consider the moduli scheme M® (c). Consider the evaluation map

&V(cy) : MY (c) = B, (Fx) (lm(fk\(my) - fO\(CJ)))—ngkgo‘

The locally freeness condition 7.2 (d) implies that Fp|(cy) is an n-dimensional
vector space, while the conditions (a) and (b) imply that the map Fp(cy) —
Fo|(c,y) has rank k + n. Hence eV(c,y)(Fr) is a flag in the vector space Fo(e,y)
which is canonically isomorphic to V, thus a point of the flag variety B. Now
note that the map ev(c ) is evidently a locally trivial fibration, and the fiber
of ev(c y) is canonically isomorphic to the variety M“. Hence Lemma 3.3 and
Remark 3.4 imply that Mvo‘(c) is a smooth connected variety of dimension
dim B + 2|a/.

Further, for any point ¢; € C choose an automorphism ¢ of the curve C
such that g(c1) = c. Then g identifies the moduli schemes M (c1) and M%(c),
hence M (c1) is a smooth connected variety of dimension dim B + 2|a| for all
c € C.

Finally, it is clear that M (c1,...,Cm) is an open subscheme of Me (c1),
hence M®(cy, ..., ¢m) is a smooth connected variety of dimension dim B + 2|a/|
for all ¢1,...,¢cp € C. O

Definition 7.5.  Let Mg, denote the gluing of schemes M (c1) for all
¢1 € C with respect to the open subsets M®(c1) D M@ (cy, ¢2) C M (ca).

Theorem 7.6.  The scheme Mgy is a smooth connected variety of di-

mension dim B + 2|a|. The moduli schemes M®(c1) form an open covering of

Mgy and M (c1) N M*(c3) = M*(cq, ¢3).

Proof. The only thing we need to check is that Mg is a scheme of finite
type. Then all the rest follows from Proposition 7.4. On the other hand, if we
want to check that Mgy is of finite type, it suffices to show that there exists
an integer s such that for any collection of distinct points c1,c3,...,c5 € C we
have

— S —
M (1) = [ M*(er, ).

p=1

Then it would follow that Mg is in fact a gluing of (s + 1) moduli schemes
M (¢}) for an arbitrary collection of (s 4 1) distinct points c},..., ;™ € C.
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Let us show that s = |a] + 1 is big enough. Since the group of automor-
phisms of C acts transitively, it suffices to consider only the case ¢; = c. So let
Fi be a point of .//\/lva(c). Let N(F)i be its saturation and denote 8 =Y b1,
where by, = cha(N(F)i). Then N(F)o € A% =% and for any k € Z the sheaf
N(F)/Fi is a sheaf on &' of length b;. Recall that according to Lemma 3.5
the subset D C (C — ¢) formed by the points x € C such that the restriction
N (F)o|r x X is nontrivial, has cardinality at most ag — by. Therefore

n—1
DU (U QC(SUPP(N(]:)k/fk))>

k=0

is a subset in C — ¢ of cardinality not greater than

n—1
(a0 —bo) + Y _ b = (ao — bo) +|6].
k=0
Now if s > (ag — bo) + |3] and ¢}, ..., c§ are distinct points of C — ¢ then there

exists 1 < p < s such that for all k£ € Z the sheaf Fy, is locally free and the sheaf
Fo is trivial at the line ¢§ x X. Thus F, lies in M (c, ¢%). Thus it remains to
check that the integer (ag — bg) + |5] is uniformly bounded for all F,. But this
is evident, because we always have 8 < «, hence (ag — bg) + |3| < |a|. Thus
s = |a| + 1 is indeed big enough. O

7.3. Correspondences. For any «,y € N[I] we define the Hecke corre-
spondence € C Mgy x ng 7 as a closed subvariety formed by all the pairs
(Fos Fo) € Mgy x Mg:” such that F, C F,, and the quotient is supported at
DycC§.
We have canonical projections
p:€l > Mg, q:€l > Mg, and r:¢] - C.
Here p and q are induced by projections of the product Mg, x ./\/lgt+ 7 to the

factors, and r is defined as follows:

r(Fe, F,) = supp(Fe, Fo) = Y _ supp(F;/F})i € Dy = C.

