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On the Stokes Equation with the Leak and Slip
Boundary Conditions of Friction Type:
Regularity of Solutions

By

Norikazu SAITO*

Abstract

We consider the Stokes equations under some nonlinear boundary conditions,
which are described in terms of subdifferentials of maximal monotone graphs and are
called leak and slip boundary conditions of friction type. The main objective is to
show the existence of strong solutions, say v € H? and p € H', to these problems.
We start with weak solutions to variational inequalities, and then study the regularity
of weak solutions. Our main theorems imply the maximality of Stokes operators with
such nonlinear boundary conditions in a suitable Hilbert space and they are of use in
analysis of time-dependent problems. Linear boundary conditions of Neumann type,
such as slip and penetration conditions, are also discussed.

81. Introduction

Let Q be a bounded domain in RN, N = 2,3. We suppose that the
boundary 9% of Q is composed of two connected components I' and I'p which
are assumed to be Lipschitz continuous, unless otherwise stated. I' is not empty,
whereas I'p may be empty. In the present paper, we shall mainly discuss the
existence of a strong solution u € H?(Q)Y and p € H*(Q) to a modified Stokes
equation

(1.1) A—Au+Vp=f divu=0 in
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under the standard Dirichlet boundary condition
(1.2) u=0 on I'p

together with the one of the following nonlinear boundary conditions:

ur =0, —op, € g0|u,| onT,
(1.4) U, =0, —or € g0lus| on T
Here, A denotes a non-negative constant; u = (uq,... ,uy) the velocity vector

and p the pressure; f and g(> 0) given vector and scalar functions; u, = u-n
and u, = u — nu, are the normal and tangential components of the velocity,
respectively, where n = (nq,... ,ny) stands for the outer unit normal to T’
on = on(u,p) and o, = o,(u) denote normal and tangential components of
the stress vector (the precise definitions will be recalled in §2); and finally 0|z|
denotes a graph

z

(1.5) o)z = { |2
{weR™| |w| <1} (=0, z€R™),

(z#0, z€ R™)

where m = 1 for (1.3) and m = N for (1.4). It is easy to see that the second
conditions of (1.3) and (1.4) are equivalent to

|UTL| <g, Gnun+g|un|zo on I,
|UT|§g7 UT'UT+Q|UT|:0 on F,

respectively.

The problem composed of (1.1), (1.2) and (1.3), which we will refer as the
leak boundary problem of friction type, or simply (Pr. LF), was introduced by
H. Fujita ([9]) in order to study steady motions of viscous incompressible fluid
involving a leak of the fluid through the surface or penetration into adjacent
media. Applications to oil flow over or beneath sand layers are presented in
Kawarada, Fujita and Suito [19], and Kawarada and Suito [20].

In [9], the existence and uniqueness/non-uniqueness of a weak solution,
say u € H'(Q)N and p € L2(Q), has been established by means of a variational
inequality and an extended Hanh-Banach theorem. We shall review his results
in §3.

The first purpose of the present paper is to study the regularity of Fujita’s
weak solution, and prove the following theorem.
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Theorem 1.1.  Let A > 0. Suppose that the following assumptions hold:

(1.6) 'nTp=10;

(1.7) I'p and T are of class C? and C*, respectively;
(1.8) o #£0 (if A=0);

(1.9) g€ HY2(I), g>0a.ein T}

(1.10) fe (V.

Then there exists a solution {u,p} € H*(Q)N x H'(Q) of

Avu—Au+Vp=f divu=0 inQ,
(PI‘. LF) u=0 on FD,
ur =0, —oy, € gO|uy| onT.

The velocity u is unique, while the pressure p is unique except for an additive
constant. The range of the additive constant to p is limited to {0} or to a finite
closed interval. Furthermore there is a positive constant depending only on )
such that

[ull 2~ + Pl @)
< C(IF 2@~ + gl ey + lulla @y + [pllz2 @)

for any solution {u,p} of (Pr. LF).
Several remarks are in order.

Remark.  The description about non-uniqueness of the pressure is rather
troublesome. Let {u,p} solve (Pr. LF). For the sake of simplicity, we assume
that o, (u,p) and g are continuous. Following [9], we set

(1.11) ki = S?p(an(u,p) —gq), ko= irlgf(o*n(u,p) +9).

