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Fermionic Formulas for (k,3)-admissible
Configurations

By

Boris FEIGIN? Michio JIMBO}* Tetsuji MIwA]**
Eugene MUKHINT and Yoshihiro TAKEYAMAT

Abstract

We obtain the fermionic formulas for the characters of (k, r)-admissible configu-
rations in the case of r = 2 and r = 3. This combinatorial object appears as a label
of a basis of certain subspace W (A) of level-k integrable highest weight module of sl,.
The dual space of W(A) is embedded into the space of symmetric polynomials. We
introduce a filtration on this space and determine the components of the associated
graded space explicitly by using vertex operators. This implies a fermionic formula
for the character of W (A).

81. Introduction

Let sl be the affine Lic algebra sl, @ C[t,¢t~!] & Cc & Cd and L(A) the
integrable highest weight module for dominant integral weight A of level k. We
denote by a the commutative Lie subalgebra of sl,. generated by the elements

ea1[n], es1[n],....er1[n], n€Z.
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Consider the a-submodule
(1.1) W(A) :=U(a)va,

where vy € L(A) is the highest weight vector satisfying e;;[nJux = 0, (n > 0).
Our problem is to find some formulas for the character of W(A). In [P], Prime
constructed a basis of W (A). His basis consists of vectors parametrized by the
combinatorial object called (k,r)-admissible configurations. We can introduce
some degrees on (k, r)-admissible configurations and define the character, which
is equal to that of W(A). In [FJLMM1] certain formulas, called ‘bosonic for-
mulas’, for the character of (k,r)-admissible configurations are obtained (see
also [FJLMM?2]). Connections to Jack and Macdonald polynomials are dis-
cussed in [FJMM1], [FIMM?2], [FJMMT1]. In this paper we find another type
of formulas in the cases of r =2 and r = 3.

We start from an algebra E isomorphic to W(A) as vector spaces. The
algebra E, is constructed by generators esi[n],...,er1[n], (n < 0) with some
relations. We will obtain the Gordon-type (or ‘fermionic’) formulas for the
character of E\ by using vertex operators.

Let W be a vector space with non-degenerate quadratic form (-,-), and
let T be an integral lattice in W, i.e., {y1,72) € Z for any 1,72 € I'. With
such data we can associate a lattice vertex operator algebra Vr. The algebra
Vr is generated by vertex operators V(v,2) (v € I,z € C). Let us take a set
{p1,...,pn} of linearly independent vectors from W, and consider the subalge-
bra C generated by the vertex operators a1(z), .. .,a,(z) where a;(z) = V(p;, 2).
The operators a;(z) satisfy quadratic relations. It can be easily formulated in
the case when (p;,p;) > 0 for all ¢, j. In this case, we have

(1.2) [aa(2), aa(w)]+ =0,

where + (resp., —) if (pa, Do) is odd (resp., even),
(1.3) [aa(2), ap(w)] = 0, if o # 3,
(1.4) a0 (2)0Las(2) = 0 for I < (pa,ps).

If (pa,ps) < 0, then the relations are also quadratic, but a,(z) and ag(w) are
not commutative.

Let us continue the discussion under the condition (p;,p;) > 0. It is
important that the relations (1.2)—(1.4) are the set of defining relations. This
fact actually is equivalent to the following statement about representations of
C. Let aq[i] be components of aq(2), i.e., aq(2) = 3,27 aali]z’. Choose the
irreducible representation of Vr with the vacuum vector v satisfying a[iJlv = 0
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for ¢ < 0. Consider the space W = Cv. Let 0 : W — C be a linear functional.
Define the function

ot (21, ozm) = (0, 000 (21) -+ Ga,, (2m)0)-

It has a form

(15) \I](gl’m’am (Z17 e 7Zm) = F(Zh e 7Zm) HZZ H(ZZ — Zj)<p°‘i ’po‘j>7

i i<y

where F is a polynomial which is symmetric with respect to the transposition
of z; with z; if a; = «.

Let S be the space of functions of the form (1.5). More precisely, we have
a direct sum S = @S, ... a,,, Where the set of indices (o . ..,qy,) is defined up
to permutations. The statement is that the map W* — S is an isomorphism.
This fact is equivalent to the relations (1.2)—(1.4), and also gives a possibility
of writing down the character of the space W. The space W is naturally graded
by dega,[i] =i as well as the function space S by deg z; = 1, and we have the

equality of the corresponding characters: ch W = Z(al ) chSa, .. a0, We

Nej
have

3y mi+3 Py Pag ) mim;

(q)m1 T (Q)mn

D D

mi,...,mn, >0

9

where m; is the number of ¢ such that a; = j. Using this formula, we get a
Gordon-type formula for the character of the space W.

Our strategy is to compare the more complicated algebras with the algebras
like C. Let us consider the simplest example.

In the algebra E = Cle[0], e[—1],e[—2],...] there are a sequence of ideals
E D J, D Jy---. Here J, is the ideal generated by the components e(*)[i] of
the current e(2)® = (Y e[i]z")® = Y e®)[i]z*. We want to study the quotient
E/Ji+1 = Ey. Filter Ey by ideals

E,DJyDJE D,
and construct the corresponding associated graded algebra
EY = B/ Ju® I/ TR ® T TR @ .

We denote by the same symbol Ji the image of J, C F in Ej;. Note that
Ey/Ji ~ Ey_1 and the algebra E,(Cl) is generated by the components of the
currents e(z) € Ey/Jy and e®)(z) € Ji,/J2. The current e(*)(z) corresponds
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to the current e(z)¥ from E. In the algebra Ej/Jy ~ Ej_; we have ideals
Ery. 1D Ji DJdy D+ D Jp_1. Let Jﬁl) be an ideal in E,(Cl) generated by
Js C Ep—1. In E,(Cl) there are ideals Jl(l) 2 J2(1) 2D J,gl_)l. We can repeat
such a construction and get the algebra

2 1 1 1 1
B =B e 500 e

Obviously, the algebra E,(CQ) is generated by the component of the currents
e(z), e®(z2) € E,(Cl)/,],gl_)1 and e*~1(z) € J,il_)l/(J,il_)l)Q. In By o= E(l)/J,gl_)1
we have its own sequence of ideals Ey_o D J; D Jy D -+ D Jr_s, and we can
repeat what we did before. As a result we get an algebra E,(f) which is generated
by e(z),e® 1 (z),e® (). Then, filter E,(f) again, and so on. In the end we

construct an algebra E,(Ck)

, which we denote by By. The algebra By, is generated
by e(z) = eM(2),e?)(2),...,e*)(z). It has many gradings. Surely, it inherits

the ¢-grading, dege; = 4. It has also Z*-grading: each of the generators e(®)(z)

a—th
is homogeneous and has grading (0,..., 1 ,...,0). By a simple calculation,
one can check that the generators e(®)(z) satisfy the quadratic relations,

(1.6) ()0 e (z) =0 for 1< 2min(a,f).

Actually, these relations are defining relations for Bi. One way to prove this
statement is to compare Bj with some algebra generated by vertex operators.
Now, we explain how to do it.

Consider an integrable representation of ,;\[2 of level k. Tt is known that
in such a representation the current es(2) satisfies the relation eg; (2)*+1 = 0.
Here e9; is the nilpotent generator of sl and es; (2) is the corresponding current.

The explicit construction of such an es;(2) uses the so-called vertex opera-
tor realization. To do it consider the vector space W with a base p1,...,pr and
a bilinear form (p;, p;) = 20; ;. Let a;(z) = V(p;, 2) and b;(z) = V(—p;, z). Let
e21(2) = a1(2) + -+ ar(z) and e12(z) = b1(2) + - - - + bg(2). It is well-known
that such es1(2) and ej2(z) generate sly of level k. The whole construction
is nothing but the tensor product of k copies of the standard vertex operator
realization of 5A[2 of level 1.