Lemma 7.7. The maps p and q are proper.
Proof. Evident. O

7.4. Top-dimensional components. We begin with some notation. Recall
that for any F, C F, the quotient T, = F,/F, can be considered as a rep-
resentation of the infinite linear quiver A, in the category of torsion sheaves
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supported on Dy (see e.g. [9]). It is clear that T, is a nilpotent representation.
On the other hand, the periodicity of F, and F, imply the periodicity of T,

namely a canonical isomorphism (the triviality of the normal bundle Np, /s is
used here)

Tk+n = Tk.

Thus T, can (and will) be considered as a nilpotent representation of the cyclic
quiver A,_;. Following [9] we denote by NR,(Dy) the category of nilpotent
representations of the cyclic quiver A, in the category of torsion sheaves
supported on Dy. For any object Ty € NR,,(Dg) and a point = € Do we denote
by I',(T,) the representation of the cyclic quiver A,,_; in the category of vector
spaces, formed by sections of T, with support at the point x € Dy. Recall that
the isomorphism classes of nilpotent representations of the cyclic quiver An_l
in the category of vector spaces are numbered by Kostant partitions of gA[n We
denote by rs(Ts) € R5;  the isomorphism class of 'z (7).

Now we are going to use the results of [9] to describe the top-dimensional

components of €Y. Choose a Kostant partition k = {{01,...,0,}} € Ao (7)s
where 61,...,0,, € R;I . Consider a subset €5 C €2 consisting of all pairs
(Fo, F.) such that !

(1) r(F.,F,) € C}, that is supp(Fe, Fo) = Yo, |0r|2, with all z, distinct;
(2) Fo is locally free at the points x1, ..., Zm;

(3) kg, (Fo/F)) ={{0-}} for all 1 <r <m.

We define €[ as the closure of &%.

Proposition 7.8.  Dimension of any irreducible component of € is not
greater than dim B+2|a|+|vy|. Any component of this dimension coincides with
&L for some k € g ().

Proof. Consider a stratification of ./\/lgt x C7 via the defect of F, at the
support of Y vz, € C7, namely

2, x C7 = L] VAN G
rer(y)
[Rh 1+ + Rl |= <a
Here ZL (K, ..., K},) C Mg x C" is the subspace of all pairs (Fs, > 7,2,) such
that
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1) vt =1
(2) Ky, (N(F)e/Fe) =kl forall 1 <r <m;

Consider the partial saturation map
ZE(K/IW'"H;n)_)Mgt_W/ XC?\, <-7:0,Z’Y7‘xr)
(g (le,.“,:rm (JT)M Z’Y’r‘x'r) .

The fiber of this saturation map was described in [9]. It was denoted there
by K, where = {{x},..., K], }} — the corresponding multipartition. It was
shown in Lemma 3.1.4 and Theorem 1 of loc. cit. that

dim K, =Y (|[x}]] = K(x7).
This implies
dim ZL (x),...,k},) = dim B + 2|a — +/| + m + Y (||kL|] — K(k1.))
= dimB + 2|a| — |¥/| = D K(K)) +m
= dimB + 2|a| + 7]+ 221 — |y + 7| = K(k;)),
where .. = |k.|.
Now consider a stratification of €2 via the defect of the sheaves F, and

F. at the support of F,/F,, namely

¢l = |_| ZU (R, R R, e B
Ter(y)
[&h [+ A+l mly = <a
ol =1L 77

Here ZL (K}, ... k) R1y ..., Rm) C &) is the subspace of all pairs (F,, F,) such
that
(1) r(Fe, Fo) = X vrar € C
(2) Ku, (N (F)e/Fe) =kl for all 1 <r < m;
(3) Ko, N(F)e/F,) =iy for all 1 <r < m;
Note that F, C F, implies N(F') = N(F), hence we indeed have |&,| =
k7] + -

Now consider the map p X r restricted to the stratum
ZL(KY, .o KL R, ooy Fn). Tt is clear that

(B X O)ZE (R Fi sy o)) = Z5 (K0 ).

