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An Inverse Problem for
an Elliptic Equation

By

Robert DALMASSO*

Abstract

We consider the following overdetermined boundary value problem: Au = —Au—
pin ©Q, u =0 on 02 and % = 1 on 0N, where A and p are real constants and €2 is

a smooth bounded planar domain. A very interesting problem is to examine whether

one can identify the constants A and p from knowledge of the normal flux g—z on

02 corresponding to some nontrivial solution. It is well known that if Q is a disk
then such identification of (A, 1) is completely impossible. Some partial results have
already been obtained. The purpose of this paper is to extend and to improve these
results. Moreover we also examine the interesting case where v is constant.

81. Introduction
Consider the elliptic boundary value problem

(L.1) Au=—-Adu—pu in Q,
(1.2) u=0 on 09,

where A and p are real constants and ) is a smooth bounded planar domain.
An interesting problem is to examine whether one can identify the constants A
and g from knowledge of the normal flux du/dn on 9 corresponding to some
nontrivial solution of (1.1)—(1.2). For more general right hand sides this inverse
problem arises for instance in plasma physics in connection with the modelling
of Tokamaks [2]. But even in the very particular case of an affine term the
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problem is difficult. It is well known that if €2 is a disk then such identification
of (A, ) is completely impossible, even in the case where a sign is imposed on
the right hand side of the equation: It is shown in [11] that there is a continuum
of coefficient pairs (), uy) € R?, and therefore a continuum of affine functions,
which give rise to the same normal derivative on the boundary. We refer the
reader to paper [11] for a more detailed description of the problem in general
and the difficulties encountered.

A partial answer to this problem was first obtained by Vogelius in [11],
and more recently we have also given a contribution [6].

We briefly describe the results obtained in [11]. In the case where a sign is
imposed on the right hand side of the equation, 2 is a bounded, strictly convex
C3“ domain which is not a disk. Then it suffices to assume that the normal
derivative is not identically zero to show that there exist at most finitely many
pairs of coefficients. For the case of solutions without the sign condition im-
posed extra conditions on the domain and conditions on the normal derivative
are needed. The normal derivative is not identically constant and it has at most
countably many zeros. € is a bounded, convex C*% domain whose boundary
curvature is only zero at a countable number of points. Moreover 2 is not of
constant width and has the so-called Schiffer property.

The width of a convex planar domain in a given direction is the distance
between two parallel supporting lines perpendicular to that direction. A set of
constant width has the same width in all directions. Clearly disks have constant
width. However there are plenty of smooth domains which have constant width
but which are not disks: See [3], [8] and [11].

A simply connected C%* domain  (a € (0, 1]) is said to have the Schiffer
property if (for any A) the only solution to the overdetermined boundary value

problem
(1.3) Av=—-X v —p inQ,
(1.4) v=0, Z—Z =0 on 09,

is the trivial solution v = 0 (corresponding to p = 0). We always consider
classical solutions. It is well known that disks do not have the Schiffer property.
Indeed let J, denote the z-th Bessel function and let » > 0 be such that
J1(y/r) = 0. Then the function

(AW
”T(”‘r( o) 1)’ €o

satisfies (1.3)—(1.4) with A =7 and g = 1 when Q is the unit disk.
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The Schiffer conjecture asserts that in any dimension balls are the only
C?° domains with connected boundaries for which (1.3)—(1.4) has a nontrivial
solution for even a single value of A.

If the above conditions are satisfied, then there exist at most finitely many
pairs of coefficients.

In [6] we have also obtained a “finiteness” result, which is much more
precise than in [11]. We have made some restrictions on the domain, but our
assumption on the normal derivative is in a sense optimal: We assume that
the normal flux is not identically constant. Indeed, we have the following well-
known conjecture (see Berenstein [1]): If (1.1)—(1.2) with ¢ = 0 has a nontrivial
solution with constant normal derivative, is €2 a disk? Our method of proof is
completely different. However any domain in the class that we consider in [6]
has the Schiffer property and is not of constant width.

In the present paper, we shall first study the case of domains with constant
width, for which the proof given in [11] fails. We first treat a particular class
of domains of constant width. Then we shall consider still other classes of
domains.

We need some notations and some definitions. When 02 is at least C? we
denote by n = (n1,n2) the exterior normal and by K the curvature. We first
define [ : 990 — R by

l(x) = z1na(z) — zong (z) 2« € O0.

Now let f: 92 — R be such that f € L?(99), then we set

1
o

dn(f) /Em(nl(x) + ing(x))" f(z) do,

for n € Z and

2inf{n € N*; dap11(1)ds(f?) # dant1 (f*)d3(1)},
2inf{n >r+1; dopt1(Kf) #0} -1, reN*,
ks (f)=2inf{n > 2(r + 1); dop, (K f) #0} — 1, r e N*,
ka(f) =2inf{n € N*; don (1)d3(f?) # dan(f*1)d3(1)},
ks(f) =2inf{n € N*; do,, (1)da(f?1) # dan(f*1)d2(1)},

ki (f
k27r(f

)
)
)
)
)
and

ke(f) = inf{n € N*; da(l)don+1(f?) # dons1(1)d2(f31)}.

(Notice that it may be the case that k;(f) = 00).
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Definition 1.1. Q C R? is said to be of class B if the following condi-
tions hold:

i) Q is a bounded convex open set and Jf is a C* curve with positive cur-
vature K.

ii) ds(1) # 0.
ili) dan(1) =0 for n € Z*.
iv) A= {n € N*; da,11(1) # 0} is finite.

Remark 1.  We shall show that any domain of class B is of constant
width.

Let Q be a strictly convex planar domain. Given x € 0f2, we denote by
x* € 90\{z} the only point such that the tangent lines to 9 through x and
x* are parallel.

Now we can state our first results.

Theorem 1.1.  Let Q C R? be of class B. Let 1 € C*(9) be a real
valued function and assume that v is not identically constant and that

V) , V()

®) K(z) 7 Kia)

#

for some x € ON). Let ky be defined as follows:

1) If k1(3p) < oo, then ko = k1(v);

2) If k1(v) = oo, then ko m () < 0o or ks ;m(v) < co where m = max A. If
k27m(d)) < oo, then ]fo = k27m(’l/)) If k27m(d)) = 00, then ko = k37m(d))

Then there exist at most ko different pairs of coefficients (Ag, pur) € R? such
that the Cauchy problem

. ou
(1.5) Au= - gu—pr m Q u=0 and a—nzz/) on 0

has a solution.
For domains of class B the inverse problem with a sign imposed on the

right hand side is an easy consequence of Theorem 1.1. We have the following
Corollary.
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Corollary 1.1.  Let Q C R? be of class B. Let ¢ € C>(99Q) be a real
valued function and assume that (x) holds for some x € 0Q. Let ko be defined
as follows:

1) If k1(¢) < oo, then ko = k1(¢);

2) If k1(v) = oo, then ko m(¥) < 0o or k3 ;m(v¥) < oo where m = max A. If
k27m(1/1) < 00, then ]{50 ES k27m(1/1) If kQ,m(’l//) = o0, then ko = k37m(1/1)

Then there exist at most ko different pairs of coefficients (Ai, i) € R? such
that the Cauchy problem

(1.6) Au=—-Idgu—pp <0 in Q, u=0 and g—Z:z/) on 0

has a solution.