The representation of the corresponding vertex operator algebra after re-
striction to 5?[2 is a sum of integrable representations of level k. Choose the
vacuum vector v in the representation F of the vertex operator algebra which
generates the vacuum module for sl,. (Our convention is such that e;;[nJv =0
for n > 0.) There is a map ¢ : E, — F such that P(e[0],e[-1],...) +>

P(e[0],e[—1],...)v. We will prove that ¢ is an embedding.
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Consider the family of maps ¢, : Ey — F where ¢ € C,e # 0 which
send ez [i] to the i-th component of the current e.(z) = a1(2) +caz(z) +--- +
ePlay(2). Let ¢y be the limit of p. when ¢ — 0. More precisely, we want to
study the limit Wy of the image of ¢. when € — 0. First consider the limit of

operators
lim e.(2) = a1(2),
e—0
lir% e e (2)? = 2a1(2)az(2),
E—

1—s

lim e "%e.(2)° = slay(2)...as(2).

e—0

Note that ps(z) = a1(2)...as(z) are vertex operators V(gs, z) where g,’s are
vectors such that (qu,gg) = 2min(«, 3). It means that they satisfy the same
quadratic relations as generators eﬁ)(z) in the algebra Bj. Looking more
carefully at the limit € — 0, it is possible to show that we have a surjection
By, — lim._op-(Ey). It means that there is a family of algebras U, such that
Uyp ~ By, U. ~ E}, for € # 0, and ¢, : U. — F. Therefore, we have a surjection
B — Wy, and in Wy there is a subspace Wo = Cv where C is the algebra
generated by ps(2).

Comparing the characters of By, WO and Wy we get that actually they are
all isomorphic. As a corollary, we establish the Gordon-type formula for the
character of E},.

There are many cases that can be studied in a similar manner. We can
replace ;\[2 by g for any simply-laced semi-simple Lie algebra g. Let n be a
maximal nilpotent subalgebra in g, Lj the vacuum representation of g of level
k, v the vacuum vector of Ly and Wy = U(n)v C Ly.

Following [FK] we can realize Ly as a representation of some lattice vertex
operator algebra. In this construction, simple root generators g, (z) € 1 are just
vertex operators (up to some twisting, which is not essential in our argument).
Operators g,(z) in representation of level k can be represented as a sum of
vertex operators: go(z) = gél)(z) + g((,?)(z) +-+ g((lk)(z). Now let us use the
same e-method. Namely, introduce operators

Jae(2) = g5 (2) +eglP (2) + -+ "1 (2).

Again, we consider the limit ¢ — 0, and repeating the process in the 572 case
we get the following result, which was formulated in [FS].

3
q2

ch Wy = —
0 Z (Q)m1 T (q)mkr

M1y, MEr

Dm,m)
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Here r is the rank of g and D is the tensor product of two matrices C ® G,
where C is the Cartan matrix of g and G is the k& x k Gordon matrix, i.e.,
G = (Ga,) where Go 3 = min(a, 3).

In a slightly different manner, the same method is used for the problem
which we will consider in this paper.

Let Ly be the vacuum representation of sl3 of level k. By e;;(z) we denote
the standard basis of sly (1 <4, < 3). Let a(z) = ea1(z) and b(z) = ez1(2). It
is known that in Lj the currents a(z) and b(z) satisfy the relations

a(2)?b(z)P =0ifa+B=k+1.

These are equivalent to the integrability of representation. For k = 1, a(z) and
b(z) can be realized by vertex operators: a(z) = V(q1,2) and b(z) = V(qa, 2)
where (q1,q1) = (g2, 92) = 2 and (¢1, ¢2) = 1. Again, for a bigger k, we consider
a(z) = V(t1,2) + -+ V(tg,2) and b(z) = V(s1,2) + -+ + V(sk, z) where
t1,...,tx and s1,. .., are vectors with the scalar products (t;,t;) = (s;, s;) = 2,
(sisti) =1 and (t;,t;) = (si,55) = (s4,t;) =0 for i # j.

Degeneration is given by formulas

a(e, 2) =V (ty,2) +eV(ty, 2) + - + "W (ty, 2),
ble,2) ="V (t1,2) + "2V (tg, 2) + - - - + V(ty, 2).

The Gordon-type formula for the character of Wy = Cv where C is generated
by a(z),b(z) and v is the vacuum vector in Ly, can be found in Theorem 8.1.
Again we have vertex operators which represent the currents a(z)® and b(z)?,
a,f < k. Now a(2)%(w)? ~ (z — w)?™n@f) By this we mean that in
the representation an arbitrary matrix element (6Y, a(2)®a(w)”8) has the form
(z — w)?™in(@P) (2 w) where f(z,w) is a Laurent polynomial. The currents
b(z)? have the same properties and a(z)*b(w)? ~ (z—w)@+P=F+ with (m), =
max(m, 0).

In our paper we use the same e-method to study ;[3 representations a
little differently. Let us combine the currents a(z) and b(z) into a single one
as e(z) = a(z?) + zb(22). The relations a®(2)b’(z) =0 (a+ 3 = k + 1) can be
written in terms of e(z) as e®(2)e?(—z) = 0 (a+8 = k+1). The algebra sl3 has
a vertex operator realization where the current e(z) is a sum of vertex operators,
and all previous techniques can be used. For k = 1, e(2) satisfies the relations
e(2)? = 0 and e(z)e(—z) = 0. The matrix elements (0, e(21)e(22)0) have the
form (21 — 22)%(21 + 22) f(21, 22) where f(z1, 22) is a Laurent polynomial. Such
an e(z) can be realized as a vertex operator. An explicit formula is given by
Eji1(2) in (9.7). For k = 2, e(z) satisfies e(2)® = 0 and e(z)%e(—z) = 0.
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Such an operator can be constructed as a sum e(z) = a1(z) + a2(z), with
[a;(2),a;(w)] = 0, a;(2)?> = 0 and a;(2)az(—2) = 0. Since the relations for
a;(z) are quadratic, they can be realized as vertex operators.

In general, for even k = 2s, we set

e(z) = a1(2) + -+ as(z) + bi(2) + - + bs(2),
[ai(2),a;(w)] =0, [bi(2),b;(w)] =0, [ai(z),b;(w)] =0,
ai(2)? =0, bi(2)>=0, a;(2)bi(—2)=0.

For odd k = 2s + 1,
e(z) = a1(2) + -+ as(2) +¢(2) + b1(2) + - +bs(2),

where a;(z), b;(z) satisfy the same relations as above, and

Such a;(z),bi(2),c(z) can be constructed as vertex operators, and these oper-

ators are a part of a vertex operator realization of the entire algebra sl3. The
e-deformation for even k is given by

ec(2) = a1(2) +ean(2) + -+ tag(2) + b1 (2) + - -+, (2),

and similarly for odd k.

The plan of this paper is as follows. Throughout this paper we consider
(k,2) or (k,3)-admissible configurations with the initial condition ag < b, see
(2.6). This corresponds to the case of A = (k — byg)Ag + boA;y for r = 2, and

boA1 + (k — bg)Ag for = 3. Here A;’s are the fundamental weights
~ As we mentioned above, the case r = 2 has been studied in [FS].

