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Particle Content of the (k, 3)-configurations

By

Boris FEIGIN} Michio JIMBO!* Tetsuji MIwa}**
Eugene MUKHINT and Yoshihiro TAKEYAMA?

Abstract

For all k, we construct a bijection between the set of sequences of non-negative
integers a = (ai)icz~, satisfying a; + aiy1 + ai42 < k and the set of rigged partitions
(A, p). Here A = (A1, ..., A\n) is a partition satisfying k > Ay > -+ >\, > 1 and p =
(p1,...,pn) € Z%, is such that p; > pj41 if A; = Aj11. One can think of A as the par-
ticle content of the configuration a and p; as the energy level of the j-th particle, which
has the weight A;. The total energy . ia; is written as the sum of the two-body inter-
action term 3, Ax;.x;, and the free part >, pj- The bijection implies a fermionic
formula for the one-dimensional configuration sums - q>i"%. We also derive the
polynomial identities which describe the configuration sums corresponding to the con-
figurations with prescribed values for ap and a1, and such that a; = 0 for all i > N.

81. Introduction

In this paper we construct a bijection between the set of configurations
a = (ai)iez, satisfying the conditions

(1.1) 4 =0ifi >0,
(1.2) a; + aip1 + 42 < K,
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and the set of rigged partitions (A, p), where A = (A1,...,\,) is a partition
satisfying k > Ay > --- > X\, > 1, and p = (p1,...,pn) € Z>o is a set of
integers satisfying

(13) Pi 2 Pi+1 if >\i = )‘i+1'

The set of integers p is called a rigging of the partition A.
The bijection preserves degrees, where the degree of a configuration a is
given by

(1.4) E(a) = Z ia;

and the degree of a rigged partition (A, p) is given by

(1.5) Z A, + Zpi where A; ;= 2min(l,1) + max(l 41’ — k,0).

1<i<j<n i=1
Using m = (myq,... ,my), my = 4{i; \; = [}, one can write
Qm)= > Ay,

1<i<j<n
1 1<
= §(Am, m) - 5 Z A“ml.
1=1
The sum over the riggings is easy because we have

Z gt = L

P12 20 (@)m
Therefore, the bijection implies the combinatorial identity,

> q@(m)

(1.6) Sy
a mi,... , mEp=0 H(Q)ml

=1

where the summation over a is under the conditions (1.1) and (1.2).

We also determine the image of the following two kinds of subsets by the
bijection:

the configurations satisfying

(1.7) a =a, a =
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the configurations satisfying

(1.8) a; =0 for all i > N.
We denote by R(ri,...,7:) the set of rigged partitions satisfying
(1.9) pi >y, forall 1 <i<n.

In particular, for a,b > —1 and a + b < k we set

(1.10)
R(0,...,0,1,... b,b+2,....2k—2a—b) ifa,b>0;
—— N——
Rla,b] = a b k—a—b
1] fa=—-1orb=—1.

The subset corresponding to (1.7) is given by
(1.11) Rla,b)\(R[a — 1,b+ 2] U R[a,b — 1]),

where Rla — 1,0+ 2] = Rla — 1,k — a + 1] for a + b = k is understood. The
rigged partitions corresponding to (1.8) are characterized by

(1.12) pi AN = Ay,
i

The character of the set of rigged partitions restricted by (1.9) and (1.12)
is given by

(1.13)
i qQ(m)—o—Zf:l rim; H [ZN - Zf:1 Al,imz‘ + Al,l — 1+ my
M1, mE=0 1<1<k my
m#0

Here [™] is the ¢ binomial coefficient

{m} ﬁ% if0<n<m;

1=
0 otherwise.

We denote the character corresponding to the subset Ra,b] and the re-
striction (1.8) by Xffg [N].
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In conclusion, the bijections give the following polynomial identities.
(1.14)
XUNT =X IN] = XL INT 4 X2, V] i a,b > 0
XBINT =X LIN] ifa>0,b=0;

E(a) _
>4 "
a

Xo.p V] — Xélfg_ﬂN] if a=0,b>0;

X(()]fg[N] ifa=b=0.

where the summation over a is under the conditions (1.1), (1.2), (1.7) and (1.8).
In general, for » > 1, a configuration a is called a (k,r)-configuration if it
satisfies

(115) ai+~-~—|—ai+r,1 S k.

Let us discuss some physical background for this. We can think of a; as the
number of particles in the energy level i. If k = r = 1, the restriction (1.15) can
be considered as Pauli’s exclusion principle. The case (k,r) = (1,2) appeared in
[B] in the study of the hard hexagon model in statistical mechanics on the two-
dimensional lattice. By the corner transfer matrix method, the computation
of the one point functions for the two-dimensional lattice model reduced to
the computation of the one-dimensional configuration sums with the condition
(k,r) =(1,2) in (1.2). The case of general value of k (with r = 2) appeared in
[ABF].

In representation theory, the (k, r)-configurations appeared in [P] as labels
parametrizing a set of monomial basis in the level k irreducible highest weight
representations of the affine Lie algebras sA[T. Very recently, a connection to
Macdonald’s polynomials was found [FJMM],

In [ABF] and also in [P], (k, r)-configurations are used as labels of basis of
certain infinite dimensional graded vector spaces. The grading is given by (1.4).
The statistical sum (1.6) > q”®) gives the character of these spaces. If r = 2,
by changing slightly the definition of configurations (this is not essential), we
have the identity

s 1(Gm,m)
(110 > e 3 LT
{aiti>1.9i> ree,mp=0
ai+azil+1§k0 B H(Q)ml
=1

where

(117) Gl,l/ = 2min(l,l’).
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This is the sum side of Gordon’s generalization of Roger-Ramanujan identities
(see Theorem 7.5 of [A], the case i = k).

In [KKMM], similar formulas for the characters in conformal field theory
are studied extensively. The Gordon type formulas are called fermionic formu-
las, and formulas in the other side of the corresponding identities are called
bosonic formulas. In this paper, we give a fermionic formula for the (k,3)-
configurations. In [FIMMT], we give a different fermionic formula for the (k, 3)-
configurations. The fermionic formulas for the general (k,r)-configurations
are not known. On the other hand, a bosonic formula for the general (k,r)-
configurations is given in [FJLMM].

Our method for computing the one-dimensional configuration sum is to
construct a bijection between configurations a and rigged partitions (X, p). The
notion of rigged configurations, i.e., a sequence of partitions with riggings, was
introduced by [KKR] in the study of Bethe Ansatz. In this paper, we consider
a single partition A with rigging p. We use the term ‘rigged partition’ for this
reason.

Let us explain the meaning of rigged partitions for one-dimensional config-
urations. As we have explained, the physical interpretation of a; is the number
of particles in the energy level i. Our bijection gives another way of describing
a configuration as a union of particles. Let us call them as quasi-particles in
distinction with particles in the first interpretation. In Section 2 and after, we
simply use the term ‘particle’ since we discuss only the second interpretation.

If kK = 1, particles and quasi-particles are the same. In this case, if r >
2, the condition (1.2) can be understood as a repulsive interaction between
particles: two particles cannot occupy two energy levels which are closer than
r. Namely, the interaction between the particles is a two-body interaction.
The lowest energy in the m-particle sector is given by rm(m — 1)/2, and the
fermionic formula read as

e qgm(m—l)

lezl (q)'"L '
For k > 2, we introduce quasi-particles. The condition (1.2) means no k + 1
particles occupy energy levels in an interval of width r. This is a (k + 1)-body
interaction. However, for r = 2,3, by introducing k£ kinds of quasi-particles,
we can reform it to a two-body interaction between the quasi-particles. We
construct a bijection between the (k,r)-admissible configurations (r = 2,3),
and the set of rigged partitions (A, p). In the sector where the quasi-particle
content is given by A = (A,...,A\,) (B > Ay > -+ > A, > 1), the lowest
energy is given by Zl§i<j§k G,,n, where Gy is given by (1.17) for r = 2, or
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Gy, replaced by A;;» for r = 3. These are two-body interactions. In fact, it is
even more. If we renormalize the energy in each sector, i.e., if we subtract the
lowest energy, the sum over p is the same as in the case of free bosons. In this
way, we can reduce the system of single kind of particles with the (k + 1)-body
interaction to the system of k kinds of free particles.

Let us consider the case r = 2. The lowest energy configuration in the
2-particle sector is

agp, a1, 02,0a3, ...
2,0, 0, 0,....

We consider this as a weight 2 quasi-particle of energy 0. We increase the
energy of this quasi-particle one by one as follows.

) )

0, 0,...,
, 0,
1
2

) )

1, 1 0
0, 2 0,.
0, 1 0
0, 0, 2, 0

5 PR

Similarly, we can define a configuration corresponding to single quasi-
particle of weight [ with energy d. We associate it with a rigged partition (A, p)
such that A\ = (I) and p; = d. For example, for k > 3, the (k,2)-admissible
configuration

(1.18) 0, 0, 2, 1, 0,...

corresponds to the rigged partition with A = (3) and p; = 7. Because of the
condition a; + a;+1 < k, the weight of a quasi-particle is at most k.

In general, we define the quasi-particle content of a (k,2)-admissible con-
figuration a as follows. Set | = max(a; +a;11), and let i; be the largest integer
such that a;, +a;,+1 = [. We consider that the configuration contains a weight
[ quasi-particle at (i1,41 + 1). The configuration given by

Ay -1 ifi:il,
(M+a)i = Agq 41 +1 ifi = 7;1 + 17

a; otherwise.

is also (k,2)-admissible and satisfies max ((Mya); + (Mya);11) = . We call
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the mapping M, the right move. For example,

3,0 1, 1, 0,...,
2, 1, 1, 1, 0,...,
1, 2,1, 1, 0,...,
1, 1, 2,1, 0,...,
1, 1, 1, 2, 0,...,
1, 1, 0, 3, 0

PRI

In this example, the right move increases the energy of the weight 3 quasi-
particle. At first, this particle has the energy 0. After 5 steps, its energy
increased to 9. We observe an acceleration of the increment of the energy:
9 —5 = 4. This is equal to the energy shift of the weight 2 particle: at first the
energy is 5, and after the heavy particle passes, it decreases to 1. In general,
the energy shift when a weight [-particle passes a weight I’-particle (I’ < 1), is

given by Gl,l"
Let us define the quasi-particle content A = (Aq,...,\,;) and the corre-
sponding energies p = (p1, ... , pn) of the configuration a inductively as follows.

The integer [ is as above. Suppose that after ¢ steps of right moves, the weight
l particle with the highest energy is separated from the rest of the configu-
ration. Namely, for some j, (M!a); + (M}a);41 = | and (Mia); = 0 for
all i > j4+ 1. Set d = j(M{a); + (j + 1)(Mia);41. This is the energy of
this weight I particle. Let (Aa,...,\,) and (pa2,...,pn) be the quasi-particle
content and the corresponding energies for the rest. Then, we set A\; = [ and
pr=t—d—37" G-

We have sketched the bijection proof of the identity (1.16). In Sections 2
and 3, we construct a similar bijection for the (k,3)-configurations.

§2. Particle Content and Rigging

A sequence of non-negative integers a = (a;);ez is called a configuration.
We write (a); to denote a; in a. A configuration is called finite if a; = 0 except
for finitely many ¢, and positively supported if a; = 0 for all i < 0. We define
the energy E(a) and the length |a| of a finite configuration a by

(2.1) E(a) = Z iag,
(2.2) la| = Z a;.
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For integer k,r such that £ > 0 and » > 1, a configuration a is called
(k, r)-admissible if the following conditions are valid for all i.

a; + -+ a1 <k
In this paper we consider the case r = 3 where we have
(2.3) a; + ait1 + aiv2 < k.

For an integer [ such that 0 < [ < k, a (k, 3)-admissible configuration a is called
of maximal weight [ if the following conditions are valid for all 4.

(24) a; + 541 S l,
(25) ai—1+2a; +2a;41 + aj42 < k41

If 21 < k, the condition (2.5) follows from (2.4).

Definition 2.1. We denote by C*) the set of finite and (k,3)-
admissible configurations. We denote by C'*:) the subset of C*) consisting of
the configurations of maximal weight less than or equal to .

We abbreviate C*D\C*1=1) o C*D The subset of C*) consisting of
the positively supported configurations is denoted by C’éﬁg. We set C’I(J’Zgl) =
e notd.

For a € C®)_ we set
(26) S[j, a} = aj + i1, L[j, a] =051 + Qaj —+ 2aj+1 + Aj42.

A configuration a belongs to C*V) if and only if S[i,a] = or L[i,a] = k + 1 is
valid for some . It is possible that S[i,a] = and L[i,a] = k + [ occur at the
same time.

Definition 2.2. We define a mapping M : c®h — ¢®D called the
right move. Let a € C**Y) and let iy be the largest integer such that S[iy,a] = I
or L[i1,a] = k +1 is valid. We say that the configuration a contains a particle
of weight [ at the highest position i;. We define a configuration M a by

a1+ 1ifj =i +1;
(2.7) (Mia); = § a;, — 1if j =i;

a; otherwise.
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Proposition 2.1. Ifae D then M a belongs to c®D . We have
(2.8) E(M;a)=FE(a)+1, |Mia|=]al.

Proof.  For notational simplicity, we write i = i;. We also set b; = (M .a);
for all j. We show that a; > 0 so that b; > 0. Suppose a; = 0. If S[i,a] =,
then a;41 = I. This is a contradiction because S[i + 1,a] = [ then holds. If
L[i,a] = k+1, then we have a;_1 4+ 2a,41 +a;42 = k+1. Since a;—1 +a;41 < k,
we have a;41 + a;4+2 > [. This is a contradiction.