We say that a convex planar domain is locally of constant width if there
exist & € S' and an open neighborhood U of & in S such that the width of
Q is constant in all directions £ € U.

Definition 1.2. Q C R? is said to be of class C if the following condi-
tions hold:

i) Q2 is a bounded convex open set and 92 is a C°° curve with positive cur-
vature K.

ii) ds(1) #0.
iii) There exists n € Z* such that da, (1) # 0.

iv) Q is not locally of constant width.
We have the following results.

Theorem 1.2.  Let Q C R? be of class C. Let ¢ € C°°(9Q) be a real
valued function and assume that ¢ is not identically constant. Then ki (1)) < oo
or ky(v) < oo and if kg = min(ky (), ka(v))), then there exist at most ko
different pairs of coefficients (Ax, ux) € R? such that the Cauchy problem (1.5)
has a solution.

For domains of class C we have the following Corollary.
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Corollary 1.2.  Let Q C R? be of class C. Let ¢ € C>(99Q) be a real
valued function and assume that ¥ is not identically zero. Then ki(v) < oo or
k4(¥) < 0o and if ko = min(ky (), k4(1))), then there exist at most kg different
pairs of coefficients (Mg, ) € R? such that the Cauchy problem (1.6) has a
solution.

Definition 1.3. Q C R? is said to be of class D if the following condi-
tions hold:

i) § is a bounded convex open set and ) is a C*° curve with positive cur-
vature K.

ii) € is not locally of constant width.
iii) do(1) # 0.
Now we can state our last results.

Theorem 1.3.  Let Q C R? be of class D. Let ¢ € C°(9N) be a real
valued function and assume that 1 is not identically constant. Then ks(v) < oo
or ke(v) < oo and if ko = min(ks(v), ke(v)), then there exist at most ko
different pairs of coefficients (A, ) € R? such that the Cauchy problem (1.5)
has a solution.

For domains of class D we have the following Corollary.

Corollary 1.3.  Let Q C R? be of class D. Let 1 € C(9) be a real
valued function and assume that 1 is not identically zero. Then ks(v) < oo or
ke(v) < 0o and if ko = min(ks(v), ke(1))), then there exist at most kg different
pairs of coefficients (Ag, ) € R? such that the Cauchy problem (1.6) has a
solution.

In Section 2 we give some preliminary results. In Section 3 we first show
that when Q C R? is of class B then () is of constant width. Then we prove
Theorem 1.1 and Corollary 1.1. In Section 4 we prove Theorem 1.2 and Corol-
lary 1.2. Theorem 1.3 and Corollary 1.3 are proved in Section 5. We begin
Section 6 with the following remark: we show that when Q C R? is of class B,
C or D then  has the Schiffer property. Then we give three particular results
in the case where v is a non zero constant. Finally we conclude with some
examples in Section 7.
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§2. Preliminaries
For v € C*(Q) and i € {1,2} we write

1
330]-'

V; =

Throughout this Section  C R? denotes a bounded simply connected open
set with C°° boundary 9 and u € C*°(1Q) is a solution of problem (1.1)—(1.2)

satisfying
@ =1 on 09,
on

for some ¢ € C°(9NQ), where n = (n1,n2) is the exterior normal to 9.

Let x = z(s) = (z1(s),22(s)), s € [0, L], be a parametrization of 9Q by
arc length. We denote by 7(s) = (11(s), 72(s)) the tangent to 9Q at z(s) and
by v(s) = (v1(s), v2(s)) the exterior normal to 0 at z(s). We have

7-1(8) = xll(s)7 7—2(8) = .%'/2(8) s € [O,L},
and

v1(s) = 25(s), wa(s) = —zi(s) se[0,L].
The Frenet formulas are

(2.1) 2"(s) = —k(s)v(s), V'(s)=r(s)z'(s) se]0,L],

where k = k(s) is the curvature.
For any function f : 9Q — R, we define f = f o z.

Let p > 1 be an integer. We define

P
:Z <J> ot~ ]8362

Jj=

Lemma 2.1. We have

o(L)2 +ip(1)1 = —i(Au + )

and for p > 1 we have

o(p+1)2 +ip(p+ 1)1 = —idp(p),
pp+1)=p@)1 +ipp)2

Proof. The proof follows from elementary calculation. O
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Lemma 2.2. We have

¢(1)=(n + il/z)%/;a

P(2) = —p(v1 + ive)? + 2i(vy +iva)B(1),
and forp>1

G0 +2) = A1 +iv2)°@(p) + 2i(11 +iva)p(p + 1)
Proof. Since u = 0 on 052, we have
0
(2.2) uj = m% =n;vy on 09
from which we get ¢(1). Now we have
NYIRY

2(p) = —@(p)rva + S(p)avi-

Using Lemma 2.1 we deduce that

G =i +iv2)((1) + ipr),
(2.3) G(1)2 =i(v1 +iv2)(—i@(1)" + iprs),
and for p > 1
(2.4) P(p+ 1)1 =i(v1 +ive)(@(p + 1) +idv1d(p)),

G(p+ D2 =i(vy +iva)(—id(p+ 1) + iAv2p(p)).

The result follows from (2.3), (2.4) and Lemma 2.1.

Lemma 2.3.  Let k > 3 be an integer.

1) Ifk=2p+1 we have

Plk) = [ (“LPNY + Y ag kN7 Y AT | (i)
j=1 j=1
in [0, L], where aj i and bj i, are independent of X and p. Moreover
ark = (=P 'p(k + k.
2) If k = 2p we have

p p
G(k) = [(—1PN "+ ) AT Y dip AT | (v + i),
j=2 j=1
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in [0, L], where cj i and dj i are independent of A and p. Moreover
di g = (=1)""Vik($ + pir).
3) Finally we have:
3a) If k=2p+1

b1k—222 )P (d) o5 + 2ijkda 25)

where dy o = 2i( + ik1)).
3b) If k = 2p

Cok = QZZ LI gy + (25 + 1)ikar 2541).-

Proof. The proof will be by induction on k. Assume first that k£ = 3.
Using Lemmas 2.1 and 2.2 we obtain

@(3) = —(Mh — dpk + 8ik(' + ikah) + 4" + ikah)") (1 + ivo)?,

hence a; 3 = 4x.

If k = 4, using what we have just proved and Lemma 2.2 we get
G(4) = (Au+2ip(al 5+ 3ikay,s) — 4N +2ik) +2i(b) 5+ 3irby 3)) (1 +ivo)*

hence dy 4 = —4i(¢)’ + 2ik).