2ol

of
Nevertheless we give here the details in order to illustrate the method of vertex
operators. The fermionic formulas for r = 3 are new. First we introduce the
algebra E,(XM) in Section 2. From Section 3 to Section 7 we consider the case of
r = 2. In Section 3 the dual space (E/(\k’Q))* is realized as the space of functions
F(2) In order to calculate the character of F%2) we define certain filtration
{Tx} on F (#:2) in Section 4. Each component of the associated graded space
determined by this filtration is embedded into a space of functions G&2)S \, see
Proposition 6.2. We will prove that this embedding is surjective by using vertex
operators. We summarize some properties of vertex operators constructed with
k-dimensional bosons in Section 5. In Section 6 we give the current es;(z) using
the vertex operator and prove that the dual space Wa‘ is isomorphic to the space
G&Z)SA. This implies surjectivity of the embedding and we get the fermionic
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formula for the character of E/(\k’Q), which is given in Section 7. In Section 8
we apply the argument above to the case of r = 3. We use the two currents
e21(z) and e31(z) and obtain the fermionic formula. As mentioned before we
can construct a little different realization of the representation of ;[3 by using
the mixed current e(z) = ea1(22) + zez1(2?). This representation is of highest
weight A = [%] A+ [%] As. In Section 9 we obtain another type of fermionic
formula in this special case using the current e(z). This fermionic formula is
the one obtained from a combinatorial point of view in [FIMMT2]. We give

additional results and discuss some remaining problems in Section 10.

§2. Preliminaries
§2.1. A polynomial algebra EXW)
Let r be a positive integer. Consider the polynomial ring
E") = Clei[—n], e2[-n), ... ,er_1[—n];n > 0].

We define formal power series e;(z) in z by

(2.1) ej(z) ==Y ejl-nlz", (j=1,...r—1).
n=0
Denote by {A;}/=} the set of the fundamental weights of sl,. Let k be
a positive integer and b = (bg,...,b._2) a vector with non-negative integer

entries such that

We set the dominant integral weight A of level k by

(22) A= (k—=br—2)Ao+boA1 + (b1 —bo)As+ -+ (by_o — br_3)Ar_1.
Denote by Jj(\k’r) the ideal of E(") generated by the elements

(2.3) e1[0]° - e;41[0]%, (i=0,...,r —2),

where ¢;’s are non-negative integers such that

(2.4) co+ -+ ci > by,

and all the coeflicients of the power series in the following form:

er(2)P' ey (2)Pr 1,
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where p1,...,p,_1 are non-negative integers satisfying
pt+-+tpo1=k+1
Set
EF = B0 g k)

Now we give a basis of the vector space E\"". For e € E™ we denote by
€ c E/(\k"r) the image of e by the projection E(™ — Ej(\k"r). Let a = (a;)2,
be a sequence of non-negative integers with finitely many non-zero entries. We
define e(a) € E(™ by

r—1
e(a) := H H e;[—n]tCr—Dnti-t
n>0i1=1

= ... 67‘_1[71]012"'73 coeeq [71]6"7'*167,_1[0]0’7'*2 ceeeq [0]“0.

A sequence a = (a;)52, of integers with finitely many non-zero entries is
called (k, r)-admissible if

(2.5) 0<a; <k, ai+ - +ar—1<k

for all 4+ > 0. Denote by Cl()k’r) the set of all (k,r)-admissible sequences such
that

(2.6) ag <bg,ag+ay <by,....a0+ "+ a,_o < b,_o.
Proposition 2.1. The set

(2.7) {e(ayac )

is a basis of B

(k,r)
A

This proposition is a special case of the result by Primc [P] which we will
explain below. Now set e;[n] = e;+1,1[n] € sl,. Then the elements (2.3) satisfy

(2.8) e1[0]% - - e;11[0]%vp =0

for non-negative integers {c;} satisfying (2.4) and the formal power series (2.1)
satisfy

(2.9) e1(z)P - epq1(2)Pr1 =0
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on L(A) for non-negative integers p1, . ..,p.—1 such that p; +---+p,—1 = k+1.
Hence the map

(2.10) EV 58 s evy € W(A)

is well-defined. Here W(A) is the subspace defined by (1.1). This map is also
surjective.

In [P], Primc constructed a basis of W(A). For a = (a;):2, € C*"), define
the vector M (a) of W(A) by

M(a) :=e(a)v,.

Theorem 2.1 ([P]).  Let A be the dominant integral weight given by
(2.2). Then the set

M(A) == {M(a);a € CF™
constitutes a basis of W(A).

From this theorem, the map (2.10) is injective and this implies Proposition
2.1.

§2.2. Characters of (k,7)-admissible configurations

Now we introduce two kinds of degrees on E("). First we define the g-degree
by

deg,ei[-n] == (r —)n+i—1.
Next define the z-degree by
deg,e;[-n] :=1

foralli=1,...,r—1and n > 0.
Note that the ideal J Ak’r) is generated by homogeneous elements with

) is a graded vector space with

respect to both of the degrees. Hence F Ak’r
deg, and deg,.
Denote by El(\klrj) the subspace spanned by homogeneous elements of

g-degree i and z-degree j. Consider the character

. k, i.j
X k) (¢g,2) == Z (dim Ej(\ﬂifj))q 2.

4,520
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From Proposition 2.1, we have

Xppn(@:2) = 3 gmtaze,
aecl()k,r)
This is nothing but the character of (k, r)-configurations xx rb(g, z) [FJLMM1].

In the following we give fermionic formulas for the characters xy .1, in the
two cases:

(Dr=2,(A = (k—bo)Ao + boA1),
(I0)r =3,b1 =k, (A = boAy + (k — bp)As).

In other words we consider (k,2) or (k,3)-admissible configurations with the
initial condition ag < bg.

83. Functional Realization

From this section to Section 7, we consider (k, 2)-admissible configurations.
In the following we fix A = (k — by) Ao + bpA; and abbreviate Ej(\k’Q) and J/(\k’Q)
to E*2) and J*2) | respectively.

Denote by F;, the space of symmetric polynomials with n variables:

F, :=Clxy,... ,wn}e".

Let E2 be the graded component of E?) with z-degree n.
We introduce a pairing

<~7~> : ET(LQ) ®QF, — C
as follows. Set e(2) := e1(z). Then we define the pairing by

(31) <6(Zl) e e(zn)v f(xla s 7xn)> = f(zlv s ’Zn)'

It is easy to see that the pairing (-,-) is a bilinear non-degenerate pairing,.
Moreover, it respects the grading on Ey(Lz) defined by the ¢-degree and the one
on F,, defined by the usual degree: degx; = 1.

k,2)

Denote by J,(L the graded component of J*2) with z-degree n.

Proposition 3.1.  The orthogonal complement ol (<]7(1k72))L CF,

is given as follows:

FED =3 f € Fs f(ay, ) =03 7O
Ty == Ty =0
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Proof. From the conditions (2.9) and (2.8) we have e(z)¥*! = 0 and
e(0)bo+1 = 0. Note that

(3.2) <e(z)k+1 H e(zj), f(x1,. .. ,xn)> = f(2,. . ,2, 242y - - 12n)
j=k+2

and

n

(3.3) <e(0)b°Jr1 H e(z;), f(z,. .. ,a:n)> = f(0,...,0, Zpg+25 - - - »2n)-

Jj=bo+2
Both of (3.2) and (3.3) equal zero if and only if f € F#2). O

Note that the graded components E7(L2) and F;, are finite-dimensional and

the pairing respects the grading. Therefore (Fy(Lk’Q))l = (J,(Lka))lL = Jy(Lk’Q)

and we obtained the following.

Proposition 3.2.  The pairing (-,-) defined by (3.1) induces a well-
defined non-degenerate bilinear pairing of graded spaces

() EFD @ P2 — C,
where Er(lk"2) is the graded component of E%*2) with z-degree n.