We show that a;11 + a;412 + a;03 < k so that b1 + bjyo + big < k. If
a;+1+ @iy + a;+3 = k, then we have a; + a;+1 + a;42 < [ because a; + 2a;41 +
2a;+92 + a;43 < k+ 1. This is a contradiction because neither S[i,a] = [ nor
L[i,a] = k + 1 holds.

After these observations it is easy to see that b belongs to c®D - The
equations (2.8) are obvious by the definition (2.7). O

Example 1. The following table shows the right moves of a configura-
tion a € C33) given by

3ifi=0;
a; = 1if ¢ = 3;
0 otherwise.

3001 — 2101 — 1201 — 1111 — 1021 — 1012 — 1003.

One of our goals is to define a particle content of a (k,3) configuration.
In Example 1 we can think of the particle content of a to be one particle of
weight 3 and another particle of weight 1. In the sequence of right moves the
heavy particle passes the light particle from the left to the right. The position
of the light particle shifts by 3 in energy. At the same time, the right move
of the heavy particle is accelerated by the existence of the light particle by 3.
At the first position, the energy of the heavy particle is 0. After the 6 steps,
it already reaches to the energy 9. Since the total energy difference is equal
to the number of steps, the energy shift of the light particle and the difference
between the energy shift of the heavy particle and the number of steps, are
equal, i.e., 3 in the above example.

Proposition 2.2.  Leta € C*Y. Suppose that iy is the highest position
of weight 1 particle in a. If we have S[ii,a] = I, after several right moves
the highest position will change to i1 + 1 (and we have S[iy + 1,a] = 1 or
Lliy +1,a) = k+1). If L[iy,a] = k + 1, the highest position changes to either
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i1 + 1 (and we have S[iy + 1,a] =1 or L[iy + 1,a] = k+ 1), or to i1 + 2 (and
we have L[iy +2,a] =k +1).

Proof. While the highest position is i1, the right move is nothing but
—1,+1 at the 4;-th and the (i1 + 1)-th column. Therefore, when the highest
position changes at b = M a, the change is such that S[i; +1,b] =1, L[i; +
1,b] = k+1 or Li; +2,b] = k + . The change from S[i;, M} 'a] = [ to
L[i; +2,b] = k + [ is prohibited by the following lemma. O

Lemma 2.1. Let ac C%Y  and suppose that
(29) it1 + 20542 + 20,43 + ajpqa =k +1

for some i. If we have a; + a;y1 =1, then we have a;4+3 + a;+4 = . Similarly,
if ajyq + ajy5 =1, then we have a;41 + a;42 = 1.

Proof. We prove the first statement. By symmetry, the second statement
follows.

We have a; + 2a;41 + 2a;42 + a;43 < k +[. Since a; + a;4+1 = [, we have
Qip1 + 2540 + airs < k. From (2.9), we have a; 3+ a; 44 > . Since a € C*:),
we have a;4+3 + a;4+4 <[, and the assertion follows. O

Let us formulate the particle content of a configuration in general. We set
(210) Al,l’ = 2min(l, l/) + (l + ll - k)Jr

Here, ()4 = max(z,0). The energy shift when a heavy particle of weight [
passes a light particle of weight I’ is equal to A; ;. We will clarify this statement
in the below.

We say a configuration a € C*Y contains a free particle of weight [ at
the highest position ¢ if S[i,a] = [ is valid with a; # 0, and a; = 0 for all
j > 1+ 2. Note that the right moves of such a configuration is simple. Namely,
after several changes —1,41 at the é-th and the (¢ + 1)-th column, the position
of the free particle changes to i + 1, and we have (a;,a;y1,a;42) = (0,1,0).
Then, it changes to i« + 2 and so on, each time [ right moves are added. We
define the energy of the free particle to be d = ia; + (i + 1)a;41.

Proposition 2.3. Leta € Q(k’l). If t is large enough, then Mia con-
tains a free particle of weight I at the highest position i for some i. Suppose
that (MY a); = ¢ where 1 < ¢ < 1. By the definition the energy of this particle
isd=1ic+ (i+1)(I —c). The difference s =d —t is independent of the choice
of t.
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Proof. Let iy be such that
(2.11) aiyg—1 #0, a; =0 for all j > ip.

Consider the right moves of a. Since the energy of a increases by 1 in each
move, in finite steps, the condition (2.11) will break down. Suppose that the
breakdown happens in the move from Mjf’a to Mi°+1a. It happens necessarily
in such a way that (a;,—1,a;,) changing from (,0) to (I — 1,1). At this stage,
the configurations contain a free particle of weight [ at the highest position
10 — 1. The value s is independent of ¢ because both ¢ and d increases by 1 in
each step. O

Proposition 2.4. Let 1 <1’ <l < k. Suppose that a configuration a is
such that for some ji,jo where j1 < jo we have a; =0 ifi # j1,j1+1, 2,52 +1
and

’
ajy + 05,41 = v, Ajy + Qjpp1 = L.

If t is sufficiently large, then M'a is such that (M'a); = 0 if i # j3,j3 +
1,44, 74 + 1 where j3 < j4 is given by

Qjy + Ajg41 = [ Qjy + Q41 = lla
Jaajs + (s + 1)ajs11 = jaaj, + (2 + Daj,41 —t — Ay,
Jaaj, + (a + Daj,+1 = jraz, + (J1 + Dag,+1 + A

In particular, j4 is independent of t.

Proof. For notational simplicity we set ¢ = a;,. Note that 0 < ¢ < I'.
The original configuration has a weight [ particle at the highest position jo. For
small ¢ the change from M?! a to M**'a is such that the energy of this particle
decreases by 1.

Case | + 1" < k. The weight [ particle moves until the configuration
becomes of the form

0, —c,l=U'4+¢ ' —c,0,....

We have 04+2¢+2(I'—c)+({—U'4+¢) = I+I'+c < k+land (I'—c)+(I-U'+c) = 1.
The configuration further changes to

/
.,0,¢,l—c,c,l' —c,0,....
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Case | +1' > k + c. The weight [ particle moves until the configuration
becomes of the form

0,0l —c,0,k=U4+c i+l —k—c,0,....

We have (I' —¢)+2-0+2(k—U"+¢c)+ (I +1' —k—c) = k+1. The configuration
further changes to

L0, —el=Uk—=1l+cl+U —k—c,0,...,
where c+2(I' —¢) +2(1 - V') + k — 1+ c=k+1, and further to
,0,e,l—c,0,k—=1+c i+l —k—c,0,....

Case k+c¢ > 41" > k. The weight [ particle moves until the configuration
becomes of the form

0l —ck+c=2U 1420 —k—c,0,....

We have c+2(I' —¢) +2(k+c—2I') +1+2l' —k —c = k+1. The configuration
changes to

0, l—ck+c—1-U1+2l —k—¢c,0,....

In all cases, the last configuration has a free particle at the lowest position,
and the after is simple. We can easily check that the energy shift is equal to
AU" [

Definition 2.3. Let a € C*). We define a partition A = (A1,...,\,)
and a set of integer p = (p1,...,pn) inductively with respect to the length of
configuration. We call A\ the particle content of a, and p the rigging of A.

The inductive procedure is as follows. Let [ be such that a € Cc*D - We
set Ay = [. Let ip,tgp and s; = s be as in Proposition 2.3. We define a new
configuration a = (a;) of smaller length by

(2.12) g = | (MF2)i i <o =2
' 0 otherwise.

Let A = (M\2,...,\,) and 5 = (pa,...,pn) be the particle content and its
rigging. We set

m
(2.13) pL=s1 — ZAh«\a-
a=2

After this procedure, we define A = (A1, \) and p = (p1,p).
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We write the particle content A, alternatively by m = (my, ... ,my) where
A = (k™% ...,1™). Namely, m,; is the number of particles in a that are of
weight [.

The following statement is obvious by the definition.

Lemma 2.2. Letac C®, and let (), p) be its particle content and the
rigging. Let (u,s) be the particle content and its rigging of Mia. Then, we
have =X and s; = p; + d;1.

Let us explain the reason for the subtraction in the definition of p;. Sup-
pose that a configuration a € C* is such that a; = 0 for i < 0, and ag = I.
Suppose further that i; in the definition of M, is equal to 0. Namely, it con-
tains a particle of weight [ at the highest position 0. We will show that the
difference between the energy shift and the number of steps when this particle
moves to the right and becomes free, is given by Y ", Ay, x.. Suppose that
after ¢ steps of right moves the weight [ particle becomes free and reaches the
energy d. Then, the difference s; = d — t is equal to the above sum. Namely,
we have p; = 0 by the definition. In general, we will prove that the positivity
of the rigging in this normalization is equivalent to the positivity of its support,
ie,ac C’I(,]f,l.

By the definition it is obvious that the particle content \ is a partition,
i.e., A\; > A1 for all 4. It is less obvious but true that the rigging satisfies the
condition

Pi 2> pit1 i A = Aijpa.

To prove this statement (see Proposition 2.6), we prepare a few propositions.

In Definition 2.2, we defined the integer i; for a configuration a € c®b,
which is the position of the highest (or first) particle of weight ! in a. The
right move of a is nothing but to move this particle to the right. After finite
steps, this particle becomes free. Then, we have removed this particle from the
configuration to obtain @ in (2.12). This is equivalent to applying the right
move M, to a infinitely many times:

a= Mya.

Applying the same procedure to a and so on, we obtain s, ... ,i,,, which are
by definition the positions of the second particle of weight I, and so on. This
is an inductive procedure using many steps of right moves. However, we can
define these numbers without using right moves.



176 B. FE1ciN, M. JimBO, T. MiwA, E. MUKHIN AND Y. TAKEYAMA

Suppose we find the integer ¢; from the configuration a as explained above.
Instead of moving the configuration, we consider the cut-off b of a at i;:

(214) b — aiifigil—l;
. ‘ 0 otherwise.

If b e C*Y, we define 7, to be the position of the first particle of weight [ in
b. Continuing further while the cut-off particle still belongs to C*D | we can
define the numbers i, . . . ,{ml. Now, we state the proposition.

Proposition 2.5. We follow the above setting. Then, we have the
equalities

my=my, i =1a(2<a<my).

Proof. 1t is enough to show that the position of the second particle of
weight [ is invariant by the right move. Let us prove this statement. Let
a € O™ is such that the first particle of weight [ is at the position i (i.e.,
i1 = 1). If the position of the first particle of weight I does not change for M a,
the statement is clear. We have two other cases, either the position of the first
particle changes to i + 1 or to i + 2. In the former, the cut-off configuration
obtained from M, a is of the form

<y ai—2,a;-1,a; —1,0,0,... .

Since a € C*1 | this configuration satisfy neither S;(j>i—1)nor L; (j >
i—2). Therefore, the highest position of the weight [ particle is the same as that
of the cut-off configuration obtained from a. In the latter, we have L; o for
M a, and by Proposition 2.2, we have a; + a;11 < [. The cut-off configuration
obtained from M, a is of the form

Cy@i—2,0i-1,0; — La;41 +1,0,. ...

It is again easy to check that neither S; (j >4 — 1) nor L; (j > i — 2) is valid
for this configuration. O

For a configuration a € C*!) we can thus define the number of the weight
[ particles m;, and their positions 41, ... ,%my,. We denote by C,(,]f’l) the set of
configurations in C*:Y) such that m; = m.

We use the following lemma in the proof of Proposition 3.1.
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Lemma 2.3.  Suppose that a € C’r(,]?l). Let iy,... iy, be the positions of

the weight 1 particles in a. Let ¢ be the configuration obtained from a by the
cut-off from the left at the column i, + 1. Namely,

(C)z‘_{

0 otherwise.

Then, the number of the weight | particle in c is m — 1, and their positions are

21y 3tm—1-

Proof. In Proposition 2.5 we have shown that the number and the posi-
tions of the weight [ particles are determined by the cut-off procedure. The
claim of this lemma is that the cut-off from the left in the definition of ¢ does
not affect this procedure until we locate the (m—1)-th weight [ particle in ¢. To
prove this it is enough to show that if L[i,,—1,a] = k+1 then L[i,,—1,c] = k+1.
This is clear if 4, + 1 < 4,1 — 1. Otherwise, we have i,, + 2 = i,,_1, and
therefore, S[iy,,a] = ! and L[i,, + 2,a] = k 4+ [. By Lemma 2.1 this implies
S[im—1 + 1,a] = . This is a contradiction. O

The right move M, moves the first particle which is located at the position
i1. The change is (a;,,ai,+1) — (@i, — 1,ai,41 +1). The number of the weight
[ particles is invariant by this change. The position of the first particle is
either unchanged or moves to i3 + 1 or i3 + 2. The positions of the other
particles are unchanged. It is natural to think of moves of other particles of
weight [. We want to define M_(f) (1 < ¢ < my), which changes (a;_,a; +1) to
(ai, — 1,a;,4+1 + 1). However, this is not always possible because this change
may break down the condition a € C*)), In Proposition 2.1, we proved that
for ¢ = 1 the condition a € C*! is preserved. The following proposition gives
an alternative answer for the case ¢ > 2.

Lemma 2.4. Letac C’,(,Zf’l). For 2 < ¢ <m the configuration

e) _ pse)qle=1) (1)

belongs to C’r(fJ).

Proof. Suppose that al®=!) belongs to C*V). Set al*=! = (b;);cz. By
Proposition 2.5, the position of the c-th particle of weight [ for b is equal
to i., i.e., the same as a. We want to show that the change of (b; ,b; +1)
to (b;, — 1,b;,+1 + 1) does not break the conditions (2.4) and (2.5). Since the
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argument is the same for all ¢ > 2, let us consider the case ¢ = 2. For simplicity
we write i = 4; and i = i5. We have a,b = M a € C*! where

ai+1—|—1ifj:i+1,
bj: ai—lifj:i,
a; otherwise.