Now assuming that the result holds for k > 4, we shall prove that it holds
for £+ 1. We have two cases to consider.

Case 1: k = 2p with p > 2. Using the induction hypothesis, Lemma 2.2
and (2.1) we obtain

p—1 p—1
Plh+1)= | (1PN — 1> aj 1AW 7T = by g AP
Jj=1 j=1

p
+ 20 | ikR(= 1PN Y (¢ ke ) AP
j=2

p
+ Z ik + Zk/id] k))\p J (V1 + V2)k+1'
j=1



100 ROBERT DALMASSO

Therefore
ar k1 = (=P 'p(k + k.

Case 2: k = 2p+1 with p > 2. Using the induction hypothesis, Lemma 2.2
and (2.1) we obtain

P P
Glh+1) = | ()" W —p Y W = dyp g AT

j=2 j=1

p
+ 2 | (PP +iknap) + Y (afy, + ikkag ) AP
j=1

+
J

(b;,k + ikl’ibj7k)Ap_j (Vl + Vg)k+1.

p
=1

Therefore
i1 = (—DPi(k + 1) (¥ + (p+ 1)ire)).

Now we can prove 3). From the proof above it follows that
b173 = Qi(d/LQ + 2il€d172),

and for p > 2
b1,op1 = 2i(d o, + 2iprdy 2p) — b12p-1,

from which we deduce 3a). Now we have
Coq = 2i(a’173 + 3ika13),
and for p > 3
ca2p = 2i(a) o1 + (2p — 1)ika1 2p—1) — c2,2p—2,
and 3b) follows. O
Lemma 2.4.  For all w € C%(Q) satisfying
Aw+Adw=0 1n Q,

we have

/ wwda—l—u/wdx:O.
a0 Q
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Proof. Using Green’s formula we can write

)\/wud;ﬂ:f/qudx
Q Q
:f/wAuder/ w do
Q a0
:)\/wudx+u/wda:+/ wip do,
Q Q a0

and the lemma follows. O

Lemma 2.5.
1) We have

/ Y2 (x1ny — x9n1) do = 0.
o
2) We have
L ~
)\/ wQ(xll/g —xon) (V1 + i1/2)2 ds
0
L
+ ;ﬁ/ (x1v9 — 2211 ) (11 + ivy)?ds + Au+ B =0,
0
where A and B are independent of A and . Moreover
L ~
A= 22'/ (26 (z-v +i(x1v0 — 2ov1)) — 1) (11 + iv2)? ds.
0

3) Let k = 2p with p > 2. We have
L ~
0=(—1)PAP~! )\/ D2 (z1vy — zo11) (11 + i) ds
0

p
+ /UL2 Z Ach)\p_j

L
+ 2 / (x1v2 — xavy) (V1 + iz/g)k ds
0 ‘
j=2

p p
+ [LZ Bjyk)\p_j + Z ijk)\p—j’

j=1 j=1

where A, Bji and Cj ), are independent of A and u. Moreover

L
B = (—l)pik/ V(K2 4 ik(z1vs — 2911)) — 1) (11 + o) ds.
0
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Proof. 1) Taking w = xjus — zou; in Lemma 2.4 and integrating, we get

wQ(xlng —xony)ds = 0.
o0

2) Take w = 21¢(2)2 — 22¢(2); in Lemma 2.4. Using (2.4) with p = 1 and
integrating we get

L
O:u/ (x1v2 — xa11)P(2) ds — A / 1/1 $11/2*$21/1)(V1+Zl/2) ds
0
L ~
—I—/ (v +i(z1v2 — Ta11))P(2) ds.
0

Using Lemma 2.2 we obtain

L L
0:/\/ 1/}2($1V2 — zovn) (11 +i1/2)2 ds+y2/ (z1v2 — xo11) (11 +i1/2)2 ds
0 0

L ~ L
+ 2i,u/0 (kp(z-v) — o (2102 — 2o11)) (11 + i) ds — 2i/o Y(x-v

+ i(z1vy — 2ov1))(2ik(Y + ik) + (P + ikah)) (1 + iva)? ds.
Since
/ 7/; (x1v9 — 2011 (1) +i10)? ds
k(zv + 2i(21v0 — 2011))) — 1) (11 + i10)?
we obtain
L ~
A= 22'/ Y(2k(zv +i(x1v0 — 2o11)) — 1) (v + ivp)? ds.
0

3) Take w = x1p(k)2 —x2¢(k)1 in Lemma 2.4. Using (2.4) and integrating
we get

/ x1ve — xov1)P(k) ds—/\/ 1/14,0 — 1) (z1vy — xov1) (11 +ive) ds

/ (vv +i(x1ve — 2o11))P(k) ds.
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Using Lemma 2.3 we obtain

L L
0:(—1)1’)\1’_1 [)\/ 1/)2($1V2 — xo1n) (11 +i1/2)kds+y2/ (z1v9 — xa1y)
0 0

p—1 L
x (v + il/g)k ds] - ,uz AP~I / ajk—1Y(x1v2 — T217)
j=1 0
p—1 L _
x (v + iVQ)k ds — Z)\p_] / bjk—1¥(xz1v9 — xov1) (11 + ng)k ds
0

j=1

P L
+ u? Z NP / cjr(w1ve — movy)(vy +iva)¥ ds
=2 0
P L
+,LLZ>\:D7]/ deg(.TlVg —zgvl)(l/l +iV2)de
j=1 0
P L R
+ [LZ AP~I / (cf 1 4 ikkcj k)P (xv +i(z1ve — 2201)) (11 + iv)k ds
=2 0
+ Z AP~ / (d) g + ikkdj e ) (zv + i(21v2 — 2211)) (11 + iva)" ds
j=1 0
L ~
+ (—1)p)\p_1lu'k/ k(v 4+ i(x1ve — 2ov1)) (V1 + iv2)" ds.
0

The coefficient of A\P~!y is given by

L
/[(dl,k—((aLk_l—F(—l)pk/ﬂ))(.TlVg—1‘21/1)+(—1)p71ik/{([£'y))@/~}}(V1+iV2)kd$
0
Since
L ~ L
/ (V" + piky) (z1vy — xor1) (11 + i)k ds = / (119 — oy ) (11 + iva)P
0 0
L
X (1/3(1/1 +ivp)P) ds = */ (k(zv +ip(z1ve — 2211)) — 1)1/3(1/1 + il/z)k ds,
0
we obtain
L ~
By = (,1)17]%'/ D(k(2zv + ik(z1vy — zo11)) — 1) (1 + iv2)" ds.
0

The proof of the Lemma is complete. O
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Lemma 2.6.
1) We have

/ Y2 (ny +ing) do = 0.
[o9)