Hence the character xx 2.4, (¢, 2) is represented in terms of the character of
F%? as follows. The character ch F,(Lk’Q)(q) is defined by

(oo}
ch F{M)(q) = ) ¢ dim(FF),0,
m=0

where (Fy(Lk’Q))m is the graded component of degree m. Then we get

Corollary 3.1.

Xk2ibo(0,2) = Y 2" ch F?(q).
n=0

84. Gordon Filtration

Let k € Z>o and n € Z>y,. Let A be a level-k restricted partition of n, that

is

k
A= (1M 2m2 KT, Zama =n.
a=1
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Denote by mg(\) the number of rows of length a in the partition (or Young
diagram) A. Set m(\) := (mq(A),...,mr(N)).

For a sequence of non-negative integers m = (myq,...,m,), we define the
space of functions Sy, by

(4.1) S = Clz), .. D1 @ ... @ Cll?, ... z)]Sm.

In particular, for a level-k restricted partition A of n, we abbreviate Sp,(») to
Sy. Now we define a map

(4.2) O (C[xl,...,xn}e’" — Sy
as follows. Fix a numbering from 1 to n of the set of indices

{(a,1,7);1 <a<k1<i<mgu(N),1<j<a}.

(a)

We set @(z,,) := ;" where (a,1,j) is the m-th index in this numbering. Then

the map ¢, is defined by

ealf (@i, swn)) = flep(@1), o (@)

Since f is symmetric, this map does not depend on the numbering.
Introduce the lexicographical order on partitions of n by

A= p<= A =pu;(j <p)and A, > p, ,for somep.
We define the subspaces of £ by

Fx :=Kerpy ﬂF,Sk’z),
Ty =Ny nFo,
L =Ty NKer .

)

The subspaces I'y give a filtration of Frgk’Q and we have

(4.3) ch F{#?) =" ch('y/T}),
A

where the right hand side is the summation over all level-k restricted partitions
of n.
For an integer s we set (s)4 := max(s,0).

Proposition 4.1.  Let X be a level-k restricted partition of n. The image
of the map ¢x|r, is contained in the principal ideal Gg\Z)SA, where the function
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Gg?) is defined by

(4.4) G = ﬁH D)etor T [ —2®)?

a=1 j 1<a<b<lk 1,5
T -0
a=1:<j

Hence the map @a|r, induces the embedding of the subquotient I'y /I, into the
principal ideal GE\2)S,\.

Proof. Similar to the proof of Lemma 3.5.1 and Lemma 3.5.3 in
[FKLMM]. O

Our goal is to prove that the image of p|r, is equal to GE\Q)S,\.

85. Vertex Operators
§5.1. Definitions

Let N be a positive integer. We fix a non-degenerate symmetric bilinear
form (-,-) on the N-dimensional C-vector space C.

We denote by Hy the Heisenberg algebra with unit 1 generated by the
elements a,,(a) and e?(® (m € Z, o € CV) satisfying the relations

[a’m(a) an(ﬁ)] = m<a75>6m+n,07
[am(at), e Q(B) ] = 5m70<a,6>eQ(ﬁ), Q@) Q(B) — (Qatp)

Here the generators a,,(«) are linear on .
We define the Fock space F by

F:=Cla_m(a);m>0,a € CN] @ C[e?W); g e CN].
The algebra Hy acts on F as follows:

(am(a)f) @ e?P, (m <0),
am(a)(f @e?P)) = S lan(a), fl@ Q@ (m>0),
(o, B) f ® eQWP) (m=0),

Q@) (f @ QPB)) = f @Rt

where f € Cla_p,(a);m > 0,a € CV].
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Let a = ({am}tmez,a®) be a sequence of vectors in CV. The vertex
operator X (z) is defined by

Xa(z) = exp <Z %O[rn)zm> eXp <_ Z %2_m> eQ(O‘O)ZQO(UCO).
m>0 m>0

Introduce the normal ordering : - : on Hay:

Cam(@)an(B): = am(@)an(B), (m <0),
: m( ) n(ﬁ) {an(ﬁ)am(a), (m > 0)7

s ap(a)el® =1 QP g4(a): = e9Paq(a).
Then we have
Xa(2)Xg(w) = g(z,w; 0, B) : Xa(2)Xg(w):,

where

9(z,w;a, B) = (0,87 exp (— Z 7<am;57m> (%)WL)

m>0
for o = ({am},a%) and B = ({Bn}, ).

§5.2. Matrix elements

Set
18) == 1® 9P ¢ F.

Note that

am(a)|B) =0, if m>0.
Let (8| € F* be the dual vector defined by

c,if f=ceCand =1,
0, otherwise.

(BI(f ©e?D) = {

Denote by 7—7;(, the commutative subalgebra of Hy generated by the gen-
erators a,,(a),(m > 0,a € CV) and 1. Consider the matrix element

(B'|hX e, (21) - Xa, (22)]8),  heHE,

for ay = ({aam},ad),(a=1,...,n). From the definition of X4(z), it is easy
to see that

(DX (1) -+ X, (2)|8) =0 unless & — 5= el

a=1
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Theorem 5.1.  Let g = ({@am}, @), (a = 1,...,N) be sequences of
vectors in CN and m = (my,...,my) a sequence of non-negative integers.
Denote by Sm(a,...,an;B) the set of functions given by

(5.1)
{(B+ 0 |hXa, (21)) - KXo (20) -+ Koy (1)) -+ Xy (20))]8) h € FL Y,

where a* := " maal and 3 € CN.
Suppose that the vectors ag,—m (a =1,...,N) are linearly independent for
each m > 0. Then we have

Sm(ai,....an; ) HH htewn) T T, " a, on)

a=1 j 1<a<b<N 14,5
N
< [T T o=\ ta ) - Sm
a=11i<j
for any m.
Proof. Fix m = (mq,...,my). For h € ﬁj(,, we set

F(h) == (B + a*|hXa, (z{") - Xay (@) - Kooy (2N)) -+ Koy (20))]5).

Then it is easy to see that

TITE o T Tt ol e

a=1 j 1<a<b<N 14,5
T T o s
a=11i<j

For r > 0 the vertex operator X, (z) satisfies

[aT(7)7 Xa(z)] = <7a a—r>zTX0£(Z)'

Hence we have
N

1
Flar, (1) an () =[] <Z<%aa m>p5~“)> F(1),  (vri > 0),
i=1 \a=

where p( @) ;

is the r-th power sum of a:( )’s, that is p'® : Ej(xg-a))r. Therefore,
if the vectors aq —r,(a = 1,...,N) are linearly independent for each r > 0,
we can obtain any polynomial in Sy, as F(h)/F(1) by taking a suitable h €

HY, - O
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86. Construction of Vertex Operators
Fix a basis {e,}¥_, of C¥ satisfying
(€a, €0) = 200.p-
For 1 < a < k, define a sequence of vectors e, = ({ta,m }, %) by
Qam = a) = €4, (Vm € 7).
Now we set
E,(z) = Xa, (2).
Then we have

_ ) Eq(2)E (w) 5 a#b,
Fa()By(w) = {(z L Ea(e)Bulw)sa b

In particular the operators E,(z) are commutative and satisfy F,(z)% = 0.
Set

EE(Z) = €1E1(Z) +--F EkEk(Z).

Let X be a level-k restricted partition of n and X = (A],...,\}) its conjugate
(or transpose). Define the operator E) by

k 1 o A b Ny
Ex(z1,...,x,) = ];[1 )\TI'(3_Q> <8_€k> Ee(z1) - Ee(zn) Ve =0

In other words the operator Ey(zx1,...,x,) is the symmetrization of
k
(6.1) H(Ea(xnﬁl_ﬂrl) s Ea(xn{l))v
a=1
where ng = 0 and nj := 3°7_) A).