Furthermore, it is easy to see that the fiber of this map over a point (Fe, Y Y327 )
consists of all F,, such that
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(1) Ko, (N(F)e/F,) =Ry forall 1 <r <m;
(2) F. C F.

It follows that this fiber can be embedded into the variety K, where i =
{R1,...,Rm}} as a closed subvariety (the closed condition is the condition 2
above). In particular, the dimension of the fiber is not greater than

m m

Z(H'ELTH - K(Rr)) = Z(l%c + '7r| - K(kr))

r=1 r=1

Comparing this with the formula for the dimension of the stratum

Zl (K}, ..., K., we see that
dim ZE (K, .. KD R, R
< dim B+ 2faf + [y + > (1= |y + 9% = K@) + > (1 + 70| — K(&))
r=1

= dimB +2[a| + 7] + > (1 = K(k}) — K(&,)).
r=1
Note that since v, > 0 we have K(kK,) > 1, hence the last term is always
nonpositive. Therefore,

dim ZE (K, ... KD Ry, Rn) < dim B+ 2] + |

and the equality is possible only when K(x].) =0, K(%,) =1 forall 1 <r <m.
This means that F, is locally free at the points z1, ..., z, and that &, = {0, }}
for some 6, € Ri'[ . Moreover, it is easy to see that in the latter case the

condition (2) above is void, hence
dim Z5(0,...,0; {{61}}, ..., {6:}}) = dim B + 2|a| + |7|.

Finally, it remains to note that é;{j"l"""’m}} =Z00,...,0; {0 1}, ..., {0 1)).
O
7.5. In Proposition 7.8 we gave an explicit description of open parts of the
top-dimensional irreducible components of €. Below we will need for technical
reasons also an explicit description of some closed subset @Z C € such that
¢r C e iff k=K.
Now we will define such closed subsets. We begin with some notation. For
T, € NR,,(Dg) we denote

D(T)) =T(S,Ty) = Baep, La(Th), and  w(Ty) = > ky(Ts).
zeDy
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Thus £(T,) is the isomorphism class of I'(T, ). Now, for every v € Z[I] let V()
denote the representation space of all y-dimensional nilpotent representations
of the cyclic quiver A, _; and let GL(y) denote the group acting on V(v) by
change of bases. Then the GL(7)-orbits on V() are nothing but the isomor-
phism classes of nilpotent representations of A, _1. Let O, denote the orbit
corresponding to a Kostant partition k. Note that we have a canonical partial
order on the set of orbits. It induces a partial order on the set of Kostant

partition: for k,x’ € RgA[n () we have
k<K iff O,CO.CV(y).

Now take an arbitrary Kostant partition x € RQA[ (v) and consider the
subset @g C &) defined as

€5 = {(Fo D Fl) | 6(Fo/F.) <k and x(Fe, F,) € CJ}

Lemma 7.9.  The subset @g C € is closed and €, C @g' if and only
if k =k

Proof. It is clear that both conditions defining @g C €7 are closed, hence

@g is closed. Now assume that &5 C @g’. It follows than that

k< K and Cc)ccCl.

Let us check that this is possible only if kK = &’. It is clear that the partial
order given by adjacency of strata C) can be described as follows. Assume that
O1,...,0.,01,...,0", GR;A'[ ,m=s81+---+ 5, and for all 1 < p < r we have

Sp
81 = D _ 1604ty -
qg=1

Then we have

C c C]

. I—
{601,....0-3} o100, 1

and all adjacencies have such form. In particular, if C] C C—Z, is a proper
inclusion, then the number of entries K(x) is strictly smaller than K(x’).

On the other hand, Ringel’s explicit description of the order v < ' in
[22], 4.7 implies that we must have K(k) > K(x') whenever k < /. The
Lemma follows. O
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7.6. Action of the Hall algebra. Let H,, denote the generic Hall algebra
of the category of nilpotent representation of the cyclic quiver A, _1. Recall
that the generic algebra H, is an algebra over Z[g| (polynomials in a formal
variable ¢) with a basis S, indexed by isomorphism classes of representations,
that is by Kostant partitions, and with the following multiplication rule

Sn/ . Sn” = 20217}1//((])3,{,

where the structure constants c®

KR!