2) We have

L L
/\/ V2 (11 +iV2)3dS+M2/ (1 4 i) ds +ap+b =0,
0 0

where a and b are independent of A and p. Moreover

L L
a= —8/ k(v +ive)®ds and b= —4/ (V' + k)2 (v1 + i) ds.
0 0
3) Let k =2p+ 1 with p > 2. We have
L L
0= (-1)PAr~! )\/ (v + ivg)* ds + uQ/ (v1 +ivo)* ds
0 0

P _ p P _

1D AT b Y BN Y A,

Jj=2 j=1 j=1

where o, Bk and v, are independent of A and u. Moreover
2 L
02 = (120~ Dplp-+ p+2) [ 20+ i) ds,
0

L ~
Big= (1P (k* - 1)/ k) (v1 + o) ds,
0

and
S 2(p+1) [F - s
g =(—1)? 1% / (3¢'% 4 2(2p + 1)irg)!
0
— (0” +p+ V)27 (1 + ivg)F ds.
Proof. 1) Taking w = (1) in Lemma 2.4 and integrating, we get
Y2(ny +ing) ds = 0.
a0
2) Take w = ¢(3) in Lemma 2.4. Using Lemmas 2.1 and 2.2 and integrating
we get

L L L
,u/ (v1 +iva)p(2) ds — )\/ V2 (vy +ivg)? ds + 22'/ (v +iv2)P(2) ds = 0.
0 0 0
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Using Lemma 2.2 again we obtain
L

L L
0= )\/ V2 (v + o) ds + uz/ (1 +iva)® ds — 2@/ (k1) + iv)")
0 0 0
L
x (v1 + i) ds + 4/ Y(2ik(Y + i) + (Y +iky) ) (v1 + ive)® ds.
0
Since
L L
/ (1 +ivg)ds = —32’/ k(v + )3 ds,
0 0
we obtain
L ~
a= —8/ Kb (vy + ivg)® ds.
0
Now integrating by parts we have
L L
/ (W + k) h(vy + i) ds = — / (V' + 3ik)) (Y + ika)) (v1 + ivn)> ds,
0 0

and we obtain b.
3) Take w = ¢(k) in Lemma 2.4. Using Lemmas 2.1 and 2.2 and integrating
we get

L L
0= ,u/ Pk —1) (v + i) ds — )\/ Y@k —2)(vy + ive)? ds
0 0

L ~
+ 22'/ vy +ive)p(k — 1) ds.
0

Using Lemma 2.3 we obtain

L L
o::(_J)PAP—llA‘/j &2(u14-u@)kds4—u2J/ (V14-“@)kd31
0 0
p—1 ] L _ p—l1 B L
—uZVﬁ/%wwm+Mfﬁ_zvﬁ/%wz
e 0 Jj=1 0

P L p
X 1;(1/1 + iUQ)k ds + ,u2 Z AP~J / Cj7k_1(l/1 + illg)k ds + MZ AP—I

=2 0 j=1
L P L
X / djr—1(v1 +iva)*ds + “Z APTI / 2i(c) gy +i(k = 1)Kcjp—1)
0 — 0
j=2

P L
X 1/}(1/1 + iVQ)k ds + Z )\pij / Qi(d;-,k_l + Z(k — 1)I€dj,k_1)
0

Jj=1

L
X (v +ivg)Pds + 2(=1)PIANP (ke — 1) / kab(vy 4 ivg)* ds.
0
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We have .
ok
OéQ)k,:/ 2,2p(v1 + iv2)" ds.
0

Using Lemma 2.3 3b) we obtain
4 L
Qg = QiZ(—l)p_J_l/ (a172j+1 + (2] + 1)i/€a172j+1)(V1 + iVQ)k ds.
4 0
For j=1,...,p—1 we write
L L )
| @ + 34 iwar gy o+ iva) ds = [ (@ragea(n + i)Y
0 0
_ L
X (v + i)~ ds = —2i(p — j)/ a1 2j+16(v1 + ive)* ds,
0
hence using Lemma 2.3 1)

L
m—42 P p - J)/ ar9j+16(v1 +ive)" ds
0

p—1

L
_82 Pi(j+1)(p— ])/ K2 (v +iva)¥ ds
0

9 L
= (=05 - Dplp+1)(p +2) / K2 (1 + ivo)* ds.
0
Now the coefficient of AP~!y is given by
L
/ ((2(—1)p_1(k' — 1)& — a17k_2)1/) + d17k_1)(V1 + il/g)k ds.
0
Since
L 3 L .
/ (' + pir) (1 + ivn)¥ ds = / (11 4 i) P (P (1 + iv)P) ds
0 0

L ~
%%Hﬁ/ﬁwm+wfw,
0

we obtain .
Bri = (—1)P~ (K2 — 1)/ k) (v, + i) ds.
0

Finally from the proof above we have

L L
Tk = 2i/ (d} j—y +i(k—1)Kdy 1) (v1+ive)" ds —/ by k—ath(v1+ive) ds.
0 0
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Using Lemma 2.3 3a) we obtain
p ) L B
- 2iz(—1)P—ﬂ/ (&) 5 + iy 0} + ive)* ds.
j=1 0

For j =1,...,p we write
L

L
/ (d 95 + 2ijKd1 25) (1 + ive)¥ ds = / (1,95 (v1 + i)Y
0 0

L
X P(v +ivg)F =2 ds = —/ di,0; (0 + (k — 25)ike (1 +ive)* ds,
0

hence

p L
"Yl,k = QZ‘Z(*l)p_j—HL / (’l/)/ -+ (k — 2j)il€1!))d12j(l/1 + il/g)k dS,
0

j=1
and using Lemma 2.3 2) the result easily follows.

The proof of the Lemma is complete. O

Lemma 2.7.  Assume that condition ii) in Definition 1.1 holds. Given
any Y € C*(0N), and given any A € R there exist at most one p € R such that
the Cauchy problem

(2.5) Av=—-dv—p in Q v=0 and 2—221/) on 09,

has a solution.

Proof. Assume that there exists a A € R for which (2.5) has a solution for
two different values 1 and po. Denote by v1 and v two solutions corresponding
to p1 and pg respectively. The function z = v; — vy satisfies

Az=—-Xz+puo—pu; in Q 2z=0 and g—Z:O on Of.

Let p = p1 — po and ¥ = 0 in Lemma 2.6 2). We obtain

L
(11 — uz)Q/ (v1 +ivg)*ds =0,
0

and we arrive at a contradiction. O

The next lemma is an immediate consequence of Lemma 2.6 2).
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Lemma 2.8.  Assume that condition ii) in Definition 1.1 holds. Given
any ¢ € O (9N) satisfying dz(¢?) # 0, and given any p € R there exist at most
one A € R such that the Cauchy problem (2.5) has a solution.

Lemma 2.9.  Assume that condition iii) in Definition 1.3 holds. Given
any ¥ € C(0), and given any X € R there exist at most one u € R such that
the Cauchy problem (2.5) has a solution.