Set €} := Y, A\, €q. Note that
(B'|hEx (21, ... ,2,)|8) =0 (Vh € HY), unless 3’ — 3 = €}.
Consider the space of symmetric polynomials
Uyx :={{Bo + ex|hEx(x1, ..., xn)|Bo); h € ﬁ:},

where (3 is the vector in C* uniquely determined by

0, if 1<a< b,
(€a, o) = , 0
1, if a > by.
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Proposition 6.1.
Uy C Ty
Proof. Set
Ey(h;xq, ..., 20) = (6o + eX|REN(z1, - . . ,20)|Bo)-

It suffices to prove
(6.2) u(Fa(h;zy, .. 2p)) =0
for any v > A and
(6.3) Fx(h;0,...,0,2p542, - - - ,Zpn) = 0.

First we prove (6.2). Note that E} is also the symmetrization of

A
(64) H(El (xnj—1+1)E2(xnj—l+2) T E)\j (xnj))7
j=1
where ng = 0 and n; = Zgzl Ai. From this expression and the relation

E.(2)? =0, it is easy to see ¢, (Fy) =0 for v = \.
Next we prove (6.3). Note that E) is the symmetrization of (6.1). Consider
the function

k
(6.5) <ﬁo el T (Ean, 1) Ea(fﬂng))ﬂo>~

a=1
From Theorem 5.1 this function (6.5) is a polynomial with the factor

n

H Zj H (.TZ' - J,‘j)Qa.
j:ng)oJrl né_ii?ffgn&
Hence (6.5) becomes zero if by + 1 variables of z1, . ..z, are equal to zero. This
implies (6.3) because the function F) is the symmetrization of (6.5). O

Proposition 6.2.

QOA(UA) = Sm()\) (71? s Yk ﬁO)a

where Sp(y) is the space defined in Theorem 5.1 and the sequences of vectors
Yo = {Vam}:79), (a =1,....k) are defined by

a

(6.6) Yom =70 =Y €, (VmE€L).
j=1
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Proof. From the relation E,(z)? = 0, we have

k ma(A)

OAEx(T1,...,2n)) = 2 H H (El(x§a)) e Ea(x§a))),

a=1 j=1

where zy is a constant defined by zy := [[*_, (a!)™+(}). Moreover, we see that
Ei(z) - Eq(x) =:E1(x) - Eq(x): = Xy _(2).

This completes the proof. O

Note that the vectors v, —m,(a = 1,...,k) defined in (6.6) are linearly
independent for each m > 0. It is easy to check that

g(z, w; 7a77b) = (Z - w)Qmin(a’b)v <'727 60> = (a - bO)-‘r'
Therefore, from Proposition 4.1, Theorem 5.1 and Proposition 6.2, we see
Corollary 6.1.

QD)\(F)\) = GE\Q)S)\

Example 1.  Consider the case of k = 2,bp = 1 and n = 3. Then the
Gordon filtration is

F;)EZ’Q) =T(1) DT, D {0},

where

B = {f(xl,%xz%) € Clzy, ma,23)%% f =0 if ii ziz i 3:3 Or} .

Caa ={f(21,22,23) € F§2’2); f=0if 1 = zo}
= {f(zx1, 2, 23) € Clxy, 9, x3)%%; f = 0if 21 = x5}
The map ¢, is defined by
) fla1,00,23) = f@f 2, 2{") € Cle{V] @ Cat?),
P(1,1,1) - flz1, 22, 23) — f(wgl)vxél)a ¢ )) € (C[xg ) mél)a ‘(1)}63~
Corollary 6.1 shows that

01 (Ten) = 20 @ — )2 eV o cle?),
(1)

1 1 1 1
@(171,1)(F(1,1,1)) = H ( W ( )) [ JU; )7 { )]63
1<i<j<3
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87. Fermionic Formula

Recall Corollary 3.1: we have
Xk,2500 (4, 2) = Z 2" ch Fr(Lk’2)(fZ)-
n=0

Now let us write down the character of F,(Lk’2). From Proposition 4.1 and
Corollary 6.1, we find
ch(T'y/T) = ch(GY)Sy).

It is easy to obtain the formula for ch(GE\Q)S \)- Introduce the &k x k matrix
A® defined by

(7.1) A® = (AP ek, AR = 2min(a, b).
Denote by cg) the vector defined by
(7.2) ) == (0,...,0,1,2,... .k — by).

Then we have

1(*mA® m—(diagA®)-m)+c{? m

. = en(GPsy = ¢
(7.3) h(['y/T')) = ch(G3"Sx) (@Dman) (D)

where m = m()) = *(m1(N),...,m(N)) and (¢), := [[j_,(1 — ¢’). Here the
numerator in (7.3) represents the degree of Gg\z) and the part

1
(@D (@)

is the character of Sy.
By substituting (7.3) into (4.3), we get the fermionic formula for (k,2)-
admissible configurations:

Theorem 7.1.

% (th(z) m— (diagA<2))<m)+c§)(2)) -m

00
Xk,2;bo (qa Z) = Z Z 1 Zna

n=0 m1+2mg+-+kmy=n (q)ml e (q)mk
M. ymp >0

where A®?) is the k x k matriz defined by (7.1), Cl()i) s the vector defined by
(7.2) and m = *(my, ... ,mg).
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§8. Fermionic Formula for x; ;

In this section we consider the case where r = 3 and b = (bg, k). We fix
A = bgA; + (k — bp)Ay and abbreviate E/(\k’g) and J/(\k’d) to E®:3) and Jk:3)
respectively.

§8.1. Functional realization of wik3)

Consider the space of polynomials
l2
‘Flhlz = C[{L‘%, e ,xi}ell ® (C[y%, . 71/122]6’2 . H Yj-
j=1

Let us introduce a pairing

<'a > : Er(bd) ® @ E11l2 —C
Iy +lg=n
i1,19>0

as follows. Set

Then we define the pairing by

(81) <a(z1) e a(le)b(’Ujl) o b(wl2)7 f(xl’ s mys Y, - aym2)>

= 6l1m1§l2m2f(zlu AR 7Zl1 7 w17 AR 7wl2)

for f € Finy,m,. This pairing is non-degenerate and respects the gradings on
Er(f) and @y, 11,=nF1, 1,- Here the grading on @, 1,=nF7, 1, is the usual one
defined by degxz; = 1 = degy;.

Let us determine the orthogonal complement Fl(llfl’f) = (J,S’“))L N Fiy i,

with respect to the pairing defined above. Denote by I l(ﬁ’lz) the space of func-

tions

9(x1, . T3y, - U,) € Clag, ... ,:Ull]ell ® Clyz, - . - 7yl2]612
such that

(82) g=0ifxy=-=ax,=y1=--=up, (@>0,>0,a+b=k+1),

or 1 =--+=Tpy+1 = 0.
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Proposition 8.1.
l2
k,3 k,3
(8.3) Y = {g(fv?, byt ) [[vig € Il(l,lz)}-

The proof is quite similar to that of Proposition 3.1.
From this proposition, we have

Proposition 8.2.  The pairing defined by (8.1) induces a well-defined
non-degenerate bilinear pairing of the graded spaces

(-,-y: E¢3) @ @ Fl(lklj) —C.

l1+lg=n
i1,15>0

Introduce the usual grading on [ l(f”l‘z) and denote by ch I, l(lk”lz’)(q) the char-

acter of the graded space [, l(ﬁ’li) with the formal variable q. From Proposition
8.1 we have

k,3 k,3
ch F"P(q) = ¢ b 1P (62).