We set
by +1ifj=4+1,
c;j=qb,—1if j =4,
b; otherwise.
We must show that
Slj,e] <1, Llj,c] <k+I.

First consider S[j,c]. Since b € C®* ! we have to consider only the case
j =1 +1, where S[j,c] = S[j,b] + 1. If i’ + 2 < 4, the positions (i + 1,7 + 2)
used in S[i’ 4+ 1, c] are below the cut-off point of a (see (2.14)) in the definition
of the position of the second particle. Therefore, by Proposition 2.1, we have
S[j,c] <. In this way, the remaining case is i’ = ¢ — 2 and j =7 — 1. In this
case, we have S[j, c] = S[j, a] and the assertion follows.

Next consider L[j, ¢]. The cases j = i'+1,'+2 are in question since we have
L[j,c] = L[j,b]+1 for them. Again, if the positions (j—1, 7, j+1, j+2) are below
the cut-off point, i.e., if j+2 < ¢ we have L[j, ¢] < k41 by using Proposition 2.1.
The remaining cases are (i/,5) = (i—2,i—1), (i—2,4), (¢ —3,i—2), (i —3,i—1).
In the first two cases, we have a;_s+a;_1 = [ since otherwise we must have the
condition for the weight [ particle in the form a;_3 4+ 2a;_2+2a;—1 +a; = k+1,
but the position i is above the cut-off point. One can check that except for
the second case, we have L[j,c] = L[j,a] and therefore, the assertion follows
in these cases. Finally, suppose that L[j,c] = k + 1+ 1 in the second case. It
implies that L[i,a] = k +[. Recall that a;—2 + a;—; = [. By Lemma 2.1 we
have a;11 + a;4+2 = [. This is a contradiction because we assumed that the first
particle in a is at 1.

The invariance of m; follows from Proposition 2.5. O

Lemma 2.5.  Suppose that a € Cy(,]f’l). For 2 < ¢ < m and for all
s > 1, the mapping (M_(if))S e (Mil))sa is well-defined on ¥V and we have
the equality

(M_E_C))s L (M_E_l))sa _ (M_(‘_C) . M_E_l))sa.
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Proof. The well-definedness for s = 1 is proved in Lemma 2.4. Set A =
M and B = MV MY We will show that (AB)® = A*B*. Then,
the statement of the lemma follows by induction. It is enough to show that
AB = BA on the image BC since the assertion is obtained by repeated use
of this commutativity. Let a € Cr(fJ). By Proposition 2.5 the position of the
c-th weight [ particle is the same for a, Ba, B%a. The positions of the first ¢ — 1
weight [ particles are the same for Ba and ABa because the change caused by
A does not alter the configuration in the region where the first ¢ — 1 weight [
particles exist. Therefore, the change from Ba to AB%a and that from Ba to
BABa are the same. O

Recall the cut-off procedure to determine the positions of the weight [
particles for a configuration a € C’,(,f D We say the weight [ particles in a are
free if at each step of the cut-off procedure we find the highest weight [ particle
is free.

Proposition 2.6.  Let (A, p) be the particle content and its rigging of a
configuration a € C%) . The rigging satisfies the condition

Proof. Suppose that a € C,(,f’l). By Lemma 2.5
1
alt] = (M{™)" - (M)'a

belongs to C*). By Proposition 2.3, if ¢ is large enough, in a[t] the weight
particles are free. Let dy,... ,d,, be their energies. By the definition p; —p;+1 =
d; — di;1 — Ay, for all i. Therefore, the assertion follows from the following
lemma. O

Lemma 2.6.  Suppose that a € C®D . Suppose that for i,i' such that
>4 +2 we have a;+a;11 =1, ay +ayy1 =l anda; =04if j #i,i+1,7, ¢+ 1.
Set d =1ia; + (i + 1)aj41 and d =i'ay + (V' + 1)ay 1. Then we have

d—d > A,

Proof. Recall that A;; =21+ (2l — k)4+. Set a; = a > 0 and ay = b > 0.
We consider three cases.

Case 1: ¢/ <i—4. Wehave d —d' > 4l + b — a. Since a <[ < k, we have
Al+b—a>2+ 20— k).
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Case 2: i/ =1—3. Wehaved—d =3l+b—a. We have 3l +b—a > 2I
because a < I. We use the condition (2.5) for the sequence | — b,0,a,l —a. It

gives 3l + b — a > 4l — k. The assertion follows from these two inequalities.
Case 3: i/ =1 —2. We have d — d’ = 2l + b — a. We have the sequence

b,l —b,a,l —a. Since l —b+a <1 we have 2l + b — a > 2[. The condition (2.5)
gives 21 +b—a > 4]l — k. The assertion follows from these two inequalities. [

Conversely, we have

Lemma 2.7. Let d; (1 < i < m) be a set of integers satisfying d; —
dig1 > Ay for 1 < i < m—1. We choose j;,¢; (1 < i < m) such that
1<¢ <l and

jici + (Gi + V(I = ¢i) = d;.

Then the 2m integers j;,5; + 1 (1 <1i < m) are distinct. We define a configu-
ration agee(di, ... ,dm) by

¢ if 3= Jis
(afree(dla”' 7dm))j =91l—q¢ Zf] =7 +1

0 otherwise.

Then, the configuration agee(ds, ... ,dn) belongs to Cr(,f’l).

Proof. First we prove that j;,7; +1 (1 <14 < m) are distinct. It is enough
to show that j;+1 + 1 < j;. Without loss of generality we assume that ¢ = 1.
Note that A;; > 2] > 0. Therefore, jo < j;. Let us show that jo +1 < ji.
Suppose that j» + 1 = j;, then we have 4;; < dy —dy =co+1—c; <2l. This
is a contradiction.

Set a = agee(di, ... ,dm). We must check the inequalities S[i,a] =1 and
L[i,a] = k + 1. The possible cases where these inequalities are broken are

Slii—Lal=(1—ca)+c1 >1,

L[jl—l,a 282+2(l—82)+261+(l—61)>k?+l,
L{ji —2,a]=l—c3+2ca+2(ca—1)+c1 > k+1,
L

~

[l1 —2,al=coc+2(l—c2)+2-0+c1 > k+1,
[j1—2,a :0+262+2(027l)+01>k+l,
L[jl—l,a :l—62+261+2(61—l)+0>k+l.

~

]

]

]
[h—La=l—c+2-04+2c;+(—c1) >k+1,

]

]

]

For notational simplicity we used the indices i = 1,2, 3 for ¢;.
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In each case, it is easy to lead to a contradiction to the assumption d; —
di—i—l > Al,l = max(2[,4l - k) O

83. Bijection between Configurations and Rigged Partitions

A pair of partition A = (Aq,...,\,) and its rigging p = (p1,...,pn) is
called a rigged partition. Here n is a non-negative integer, \; are integers
satisfying Ay > -+ > A, > 0 and p; are integers satisfying the condition (2.15).
There is a unique element with n = 0, which we denote by (). The integer n
is specified for each . In this sense we write n = £(\). We denote by R()
the set of rigged partitions satisfying A; < I. We denote by Rg(),s the subset of
RO satisfying p; > 0. We set Rélgs =RON RS(ZS. Note that there is a natural
embedding

R®) 5 pk=1) 5 ... 5 R(A) 5 RO) — {0}
In the previous section we defined a mapping
(3.1) v: 0D - RO,

We will show that this is a bijection.

In the definition of (\,p) for a configuration a € C*! we used right
moves. We can define left moves and the related objects similarly. For example,
the left move M_ moves the weight [ particleina € C (k1) at the lowest position
to the left. To be precise, let j; be the smallest integer such that (2.4) or (2.5)

is valid for 4 = j;. We define b = M_a by

aj, +1if i = ji;
bi =9 aj,+1—1ifi=j+1;

a; otherwise.

We define the cut-off ¢ of a € C*Y from the left at j1+1by

ci =
' 0 otherwise.

Using the cut-off from the left, we can inductively determine the number of

the weight [ particles mj and their positions jq, ... s Jm;- We can also define

)

the mappings M by changing (a;,,aj.+1) to (a;, +1,a;,+1 — 1).
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Proposition 3.1.  Suppose that a € C%D . Let m and i1(a),... ,in(a)
be the number and the positions of the weight | particles in a with respect to the
right move, and let m’' and j1(a),. .., jm(a) be the number and the positions
of the weight | particles in a with respect to the left move. We define the sets
of integers i(a) = {i1(a),... ,im(a)} and j(a) = {j1(a),... ,jm/(@)}. Then we
have m = m’ and the equality of the sets

(3.2) JM™ - mMa) = ia).
Moreover, we have

(33) M Oy Ve = e

Proof. Set b = Mim) e M_f_l)a. First we show that j;(b) = i,,(a). Set
i = im(a). Then, we have S[i,a] =1 or L[i,a] = k + . Since S[i,b] = S[i, a
and L[i, b] = Ll[i, a], we have S[i,b] =1 or L[i,b] = k + [. Therefore, in order
to prove ji(b) = i, (a), it is enough to show that S[j,b] < ! and L[j, b] < k+1
for j < 4. Since i is the lowest position of the weight [ particle with respect to
the right move, we have S[j,b] <l if j <i—2and L[j,b] < k41 if j <i-—3.
The remaining cases are S[i —1,b] < I, L[i—2,b] < k+l and L[i—1,b] < k+1.
Since b; = a;—1 and b;11 = a;11+1 these inequalities follow from S[i—1,a] <,
Lli—2,a)]<k+land L[i —1,a] < k+1.

Now, we prove (3.2) by induction on the length |a| of a given by (2.2).
Then, the equality (3.3) follows by the definition of these mappings.

Let us consider the configuration c:

a; ifj>ip +2;
c, =
0  otherwise.
We have |c| < |a|. By Lemma 2.3, the number of the weight ! particles in ¢

with respect to the right move is m — 1, and their positions are the same as
i1(a),... ,im—1(a). Therefore, if we define d by

di — by ifj>in+2;
0 otherwise,
we have d = Mim_l) e Mf)c. By the definition the positions of the weight
I particles in d with respect to the left move is ja(b),. .., jmn (b). Applying

the induction hypothesis to ¢, we obtain m = m/ and {i;(a),... ,in_1(a)} =
{j2(b),...,im(b)}. Noting that j;(b) = i,,(a), we obtain (3.2). O

By symmetry, we have
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Corollary 3.1.  The mappings M_E_m) e M_(:) and M ... MY on

k,l .
C’,(,L ) are inverse to each other.

The inverse mapping to ¢,
(3.4) k: RU — ok,

is defined by using the left move.

We construct & inductively on ! starting from () = 0. Here 0 is the
configuration such that a; = 0 for all 4.

Suppose that [ > 0. Denote by RY the subset of RV satisfying the
condition that ¢(A) > mand Ay = - = A\, =1 > Apa1. I L(N) = m we
formally set A,,11 = 0 in this condition. For (A, p) € RV we define (X, p) by
A= Mng1--- s An) and 5= (pms1s--- » pn). We have (X, p) € RO, Suppose
we have constructed £ on R¢~1. Set a = r(\, p) € C*1=1),

We construct a configuration from a by adding m free particles of weight
l at appropriate energies. Then, we use (Mgm) e Mil))t to bring them to the
correct positions. In Example 1, the configuration (---3001---) is mapped to
the rigged partition A = (3,1) and p = (0,0). Let us consider the mapping
on this (A, p). We have A = 1 and p = 0. Therefore, we have a = (---1000- ).
We add a weight 3 particle at the energy 9. We obtain (---1003---). By
applying (M(fl))6 to this configuration, we obtain (---3001---).

We now formulate this construction formally. Set

(3.5) s$; =pi + ZAM]. for1<i<m.

j>i

For a sufficiently large ¢ we set d; = s; + t. The condition (2.15) implies
di —dig1 > Ay for 1 < i < m—1. By Lemma 2.7 we can construct the
configuration agee(dy,... ,dy) € Cr(f’l). If ¢ is large enough, the sum b =
a+ apee(ds, ... ,dn) also belongs to CFD  We define

(3.6) K\, p) = (M . A Dyip,
We have

Proposition 3.2. The mappings ¢ and Kk are inverse to each other.
They give bijections between C*D and RM).

Proof. We have already shown the well-definedness of these mappings.
Corollary 3.1 implies that they are inverse to each other. O
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Proposition 3.3.  The energy and the length of a configuration a is
given by the following formulas in terms of the corresponding rigged partition

(\p) = i(a).
(37)  BEla) = Bo(\) + Ei(p),

(3.8) where o) = > Ax,, Eilp)= Y s

1<i<i<L(N) 1<i<e(N)
(39  Jal= > A
1<i<e(N)

The proof is straightforward.

Let mq be the number of parts ain A, i.e., A = (K™%, (k—1)™ -1 ... 1™1),
Using the sequence m; (1 <i < k), we can write Ep()) as

Ey(\) = ; Am, m) Z Aa aMa.
1<a<k

The identity (1.6) follows from this once we establish the bijection between
CI()’Z’SI) and RI()ZC))S. For the proof of the bijection, the key fact is the following
fact on the energy shift when a heavy particle passes a configuration containing
only lighter particles.

Fix 1 <1 <1 < k. Let a be a configuration in C*!). For a sufficiently
large j; we define a[j,] € C(%D by

(3.10) (aljr]); = {l =g

a; otherwise.

If ¢ is sufficiently large, we can find a configuration a’ = (a});cz € C*) and
integers jo and ¢ (1 < ¢ <) such that a} =0 for i < j, + 1 and

0if i < jo;
lelzjg,

Miaj i =
S C U PRSP

al; otherwise.

The configuration a’ is independent of the choice of (ji,t). We denote the
mapping a — a’ by P,. We often drop [ when we fix it. The first statement is

Proposition 3.4.  In the above setting, we have

P W o ol
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The second statement is how the particle content and the rigging change
from a to a’ = Pa.