Proof.  Assume that there exists a A € R for which (2.5) has a solution for
two different values p1 and po. Denote by v1 and v two solutions corresponding
to py and po respectively. The function z = v; — vy satisfies

Az=—-Xz+puy—p; in Q 2=0 and %:0 on ON.

Let 4t = p1 — po and ¥ =0 in Lemma 2.5 2). We obtain

L
(1 — M2)2/ (v1 + ivo)*(z1v9 — 2211) ds = 0,
0
and we arrive at a contradiction. O
The next lemma is an immediate consequence of Lemma 2.5 2).

Lemma 2.10.  Assume that condition iii) in Definition 1.3 holds. Given
any ¢ € C®(09Q) satisfying da(¢%l) # 0, and given any p € R there exist
at most one X\ € R such that the Cauchy problem (2.5) has a solution.

83. Proof of Theorem 1.1 and Corollary 1.1

Assume first that 0 € . Since 02 has positive curvature, the curve 9f)
turns continuously. To each point z = z(s) € 9 we can associate a unique 6
(modulo 27) and € makes a complete circuit 0 < § < 27 as 0 < s < L. For
each angle 0, 0 < 0 < 2m, let h(f) denote the distance from the origin to the
supporting line of  with outward normal v = (cos §, sin ). We have

h(0) = z-v,

and h has period 27. From the Serret-Frenet formulas we can derive the follow-
ing second order ordinary differential equation involving the support function
h and the radius of curvature p:

h(0) + " (0) = p(6).
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When 0 ¢ Q, the support function is defined in the following way. By transla-
tion there exists a = (a1, az) € R? such that 0 € Q = a + Q. If h denotes the
support function of 2 we have

h(#) = —ay cos 0 — aysin 0 + h(6).

We refer the reader to Flanders [7] and the references therein for a detailed
discussion.
For any f : [0,27] — C such that f € L?[0, 2] we denote by
1 2m )
ean(f)=o [ F(O)e ™ do,

:27T 0

n € 7, the Fourier coefficients.
We first show that when Q C R? is of class B, then 2 is of constant width.

Proposition 3.1.  Let Q C R? be a bounded open set with C? boundary
and positive curvature. Assume that condition iii) in Definition 1.1 holds. Then
Q has constant width.

Proof. We have da, (1) = can(p) = 0 for n € Z*. Since
cn(p) = cu(h+1") = (1 =n?)c,(h) VneZ,
we deduce that ca,(h) = 0 for n # 0, hence
h(0) + h(0 + ) = 2¢o(h) VO € [0,27]
and this means that €2 is of constant width. O

Proof of Theorem 1.1. Let (\,u) € R? be such that (1.1)—(1.2) has a
solution u € C*°(Q) satisfying

0
a—Z — 4 on 99,
for some ¢ € C*°(0N) satistying the conditions of Theorem 1.1.

We shall need the following lemma.

Lemma 3.1.  dyomi1)(l) # 0, dopy1(1) = 0 for n > m + 1 and
dan(l) =0 forn > 2(m +1).
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Proof. We have seen in the proof of Proposition 3.1 that co,(h) = 0 for
n € Z*. In the same way we can show that co,y1(h) = 0 for n > m + 1 and
com+1(h) # 0. Therefore we can write

h(0) = co(h) + Z Cang1(h)e® TV 0 <9 < 2r.

n=—m-—1

We have d, (1) = —cp(h/p) with b’ = —l o x 0 s. Since

+oo
cn(Wp) =" caj(l)c;(p)
Jj=—00
=ca(W)colp) + D engj-1(h)caja(p),
Jj=—m—1
the lemma follows easily. O

Assume first that there exists n € Z such that

(3.1) dant1(1)ds(1p?) # dapi1 (V%) ds(1).

Then we have
cont1(p)es(Up) # c3(p)cans1(¥2p),

for some n € Z, where

Since ¢1(p) = c—1(p) = 0, Lemma 2.6 1) implies that n € Z\{—1,0}. Then
k1(v) < oo. If c3(¥2p) = 0, Lemma 2.6 2) implies that u satisfies a polynomial
equation of degree 2. This equation has at most two real roots pq and po. (3.1)
and Lemma 2.6 3) with p = p;, j = 1,2, imply that A satisfies two polynomial
equations of degree k1(v)/2. Therefore there exist at most k(1)) different .
Using Lemma 2.7 we conclude that there exist at most kq(¢) different pairs of
coefficients (Mg, 1x) € R? such that the Cauchy problem (1.5) has a solution.
Now, if c3(U2p) # 0, Lemma 2.6 2) implies that \ is a polynomial of degree 2
in p. Using (3.1) and Lemma 2.6 3) we deduce that u satisfies a polynomial
equation of degree k1(¢). Using Lemma 2.8 we conclude that there exist at
most ky (1) different pairs of coefficients (A, i) € R? such that the Cauchy
problem (1.5) has a solution.
Now suppose that (3.1) does not hold. Then we have

(3.2) cont1(¥2p) = acany1(p) Vnez,
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with
c3(¥%p)
cs(p)
Since c;(h') = 0 for j € Z, using (3.2) we deduce that

(3.3) Con(U2H p) Z Catnjy—1(¥2p)cajii(h)
Jj=—00
=a Y exnjy-1(p)eajir () = acon(Wp),
j=—00
for n € Z.

Suppose that ¢3(¥?p) = 0. Then o = 0 and (3.2) implies that

(3.4) cons1(¥%p) =0 VneZ

We have

(3.5) Cant1(¥%p) = cont1(F)co(p) + Y cam—sy(¥%)e2;41(p),
j=—m-—1

for n € Z. We can write U2 = A + B with

oo oo

A(e): Z CQn(\IJ2)€2m9 and B(G): Z 02n+1(\1,2)e(2n+1)1'97

n=—oo n=—oo

for 0 € [0,27]. (3.4) and (3.5) imply that

1 < RO ey
B(0) = "ol Z cojr1(p)eTe < Z Co(n—y) (T?)e2" JW)
j=—m-—1 n=—oo

1
- CO—(p)A(O)(co(p) —p(9))

for 0 € [0, 27]. Therefore

T2 (0) = A@)p(O+7), 0<6<2m,

co(p)

from which we deduce that
T2(0)p(0) = (0 + m)p(0 +7), 0<6<2m,

and we reach a contradiction with (). Therefore c3(¥2p) # 0.
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We claim that kg ,,, (¥) < 00 or k3 m(¢) < co. Indeed suppose the contrary.
Since v is not identically constant, there exists p € {1,...,2(2m + 1)} such

that
p

V()= > en(W)e™, 0<0<2m
n=—p

with ¢,(¥) # 0. We have ca(mip)+1(¥?p) = cp(¥)?comy1(p) # 0. From
Lemma 3.1 and (3.2) we deduce that ca,+1(¥?p) = 0 for n > m + 1. Then we
get a contradiction, and our claim is proved.