Hence the character of (k, 3)-admissible configurations is given as follows.

Corollary 8.1.

n (k,3
XkS(bo,) Z Z z lzChIlllQ)( 2)-

n=0 lit+lz=n
I1,l5>0

§8.2. Gordon filtration

Let us introduce a filtration on 1, l(k li)

For a partition A of n, let us write clearly the variables in Sy by S) = Sx(z).
Let A and p be level-k restricted partitions of I; and l5, respectively. We denote
by ¢, the tensor product of ¢y and ¢,,:

Oxp = PA 02y Pu (C[l']_, s axll]Gll oY C[yla R 7yl2] Stz — S)\( ) Y Su(y)
We define the lexicographical order on pairs of partitions by

D, 1) = A® 1) s XD o A o AD Z A® and y V) » @),
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Now let us define the subspaces of I, l(lk l?;) by

Fapui=Kerpy , N Il(ﬁ’lz),
FA,;A = m(l/,ﬁ)>()\,u)fl/7f€7
A =DauNKer gy .
The subspaces I'y ,, give a filtration of I, l(ﬁ’l:;’) and we have
k,3
ch I =37 ch(D /T )
(M)

In the same way as the proof of Proposition 4.1, we can show the following:

Proposition 8.3.  Let A and p be level-k restricted partitions of l; and
la, respectively. The image of the map ¢ ulr, , is contained in the subspace
G (Sx(z) ® S,(y)), where the function Gy, is defined by

o= [ Tl - <a>2aHH (@) _ glo)y2

1<a<a’<k 1,5 a=11i<j
k
b b b

< I TIe" - T T

1<b<t/ <k i,j b—1i<j

(a) _ b) a+b—k (a) (a—bU)Jr
< 11 1 11
a+b>

In the following, we prove that the image of vy ,|r, , is equal to Gy, -
(Sx(z) ® Su(y)) by using vertex operators in the same way as before.

§8.3. Construction of vertex operators
Decompose C?* into k orthogonal components
C*=vio---oV, V,~C%(G=1,...k).

We define a basis of C** as follows. Take a basis {¢], ¢; } of V; ~ C? such that

+ &+ +
(8.7) (6,6) =2, (wf) 1.
Then the set of vectors {€], €] ,...,e, €, } is a basis of C?*.

Let o = ({aj’m},ag) and B; = ({@',m},ﬂ?), (j =1,...,k) be sequences
of vectors in V; C C?*F defined by

t=€ Bim=0=¢, (YmeZ).

Qjm = Q; =€
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We define the vertex operators A,(z) and By(2), (a,b=1,....k) by
Au(2) = Xa,(2), Bp(z) = Xg,(2).

These operators satisfy

Ay (2)Ap(w) = (2 — w)Pab : Ay (2) Ap(w)
Ay (2)By(w) = (2 — w)’»* : Ag(2)By(w):,
Ba(2)Ap(w) = (2 — w)’>* : By(2)Ap(w):,
Bq(2)By(w) = (z — w)*** : By(2) By(w)

In particular, we have
(88)  Au()Ab(w) = Ap(w)Aa(2), Ba(2)Bo(w) = By(w)Ba(2)
for a,b=1,... k, and
(89)  Au2)?=0, By(2)2=0, Au(:)Ba(2) = 0= By()A,(2)

fora=1,....k.
Now we set

(8.10) Ac(z) i=a141(2) + - + e Ar(2),
(8.11) B.(z) :=e1Bi(2) + - - + e, B1(2).

Note that the ordering of operators is reversed in (8.10) and (8.11).
Let A and p be level-k restricted partitions of {; and ls, respectively. Define
the vertex operators Ay(z1,...,2,) and By, (y1,...,y) by

By Y 5 \ M
Ay(21, . GHA_(a_sl) (T%) A(zr) o A()

k Bh 9 i,
Bu(y1, - u1) H ([“)_51) (6—%) Be(y1) -+~ Be(y1)

where X' = (M\[,...,\}) and g/ = (pf,...,u},) are the conjugates of A and g,

b
Ve,=0

Vsa:O’

respectively.
Set

k E
* L I+ /- 2k
Exp = Z Ag€a + Zubekﬂfb e C°".

a=1 b=1
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Let 4o be a vector in C?* uniquely determined by

0, (a < bg), _
<€;ra70>:{1 Ea>b§§’ <Eb770>207 (ISbSk)

Consider the space of functions
Uniu = {000 + & ulhAN @1, @) Bulyr, - ) lo)s b € HE, )
From (8.8) it is easy to see that
Urp CClay,. .. ,xn]G“ ® Cly, .. 7yl]el.

Moreover, in the same way as Proposition 6.1 we have

Proposition 8.4.

Unpu Cy e
The image ¢x,,(Ux, ) is given as follows.

Proposition 8.5.

SOA,#(U)\,M) = Sm()\),m(,u) (’Yfﬂ e 772»’ 7I7 e 7’7];7 ’YO)

Here the right hand side is defined by (5.1) with the substitution x§k+b) =

(b=1,....k). The sequences y& = ({’y;‘fm},’y;t’o) are given by

b
vy,

a

a
Yom=70"=> " Yam =70 =D €1 (YmEL).
j=1 j=1

Note that the vectors vff’fm, (a = 1,...,k) are linearly independent for
each m > 0. Hence we can apply Theorem 5.1. The functions g(@u};’yfjgﬁt)
are given by

9(z 0y AE) = (2 — w)Pmin@d)

b—k 3
e et ek,
g('z?w?'%z”yb) {17 if a+b<k,

() = (@=bo)+, (v3%) =0.
Therefore we see that

Corollary 8.2.

@A,u(r)\,u) - Gk,u . (Sk(x) Y Sll«(y))
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§8.4. Fermionic formula
From Proposition 8.3 and Corollary 8.2, we have
ch(Txu/Th ) = ch(Ga - (Sa(x) @ Su(y)))-

The character of Gy, - (Sx(z) ® S,(y)) is given as follows. Introduce the
2k x 2k matrix A defined by

A®(BG)
(8.12) A= <B(3) )
where A®) is the matrix defined by (7.1) and B®) is defined by

(8.13) B® = (BUY, o hck, BY = max(0,a+b— k).

For example, the matrix A for £k = 1,2 and 3 is given by

222001

2201 244012

21 2412 246123
, and ,

<12> 0122 001222

1224 012244

123246

respectively. We denote by Cl()i) the vector defined by

(8.14) ¥ :=(0,...,0,1,2,... .k — by,0,...,0).
——

0

k k

Then we have

(8.15) h(Gx - (Sa(z) © S,u(y)))
q%(thm—(diagA).m)+cl()z)_m

(q)ml(k) e (q)mk()\) (Q)ml(u) T (q)mk(,u) ’

= t(ml()‘)a s 7mk(>\)7m1(u)a s 7mk(lu’))
From (8.15) and Corollary 8.1, we obtain the fermionic formula for the

where m :

character of (k,3)-admissible configurations:

Theorem 8.1.

Xk,3;(bo,k) (Qa Z)

> q
- nZ:O 11+l22=n E'j;i'zli’ (q2)m1,1 e (q2)m1,k (q2)m2,1 to (q2)mz,k
11,19>0 J(i:f,Jz)

‘mAm—(diagA) -m+20§)‘:’)) -m

lzzn,

q
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where A is the matriz defined by (8.12), Cl(j) is the wvector defined by (8.14),

m = "(my1,. ..Mk, Mo, mak) and (¢%)m =TT, (1 —¢%).

§9. Another Fermionic Formula for X, 3 in a Special Case

In this section we consider (k, 3)-admissible configurations with the initial
condition b = ([%#1] k), that is, ap < [5f2]. In this special case we can
find another fermionic formula. As a consequence we get non-trivial equality
between the different fermionic formulas for the character with b = ([££2] | k).