Obviously —2||g|[zer) < k1 < k2 < 2||g[[z(r). Then a function p +k, k €
[k1, k2], is also a corresponding pressure of u; {u,p + k} also solve (Pr. LF). If
another corresponding pressure p* has been taken first, then the value of ky, ks
are changed. On the other hand, if non-trivial movement (u,, # 0) takes place
on a portion I'y C I, then p is uniquely determined. This means that the range
of the additive constant to p is limited to {0}. See, for more detail, Remark 3.2
of [9].
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We here give a simple example to illustrate this issue. We employ the polar
coordinates z = (7,6) in R2. We assume that

Q={(r,0|1<r<2}, Tp={r=1}, T'={r=2},

and set e, = (cosf,sinf), eg = (—sinf,cosd). Put u(r,0) = w(r)ey and
p(r) = kr, where w(r) = 4r=' +2r — 6 and k > 0 is a constant. Observe that
{u,p} solves —Au + Vp = —6egr—2 + ke,, divu = 0in Q, ulr, = 0, u,|pr = 0,
and u,|p = 0. We have o, (u,p) = —p(r) and hence |0, (u,p)| = 2k. We define
g =2k + 1. Then |o,(u,p)| < g and u,, uy, vanish on I'. Therefore {u,p} is a
solution of (Pr. LF). In this case, we have k; = —1 — 4k and ks = 1. Now put
pr = p+ k with a constant k. As long as k is taken from [k1, ko], {u, pr} solves
(Pr. LF). However, if k & [k1, k2], then {u, pr} does not solve (Pr. LF), since

|om (u, )| > g

Remark.  Assumption that g € H'/?(T") is really optimal to derive the
H?-H! regularity of {u,p}. We shall revisit this issue in the paragraph (D) of
87, after having prepared a few materials to discuss it.

Remark.  Theorem 1.1 has an important application on evolution prob-
lems. Actually, Theorem 1.1 implies the maximality of the operator A on
X = L2(Q)"N defined as

Au={-Au+Vp|pe M)}  (uc D(A))
with
D(A)={uec H*(QN| divu =0, ulr, =0, urjr =0, M(u) # 0},
where
M(u) = {p € H(Q)| — 0, € gO|u,| on T}.

That is, we have u € D(A) satisfying Au + Au = f in X for all f € X and
A > 0. On the other hand, it is easy to verify that A is monotone in X;
(fl — f2,U1 — ’UQ) > 0 for all Uy, U € D(A) and f1 S Aul, fg S AUQ. These
enable us to apply the nonlinear semigroup theory in X ([21]) and lead to the
unique solvability of a non-stationary Stokes problem

Ju

EzAu—Vp, divu=0
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with boundary conditions (1.2), (1.3) and the initial condition u|;—¢p = ug(x).
For more detail, see Fujita [10], [11] and [31]. Moreover, by developing Fu-
jita’s argument with the aid of monotonicity method ([3], [5]), under a suitable
assumption on f = f(x,t), we can solve

0

—u:Au—Vp+f, divu=0

ot
with (1.2), (1.3), u|t=0 = uo(x). We shall report the detail and an application
to the non-stationary Navier-Stokes equations in a forthcoming paper.

The second purpose of this paper is to study the slip boundary value
problem of friction type, (Pr. SF), which is composed of (1.1), (1.2) and (1.4).
This problem appears in modelling of blood flow in a vein of an arterial sclerosis
patient and in that of avalanche of water and rocks ([9]). Concerning (Pr. SF),
we have the following theorem where we should keep in mind that o, does not
explicitly contain p.

Theorem 1.2.  Let A > 0, and suppose (1.6), (1.7), (1.8), (1.9), and
(1.10). Then there exists a unique solution {u,p} € H>(Q)N x HY(Q) of