Since c3(¥?2p) # 0, Lemma 2.6 2) implies that ) is a polynomial of degree 2
in p. Suppose first that kg, (1) < co. Since capy1(¥2p) = 0 for n > m + 1,
Lemma 2.6 3) implies that u satisfies a polynomial equation of degree ka ,,, (¢).
Using Lemma 2.8 we conclude that there exist at most kz (1) different pairs
of coefficients (g, px) € R? such that the Cauchy problem (1.5) has a solution.
Now assume that ka ,(10) = co. Then ks, (¢) < +00. We can write

Con(U(h — "+ 2inh')) = c2n(P)co(h) + D wjmCainj)—1(¥)czjp1(h),

j=—m—1
where w;,, = 2(2j2+ (1 —n)(2j +1)). If n > 2(m + 1) we obtain
con(U(h —h" +2inh")) = con(¥)co(h),

and we conclude that there exists n > 2(m + 1) such that co,(¥(h — b +
2inh’)) # 0. (3.3) and Lemma 3.1 imply that ¢, (¥2h/p) = 0 for n > 2(m+1).
Then using Lemma 2.5 3) we deduce that u satisfies a polynomial equation
of degree ks, (¢). With the help of Lemma 2.8 we conclude that there ex-
ist at most ks ,,(¢) different pairs of coefficients (Ag, ur) € R? such that the
Cauchy problem (1.5) has a solution.

Remark 2. In fact the proof of Theorem 1.1 shows that we can give a
better result. Define

I;z(’(/J) = 21nf{n S N*; 51’2n+1d3(1) 75 (—1)"ad2n+1(1)} -1,
and
ks(¢) = 2inf{n € N*; By 2,d3(1) # (—1)"ada, (1)} — 1.

If k1 () = oo, then ko (1)) < oo or k3(%)) < oo and we can take

ko = min(k2(¢), k3(¢))-
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Moreover, if c3(¢2p) # 0, then ki(¥) < oo or ka(¢)) < oo or ks(1h) < oo
and

ko = min(kl (1/’)7 ]%2 (1/})3 E3(¢))
Finally, if c3(1)%p) = 0, then k;(¢)) < oo.

Remark 3. Let Q C R? be of class B. Let ¢ € C°°(99) be a real valued
function and assume that

where p > 1, ¢; € C for j € {—p,...,p} and ¢, # 0. Then there exist
at most k(1) different pairs of coefficients (Ax, iux) € R? such that the Cauchy
problem (1.5) has a solution. It is enough to verify that (3.1) holds. Indeed
we have da(pip)+1(¥?) = %@mﬂ(p) # 0 and by Lemma 3.1 do,y1(1) = 0
for n > m + 1. Notice that condition (%) is not needed, but it is satisfied.
Indeed, let ¢(0) = ©2(0+m)p(0+7) for 6 € [0,27]. We have ca(mqp)1(¥2p) =
cpcam+1(p) # 0 and Co(m4p)41(0) = —Cpcamy1(p)-

Proof of Corollary 1.1. By Theorem 1.1 it is enough to show that if (A, u) €
R? and if v € C°°(9) is a solution of the following Cauchy problem

Av==- w—p<0 inQ, v=0 and 2—2:1/) on 01},
where 1) € C°°(99Q) satisfies condition (*), then ¢ cannot be identically con-
stant. Suppose the contrary. The Maximum Principle implies that v > 0 in
Qor v=01in Q. Since 1) satisfies condition (x), 1) Z 0, hence we have v > 0
in 2. Then a result of Serrin [10] asserts that €2 is a disk, which represents an
obvious contradiction to ii) in Definition 1.1.

84. Proof of Theorem 1.2 and Corollary 1.2

Proof of Theorem 1.2. Let (\,u) € R? be such that (1.1)—(1.2) has a
solution u € C*°(Q) satisfying

Ju
n =1 on 09,

for some ¢ € C*°(99), which is not identically constant.
We can write h = hy + hy with

+oo +oo
hl(ﬁ): Z C2n(h)e2in0 and hg(@): Z ch+1(h)e(2”+1)w_

n—=—oo n—=—oo
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Assume first that there exists n € Z such that

(4.1) Can1(p)es(W2p) # c3(p)ezns1(¥2p).

Using the same arguments as in the proof of Theorem 1.1 we obtain that

k1() < oo and we conclude that there exist at most k(1) different pairs

of coefficients (g, k) € R? such that the Cauchy problem (1.5) has a solution.
Now suppose that (4.1) does not hold. Then we have

(4.2) cont1(U%p) = aconii(p) YV n€Z,
with )

_ 03(‘1’ p)

cs(p)

We claim that there exists n € Z* such that
(4.3) con (2R p) # acan (W' p).
Indeed suppose the contrary. co(h’p) = 0 and by Lemma 2.5 1) co(¥2h/p) = 0,
hence
(4.4) con (U2 p) = acon(h'p) V¥n € Z.

Using (4.2) and (4.4) we can write

0= con(U2H p) — acan (W p)
“+o0
= > (can—j(¥?p) — acan_j(p))c;(H)
Jj=—00
—+oo

= Z (an_j(\IIQP) - ac2n—j(p))cj(h/1)

j=—o0
= c2n(\IJ2h/110) - O‘C2n(h/1p)
for n € Z. Now (4.2) implies that

+oo
Cont1(PPH1p) = Y Capnjya (WPp)eg; (M)

j=—00

“+oo
=a Y eopnojyirp)er(hy) = aconia (Myp),

j=—c0

for n € Z. We have thus proved that

cn(U2hp) = acn(Rip) YneZ
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which implies that U2k} p = ah}p. Using iv) in Definition 1.2 and the fact that p
is positive we deduce that ¥ is identically constant and we reach a contradiction.
Thus our claim is proved. Then k4(¥) < oco. If c3(¥2p) = 0, Lemma 2.6 2)
implies that p satisfies a polynomial equation of degree 2. This equation has
at most two real roots p1 and po. Lemma 2.5 2) and 3) with p = p;, j = 1,2,
imply that A satisfies two polynomial equations of degree k4(1))/2. Therefore
there exist at most k4(¢) different \;. Using Lemma 2.7 we conclude that
there exist at most ky4(¢)) different pairs of coefficients (g, ur) € R? such
that the Cauchy problem (1.5) has a solution. Now, if c3(¥2p) # 0, then
Lemma 2.6 2) implies that A is a polynomial of degree 2 in p. Using (4.3) and
Lemma 2.5 3) we deduce that u satisfies a polynomial equation of degree k4 (v)).
Using Lemma 2.8 we conclude that there exist at most k4(7)) different pairs of
coefficients (g, px) € R? such that the Cauchy problem (1.5) has a solution.

Remark 4.  Assume that {n € Z*; ds,(1) # 0} # 0 is finite. Then
condition iv) in Definition 1.2 is satisfied.