§9.1. Functional realization

First we give another functional realization of E/(\k’?’) for A = boA1 + (k —
bp)As. We fix A and abbreviate E/(\k’g) and Jl(\k’g) to E®:3) and J*3) | respec-
tively.

Let F,, = C[xy,...,7,]%". Define a pairing

(9.1) (e(z1) -+ -e(zn), f(z1, .. xn)) = f(21,---,2n),

e(2) i= e1(2%) + zea(2?).
This pairing is non-degenerate and respects the grading on Er(l?’) and F,.

Proposition 9.1.  The orthogonal complement F,Sk’S) = (Jr(bk’S))J- is the
space of functions f(x1,...,x,) € F,, such that
Tl =" =g = —Tgyl1 = "= —Thkt1 (OSVQS/G—FU or

f=0 if
1‘12"'=$b0+1=0.

Proof. Recall that Jr(bk’S) is the ideal generated by the coefficients of
e1(2)%2(2)?, (o + B = k + 1) and the element e;(0)%*1. It is easy to see
that the condition

e1(2)%a(2)? =0, fora+B=k+1
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is equivalent to
e(2)%(—2)k 174 =0, for0 <a <k+1.

From this observation the proposition follows in the same way as Proposition
3.1. O

Hence we have the following.

Proposition 9.2.  The pairing defined by (9.1) induces a well-defined
non-degenerate bilinear pairing of the graded spaces

(-,-y: E&3) @ FR3) ., C,
(k,3) . Er(zg)/quk’:s).

where E,(Ik"g) is the graded component Ey, " =

Therefore the character of (k,3)-admissible configurations is given as
follows.

Corollary 9.1.

Xk,3;(bo,k) = Z 2" ch F{M¥)(q).
n=0

89.2. Gordon filtration

For a level-k restricted partition A\ we defined the map

o Clzy, ... ,xn]G" — Sy

n (4.2). Using this map we define the subspaces F,I'y and I'} as in the case
of r = 2, that is,

Fr:=Kerpyn FT(Lk’?’),

Ly i=NusaFo,

F')\ =T\ NKer p,.

Then we have

(9.2) ch F{F® =3 " ch(T'y/T}).
A
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Proposition 9.3.  Let A be a level-k restricted partition of n. Then the
image of the map p|r, is contained in the principal ideal G&S)Sx, where Gg\?’)
is defined by

GE\3) — G(2 G(3)

G T T + 2y T T + ()2,

1<a<b<k 4 ki<
PG »J a>3 J

Here G&Q) is the function defined by (4.4).

Proof. It suffices to prove that the function in the image of ¢x|r, is
divisible by G(g).

Denote the variables ,, such that @ (z,) = z\*) by xl(ﬁ), (I=1,...,a). We
can carry out the evaluation of ¢y in two steps: px(F) = wa(¢1(F)), where
1 1s the evaluation of all variables except {xz(-fll)}le and 9 is the evaluation
of the variables {x(a)}l 1- Let Fy := ¢1(F) for F € I'y. As a polynomial of

El), (I =1,...,a), F is symmetric. Moreover, F; equals zero if (k — b+ 1)

variables of {x l)} are equal to —x( ) for b = 1,... .k such that a + b > k.
Therefore, the following lemma 1mphes that @y (F ) = o(F}) is divisible by

ay. O
Lemma 9.1.  Let f(z1,...,xm) be a symmetric polynomial satisfying

(9.3) flx1,. ... xm) =0, ifax;=---=z,=0a

for some constant a. Then f(x,...,x) is divisible by (x — a)™=5+L,

This lemma is easy to prove.

If the induced map ¢y : I'y /T — Gg\3)8>\ is surjective, we get the fermionic
formula for ch F,S’“*?’) by (9.2). In fact the induced map is surjective. We can see
this fact from the formula for the character of (k,3)-admissible configurations
obtained in [FJMMT2]. Here we do not assume this result. We have proved
the surjectivity by using vertex operators only in the case of by = [k—;rl] In
the following we consider this special case.

89.3. Construction of vertex operators

First we consider the case that k£ is odd. Set k = 2l + 1. Note that
bo=[H] =1+1.
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Decompose CF into [ 4+ 1 orthogonal components
Ck=vevie .oV, V=C, V,~C%(G=1,...,0.

Take a vector ¢y € V ~ C such that (e, e9) = 1. Next we take a basis {e;r, € }
of V; ~ C? satisfying (8.7). Then the set of vectors {e,e], e ,....6 ¢ } is a
basis of C*.

Let a = ({am},a®) be a sequence of vectors in V' C C* defined by

(94) ao = Qgm ‘= \/3607 Qoam+1 ‘= €0, (m € Z)7
and af = ({afm ,a;t’o), (j =1,...,l) sequences of vectors in V; C C* defined
by
m +,

(9.5) afm = (£1) ejﬂ a; 0.— e;t.

We rename the sequences a and a;t, (G=1,...,))) to B,,(a=1,....k) by

af, <a<l,

(9.6) B, =1 a, a=1+1,

O iy 1+2<a<k
Now we define the vertex operators E,(z),(a =1,...,k) by
(9.7) Eq(z) .= Xg,_(2).

These operators satisfy the following:

(z —w)?: Eu(2)Ep(w):, a=b#1+1,

Bo(2) By(w) = (z —w)%(z +w) : Eq(2)Ep(w):, a=b=10+1,
(z4+w): Equ(2)Ep(w):, a+b=k+1,a#1+1,
: Eq(2)Ep(w):, otherwise.

In particular,

(9.8) Eo(2)Ep(w) = Eyp(w)Eq(2)

for a,b=1,...,k, and
(9.9) F.(2)> =0, E.(2)Epi1-a(—2)=0

fora=1,... k.
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As in the case of r = 2, we set
E(z) =€ Ei1(z) + -+ exEx(2).
For a level-k restricted partition A of n, we set

(9.10)  Ex(zy
k

ZTn)

1/ 0\M o\
silae) () B B,

where X' = (\],...,)\}) is the conjugate of .
Set

I1

5.
a=1

1 k
€y = Z)\Zle;r + VBN 160 + Z Ap€ii1—q € CF.
a=1 a=1+2
Then we see that
(BIWEX(1, ... ,2n)|0) =0, (Vh € ﬁ,j), unless 8 = €}.

Consider the space of symmetric polynomials

(9.11) Uy = {(;|hEx (21, .. ,2,)[0); h € H} }.

Proposition 9.4.

Uy C T

Proof. In a similar way to the proof of Proposition 6.1, it can be shown
that ¢, (Ux) = 0 for any p such that u > X. Hence it suffices to prove that
Uy C F,(Lk’?’)7 and this is equivalent to

forp=0,....,k+1, and

EA(O, e ,0, 1‘[(k+1)/2]+2, e ,an) = 0.
——
1+2
This follows from the relation (9.9). O

From the relation E,(z)? = 0, the following proposition holds as in the
case of r = 2:
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Proposition 9.5.

OAUN) = S0 (Y15 -+ Yk
Here the sequences of vectors v, = ({Yam},73), (a =1,....k) are defined by

Zﬁjm, (VmezZ), ~°: Zgg,

Jj=1
where B; = ({Bjm},69), (j=1,....k) are defined in (9.6).
Note that the vectors v4 —m, (@ = 1, ... k) are linearly independent for each
m > 0. Hence we can apply Theorem 5.1. Then the function g(z,w;~y,,7;) is
given by
(Z _ w)Qmin(a,b), ifa+b< k‘,

9.12 gz, WY e, Yp) = i
( ) ( b) (Z o w)2mm(a7b) (Z + w)a+b_k7 if a + b> k.
Therefore we find

Corollary 9.2.
(p,\(F)\) = G&S)S,\

Now we consider the case that k is even. Set k = 2. The proof of Corollary

9.2 for this case is quite similar to the case that k is odd.
First introduce the vertex operators F,(z), (a=1,...,k) as follows.