Proposition 3.5.  In the above setting, we set v(a) = (A, p) and c(a’) =
(y p"). Then we have

(3.11) =,
(3.12) p;=pi+ A,

Let us repeat what we assert in these propositions. The left moves M?
push down the weight [ particle from the energy jil to jac + (j2 + 1)(I — ¢).
Differently speaking, the weight [ particle passes the configuration a € c®1)
and change it to a’ € C*!). The particle content of the configuration a does
not change. The energy shift of the j-th particle, which has the weight }\;, is
given by A; y,. The sum of these energy shifts is equal to the difference between
the number of steps ¢ and the energy shift of the weight [ particle:

£(N)

Gi—da—Di+e—t=Y A,
i=1

Proof of Propositions 3.4 and 3.5 forl =k orl+1' <k. The proof is
easy because the change from a to a’ is just a parallel shift of 3 or 2 columns,
respectively. Without loss of generality, we assume that a; = 0 if ¢ < 1 or
i > N. If | =k, the left moves of the configuration a proceed as follows.

-5 0,a1,... ,G/N_Q,GN_l,O,N,0,0,k,0,0,...
. 70aala"' 7aN—2;aN—1aaNa07k7ananoaoa"'
. aoaal7"' ,G/N_Q,GN_l,aN,k'_G/N_aN_l,aN_l,azN,0,0,-.-

. ,O,G/l,ag,k’—G;]—G/Q,a]_,ag,...
. ,0,0,1,]{}70,1,0,(1170,2,...

.,0,%,0,0,a1,as,...

Ly b b

Note that Ay, ; = 37 for all j, and this is consistent with the energy shift caused
by the parallel shift of 3 columns.
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If I + I’ < 2k, the left moves proceed as follows.

(313) ,0,(11,... ,aN,g,aN,l,aN,O,l,O,O,...
—...,0,a1,...,an_2,aN_1,an,l —an,an,0,0,...
—.
—. .,0,&1,[—&1,&1,&2,...7
—. .,O,Z,O,al,ag,...,

Note that A; ; = 2j for all 1 < j < I’, and this is consistent with the energy
shift caused by the parallel shift of 2 columns. O

The proof for the case where 1 <[’ <1 < k requires a lengthy calculation.
In the rest of this section, we prepare notations, and give the main steps of the
proof. The case checking is given in Appendix.

The main idea is to trace how the weight ! particle moves from the right
of the configuration a € C*!) to the left, and changes a to a’ = Pa. The
totality of the configurations which interpolate between a and a’ are of the
form M? a[j;] in the notation of (3.10). Here j; is sufficiently large, and j can
be an arbitrary non-negative integer. In fact, the configuration depends only
on d = lj; — j. Let us denote it by a(?. Formally speaking, we have a(>) = a
and al=>®) = a’.

Definition 3.1. For each d € Z, we define the position of the weight
[ particle in the configuration a(® to be the integer i = i(d,a) determined by
the following condition:

the equality S[i,a(®] =1 or L[i,a®] = k 4 [ holds,
but neither S[j,a®] =1 nor L[j,a'?] = k + 1 holds for j < i.

A configuration a'® is called a node at 7 if
d = min{d’;i(d',a) = i}.

A node at i is denoted by S; if S[i,a(¥)] = [ holds, and by L; if L[i,a¥] = k+1.
The history for a — a’ is the sequence of the nodes among the configurations
al® . Sometimes, we consider the history as a sequence of S; and L; forgetting
their contents as configurations.

The following properties are clear by the definition.
The history contains S; if |¢| is sufficiently large. In general, S; and L; mix.
A node can be S; and L; at the same time. It is also possible that neither S5;
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nor L; is a node. After a node S; the history proceeds to either S;_; or L; .
After a node L; (and when it is not S;), the history proceeds to either S;_1,
L;_1 or L;_5. Suppose al®) is a node at 7, and a(®) is the next node in the
history. Then, for all j # i,7+1, (a(d))j is constant for do < d < dy. Moreover,
fordo +1<d<d;

@), = @) +1, (@ V)i = @) — 1.

Example 2. k=4,l=3,'=2. Consider a € C*? such that

1ifi=0,1,2;
a; =
0 otherwise.

We have t(a) = (A, p) = ((2,1),(1,0)). The history proceeds as

Ss:...,0,1,1,1,0,3,0,...
Ly:...,0,1,1,1,1,2,0,...
Si:...,0,1,1,2,0,2,0,...
Sp:...,0,1,2,1,0,2,0,...
S_1:...,0,3,0,1,0,2,0,...

We obtain a’ such that «(a’) = (i, p') = ((2,1), (6,2)). Observe that the energy
shifts are given by A372 =5 and A371 = 2.

The idea of the proof is to compare the history for the case of a with that
of M a. Suppose that a € Cyf’l ) If tis sufficiently large, the highest weight

I particle in Mj_a is free, and the rest of the configuration belongs to either
C’r(r]f’_l/l) or C*'=1) " Therefore, we can reduce the problem to smaller m or I'.
Repeating this reduction, we can finally reduce the problem to the case when
I+ 1" < k, which we have already proved.

Let u(sd )prepare another notational point. In the history, for a fixed 4, the

value of a;"/ changes twice, in general, when the history proceeds. In the above
example, the value at the column 4 is 0 before the history reaches the node Ss.
At the node S3, it changes to 3, and at the node Lo, it further changes to 2.
After that the value is unchanged.

The initial value is a; and the final value is af. We denote by a] the
intermediate value. If the node S; (or L;) follows after S;41 or L;41, it is of

the form

" li
c 5 Qi—1,0Q4, ai+17 ai+27
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If L; follows after L;1o, the values at the (i + 2)-th and the (i + 1)-th
columns change only once. In this case, the node L; is of the form

. 7ai—laai7ai+laa;+2a'~' .
We give another example.
Example 3. Let k=5,] =4 and I’ = 3. We consider a given by

1ifi=0,2,3;
a;i=1{2ifi=1;

0 otherwise.
We have t(a) = (A, p) = ((3,2),(2,1)). To see this we consider the right moves:

...,0,1,2,1,1,0,...
...,0,1,1,2,1,0,...
...,0,1,1,0,3,0,...

Therefore, we have \y =3, py =d—t—A32 =9—-3—-4 =2, and Ay = 2,
p2 =1L
The history proceeds as
S5:...0,1,2,1,1,0,0,4,0,...
S4:...0,1,2,1,1,0,4,0,0,...
Ls:...0,1,2,1,1,2,2,0,0,...
Ly:...0,1,2,1,2,1,2,0,0,...
S0:...0,1,3,0,2,1,2,0,0,...
S_1:...0,4,0,0,2,1,2,0,0,....

Note that ¢(a’) = ((3,2), (10,6)). From this, we observe that the energy shift of
the weight 3 particle is A4 3 = 8, and that of the weight 2 particle is A4 5 = 5.

We start the proof of Propositions 3.4 and 3.5 for the case where 1 <1’ <
I<kand k<I+1.

The proof of Proposition 3.4 is a case checking on each possible history for
a — Pa.

Let us set up the cases to be checked. Without loss of generality, we can

assume that

(3.14) a; =0 for all i <0 and a; # 0.
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In the below until we finish the proof of Proposition 3.4, we keep this assump-
tion.
By the definition it is obvious that

(3.15) each node in the history belongs to C{k’l).

Namely, the number of the weight [ particles is always 1.

Lemma 3.1.  The history contains the nodes S; for alli < 1.

Proof. First we prove that the history contains the node S;. If not,
the abbreviated history goes through L, or Ly « L,. The former implies
2a1 + 2a4 + af = k+ 1. (Here we consider the case Ly « Sy or L1 «— Ls.
However, the proof goes similarly for Ly < L3.) Since we have a; +af +aj < k,
we have aj + af > [. This implies 5.

The latter implies 2a; + af = k + I. Since ay + a) < [, we have a; = k.
This implies k < [. This is a contradiction.

At Sy, the configuration is of the form

...,0,a1,l—a1,....

It is now obvious that the history contains S; for ¢ < 0. O

Lemma 3.2.  The history does not contain the sequence of nodes Ly «—
Ls. Therefore, it contains one of the following.

() S (i) Lo« 8 (i) Ly—Ls (iv) Ly« Ly

Proof. By Lemma 3.1, the history must contain the node S;. Therefore,
if the history contains the sequence L1 « Lg, it contains the sequence S; « Lg.
By Lemma 2.1, this implies a} + a5 = [ in addition to a; + ag = I. This is a
contradiction to (3.15). O

We prove that if a € C*l) then a’ = Pa € C*1) by induction. The
induction goes on the length of a. We prepare induction steps as lemmas. Note
that we give the proof of the lemmas inside the big induction loop. Recall also
that we assume (3.14).

Lemma 3.3. In the setting as above, suppose that the history contains

a node S; for some j > 2 (or L; for some j > 3). Then, the configuration

a' = (a})iez given by

0 otherwise,

y {a; ifi>j+2;
ai:

belongs to C*1).
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Proof. At S; we have
. !/
Sj D ,(lj,h(lj,l —aj,aj+2,... .

Consider a configuration a € C*!") given by

_ a; if 1 > j;
a; =
0 otherwise.
Since a; # 0, we have |a| < |a|. Therefore, by induction hypothesis, we have
Pa e C*!) The history for a weight [ particle passing a from the right to the

left, is obtained from that for a by cutting a; for ¢ < j — 1, before it proceeds
beyond S;, where we have

. . _ . /
Sji.o,0,a5,l —aj,aj g, ... .

Therefore, Pa is obtained from Pa by cutting a} for ¢ < j + 1. In other words,
a’ = Pa. The statement follows from Pa € C*!),
The proof for the second statement is similar. We have

. " /
Lj e ,aj_l,aj,aj+1,aj+2,... .

If the history goes as L; < Lj o we have ajy; in place of a;'_H. We use th/e
convention a//,; = a;11 in that case. We consider a configuration a € C*!")
given by

. {aiifi>y‘—1;
a; =

0 otherwise,
and apply the induction hypothesis to this configuration. Until
Lj:... ,O,aj_l,aj,a;-'+1,a;+2, RN

the history is the same. Since a;+a7,,+a’,, <k, we have a;_1+a;+a7,; > 1.
Therefore, the history proceeds to

. 7 /
Sj1:... ,O,aj_l,l—aj_l,aj_1+aj+aj+1—l,aj+2,... .

As before, from this it follows that a’ belongs to ck1, O
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Summarizing Lemmas 3.2 and 3.3, for the proof of Proposition 3.4 it is
enough to show the following inequalities:

(3.16) S[3,a’] <! for (i-iv),
(3.17) L4,a'] < k+1 for (i-iv),
(3.18) S[4,a’] <! for (ii-iv),
(3.19) L[5,a’) < k+1 for (ii-iv),
(3.20) S[p,a’] <1 for (iv),
(3.21) L[6,a"] < k+1 for (iv).

The case (3.16) for (i) follows from Lemma 5.1. The case (3.17) for (i) follows
from Lemma 5.2 The case (3.19) for (ii) follows from Lemma 5.2. The case
(3.16) and (3.17) for (ii) follows from Lemma 5.4. The (3.18) for (ii) and (iii)
follows from Lemma 5.3. The cases (3.16) and (3.17) for (iii) follows from
Lemma 5.5. The case (3.19) for (iii) follows from Lemma 5.6. The rest follow
from Lemma 5.7.

Proposition 3.4 is proved.

We show the commutativity of the mappings P, and My on C®1) . This
is a key step in the proof of Proposition 3.5.

Proposition 3.6.  Suppose that a € c*1). Then, we have PLMa =
M+Ba.

This is obvious if [ = k or [ + I’ < k because, in these cases, as we have
noted in the proof of Propositions 3.4 and 3.5, the mapping P, is a parallel
shift. In the below, we assume that 1 <I' <l <kand k <1+

We use induction in the proof of this proposition. We use the length |a]
as an induction parameter. If |a| = 0 , the assertion is clear.

Before going into the details, let us describe the steps in the proof and
prepare the setting. Without loss of generality, we assume that a € C 1) and
the highest position of the weight I’ particles in a is i = 1, i.e.,

(3.22) S[l,a] =1 or L[1,a] =k +1',
and
(3.23) neither S[i,a] =1’ nor L[i,a] = k + ' holds for i > 1.

In order to know about M. Pa, we need to know the highest position i’ of
the weight I’ particles in a’ = Pa. We show that ¢’ = 3,4 or 5 depending only on
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the history for a — a’. In order to know about PM,a, we compare (M a)@
with a(?. The comparison is not very difficult because M, a is obtained from
a by changing (a1, as) to (a; — 1,a2 + 1). The main point is to know how the
change of (a1, as) to (a3 — 1,as + 1) makes a difference in (M, a)@ compared
with al®. Two configurations are the same except at the columns 1 and 2,
before the node S; or L; with ¢ < 4 appear in the history for a — a’. This is
because before that happens we have

(a®); = a; and (Mya)'" = (M, a); for j <5,

and therefore, the difference at the columns 1 and 2 makes no difference between
(M, a) and a¥) in the region i > 6.

In the proof, we will see also that after the node S; or L; with ¢ < 0 appear
in the history, (M, a(®); = (al¥)); for j < 2. Namely, the difference at the
columns 1 and 2 disappear. Therefore, the comparison is necessary only in the
finite region of i. Possible histories (considered as sequences of S; or L;) in this
finite region is finite. We will check all these cases one by one.

Proposition 3.7.  We follow the above setting. Consider the history for
a — a’. It does not contain Sy nor Lo < L3 < Ls.

We prove this proposition in Lemmas 5.8-5.13.
Since the history does not contain Sy, it contains Ls or L; « L3. Since
Lo « L3 « Lj is also out, we have the following cases.