(¢) are defined as follows. Take F, for a
base field and choose a representation W, over F, in the isomorphism class
. Then ¢, ..(q) is defined as the number of subrepresentations Wy C Wi,
such that the isomorphism class of W/ equals ' and the isomorphism class of
W /W, equals k”. It turns out that c?

% x(q) is a polynomial function of g,
thus we can consider H,, as an algebra over Zg].

From now on we consider a specialization of the Hall algebra ﬁn atg=1
and denote it by H. As before, H is a Q-algebra having S, for a basis and
cpr (1) for structure constants.

Consider a graded vector spaces

(7.10) 5= P =M, Q)

a€Z[I]

(note the shift of the cohomological grading).

For each Kostant partition « € ﬁgA[ () we consider an operator on coho-

a+y,

mology given by a correspondence &7 C Mgy x Mg

ex = [€5]: H*(M2,,Q) — H* (M2, Q).

gt gt >

Since dim Mg, ” = dim Mg, +2|7| and dim €% = dim Mg, + || it follows that
ey shifts the cohomological degree by |vy|. Hence e, considered as an operator

in the vector space $) preserves the cohomological degree.

Remark 7.11.  Instead of defining e, as the operator given by the corre-
spondence [€£] we could define e, as the component of the operator given by

the correspondence [€£], which increases the cohomological dimension by 2||x||.
According to Lemma 7.9 these definitions are equivalent.

Theorem 7.12.  The vector space $ is a module over the Hall algebra
H, where S, act via e.

Proof. Let k' € Ry "), " € Ry (v") and put v = v ++”. We have

to compute the composition of correspondences [@Z:’w/] : [eg'}. Instead, using
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Remark 7.11 we can compute the component of the composition of correspon-
dences [@g’@} - [€5'] that increase the cohomological dimension by 2|7].

Consider the product Mg x ./\/la'H MO"M and let p;; denote the
projection to the product of the i-th and j-th factors. Consider the subset
e C M, x Ma+7 x Mg defined as

€= p (€8) Npog (€5
={(FeDF.DF)) | (Fe,F.) € @“ and (F,, F.) € @aﬂ }

Then [¢5] - [¢ [AZ/_L,Y ] is given by pis,[€5+"]. But it is clear that pys(€5 ") C
€7, hence by Proposition 7.8 the component of [& [ Ve [QE" ] increasing the
cohomological dimension by 2|v| equals to

> dr €]

Keﬁg\[n

for some constants dy, .., which we have to compute. Further, it is clear that
dy: . equals the number of points of @2/7“// over a generic point of €%. Since we
are interested in a generic point, we can take a point in €. So let (Fo, F)') € €5
and denote T, = Fo/F.. Then it is clear that dy, . equals the number of

subobjects T, C T, such that for T, = T,/T. the following conditions are
satisfied:

(1) w(Ty) < w5
(2) supp(T}) C C1;
(3) w(TY) < w";

(4) supp(T)) C c.

K

Now assume that k = {01, ...,0,,}} and that supp(Ts) = > 6,2,. Then it
is clear that k. (T,) = {{0,}} for all 1 <7 < m. Assume that T is a subobject
in Ty. Then W/ =T, (T)) Cc Ty, (T,) = W, is a subrepresentation. Moreover,
T/ is uniquely determined by this collection of subrepresentations. Indeed, it
is equal to the image of the natural map

G W) ®0s — &L W, ® O — T,.

Finally, note that the set of all nontrivial subrepresentations W,” C W,. is in a
bijection with the set of all 8/ such that 8 ends at the same vertex as 6, does,
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and has smaller length. Put 0. = 6,./6)'. Then we have 0, = 0. x0!'. Note that
if T/ and T, is the subobject and the quotient object of T, corresponding to
such collection 6.’ then

(TS ={60,....0,),  supp(T}) € %00l
k(T =H67,...,0}}, supp(T)) € C’,g/el ,...,em}};

Thus dy}, . equals the number of collections (67, 6;');; such that
K ={61,...,0. 1 £ ={6,...,0,}}, and
0,.=0,. %0 forall 1 <r <m.
It remains to note that this is precisely ¢, .. (1) (see e.g. [10]). O

~

7.7. Action of sl,. In addition to the operators e, introduced above, we
define operators f, as the operators on the cohomology induced by the trans-
posed correspondences:

fe=[(€5)"] H* (Mg, Q) — H* (Mg ™, Q).