We decompose C* into ! orthogonal components
Ct=vie oV, V=C,(=1..

l)-
Take a basis {ej', €; yof Vj =~ C? satisfying (8.7). Let a = ({ mts i’O) (=
5)-

1,...,l) be sequences of vectors in V; C C* defined by ( We rename the

sequences a;t, (Gj=1,...,)) to B,,(a=1,....k) by

at, 1<a<l,
o

QA aits [+1<a<k.
Then we define the vertex operators E,(z), (a=1,...,k) by
Ea(2) = Xp,(2).
These operators satisfy the following:
(z —w)?: Eu(2)Ep(w):, a=b,

Eo(2)Ey(w) = ¢ (z +w) : Eo(2)Ey(w):, a+b=k+1,
: By (2)Ep(w):, otherwise.
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The commutation relations (9.8) and (9.9) hold also in this case.

Next we define the operator Ey(z1, .. .,z,) by (9.10) for a level-k restricted
partition A\, and consider the space of matrix elements Uy defined by (9.11),
where € is given by

l

Z)\I ++ Z)\ek+l a’

a=1 a=l+1

Then it is easy to see that Proposition 9.4 and Proposition 9.5 hold. The vectors
Ya,—ms (@ =1,...,k) in Proposition 9.5 are linearly independent for each m > 0
also in this case. The function g(z,w;~,,y;) is given by (9.12). Therefore
Corollary 9.2 holds also in the case that k is even.

89.4. Fermionic formula

At last we write down the fermionic formula for (k, 3)-admissible configu-

rations with the initial condition ag < [%}

From Proposition 9.3 and Corollary 9.2, we have
ch(Ty/T4) = ch(G)Sy).

In order to write down the character of GE\?’)S,\ we introduce the k& x k matrix
B defined by B := A® + B®) that is,

(9.13) B = (Bab)1<ab<k, DBap:=2min(a,b)+ (a+b—k)y.

Then we have

1 (*mBm—(diagB)-m )—&-c([zk)Jrl ] ‘m

ch(GPSy) = 1

(Q)ml()\) e (Q)mk()\)
where cﬁ)%] is defined by (7.2) with by = [%£].
Finally we get

Theorem 9.1.

1 (*mBm—(diagB)- m)+crk)+1} m

Xaro([ 2]k (0 2 Z > . 2"
' n=0 m1q+2mo-+-- +k>73-k:n (Q)ml s (Q)mk
Mg >

where B is the k x k matriz defined by (9.13), c([i)j] is the vector defined by
2

(7.2) and m = *(my,...,mg).



158 B. FE1ciN, M. JimBO, T. MiwA, E. MUKHIN AND Y. TAKEYAMA

810. Discussion
§10.1.

The vertex operators constructed in Section 9.3 are a part of a vertex
operator realization of ;[3 of level k. Here we describe the entire algebra 5A[3
using the vertex operators in the cases of £k = 1 and k = 2. For k > 3, the
algebra is constructed as the tensor product of these algebras as mentioned in
Introduction.

The k =1 case. Set

b-() = Bi() = Xa(2), 64(2) 1= X_al2),
do(z) == Zanz”‘*l, 6(2) =10 (—2)p+(2),

where a = ({am,},a) is defined by (9.4) and —a = ({—am},—a’). We
abbreviated a,(ay,) to a,. The operator product expansion is given as follows:

4w

t+w)? z+ w(l + 2w(do(w) — do(—w))), (z = —w),

Gowp =)
o8 I
GCrw?’ z=—w).

_ {:FM, o

The operator ¢4 (2)¢+(w) is regular at z = +w.
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The generators of ;[3 of level one are given by

¢— (Z) = Z €21 [n]z—QTL + Z 831[7’1]2_2"+17
¢+(Z) = Z elz[n]Z—Qn—?) + 2613[77,]2:_2"_47

34 Sado(e) + 38(2) = 3 canlrls™> = 3 hualals ™
—Z + %Z%(z) - ia(z) = zn: egs[n]z=2" "1 — zn: hig[n]z~?".

Here we set h;; := e;; — ej;.
The k = 2 case. Set

6-(2) = B (2) 4 Bae) = Xy () + X 2),
04(2)i=X_s () + X__(2)
¢o(z) = Z anz "7,

o(2) := :Xar(fz)X_a_ (z): + :Xal_(fz)X_aj (2):

1

where af is defined by (9.5) and a,, == a,, (ain) +an(ai,). Then the operator
product expansion is given as follows:

2 oolw) ),
D (s (w)~ { E o) 2w
(b(w) (z:—w),

z4+w’
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A=) p(w) ~ e fw e +1 —(do(w) — do(—w)), (= —w),

do(2)g0(w) ~{ *~ 15)27
- (z=—w).

(z +w)?’

The operator ¢4 (2)¢+(w) is regular at z = +w.

~

The generators of sl3 of level two are given by

d_(2) = Z ear[n]z™2" + Z es1[n]z 72
b1 (2) = Z e1a[n]z 722 + Z e13[n]z =23,

-2+ %qbo(z) + %5(2) = TZL€32 [n]z~2" — ;hlg[n]z_%_l,

1 1

-1+ Eéf’O(Z) - 55(2) = 2623[71}272”72 - Z hia[n]z 2" 1.

§10.2.

Our problem is to obtain the fermionic formula for the character of (k,r)-
admissible configurations with the initial condition (2.6). In previous sections
we obtained the fermionic formulas for (k,2) and (k, 3)-admissible configura-
tions with the condition ag < by. For the case of 7 = 2 our result is sufficient
because the condition ag < by is the only initial condition. However, in the case
of r = 3, we should consider not only the condition ag < by but ag + a; < b;.
The fermionic formula we obtained in Section 8 is for the case of b; = k. Here
we consider the case of by < k.

The definition (8.2) of the space Il(ﬁf;) is replaced by

g:O if Ty = "=%Tg=Y1 =" "= Yp (CLZO,bZO,a+b:k+1),
or 1 ="-+=Tpy+1 =0,
orx;=-=xs=y1=---=y=0, (s>0,t>0,s+t=0>b; +1).

The functional realization Fl(llfl’j)

I(k73)

Iyl *
Now introduce the filtration {T'y ,} on Il(lk”lj) by (8.5) and consider the
image of QO)\’M|F)\)H as in Proposition 8.3. Then the image is contained a space

is given by (8.3) with this redefined space
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of functions described as follows. For a partition p = (p1, p2,...) denote by
my(x1,...,2,) the monomial symmetric function:

my(T1,...,xn) = Sym(af" - - xfm).

Let Iy, be the ideal of Sx(z) ® S, (y) generated by the elements

a a b b
mpu) (.%‘g ), N ,xEn()l()\)) mp(z) (y£ ), N ’yfnz(u)>

such that
by <a+b<k, mg(A)#0, my(p)#0
and
Pl oy ) o = min(a,b — (by — by)).

Then it can be shown that

k
(10~1) ‘PA7M(F>\7M) - G/\,u H l—I(ZUJ('b))(b_bl)+ . IA,H'
b=1 j

In Section 8 we proved that the two spaces in (10.1) are equal in the case of
b1 = k using the vertex operators. For the case of b; < k we do not have proof
or disproof of this equality.
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