A) Ly «+ S5 < S4 where Ls is not a node,
) Ly < S3 <+ L4 where Lj is not a node,
C) L2 — L3 — 54,
)

where in all cases, Sy is not a node.

Remark. In Cases (E) and (F), the history does not contain Sy by the
definition. In other cases, we assume that S is not contained.

Case (A).
The assumption that L3 is not a node is equivalent to as + az < k — [
because we have as + 2a3 4+ 2a) + af < k+1 and a3 + af = aj + af = 1.
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Lemma 3.4.  Suppose that the history for a — a’ contains the sequence
L2 — 53 — 54.

We also assume that Ls is not contained. The history continues to either

S1:...,a0,a1,ah,a5,. ..,
or

Li:...,a0,a1,a5, a5, ...,
or

Lo:... ,ao,al,aé,ag,....

For simplicity of notation let us denote afy = a}, in the last case.
In all cases, the history for Mya — PM,a contains the node

. 1" I
Sy:...,a1—1a2+1,a3,a4,0a5,ag,...,

and it continues as

" / /
Ss:...,a1 —1la2+1,as3,ay,a5,aqg,-- .,
" / I I
Ly:...,a1 —l,a2+1,a5 —1,a4 +1,0a5,0aq4,...,
" / / li li
Si:...,a1 —lag +1,a5 — 1,0y +1,a5,aq, ... .

The mapping M_ brings the last configuration to
.yar,ay.ah —1,ay +1,a5,ag, . .. |

and, after this, two histories are identical except for the difference at the third
and fourth columns, i.e., (ak,aly) or (af —1,a) +1).

Proof. Before S, two histories are the same. In particular, the last node
before Sy is S5 or Ls. In both cases, the change takes place at the columns 5
and 6.

To see that S4 appears as a node, it is enough to show that as + 1+ 2a3 +
2a4+af < k41 If as + 1+ 2a3 +2a4 + af = k+1, since aq + o =1, we have
as 4+ 2a3 + a4 = k — 1. By Lemma 5.9 we have as + ag < k — [. Therefore, we
have a3 + a4 > 1 —1>1'. This is a contradiction.
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Now, we assume that as + az < k — [. To see that S3 appears as a node,
we must show that

(3.24) as +1+2a3+2ay +ag < k+1,
(3.25) a; —1+2(ax+1) +2a3 +aj <k+1.

Since L3 is not contained in the history, we have (3.24). If a; —1+2(az+ 1) +
2a3+ ay = k+1, since aj + af = [, by Lemma 2.1 we have aj + ay = I. This is
a contradiction. We have shown (3.25).

To see that Ly appears as a node, we need (a3 —1) +2(ag+1)+2(af — 1)+
ay+1=k+I, (aa+1)+ (a4 —1) <land ap+2(a1—1)+2(az+1)+a4 —1 < k+1.
These are obvious.

To see that S; appears as a node, first note that by Lemma 5.16 we have
a1 +aly =1lora;+a)=1. Wehave also ag+2(a; —1)+2(af +1)+as—1 < k+I
and a_1 + 2ag + 2(a; — 1) + ag + 1 < k + I. Thus we have the node ;.

Finally, in one step, the columns (a; —1, af +1) change to (a1,a}), and two
histories coincide after that except for the third and the fourth columns. [

Proposition 3.8.  We follow the setting as given by (3.22) and (3.23).
Suppose that the history for a — a’ contains the sequence

LQ 4*53 HS4.

Suppose also that Ls does not appear as a node. Then we have PMa = M4 Pa.
The highest position of the weight ' particles in a' = Pa is at the column 3.

Proof. We define a configuration a € C k=1 by a cut-off from a:

- a; if ¢ > 2;
a; =
0 otherwise,

and consider the history corresponding to this configuration.
We have the node

. "ol
Ly:...,a1,09,03,0Gy,... .

Therefore, a; + 2a2 + 2a5 + a), = k + 1, and since a3 + az + af < k we have
as + a4 + ajy > 1. The history for & — Pa contains the node

. 1 li
Ss:...,0,a9,as3,ay,0a5,... .
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Since Pa € C*!'"=1  this implies that the configuration a’ given by

/e .
il — a; if i > 5;
! 0 otherwise,

belongs to C'F:I'=1).

Now, we show that PMa = M Pa. By Lemma 3.4 we know that PMa
is obtained from Pa by changing (a%, a}y) to (a5 —1,a+1). On the other hand,
by Lemma 5.16 we have a% + aly = I’. Therefore, to prove PM a = M, Pa it
is enough to show that S[i,a’] <!’ and L[i,a’] < k+ 1’ for i > 4. The former
for ¢ > 5 and the latter for ¢ > 6 follow from a’ € C(k’l/_l), and the rest follows

from PM,a e C*:1), O
Case (B).
Lemma 3.5.  Suppose that the history for a — a’ contains the sequence

Lo «— S3 « Ly, but not Ls. The history for Mya — PM_a contains the node
Ly:...,a1 —1,a3+1,a3,a4,0a%,ag,... .

If a1 4 2a9 + 2a3 + a) < k+1—1, it continues as

. "o
Ss:...,a1 —1l,a2+1,a3,a4,a;5,aq,. ..,
. " / i
Ly:...,a1 —l,a2+1,a5 —1,a4+1,0a5,aq,...,
" !/ ! li li
S1:...,a1—1l,a5 +1,a5 —1,ay +1,a5,ag, ... .

If a1 +2a2 +2a3 +af = k+1—1, we have a§ = a3+ 1 and a) = alf — 1, and
the part of the history, Lo < Ss, is replaced by only

Ly:...,a1 —1l,as+ 1,04 —1,a) + 1,a5,ag, ... .
In both cases, the mapping M_ brings the configuration S1 to
.ya1,ay,ay —1,ay +1,a%, ag, . ..

and, after this, two histories are identical except for the difference at the third
and fourth columns, i.e., (a%,aly) or (a5 —1,a) + 1).

Proof. 'To see that Ly is a node, we need to show as +1+2a3+2a4+al <
k + 1. We have as + 2a3 + 2a4 + af < k + 1 because L4 is a node in the
history for a — a’. Suppose that as + 2a3 + 2a4 + aff = k+1— 1. We have
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as +2a3+2(ag+1)+af —1 =k+1. Since as +2a3 +2a} +af < k+1, we have
aj = a4 + 1. This is a contradiction because az + a4 =as+aj —1=1—-1>1.

Now, we use that the history for a — a’ has the node S3 but not Ls.
The only obstruction for the existence of the node S5 in the history for M a —
PM, a, is the value of a; —142(ag+1)+2a3+a) = a1+2a3+2a3+a)+1 < k+1.
If a1 +2a2 +2a5+al) <k+1—1, we have a; —1+2(az+ 1) +2a3+a < k+1.
Therefore, the history for M, a — PM_, a has the node S3. After this node the
argument is the same as in Lemma 3.4. If ay + 2a2 4+ 2a5 + alf = k+1—1, the
history has the node

1 li li
Ly:...,a1—1,a2+1,a3,ay,a5,agq,... .

We have a1 +2a2+2(as+1)+aj —1 = k+1 and a1 +2a2+2a5 +a), +1 = k+1.
Therefore, we have af = az + 1 and ay = af — 1. The statement follows from
this observation. O

Remark.  If ay + 2a3 + 2a3 + a] = k41— 1 in Lemma 3.5, the node Ly
can be also written as

" / /
.,a1 —las 4+ 1,a3,a4,a5,ag,. .. .

In other words, we can think of the history as containing the sequence Ly < Ss,
where the number of steps from S5 to Ly is 0. A similar statement holds in
some of other cases below. We do not repeat the remark.

Proposition 3.9.  We follow the setting as given by (3.22) and (3.23).
Suppose that the history for a — a’ contains the sequence

L2 <—Sg <—L4.

We also assume that Ls does not appear as a node. Then we have PM a =
M, Pa. The highest position of the weight I' particles in a’ = Pa is at the
column 3.

Proof. We use Lemmas 5.16 and 3.5. After the node S3 the proof is the
same as that of Proposition 3.8. O

Cases (C) and (D).
Lemma 3.6.  Suppose that the history for a — a’ contains the sequence

L2 — L3 — S4(0T L4)
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We assume that So does not appear as a node. If the history continues as
Lo « Lo, we formally set af = afy. If the history contains Ly «— Lg, we
formally set aff = as.

If as + 2a3 + 2a4 + a¥ < k+1—1, the history for Mia — PM_,a contains
the sequence

Sy orLy:... a1 —1,a2 + 1,a3,a4,a2,ag, ...,
Ly:...,a1 —l,a2 + 1,a3,a) — 1,a5 + 1,ag,...,
Ly:... a1 —1,a2+1,a%,a), — 1,a5 + 1,ag,. ..,

SiorLy:... a1 —1,a5 +1,a5,a) — 1,a5 + 1,ag,. .. .

If ag + 2a3 + 2a4 + af = k+1—1, then we have afy —1 = a4 and af +1 = al,
and the part of the history, Ls «— S4(or Ly), is replaced by only Ls.
In both cases, the mapping M_ brings the configuration Sy(or Lq) to

a1, ay,ay,ay —1,a5 + 1 ag, ...,
and after this, two histories coincide except for the fourth and the fifth columns.

Proof.  Since the history for a — a’ has the node Sy(or Ly), we have
a2+2a3+2a4+ag’ <k+1-1. Ifa2+2a3+2a4+ag <k+1-2 ie.,
(a2 +1) +2as3 + 2a4 + af < k+1, the history for Mya — PM_,a also has Sy(or
L,) as anode, and, since (a1 —1)+2(ag+1)+as+(aj —1) < k+1, it proceeds to
Ls. If as+2a3+2a4+ay = k+1—1, we have as+2a3+2(as+1)+ (af —1) = k+1
and (az + 1) + 2a3 + 2a4 + af = k + 1. It implies that a] = a4 + 1 and
af = af — 1, and the history contains Lz without Sy(or Ly). In both cases,
using the assumption that the history for a — a’ contains Lo but not Ss, we
have ag +2(a1 — 1) +2(az + 1) + a4 < k+1 and (ag + 1) + a4 < I. Therefore,
the history for M,a — PM_a proceeds to L.

Next, we show that it further proceeds to Si(or Li), i.e., it does not
proceeds to

" /
Lo:...,a-1,a0,01 —1l,a5 +2,a5—1,....

There are three cases of the history for a — a’: (i) S; « Lo, (ii) L «+ Ly and
(iii) Lo < L. The cases (i) and (ii) is straightforward. The case (iii) follows
from Lemma 5.18.

The rest of proof is the same as Lemma 3.4. O

Proposition 3.10.  We follow the setting as given by (3.22) and (3.23).
Suppose that the history for a — a’ contains the sequence

L2 — L3 — 54(07" L4)
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We also assume that Se does not appear as a node. Then we have PMia =
M, Pa. The highest position of the weight I’ particles in a’ = Pa is at the
column 4.

Proof. Since we have Lemmas 5.19, 5.20 and 3.6, it is enough to repeat
the argument in the proof of Proposition 3.8. O

Case (E).

Lemma 3.7.  Suppose that the history for a — a’ contains the sequence
Ly «— Ly. We assume that So does mot appear as a node. If the history
continues as Lo < Lo, we formally set ay = ab. If the history contains Ly «—
Le, we formally set o = as.

The history for Mia — PM_ a contains the sequence

" /
Ly:...,a1 —1,a2+1,a3,a4,0a5,0aq,...,
li / /
Ly:...,a1 —l,a2 +1,a3,a;, — 1,a5 + 1,ag,. ..,
1 / / li /
St orLy:... a1 —1,aq +1,a5,a;5 —1,a5 + 1,aq,... .

The mapping M_ brings the configuration Sy(or Ly) to
.ya1,ah,ay,ay —1,a5 + 1, ag, ...,

and after this, two histories coincide except for the fourth and the fifth columns.

Proof. We show that (az + 1) + 2a3 + 2a4 + af < k+1. If (a2 +1) +
2a3 + 2a4 + af =k +1, we have as + 2a3 + 2(ag+ 1) + (af — 1) = k+ 1. This
implies aj = a4 + 1 and af = af — 1. Then, we have a; + 2as + 2a3 + a4 =
a1 +2a34+2a3+ay—1=k+1—1>k+1 Thisis a contradiction. This
implies that the history for M a — PMa has L4 as a node.

Setting formally a4 = as and af = a)j, we can repeat the rest of the proof
of Lemma 3.6. O

Proposition 3.11.  We follow the setting as given by (3.22) and (3.23).
Suppose that the history for a — a’ contains the sequence

LQ — L4.

Then we have PMya = My Pa. The highest position of the weight I’ particles
in a’ = Pa is at the column 4.
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Proof. Since we have Lemmas 5.21 and 3.7, it is enough to repeat the

argument in the proof of Proposition 3.8. O
Case (F).
Lemma 3.8.  Suppose that the history for a — a’ contains the sequence

L1 — L3 — 54(07’ L4)

If the history contains Ly < Lg, we formally set af = as.
If as + 2a3 + 2a4 + al < k+1—1, the history for Mia — PM_,a contains
the sequence

1 I
Sy orLy:...,a0,a1 —1,a2 +1,a3,a4,0a5,0aq,...,
" ! !
Ls:...,ap,a1 —1l,a2 +1,a3,ay — 1,05+ 1,qaq4,...,
!/ !/ ! /
Ly:...,a0,a1 —1l,a2 +1,a3,ay — 1,a5 + 1,ag,... .

If ag + 2a3 + 2a4 + af = k41— 1, then we have alf —1 = a4 and af +1 = al,
and the part of the history, Ls < Sq(or Ly), is replaced by only Ls.
In both cases, the mapping M_ brings the configuration Ly to

/ I !/ !
. aa0aa1aa27a’37a4_17a5+1,a6,...,

and after this, two histories coincide except for the fourth and the fifth columns.