Proof of Corollary 1.2. By Theorem 1.2 it is enough to show that if
(A, i) € R? and if v € C°°(Q) is a solution of the following Cauchy problem

Av=—- Xv—pu<0 in Q v=0 and g—:;:w on 01,

where 1 € C®°(99Q), ¢ £ 0, then ¢ cannot be identically constant. Suppose
the contrary. The Maximum Principle implies that v > 0 in © or v = 0 in Q.
Since ¢ # 0, we have v > 0 in Q. Then a result of Serrin [10] asserts that {2 is a
disk, which represents an obvious contradiction to ii) (or iv)) in Definition 1.2.

85. Proof of Theorem 1.3 and Corollary 1.3
Proof of Theorem 1.3. Let (\,u) € R? be such that (1.1)—(1.2) has a
solution u € C*°(Q) satisfying

ou
n =1 on 08,

for some ¢ € C°(9€), which is not identically constant.
Assume first that there exists n € Z such that

(5.1) dan (1) da(V21) # da(1)dan (¢°1)

Then we have
con (W p)ea(W2H p) # co(h p)ean(W2H p)
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for some n € Z. Since ¢o(h'p) = 0, Lemma 2.5 1) implies that n € Z*.
Then k5(¢) < oo. If co(¥2h/p) = 0, Lemma 2.5 2) implies that p satisfies a
polynomial equation of degree 2. This equation has at most two real roots
and po. (5.1) and Lemma 2.5 3) with p = p;, j = 1,2, imply that X satisfies two
polynomial equations of degree k;5(1)/2. Therefore there exist at most k5(¢))
different ;. Using Lemma 2.9 we conclude that there exist at most ks(¢)
different pairs of coefficients (g, u1x) € R? such that the Cauchy problem (1.5)
has a solution. Now, if c(¥2h/p) # 0, Lemma 2.5 2) implies that )\ is a
polynomial of degree 2 in u. Using (5.1) and Lemma 2.5 3) we deduce that p
satisfies a polynomial equation of degree ks5(¢)). Using Lemma 2.10 we conclude
that there exist at most k5(¢) different pairs of coefficients (g, px) € R? such
that the Cauchy problem (1.5) has a solution.
Now suppose that (5.1) does not hold. Then we have

(5-2) CQn(\PQh/p) = ﬁCQn(h/p) VneZ,
with
B c2(V2h'p)
c2(Wp)

We claim that there exists n € Z\{—1,0} such that

(5.3) cont1(W?p) # Beanta(p)-

Indeed suppose the contrary. c;(p) = 0 and by Lemma 2.6 1) ¢;(¥?p) = 0,
hence

(5.4) con+1(¥?p) = Beansi(p) Vn € Z.

Using (5.2) and (5.4) with the notations introduced in Section 4, and arguing
as in the proof of Theorem 1.2 we obtain

en(U2hp) = Ben(hyp) Vn€Z,

and we reach a contradiction in the same way. Thus our claim is proved.
Then kg(¥) < co. If ca(¥2h'p) = 0, Lemma 2.5 2) implies that p satisfies a
polynomial equation of degree 2. This equation has at most two real roots u;
and pe. Lemma 2.6 2) and 3) with u = uj;, j = 1,2, imply that \ satisfies two
polynomial equations of degree kg(1)/2. Therefore there exist at most kg(¢))
different ;. Using Lemma 2.9 we conclude that there exist at most kg(v))
different pairs of coefficients (g, u1x) € R? such that the Cauchy problem (1.5)
has a solution. Now, if co(¥2?h/p) # 0, then Lemma 2.5 2) implies that \ is a
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polynomial of degree 2 in u. Using (5.3) and Lemma 2.5 3) we deduce that u
satisfies a polynomial equation of degree kg(¢). Using Lemma 2.10 we conclude
that there exist at most kg(1)) different pairs of coefficients (A, pr) € R? such
that the Cauchy problem (1.5) has a solution.

Remark 5.  Assume that
a) d2”+1(1) =0forne Z;

b) [ has at most countably many zeros.

It is clear from the proof that condition ii) in Definition 1.3 can be omitted
and then class D coincides with class A defined in [6]. Notice that in Defi-
nition 1.1 of [6] some conditions are in fact redundant. Indeed we first note
that problem (1.1)—(1.2) being invariant under translations we can assume that
¢1(h) = 0. Then iv) in Definition 1.1 of [6] reduces to

) dopt14(1)=0forpe Nand g€ {0,...,2p+ 1}

Now it is easy to see that ¢) is equivalent to a).

Proof of Corollary 1.3. The arguments are the same as in the proof of
Corollary 1.2, using Theorem 1.3 instead of Theorem 1.2. This time we obtain
a contradiction with ii) (or iii)) in Definition 1.3.

86. A Remark and the Case of a Nonzero Constant

We will show first that when € C R? is of class 3, C or D then 2 has the
Schiffer property (see also [4]-]6]).

Proposition 6.1.  Let Q C R? be a simply connected C*“ domain, a €
(0,1]. If condition ii) in Definition 1.1 (resp. iii) in Definition 1.3) holds, then
Q has the Schiffer property.

Proof. Let v € C*%(Q) be a solution of problem (1.3)-(1.4) with pu # 0.
By [7, Theorem 1'] 99 is real analytic. Then v is also analytic. Since 1) = 0,
using Lemmas 2.5 2) and 2.6 2) we obtain

L
pz/ (x1v2 — xavn) (V1 + i1/2)2 ds =0,
0

and .
/1,2/ (11 +i1/2)3 ds =0,
0

and we have a contradiction in both cases. O
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Now we shall study the case where % is a non zero constant. Assume that
Q= {z = (z1,22) € R% 22 + 23 < 1}. For any A > 0 such that v/) is not a
zero of Jy, the function

1 J(VAal) = (VA

u(z) = x € Q,
T S ARe
satisfies the overdetermined Cauchy problem
Au+Adu+pu=0 inQ,
u=0 and 8_u:_1 on 0f)
on
with the constant p given by
_ VAJo(VA)
Ji(VX)

We refer the reader to [11] for more details.

Our purpose is to examine what happens when 2 is not a disk. In the
particular case where u = 0, Berenstein ([1, Proposition 3]) has shown that,
when (2 is simply connected and €2 is not a disk, there exist at most finitely
many eigenfunctions for the Dirichlet problem which have constant normal
derivative. We give below some partial results in the general case where 1 € R.

Proposition 6.2. Let Q C R? be of class B. Let 1) be a non zero
constant. Then

kr = 2inf{n > 2; 2d3(K*)da,11(1) # n(n + 1)ds(1)da,1(K?)} — 2

is finite and there exist at most ky different pairs of coefficients (A, jux) € R?
such that the Cauchy problem (1.5) has a solution.

Lemma 6.1.  Foralln € N, there exists p > n such that dap1(K?) # 0.