To unburden the notation denote the operators eg;y and f;y by e; and
fi respectively. Further, define the operator h; on H®(Mg;, Q) as a scalar
(#', &) + 2-multiplication.

Proposition 7.13.  We have [e;, f;] = 0;h;.
Proof. We have to compare the following compositions of correspondences:
eify = [P (€T and fe = [€fU]T el

Instead, as in the Proof of Theorem 7.12 we will compare the components of
the compositions

[%] : [Gi-i-i—j}T and [in—j]T ) [fol—j]

preserving the cohomological degree (note that for k = {{i}} we have @Z =¢).
To this end we consider the following subspaces

¢§ = p1_21(€§)1) ﬂpz_?,l((@inj)T) C Mgy x ngi X Mgfi_j’
§¢€ = p1_21((€i—j)T) mp;;(csgfj) C Mgy x Mgt_] X ngz_J-
Consider the following open subset
o d Maex Mo i
Mg x Mgy — A ifi=j
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where A is the diagonal. Then it is easy to see that
EF Npiy (U) = FENpiy (U).
Indeed, the map
FENpL(U) 2 (Fe CFLDF)) = (Fo D (FaNF)) C F)) € €FNpis (V)
gives such an isomorphism. Hence we have
lei, f;]=0 fori#3j, and [e;, fi]=0bL[A] fori#j,

and it remains to compute b’,.

So, assume that i = j. Let us begin with the contribution of F& into b’,.
To this end, note that the fiber of F& over generic point of the diagonal A (with
respect to the projection pi3) is empty. The reason is the fact that for a locally
free F, there exists no F,, such that Fy C F,. Thus §¢ doesn’t contribute
into b,

As for €F, the situation here is quite opposite. For generic point £ =
(Fo, Fo) € A C MGy x Mg, the fiber of EF over £ is isomorphic to C = P':
it consists of all F, C F, such that x(Fe/F.) = {{i}}, and such subobjects are
uniquely determined by the point x = supp(Fe./F,) = r(F.,F,). Moreover,
the intersection pry (€2) N pys (€7, +i;)7) in this case has dimension greater
by 1 than expected, thus we are in the excess intersection situation. It follows
that b?, equals to the degree of the excess intersection line bundle restricted to
the fiber €F,. Further, acting as in [8] 3.6.1 we can show that

where D!, = q(€¢?), and q¢ : p~'(F,) = C C €, — Mgtﬂ is the canonical
projection.

Now let us identify the normal bundle ND&/MQ;”" Let Fo € Mgt be a
locally free parabolic sheaf and assume that F, C F, is such that x(F,/F.) =
{i}}. Let ¢ = supp(Fe/F.) = v(Fe, F,). Then F, € D!, and we have the

following exact sequence
(7.14) 0= Fo— Fo = (Fi/Fir1)e ®c Ocli] — 0,

where the right term is considered as an n-periodic representation of an infinite
linear quiver in the category of sheaves on S’ with the sheaves (F;/Fi_1).®c O,
placed at k =i (mod n) and with zero at all other places k. Now we want to
compute the tangent space (see [24])

T]:‘Mg:_i = Eth(f:,-'F:(_DOO))
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using the exact sequence (7.14). Here D, stands for C x x. To this end we
have to compute

Ext*((F;/Fi—1)e ®c Ocli], Fo(—Dwo)),
Ext™((Fi/Fic1)e ©c Oclil, (Fi/ Fi-1)e @c Oclil(~Doo)),
EXt*(f., (fi/ﬂ—l)c Qc Ocm(_Doo))'

The third Ext is easiest to compute. It is clear that we have
(Fi/Fiz1)e ®c Ocli](—Doo) 22 (Fi/Fiz1)e ¢ Oli]
and
Hom(Fs, (Fi/Fi1)e ®c Ocli]) = (Fi/ Fim1)e ®c (Fi/ Fiz1); = C, Ext™" =0.