Proof. The proof is the same as Lemma 3.6 until the history for M a —
P M a reaches the node Ls. Now, to see that it proceeds to the node Ly, it is
enough to show that as + a5 < I. The proof for this statement is the same as
Lemma 5.11 by setting a4 = a%. After this node, the statement of the lemma
is clear. O

Lemma 3.9.  Suppose that the history for a — a’ contains the sequence
L1 — L3 — L5.

If the history contains Ls «— Ly, we formally set af = ag.
The history for Mia — PM_,a contains the sequence

" !/
Ls:...,a0,a1 —1,a2 +1,a3,a4,0as5,a¢,07,...,
/ / /
Ls:... ,a0,a1 — 1,02 +1,a3,a4,a5 — 1,06 + 1,a7,...,

li li li / /
Ly:...,a0,a1 —1l,a2 +1,a3,ay,a5 — l,a5 + 1,a7,....
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The mapping M_ brings the configuration Ly to
., Q0,a1,0a2, a5, ay, a5 — 1ag + 1,a%h, ...,
and after this, two histories coincide except for the fifth and the sizth columns.
The proof is straightforward.

Proposition 3.12.  We follow the setting as given by (3.22) and (3.23).
Suppose that the history for a — a’ contains the sequence

L1 — Lg.

Then we have PMia = My Pa. If the history contains the sequence L3 «
Sa(or Ly) (resp., Ls < Ls), the highest position of the weight I' particles in
a’ = Pa is at the column 4 (resp., 5).

Proof. Since we have Lemmas 3.8 through 3.9, it is enough to repeat the
argument in the proof of Proposition 3.8. [

By Propositions 3.8 through 3.12, we have finished the proof of Proposition
3.6.

Proof of Proposition 3.5. We use an induction on the number of the weight
I’ particles of a. We also use an induction on the position of the highest weight
I’ particle: if the assertion is valid for M a then it is valid for a by Lemma 2.2
and Proposition 3.6. In Proposition 2.3 we have shown that the right moves on
a configuration a separate a weight [’ particle at the highest position. Taking
this separation large enough the mapping P on M!a can be separately given
for the weight I’ free particle, and the rest, which has less weight I’ particles.
Since the phase shift for a free particle is given by Proposition 2.4, the proof is
over. U

Finally we prove

Theorem 3.1.  The mappings ¢ and k give the bijections between CIE’Z;”
)
and Rps.

Proof. We will show

(3.26) uclEDy c rY)

pos?
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and

(3.27) K(R),) C CSED.

pos

Suppose that a and (A, p) are mapped by the bijections ¢ and x to each
other. The positivity for a € Cé’f);l) is that

(3.28) a; =0 for all j <0,

and the positivity for (A, p) € Rggs is that

(3.29) pi>0forall 1 <i<l(N).

We use an induction on [ and the number of the weight [ particles, which
we denote by m;. Suppose that m; > 1 for a € Clglé’sl). The right move M
does not change the condition (3.28). We also have that p; > p;11 if A\j = A\jj1.
Therefore, 1(a) € R(Wros follows by induction. Therefore, for the proof of (3.26),
we can assume that m; = 1.

The mapping « is defined in (3.6). Note that (see Lemma 2.5)

(MS"”))S L (Mil))sa _ (Miml) . MSI))Sa.

Suppose that m; > 1. By the definition if the configuration (Mil))sa is posi-
tively supported then (Mﬁm’) e M(_l))sa is also positively supported. There-
fore, for the proof of (3.27), we can assume that m; = 1.

In the case m; = 1 the bijectivity follows from Proposition 3.5 by the
following reason. It is enough to show the equivalence of the condition

0(i < —1);
a; =
lifi=0,

for a and the condition p; = 0 for (), p). Let @ and ()\,p) be the configuration
and the corresponding rigged partition obtained from a and (A, p) by removing
the weight [ particle to the far right. Since the energy shift when a weight [
particle passing the configuration a is given by > .., A; x,, and this is exactly
the difference of p; and s in (2.13) and (3.5), the above equivalence follows. [J

84. Polynomial Characters

The purpose of this section is to derive fermionic character formulas for
the set of configurations with initial and boundary conditions.
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We consider the (k, 3)-configurations. The initial conditions are specified
by two integers a and b such that 0 < a,b < k: we set
k,l
(4.1) oD = fae CtDiag = a,a, = b},

The problem is to determine the image of this set by the mapping ¢. Note that
(4.1) is empty unless a + b < .

For a sequence of non-negative integers r = (r1,... ,7;) we define a subset
RO (r) of Rffgs as follows.

(4.2) RO (r) = {(\ p) € RY; p; > ry, for all i}.
Let J be a subset of I = {1,...,l}. We define
RO(x); = RO)\RO(x(1)),

where

{m+1iﬁeﬁ

T otherwise.

In general, for a sequence of nonempty subsets J,, C I (1 <m < n), we set

RO, 5 = RO(r) \(URm )

We have

RO (r) = RO(x(1))| |RO(x),.

Suppose that Ji, J2, J3,... ,J, C I are such that (J1 U Ja) N (UY _sJp) = 0.
The following equalities are clear by the definition.

4.3)  RY(x); =RO (), 5| |RV(x(1))

(4.4)  RO(r) ;050 = RY(r) hyUR”{hbWﬂhﬂb—&

(45)  RY()s, 1,0 =RY(r) 5050 |_|R(l) (J1 0 J2)) 7\ Ja, Jo\J1, 7

where we used J' to mean Js, ... ,J, for notational simplicity. For example,
RW(r); = R(l)(r)hw -

If J; € Jo C I, we have

(46) R(l) (r)J1,J2 = R(l)(r)Jl
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Theorem 4.1.  Let [a,b]; (0 <a,b<l;a+b<1) be the image of C’é’fb’”
by the mapping v. This is independent of k, and is given by

R(l)(ra,b)[a,a+b],[a+b7z] ifa # 0,

(4.7) [a,0]; = § RO (ra0) .1 ifa=0 and b # 0,
RO (r,y) ifa=0andb=0,
where
rap = (0,... ,0,1,... bb+2,...,20—2a—b),
——— ——
a b l—a—b

and [l1, ) ={li, L+ 1,... 1o} for 1 <13 <y <.

For a subset R of R®) we denote by x(R) its character

X(R)= > "™,
(Ap)ER

where d(), p) is given by (1.5).

Corollary 4.1.  We have the following identities for the characters.
(4.8)
x(a, b)) = x(RD(0,...,0,1,...,b,b+2,... 20 — 2a — b))

——

a b l—a—b
—x(RY(0,...,0,1,2,... ,b+1,b+2,...,2l —2a—b))
N——
a—1 b l—a—b
—x(RY(0,...,0,1,...,b—1,b+1,b+3,...,2l —2a — b+ 1))
—— ————
a b—1 l—a—b

+x(RD(0,...,0,1,2,...,b,b+1,b+3,... .2l —2a—b+1)),
N—— N—_——

a—1 b—1 l—a—b

where terms with  * 1s understood as 0. The second and the last term cancels

-1
each other if a + b =1 except for a = 1.

We prove this theorem by induction on . In the following we abbreviate
RW(r) to (r). For [ = 1, the statement of the theorem is that

(0,01 = (2), [0, 1}x = (D\(2), [1,0x = (0)\(1).

This is obvious because for a € C'*1) the lowest position of the (weight 1) parti-
cles in a is equal to p,, where ¢(a) = ((1"), p). This is the base of the induction.
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Note also that the theorem implies that the first two elements in the

configuration a = (ag,a1,...) € C®D e, ay and ap, are uniquely deter-
mined by the set of integers p%), (1 <4 <), where we use the notation A =
(Iy...,,...,1,...,1) and p = (pgl),... ,pﬁ,?l,... ,pgl),... ,pE&}) for a € C*:D)
—— ——

my ma
with «(a) = (), p), and we set formally pél) = oo when m; = 0. This state-

ment is also obvious by the following reason. Since our construction of the

bijections proceed inductively on [, it is enough to show this statement for
0
J

by (az,as,...). Conversely, the position of the second lowest particles does not

1 = [. By Proposition 2.5 the values p:’ for j < m; are uniquely determined
effect the values of ag and ay.

By the definition the subsets [a, b]; are disjoint and the union is equal to
R, Therefore, the subsets in the right hand side of (4.7) must enjoy the same
property. This statement will be directly checked in the proof of the theorem.
In the following we use the notation A+ B to mean the union of A and B, and
that A and B are disjoint.

The induction proceeds by the following recursion relation for the subsets
[a,D];. We define operations of constructing a subset of R() out of a subset U
of RU=1, For (), p) € RV we set (X, p) € R~ by dropping the parts \; (and
pi) such that \; = 1. We set

Usc={(\p) € RD;(X,p) €U, pl) >c}, Usc=(Uxe)\U*(c+1)).

Proposition 4.1.  The subsets [a,b]; are determined by the following
recursion relations.

(4.9)
b—1
[a,b];—1 % (20 — 2a — b) + Z([a,c}l_l #(20—2a b)) ifa+b<l;
[aab]l: a l—e_1 c=0
o> (ledicax(l—a) ifat+b=L
c=0 d=0

Proof. We use the notation (), p) as above. Set a = x()\,p). Suppose
that

a=(cd,...).

As we have remarked, it is enough to consider the configurations where the
number of weight [ particles is 1. Consider the left moves of a configuration
b obtained from a by adding a weight [ particle at a sufficiently large energy.
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We know that in finite, say ¢, steps, the weight [ particle reaches the energy
0. Namely, the configuration Mb is such that (1,0,...). The values of the
rigging corresponding to this particle is 0 by the definition. Let us consider
how the configuration changes from (¢, d,...) to (1,0,...). The change from
M!b to M 1b is such that +1 at a column, say the i-th column, and —1 at
the (i + 1)-th column. We have i = 0 if and only if (M!b)y+ (M!b); = [ since
(Mtb)_; = 0. Therefore, we have

(¢,d) if t<to—2l42c+d;
(c,t—to+20—2¢) if to—2142c+d<t<ty—I+c;
(l—‘rt—to,to—t) if to—l"i‘CSt.

((MLb)o, (MLb)) =
Therefore, a configuration a = (a, b, ...) appears in this sequence if and only if

a=cand b>d fora-+b<l;
a>c fora+b=1.

Counting the number of steps for (a,b,...) to reach (I,0,...), we obtain the
value of the rigging. If a + b < [, the change of the first two columns is such
that

(a,b) = (a,b+1) — - = (a,l —a) > (a+1,l—a—1) = --- = (1,0).
Namely, (a,b) reaches (I,0), where the rigging is 0, by 21 — 2a — b steps. This

observation gives (4.9) in the case a + b < I. The case a + b =1 is similar. O

Proofs of Theorem 4.1. It is enough to show that the right hand side of
(4.7) satisfies the recursion relation (4.9).

Case a +b < I. Recall that we abbreviate R()(r) to (r). We first sum
[a,0];—1 with [a,1];—;. By using (4.5), we decomposes [a, 1];_1.

(4.10) (O, cee ,0, 1, 37 cee ,2[ — 2a — 3)[a,a+1],[a+1,l71]
——
=(0,...,0,1,3,...,2l — 2a — 3)[at 1,011
——

+ (0, ..,0,2,3,...,20 — 2a — 3)[,17,1]7[@4_2,5_1].
——

a

By using (4.3), we sum the second term in the right hand side with [a,0];_1.
(07 ...,0,2,4,...,2l— 2a)[a,a] + (07 ...,0,2,3,...,2l — 2a — 3)[a,a],[a+2,l—1]
~—— ~——

a a

=(0,...,0,2,3,...,20 — 2a — 3)[4.q]-
——
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By using (4.4), we sum the first term in the right hand side of (4.10) with this.
(0,..,0,1,3,... ;2 — 20— B)as1.ass + (0, ,0,2,3,... 20 — 2a — 3) (o
—— ——

=(0,...,0,1,3,5,...,2l — 2a — 3)[4,0+1]-
——
a
Therefore, we obtain
[a, 0]171 + [a, 1]171 = (0, ...,0,1,3,5,...,2l —2a — 3)[a,a+1]-
——

We repeat a similar summation until we obtain

(4.11)
[a,0];—1 % (2l—2a—b) + - - - + [a,b—1];—1 * (2l—2a—D)
=(0,...,0,1,2,... ,b—1,b+1,b+43,...,21—2a—b—1,21—20—b) g asp_1].1.1-
———

Finally, we sum this result with

(4.12) [a,b];—1 * (20 — 2a — b)
=(0,...,0,1,2,... ;b= 1,0,b+2,...,2l — 2a — b)[q4b,a+]
——
a
+ (O7 e ,O, 1,2, e ,b — 17b+ 1,b+ 2, - ,2l — 2a — b)[a,a+b71],[a+b+1,l71]'
——
If a4+b=1-—1, we must drop the second term from the right hand side of this
identity. By using (4.4), we sum (4.11) with this second term and obtain
(0,...,0,1,2,...,b—1,b+1,b+2,...,2l—2a—b—2,
——

a
20 = 2a = b){a,atb-1],[atb+1,1-

We sum this result with the first term in the right hand side of (4.12) and
obtain [a, b];.