Proof. For all n € N* we have
1 < 1
(6.1) 0=con(l) =co(p)ean (= | + D campy-1 (=) c2js1(p).
P j=—m—1 p
Assume first that da,41(K?) =0 for p € Z. Then (6.1) implies that
1

Con <—> =0 Vne N*,
P
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and we deduce that p is constant, a contradiction with ii) in Definition 1.1.
Therefore there exists p € N such that dopi1(K?) # 0. Suppose that the set
{n € N; da,+1(K?) # 0} is finite and define

r = max{n € N; do,1(K?) # 0}.

(6.1) implies that

1
Con <;) =0 Vn>m+r+2.

Therefore there exists s € {1,...,2(m+ r 4+ 1)} such that

1 1 . 1
e () S e () e 0<6<om
0) °<p> 2 p(p)

n( =

where ¢5(1/p) # 0. Since ¢s(1/p)cam+1(p) = Csyomy1(1) = 0, we reach a
contradiction and the lemma is proved. O

Proof of Proposition 6.2. In Lemma 2.6 we have

a=0, b=8m)’es <1>,
p

and for k=2p+1,p>2

Bir=0
1

ans = (-1 5 o= oo+ Do+ D 3 )

47 1
= GO+ DG+ D ().
By Lemma 6.1 k7 < co. Then, using Lemma 2.6 with the above formulas, we
deduce that p satisfies a polynomial equation of degree k7. Using Lemma 2.8 we
conclude that there exist at most k7(¢) different pairs of coefficients (Ag, ux) €
R? such that the Cauchy problem (1.5) has a solution.

Remark 6. In the setting of Proposition 6.2, condition (%) in Theo-
rem 1.1 necessarily holds. Indeed suppose the contrary. Then we have

1 1

Since ) is of constant width this implies that €2 is a disk, a contradiction with
ii) in Definition 1.1.
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Definition 6.1. Q C R? is said to be of class C’ if the following condi-
tions hold:

i) Q is a bounded convex open set and 9 is a C* curve with positive cur-
vature K.

i) dy(1) # 0.

iii) There exists n € Z* such that ds, (1) # 0.
Remark 7. Notice that C C C'.

Proposition 6.3. Let Q C R? be of class C'. Let v be a non zero
constant. Define
kg = 21nf{n S N*; dgn(l) 75 0} —1
Then there exist at most kg different pairs of coefficients (A, ur) € R? such
that the Cauchy problem (1.5) has a solution.

Proof. In Lemma 2.6 2) a = 0. In Lemma 2.5 we have

(6.2) A =dimpca(h) and B gy = (—1)Pdimipeg,(h) for p > 2.

We deduce that u satisfies a polynomial equation of degree kg. Using Lemma 2.8
we conclude that there exist at most kg different pairs of coefficients (A, ux) €
R? such that the Cauchy problem (1.5) has a solution. O

Definition 6.2. Q C R? is said to be of class D’ if the following condi-
tions hold:

i) 2 is a bounded convex open set and 9 is a C*° curve with positive cur-
vature K.

i) da(l) # 0.
iii) {n € N*; da, (1) # 0} # 0 is finite.
Remark 8.  Notice that, by Remark 4, D' C D.

Proposition 6.4. Let Q C R? be of class D'. Let 1 be a non zero
constant. Then

kg(’(/J) = 21nf{n > 2; Bl’gndg(l) 75 (—1)"Ad2n(l)} -1 <o
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or
k1o = 2inf{n € N*;d2n+1(1) 7'5 O} -1 < o0,

and kg (1)) < oo when co(h) = 0. Let

_ {min(/@(w)aklo) if co(h) #0,

Then there exist at most ko different pairs of coefficients (Ai, i) € R? such
that the Cauchy problem (1.5) has a solution.

Proof. We can write

q [e’¢)
h(@) _ Z Czn(h)e%n@_,’_ Z 02n+1(h)e(2n+1)i0’ 0<6 <2,

n=—gq n=—o00

where ¢ > 1 and cyq(h) # 0. (6.2) holds. Since ds(l) # 0, Lemma 2.5 2)
implies that A is a polynomial of degree 2 in p. If co(h) = 0, then ¢ > 2 and
ko(1) < oo since Bjoq # 0. With the help of Lemma 2.5 we deduce that p
satisfies a polynomial equation of degree kg (1). Using Lemma 2.10 we conclude
that there exist at most kg(v) different pairs of coefficients (A, ux) € R? such
that the Cauchy problem (1.5) has a solution. Now suppose that ca(h) # 0. If
dan+1(1) = 0 for n € Z we have dyq(l) = 2ig(1 —4¢*)cay(h)2 # 0 and By 4, = 0,
then kg(¢) < oo and we conclude as before. Now suppose that there exists
n € N such that da,11(1) # 0. Since di(1) = 0, n > 1. Then k1o < oo. In
Lemma 2.6 we have a = 0 and 1 2541 = 0 for p > 2. Using Lemmas 2.5 2)
and 2.6 2) and 3) we deduce that u satisfies a polynomial equation of degree
k19. With the help of Lemma 2.10 we conclude that there exist at most kig
different pairs of coefficients (Ax, uux) € R? such that the Cauchy problem (1.5)
has a solution. O

§87. Examples
We conclude this paper with some examples.

Example 1. Let m € N* and a, a;, b; € R, j =1,... ,m. Define

h(0) =a+ Z ancos(2n+1)0 + b, sin(2n +1)0, 0<60 < 2,

n=1
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with |ai| + [b1] > 0 and

a>4Y n(n+1)(|an| + [ba]).

n=1

h is of class C*°, and has period 27 and
p(0)=a—4 Z n(n +1)(a, cos(2n + 1)0 + b, sin(2n+1)0) >0, 0<6 < 2.
n=1
Then h must be the support function of a convex set (2. Clearly 2 is of class
B.
Example 2.  Let a,b,c € R* be such that a > 3|b| + 8|c|. Define
h(f) =a+bcos20 4+ ccos3l, 0<6<2m.
h is of class C*°, and has period 27 and
p(0) =a—3bcos20 —8ccos30 >0, 0<6<2m.

Then h must be the support function of a convex set 2. We can verify that
Q is of class C N D’. Notice that kg = 1 in Proposition 6.3 and that kg = 1 in
Proposition 6.4.

Example 3. Let a > 0 and define

15+ 12cos @
= _— < 2 .
h(0) a+17—800s20’ 0<60<2m

h is of class C'*°, and has period 27w. With the notations of Section 4 we have

“+oo
15 .
ha(9) = v 272|n| 2ind 0<6 )
1(0) a+17—800529 a+n;m et <0 < 2m,
and
12 cos =
h 0 — — 27|2TL+1‘ (2n+1)i9 <0 2 .
2(0) 17 — 8 cos 20 n:z_:oo € » 0<0<2r

For a sufficiently large we easily show that
p(0) >0, 0<6<2m.

Then h must be the support function of a convex set 2. We can verify that
is of class CND.
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