To compute the other two Ext-s we use the following locally free resolution of

O.[i]:

T 7 T T

0— 0O-X,) =— o(-X,)®0 - 0 —=0-0
7 T T T

0— O(-X.—Dy) — O(-X.)@20(-Dg)—» O —0.,—0
7 T 7 T

0— O(-X,—Dgy) = O(—X.—Dy)®»0O(-Dy) — O(-Dy) —» 0 — 0
7 T 7 T

Here X, stands for ¢ x X. The rows of the above diagram are exact sequences
of coherent sheaves and the columns are n-quasi-periodic representations of an
infinite linear quiver. The quasi-periodicity means that when one shifts to n
positions up, the sheaf became twisted by O(Dy).

Using this resolution one can easily compute Ext-s:

Ext?((Fi/Fi-1)c ®@c Ocli], Fo(—Dx)) =
(Fi/Fi1)e @c (Fix1/Fi)e @c O(Xe)e, p=2
0, otherwise
C, =0,1;
Ext? ((Fi/Fi-1)e @c Ocli], (Fi/Fi-1)e ®c Oc[i](—Ds)) = b )
0, otherwise

Now, computing Ext*(F,, F.(—Dy)) with the help of (7.14) one gets a spectral

sequence with the first term as follows:

(-7:1/-7:%1)2 Qc (fiJrl/E)c Qc O(Xc)c 0 0
0 Ext!(Fo, Fo(—Do)) @ C
0 C

o
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Here the map in the bottom row is the map

Hom((F;/Fi—1)e ®c Oclil, (Fi/Fi-1)e ®c Ocli](~Dos)) —
Hom(F,, (Fi/Fi-1)e @c Ocli](—Dso))

induced by the projection Fe — (F;/Fi—1)e Qc Oc[i]. It is clear that it takes
the identity homomorphism to this projection. Thus this map is not trivial,
hence induces an isomorphism in the bottom row of the spectral sequence. It
follows that the spectral sequence degenerates in the second term and gives the
following exact sequence

0 — Ext!(Fo, Fo(—Duo)) ® C — Ext' (F,, Fi(-Ds)) —
(Fi/Fi—1)e @c (Figr/Fi)e @c O(Xe)e — 0.
It is clear that the first term in this exact sequence is the tangent space to the

divisor D}, at the point F, € M. Hence, the fiber of the normal bundle at
this point is isomorphic to

(7.15) (Fi/Fic1)e @c (Fis1/Fi)e ®c O(Xe)e-

Now we can compute bY,. To this end we should let the point ¢ vary within
the curve C and compute the degree of the line bundle formed by spaces (7.15).
The bundle in question is clearly

(Fi/Fie1)" @ (Figa/Fi) @ O(2),
the last factor is the restriction of the sheaf O(A¢) on C x C to the diagonal.
Thus
by, = deg((Fi/Fim1)* @ (Fir1/Fi)@O(2)) = — deg(Fi/Fi—1)+deg(Fir1/Fi)+2.
Applying Lemma 3.1.1 from [9] we get
bl = (i’ a) + 2.

This completes the proof of the Proposition. O

Recall now that 5A[n is a Kac-Moody algebra with generators e;, f;, h;, @ € I,
and standard relations. Theorem 7.12 together with Proposition 7.13 combine
into the following

Theorem 7.16. The operators e;, f;i,hy, © € I, generate an action of

sl, on @D, H*(Mg). This action has central charge 2.
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Proof. Tt is well known that the subalgebra Ut C U(sl,) generated by

ei, © € I, embeds into the Hall algebra H, e; — Sfgyy. Thus the Serre
relations for e;,i € I, follow. It only remains to check the Serre relations for

the operators f;, i € I. But they are given by correspondences transpose to
those of ¢;. O

(1]
2]
(3]

(5]
(6]
7]
(8]
(9]
(10]
(11]
(12]

(13]

(14]
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