Case a + b = 1. Similarly, if ¢ > 0, we have

l—c—2
S ledimr=(0,...,0,1,2,... 1—=2—c,l—c)je_a.
d=0

c

By using (4.4), we sum this result with

[C,l—l—ch_l = (O, ,0,1,2,... ,l—Q—C,l—l—C)[l,Ll,H,
——
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and obtain

(0,...,0,1,2,... .1 =2 —c,l —1—¢)ey_1-
——

c

By using (4.3), we first obtain

N

[0,d];—-1 =(1,2,...,1—1),

d=0
and then obtain
a l—c—1
[e,d];—1 =(0,...,0,1,2,...,l—1—a).
c=0 d=0 M
We obtain (4.9) for a + b = from this. O

Now, we consider configurations zero at the boundary, i.e., above certain
energy level. Set

(4.13) CEDIN]={aec CFED:q; =0 for all i > N}.

pos pos

The following theorem describes the image of this finite set in RY) by the
bijection ¢.

Theorem 4.2. A configuration a belongs to C’;(,]Z’sl)[N] if and only if the
corresponding rigged partition (X, p) = v(a) satisfies

(4.14) pi S AN =D Ay,
J#i

To prove this theorem, we prepare a few lemmas. Proofs are straightfor-
ward.

Lemma 4.1.  Suppose that a € CI(,]Z’SZ) and (A, p) = (a). Let b be the
configuration obtained from a by the parallel shift: b; = a;—1. Set (XN, p’) = (b).
Then, we have

X=X pi=pit A

Lemma 4.2. Letl <l' <l <k. Supposca € C*1) s such that a; = 0
for alli < 0. Then, we have Pia; =0 for all i < 2.
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Proof of Theorem 4.2. Let A\ = (A1,...,A,) and p = (p1,...,pn). We
assume that Ay = [. Suppose that a € C’r(f’l), e, M ==Xy =1> Apy1,
where 1 <m <n.

Proof of “only if” part. We use an induction on I. If [ = 0, there is
nothing to prove. We assume that a € C’l()’,f,’sl)[N ]. First we show that p; <

IN =31 5 A5, For some ¢ the right move a’ = M’ a becomes

a; =

0 ifi>Nori<D0;
| ifi=N.

By the definition of the mapping ¢ we have
pP1 = IN —t — ZAl)\i‘
=2

Therefore, we have (4.14) for i = 1. Since \; < Ay for all 2 < ¢ < m, we have
(4.14) for all 2 < i < m.

Now, we will show (4.14) for m + 1 < i < n. Recall the procedure of
finding A and p. We bring all the weight [ particles in a to a free position by
the right move (Mim))t e (MJ(rl))t for a sufficiently large t. The rest of the
configuration a” is independent of ¢, and it is supported in the finite interval
{0,...,N —2m}. By the definition

((/\m+1a s 7)\n)a (pm + 1a cee 7pn)) = L(aﬂ)'

Now, let the weight [ particles in (Mim))t - (Mil))ta pass the configuration
a” from the right to the left one by one. The configuration a” belongs to
C(k1=1) By Lemma 4.2, the resulting configuration is supported in the interval
{2m, ... ,N}. Using Proposition 3.5 and Lemma 4.1, and also the induction
hypothesis, we obtain

pi +mA; \, —2mA; < )\l(N — 2m) — Z A, -

m+1<j<n
i#i

This is nothing but (4.14) for m+1 <i < n.
Proof of “if” part. We use induction on [. Assume that

IN — (m - I)A“ - Z Al,)\j if 4 S m;
j=m+1

NN — mAM’l — Z A)\“)\j ifi>m+1.

m+1<j<n
J#i

(4.15) pi <
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We move the weight [ particles to the far left. Denote by a”’ the rest of
the configuration. By Proposition 3.5, we see that the particle content of a””’
is (Am+1,---,An), and the rigging is (pm+1 + mAx, 15 .. , pn + mAy, ). The
assumption (4.15) implies

pi +mAy, | < NN — Z Axin -

m+1<j<n
J#i

Therefore, by the induction hypothesis, we have

(4.16) al” =0 for all i > N.

Next, starting from the original configuration a, we move the weight [ particle
at the highest position to the far right, say to the energy, say d. Because of
(4.16), in the process of reaching the level d, this particle must go through the
energy [N. In other words, before this moment in the up-going process the
whole configuration is supported in the region i < N. After that, the further
move breaks the support condition, and the weight [ particle reaches the energy
d. By the definition of the rigging, in order to get back to a, we must move
this particle to the left by

d—p1—(m—1)A; — Z Ap,
j=m+1

steps. From (4.15), we see that the number of steps is greater than or equal
to d — IN. This implies the original configuration a belongs to CI(,]Z’SZ)[N ].
O

The polynomial identities (1.14) follow from Theorems 4.1 and 4.2. Set
k1l k,l
CaiIN] = ClPIN N €.

Theorem 4.3.  Suppose that N > 0,1 <[ <k, 0<a,banda+b<lI.
We have the following identities.

(4.17)
k,l k,l k.l k,l .
Z a(a) Xf;,b )[N] - Xt(sz,bJrz[N]_X,(l’b,%[N}+X((zf1),b+1[N]7 if b>0;
q =
acctmy (e IN = xEEDLINT b =0,

(k1)

where X, [N] is given by
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(4.18)
k
0 X jN—ZAjimi—l—Ajj—rj—&-mj
k . ) )
Z qQ(m)+Zi:1 rim; H P
mi,... ,mEp=0 15;;{5 mj
with
1 1<
Q(m) = g(Am, m) — 5 ZAj’jmj’ m=(my,...,mg),
j=1
(riy...yre)=(0,...,0,1,...,b,b+2,... ,2k — 2a — b),
—— ——
a b k—a—b
and the summation is restricted to miy1 = --- = my = 0. We understand

k.l kL ) k.l ,
Xé—f7b+2[N} = X((L—l),k'—a+1[N} ifa+b=k, and Xt(z,b )[N] =0ifa=-1.

85. Appendix

The appendix contains Lemmas used in the proof of Propositions 3.4 and
3.5.

Fix 1 <1’ <1 < k. Recall Definition 2.1 of the set of configurations Okl
We consider an element a in C*!) and a’ = Pa € C*) (see Proposition 3.4).

In the below we use frequently the equality a; + aj, ; = aj + aj ;.

Lemma 5.1.  Suppose that the history for a — a’ contains
" /
Sy:...,0,a1,a9,a3,0ay,...,
3 "o
S1:...,0,a1,a9,a5,ay, ... .

Then, we have aj + a) <.

Proof. 'We have a1 + 2ag + 2a} + ay < k+ 1. Since ag + af = I, we have

ay +ay <k—1<1. Since a; = a% we have a5 +ay <. O
Lemma 5.2.  Suppose that the history for a — a’ contains
. " / / /
St 1,04, Ay 1, Qg (g 3,y g e

Then, we have aj | +2aj, o+ 2aj, s +aj 4, <k+1.

Proof. We have a;y1 +2a} 5+ 2aj, 3 +aj, 4 < k+1. Since a;11 +aj 5, =
aj ) +aj,, a;i+af, =land aj | <af,,, we have —a;11 + (I —a;) +aj,, +
2a; 5 +2aj 5+ aj, 4 < k+1. Therefore, we have aj | +2aj o +2aj 3 +aj, 4 <
k+ai+ai+1§k+l’. O
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Lemma 5.3.  Suppose that the history for a — a’ contains
Litooo 0i-1,05,07 1,00, 05 g, . .
Then, we have aj, o + aj, 3 < a;—1 + a;. If, in addition, the history contains
Li+1 e, Q5-1,04, ai+1,ag/+2, G,;+3, ceey
then we have aj 5 + aj, 3 = a;—1 + a;.

Proof. If L;, we obtain a;_1 +2a; +2aj, | +aj, o, = k+1 and a; +2a], , +
2a;j, 5 + aj, 3 < k + 1. Therefore, we obtain aj,, + aj, 3 < a;—1 + a;. If L; and
L;yy, we have

ai + 20,41 +2a] 5+ aj g =k+1,
2(aity + ajyg) = 2(aiy1 + afy),
k+l=a;_1+2a; + 2&;/_,'_1 + a;+2.
Summing up, we obtain aj , 4+ aj, 3 = a;—1 + a;. O

Lemma 5.4.  Suppose that the history for a — a’ contains

. "or
S3:...,0,a1,0a9,as3,ay,05,0g, ... ,
. " / li /!
L2....,O,al,ag,a3,a4,a5,a6,...,
. "m0
S1:...,0,a1,0aq,a5,ay,05,0g, ... .

Then, we have af + a)y < a1 + az and a} + 2af + ag < k.

Proof. We have ay = as+af —a =as+a§ — (Il —ay) and ay <1 —af.
Therefore, we have a5 + a} < a1 + as.

We have
ay + 2a5 + ag + 1= a3 + aj + aly + 2a5 + ag
<as + 2ay + 2a5 + ag
<k+1L
Therefore, we have a)y + 2af + af < k. O

Lemma 5.5.  Suppose that the history for a — a’ contains

. "noor
Ls:...,0,a1,a2,a3,ay,0as,aq, ... ,
. "o
LQ....,070,1,&2,0,3,0,4,0,5,0,6,...,
. "m0
Sy:...,0,a1,a5,a5,ay,a5,ag, . . . .

Then, we have al + a) < aj + as and af + 2a) + 2a5 + ay < k+1'.
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Proof. By Lemma 5.3 we obtain aj + ag < as +as. Since the change from
Ls to Sy is a multiple of (—1, +1) at the columns indexed with 2 and 3, we have
as + af = ay + as. Also, Sy implies a1 + a4 = [. On the other hand, we have
af+aj <. Therefore, we have a5 +a)y < as+a¥—(I—a1)+1—af = a1 +as, and
also k41 = a1+2a3+2a5 +a) = a1 +ay+as+as+a¥+aly = l+as+as+af+a).
Therefore, we have af + a) + af + af < k—as —a¥ + az +ag. Using af > az we
have a} 4+ a} + af + af < k. By Lemma 5.3 we obtain a) 4+ af < a1 +ag <,
and the second assertion of the lemma follows. O

Lemma 5.6.  Suppose that the history for a — a’ contains

. "o
Ls:...,0,a1,a2,a3,ay,as,ag,07,. ..,

3 v
Lo:...,0,a1,a9,a5,ay,as,ag,07,. ..,

. " / I I I I
S1:...,0,a1,aq,a5, a4, a5, 06,07, ... .

Then, we have ay + 2af + 2ag +af, < k+1.

Proof. There are three cases: in addition, the history contains Sy, L4 or
Ls.
Case S;. We have

2a6 + ap <k —1+ ay,
ay +as <1,

/ "
ag =1—ay.

Summing up, we obtain a} + 2af + 2ag + % < k+1U' +as —aj <k+1.

Case Ly. By Lemma 5.3, we obtain a} + 2a} + 2a5 + af, < a1 + 2a2 + 2a3 +
a4 § k + .

Case Ls. We have af = as. Then, we have a} + 2a5 + 2a5 + a7 = a4 +
2af + 2a5 + a% + ay —as < k+ 1+ ay — as. Since a3 + as = af + a}, we have
ay —ag = 2a3 + a4 — 2a¥ — a)y. Therefore, we obtain a} + 2af + 2a5 + af <
k+14(a14+2a2+2a3+aq) — (a1 +2a2+2a% +a}) = a1+2a2+2a3+aq < k+0'. O

Lemma 5.7.  Suppose that the history for a — a’ contains

A "o
Ly:...,0,a1,a2,a3,064,05, 04,07, ...,

. ror
Ly:...,0,a1,a2,a3,0a4,0a5,06,07,. .. ,

. 1 / li li li li
S1:...,0,a1,a9,as,ay, a5, 06,05, ... .

Then, we have (3.16-3.21).



PARTICLE CONTENT 213

Proof. First, note that a5 = as + az — af = a1 + a2 + a3 — I. Therefore,
we have a5+ ay = az+a)+as—as <l+ay1+a2—1=a;+az <!'. By Lemma
5.3, we obtain a} + af < a1 + as.

We have ag + 2a4 + 2a¥ + ai = k + 1. This implies

(5.1) as + 2a4 + ag >k,

and also af +ag =k+1—(as+ag+a)+af) = a1 +2a2+2as5+as+a), — (az+
2a4 + af) +a) < k+1U'— (a3 + 2a4 + o). Using (5.1), we obtain af + ag < I'.

We have a} + 2a} + 2a5 + af = a3 + 2a) + 2ak + ag +ay —az3 < k+1+
as—(l—a1)=k+a;+as <k+10.

Note that af — af = ag — aly = a1 + 2a2 + 2a3 + a4 — (a1 + 2a2 + 2a3 + a)))
< I’ — 1. Using this, we have a} + 2a5 + 2a; + a7 < ag4 + 2af + 2aj +
ab + af —af < k41U, and af + 2a5 + 205 + af = a¥ + 2a§ + 2a% + af +
af —af <k-+1. O

Lemma 5.8.  If the history contains Sa, then we have ag + 2a1 + 2a2 +
az < k+ U.

Proof. Note that ag+as < I’ by (3.23). Then, we have ag+2a;+2as+a3 =
ag + 201 + 2a2 + a4 + (az +ag) — (ae +af) <k +1+1U —-1=k+1. O
Lemma 5.9.  Suppose that the history contains

. " /
Si-‘rl ey (i1, A4y Qi 1, Ay Qyy 3y - - vy

A " / /
St 1, G4, O 1, U9, Gy gy

Then, we have a;_1 +a; < k —1.

Proof. Note that aj, ; =1 —a; and aj,, = a;. We have a;_1 +2a; +2(l —

ai)—l—aigk—l—l,i.e.,ai,l—&—aigk—l. O
Lemma 5.10. The history does not contain So «— S3 :
S3:...,a1,0az2,a3,a},as, ...,
Sy ... ,a1,az2,a4,ay,a5, ... .

Proof. By Lemma 5.8 we have ag + 2a; + 2a2 + a3 < k +I'. By Lemma
5.9 we have a1 + ag < k —1 < I’. This is a contradiction to (3.22). O
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Lemma 5.11. The history does not contain So «— L3 :
" !
Ls:... ,a1,a92,a3,0y,as, ...,
1 ! !
Sot...,a1,a2,a3,0y,as, ... .

Proof. By Lemma 5.8 we have ag + 2a1 + 2as + a3 < k +1’. Note that
as + az <l and aff + af < 1. We have a1 + as = a1 + 2as + 244§ + aj) — (az +
ay) — (a§ +a}y) <k+1—1— (a3 +a)) = as + 2a3 + 2al] + al — 1 — (a3 + af)
<l'+1—1=1. This is a contradiction to (3.22). O

Lemma 5.12.  Suppose that ay + ay = l', then, the history does not
contain Lg «— Lg :

. "ol
Ls:... a1,a2,a3,a4,05,05,07 ...,

. Y
Ls:...,a1,a2,a3,04,05,06,07 . .. .

Proof. By (3.23) we have a; +2as+2a3+ag =1 +as+2a3+ag < k+1'.
Therefore, we have as + 2a3 + a4 < k. Since ag + 2a3 + 2a4 + af = k + 1, we

have a4 + af > [. This is a contradiction. O
Lemma 5.13. The history does not contain Lo «— L3 «— L5 :
Ls:...,a1,a9,a3,a4,a5,a¢4,ay ...
L3:... 7&1,(12,(13,(14,(1%,(1/6,(1/7... y
Ly:...,a1,a9,a3,ay, a5, a5,a5 ... .

Proof. By Lemma 5.12, if a1 + ag = I, then the history does not contain
L3 « Ls. Therefore, because of (3.22), we can assume that ag+2a1+2as+as =
k +1'. Then, we have a¥ — ag = ag + 2a1 + 2as + af — (ap + 2a1 + 2a2 + a3
< I —1. On the other hand, since az + a4 = a4 + a) we have aff — a3 =
a1+ 2as + 2a¥ + aly — (a1 + 2a2 + 2a3 +a4) > 1 —1'. This is a contradiction. O

Lemma 5.14.  If the history contains S3, then we have a1 +ag =1'.

Proof. The condition S3 implies a3 + aj = [ and a; + 2as + 2a3 +
ay < k+1. Therefore, we have aj +2as+ag < k, and hence ag+2a; +2as+az <
k+1. By (3.22) we have a; +as =1'. O

Lemma 5.15.  If the history contains the nodes Ly and Ly,
Vi !
L4:'~' ,Q0,01,02,03,04,05,0g, ... ,
. /N N N
Ly:...,a9,a1,a9,a;3,0ay4,0as,ag, ... ,

then we have L[4,a’] = L1, a].
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Proof. We have L[1,a] — L[4,a’] = L[1,a] — (ag + 2a1 + 2a} + a%) + a3 +
2a4 + 20 + af — L[4,a’] = 2(az + a3 + a4 + af) — 2(a + a5 + a} + af) = 0.
The last equality follows from the observation that the moves between L, and
L; are the move of 1 inside the columns 2 to 5. O

Lemma 5.16.  Suppose that the history contains Ly < Ss. It continues
as Sy < Lo or Ly «— Ly or Lo « Lo. If Ly « Lo we have a; + ay =1 at
Ly. Similarly, if Ly < Lo we have a1 + ab, =1 at Ly. In all cases, we have
ay+ay=a+ax=10.

Proof. By Lemma 5.14 we have a; +as =1'.
Suppose that the history goes as

. "
Sg.... ,A0,01,02,03,Q4, ... ,
. 1 li
Lo:... a0,a1,62,03,ay, ...,
. "o
Li:...,a0,a1,05,a3,ay,... .

We have a1 + 2as + 2a5 +aly = k + 1. Using a; + a2 =1’ and af + a) =1, we
have as + af = af + a4, = k —1’. Therefore, we have a; + af = ag + 2a; +
2a5 4+ aly — (ap +a1) — (af +a%) > k+1—1U'— (k—1U") = 1. Therefore, we have
ay +af =1.

Suppose that the history goes as

. ”
S3"" yA—1,00,01,02,03,0y4, ... ,
. "o
Ly:...,a_1,a0,a1,a2,a3,0y,...,
Lo : ror
0:---,0-1,00,01,09,03,04; .-,

and that a;+ab < I. Since a_1+2a9+2a1+ah = k+1, we have a_1+2a9+a; > k.
Since a_1 +2ag+2a1 +az < k+1', we have a1 +ay < I’. This is a contradiction.

Now, we show that as + a} = a1 + a2 in all cases. Setting af = a} in
the last case, we have a) = [ — a; in all cases. Then, we have af + a} =
as + af —aly +asz +al —a¥ = a1 + as. O

Lemma 5.17.  Suppose that the history contains Lo < S3 < Sy,

1 !
S4:~"aaOaa17a27a37a47a57a67‘"u

. "o
S3:...,a0,a1,02,03,0y,05, 0, - - - ,

. "o
Lo:... a0,a1,a2,05,ay,as, g, ... .

Then, we have ay + a3 <k —1. If ay+ a3 =k — 1, we have ajy + a5 =1'.
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Proof. By Lemma 5.14 we have a1 + as = I'. We have a) = a3z + af —
ay =1— (k— a1 — 2a2) and af = a4 + aff — a}] = az. Therefore, we obtain
ay+at=1—k+a +2a+a3=1—k+1+as+ az. Since aj +al <1’ we
have ag + a3 < k — I. Moreover, if as + az = k — [, we have a), + af =1'. O

Lemma 5.18.  Suppose that the history for a — a’ contains the se-

quence
. "o
Ls:... ,A—1,00,01,02,03,04,05;, - - .,
. "o
Loy:...,a_1,0a0,01,a2,a;3,0ay,0as,...,
. /A
Lo:...,a_1,a0,a1,ay,0as,ay,0s,... .

If a1 + ay = U, then we have ay + ab =1. If ag + 2a1 + 2a2 + a3 = k+1', then
we have ag + 2ay + 2ah + ay =k +1.

Proof. Assume that a;+as = I’. From a_1+2ag+2a;+as < k-+I’ we have
a_1+42ap+a; < k. Therefore, we obtain a; +ahy = k+1— (a1 +2a0+a1) > 1,
and a; + a} = 1.

Assume that ag + 2a1 + 2a2 + az = k+ 1. If ap + 2a; + 2a5 + ay < k+1,
we have k +1 — (k+1") > ao + 2a1 + 2a% + a5 — (ap + 2a1 + 2a2 + a3) =
ah —ag + a4 —as > ab — az. On the other hand, we have k +1 — (k +1') <
a_1+2ap+2a1+ab—(a—1+2ap+2a1+a2) = ay—ag. Thisis a contradiction. O

Lemma 5.19.  Suppose that the history for a — a’ contains the se-

quence
. "
S4-~'~7a03a13a23a3aa4aa57"'7
3 "ol
Ls:... ,a0,a01,062,63,04,05,. ..,
. "o
Lo:... ,a0,a1,02,03,0y,05, ... .

Then, we have S[4,a’] = S[l,a] =1'.

Proof. By Lemma 5.3 we have a)+a% = a1+ag. Suppose that a;+as < I'.
Then, we have ag+2a1 +2a3 + a3 = k+1’. There are three cases: (i) S; < Lo,
(i) Ly «— Lo and (iii) Lo « Lo.

We lead to a contradiction in all cases. We obtain the following equalities
successively:

ar =1— ay,
ay =k —as—2a3, ay=1—k+as+2as,

ay =1l—a, —as+az, ay=k—1+a —2as.
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Case (i). We have a =as +af —ay =1 —a1 +az — (I —a1) = as. Since
ap + 2ay + 2ay + ay < k+ 1, we have ag + az = ag + a4 < k —I. This implies
2(a1 +a2) =k+1U' — (ap + az) > 1+ ', which is a contradiction.

Case (ii). We have a} = k+1—a9—2a1 —(a2+a¥) = k—ap—aj; —ag. This
implies 0 < aff —as =k—ap—a1—azs—az =k—(k+U')+a1+azs = a1 +ax -1,
which is a contradiction.

Case (iii). We formally set aj = a). Then, by Lemma 5.18, we have

agp + 2a1 + 2al + a}, = k + 1. We can follow the proof for Case (ii). O
Lemma 5.20.  Suppose that the history for a — a’ contains the se-
quence
"
L4 ‘...,00,01,02,03,04,05, ...,
" /
Ls:... ap,a1,a2,a3,ay,0as, ...,
. " / /
Ly:... a9,a1,a2,a3,a,05,... .

Then, we have S[4,a’] = S[1,a] =1’ or L[4,a'| =k +1'.

Proof. The proof goes exactly the same as Lemma 5.19 for the first para-
graph. Then, we continue as follows.

Case (1). We have I —1I' > ag + 2a; + 2a% + a5 — (ap + 2a1 + 2a3 + a3) =
ay —ag + a4 —asz > a1 +af — (a1 + az) > 1 —1'. This is a contradiction.

Case (ii). By Lemma 5.15, we have L[4,a'| = L[1,a] =k + 1. O

Lemma 5.21.  Suppose that the history for a — a’ contains the se-
quence Lo < Ly. Then, we have L[4, =k +1'.

Proof. We set af = as if the history contains Ly < Lg. There are three
cases: (i) S1 « Lo, (ii) L1 « Lo and (iii) Lo <« Ls. Setting af = a} in (iii),
we have the sequence

. "o
L4-'~' ,@-1,00,01,02,03,04,05,0g;, - - - ,
. VAR
Ly:... ,A—1,00,01, 02,03, 04,05, 0g, - - -
. noror
SiorLyor Lo:...,a_1,00,01,05,05,0y,0s5,Gg, - - - -

Case (i). We have a = as + a3 — (I — a1). Therefore, we have L[4,a’] =
a1 +ag + a3 — 1+ 2a4 + 20 +af = a1 +as + k. If a1 + ax = I’ we have
Li4,a'l=k+1.

Suppose that a; + as < I’. We have L[l,a] = k 4+ I’, and, therefore,
I =1 > ap+2a1 + 2a5 + af — (ag + 2a1 + 2a2 + a3) = aff —az + af —az >
a4 —as = a1 + af — (a1 + ag) > 1 —1'. This is a contradiction.
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Case (ii). By Lemma 5.15 we have L[4, a’] = L[1, a]. Therefore, if L[1,a] =
k41U, we have L[4,a'] = k+1'. If L[1,a] < k+1’ we have a; +ay = I’. Therefore
we have af — as = a1 + af — (a1 +a2) <1 —1'. Since a} + a} = az + a3, we
have a4 — as = ag + 2a1 + 2af + a%, — (ap + 2a1 + 2a3 + a3) >1—1'. Thisis a
contradiction.

Case (iii). We have af = k41 — (a—1 + 2ag + 2a1), and, therefore, af =
L[0,a]+as—(k+1). This implies L[4,a’] = L[0, a]4+a3— (k+1)+2a4+2a¥ +aj; =
L[0,a]. We will show that L[0,a] =k +1'.

We have

(5.2)  ay —as =a_1+2a0+ 2a; +ay — (a_1 + 2a9 + 2a1 +az) >1-1.

If L[1,a] = k+1', we have a}) —ay = ag +2a1 +2a5 + o} — (ap + 2a1 + 2a2 +
as) < 1—1'. Otherwise, we have S[1,a] =1’ and af —az = a; +af — (a1 +az2) <
I —U'. Therefore, in both cases, we have the equality at the end of (5.2), and,

in particular, we have L[0,a] = k + ' O

Lemma 5.22.  Suppose that the history for a — a’ contains the se-

quence
. "
S4-~'~ , 40,01, 02,03,04, 05, ... ,
. " li
Ls:... ,a0,a01,62,63,04,05,. ..,
. roor
Li:...,a0,01,02,03,04,05,. .. .

Then, we have S[4,a’] = L[1,a] —k=1".
Proof. We have the following equalities.

ag:k+l—(ao+2a1+2a2),
ay =k — as — 2ag,
ay = ag +2a1 + as —az — 1,

ag =1—k+az + 2a;3.
Therefore, we have S[4,a’] = L[1,a] — k.
If L[1,a] = k+1', the proof is over. Otherwise, we have a; +as = I’. Then,

we have k41 > a1 + 2a + 2a5 + a)y = 2k + 1 — (ag + a1 + a2 + az). Therefore,
we have L[1,a] > k +I’. This is a contradiction. O
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Lemma 5.23.  Suppose that the history for a — a’ contains the se-
quence
Ly:...,a0,a1,a2,a3,a4,a8,... ,
Ls:...,a0,a1,a2,a3,a},a%,...,
Li:...,a0,a1,a2,a5,a},as5,... .

Then, we have L[4,a’] = L[1,a] =k +1' or S[4,a’] = S[1,a] ="

Proof. By Lemma 5.15 we have L[4,a’] = L[l,a]. If L[l,a] = k+ 1,
the proof is over. Otherwise, we have a; + ay = I’. Then, we have k + 1 >
(a1+az2)+az+2as+ay =1U'+k+1—(ay+af). Therefore, we have a)y+af > 1'.
This implies S[4,a’] =1'. O

Lemma 5.24.  Suppose that the history for a — a’ contains the se-

quence
Ls: ... a0,a1,0a2,a3,a4,05,a4,a7, ... ,
Ls:...,a0,a1,a2,0a3,a4,0a5,ag5,ay, ...
Ly:... a0,a1,0a2,a5,a), a5, ag,an, ... .

Then, we have L[5,a’ =k +1'.

Proof. By Lemma 5.12 we have L[l,a] = k + I’. Therefore, we have
ah —as = ag+2a1 +2az +ay — L[1,a] =1 —1'. Hence we have a)y —aq =1" —1.
This implies L[5, a’] = a4 +2a5+2ag +at + (a)y—aq) = k+1+U -1 =k+1'. O
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