Au—Au+Vp=f divu=0 inQQ,
(Pr. SF) u=0 on I'p,
u, =0, —o; € gou,| onT

/pdx:().
Q

satisfying

Moreover we have

lull g2y~ + Il a1 ()
< O(Ifllez~ + N9l arz@y + [ullmy @y + Ipllzz@)-

In §2, we shall introduce the notation used in this paper and describe some
identities and lemmas. In order to prove Theorem 1.1, we begin by considering a
weak formulation (Pr. WLF) to (Pr. LF) by means of a variational inequality
which was proposed by [9]. However, following Brezis [4], we do not treat
(Pr. WLF) directly and study a regularized problem (Pr. WLF.) to (Pr.
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WLF), where € > 0 denotes a regularized parameter. Actually, (Pr. WLF,) is
defined via the Yosida regularization of 9| - |. Taking such detour allows us to
avoid a redundant hypothesis on g. On the other hand, from the viewpoint of
numerical analysis, a regularized problem itself is worth considering. We shall
describe (Pr. WLF) and (Pr. WLF,) in §3. The unique existence of a solution
to (Pr. WLF,) is also mentioned there. In §4, we investigate the regularity of
a solution to (Pr. WLF,) and then establish the proof of Theorem 1.1. The
strategy is standard in regularization theory. That is, we employ a localization
technique, partition of unity and difference quotients. The method of the proof
of Theorem 1.2 is given in §5.

In §6, although digressing from the main subject, we consider a few kinds
of linear boundary value problems of Neumann type for the Stokes equations.
Specifically, we shall deal with (1.1) and (1.2) under one of the following con-
ditions to be posed on I':

(1.12) ur =0, op=wy (non-slip and penetration);
(1.13) Uup, =0, 0;=w, (non-penetration and slip);
(1.14) oc=w (prescribed stress),

where w,, w; and w are given functions defined on I". Here, for example, the
condition (1.12) means that the fluid under consideration does not slip at the
boundary and the penetration of the fluid through the boundary is controlled
by a prescribed “force of stream” which is expressed as the normal component
of the stress. We are concerned with the regularity of weak solutions to these
problems such as v € H**? and p € H**' k > 0 (Theorems 6.1, 6.2, and
6.3 described below). To accomplish these, in addition to the argument of
84, following Bello [2], we adopt a well-known theorem on abstract variational
problems with constraints, which gives a better viewpoint in the proof.

As is well-known, Neumann boundary value problems described above play
a fundamental role in analysis of some actual and practical problems including
free boundary problems ([24], [27], [28]) and a technique of numerical meth-
ods ([18]). However, concerning regularity results of weak solutions, we could
find no explicit reference to them in the literature. In fact, (1.1), (1.2) with
the condition (1.12) in the case of w, = 0 was described in Solonnikov and
Scadilov [28]. But it seems that the complete proof for the case of w, # 0 is
not explicitly stated there. This is why we decide to state an explicit and a
somewhat elementally proof in this paper, although they seem not to be new
for specialists.
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Finally, in §7, we mention several additional remarks including a commen-
tary to the full stress problem ([26]) and a relation with a general theory of
Agmon, Douglis and Nirenberg [1].

82. Preliminaries

(A) Notation. The deformation tensor and stress tensor associated with a
velocity field w = (u1,... ,uy) and pressure p are denoted by

ou; Ou;
leij(u)] eij(u) = oz, + axi and  [S;;(u,p)]  Sij(u) = —pdi; + eij(u),

respectively, where 0;; denotes Kroneker’s delta. The stress vector o(u,p) is
defined by o(u,p) = [S;;(u,p)]n of which the ith component is

N

j=1
The normal and tangential components of a vector field u are defined as u,, =

u-n and u; = u — Nuy,, respectively. In particular,

on(u,p) =o(u,p) -n (the normal component of the stress vector);

or(u) = o(u,p) — nop(u,p) (the tangential component of the stress vector).

If there is no possibility of confusion, we simply write o, 0, and o, to express
o(u,p), on(u,p) and o, (u), respectively.

We will use the L?(Q2) space and the usual Sobolev spaces H™ () for a
non-negative integer m. HY(£2) is understood as L?(£). We put

L%(Q):{UELZ(Q)‘ /dex:O}.

We write || - [|;m = || - [[m,@ instead of || - || gm(q), and set || - || = || - [|o.
We also use the Sobolev space H*(T") defined on the boundary T', where
s € R. We write || - o0 = || - [la=r)- H®(T) is understood as L?(T"). The

surface element of I' is denoted by ds, that is

2y = / inf? ds.

We write (-, ) = (-, )r2(0) and (5 =(, ')Lz(F)'
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Let Tr be the trace operator from H'(Q) into H'/?(T'). Then the trace
Trvon I of v € HY() is denoted by v|r. If it is clear from the context, we
will not distinguish v from v|p. The meaning of v|p,, is similar.

In general, for a Hilbert space X, the adjoint space is denoted by X*, and
XN denotes the set of vector v = (vy,..., vy), v; € X. For vector functions,
we use same symbol to indicate their inner product and norm; (+,-)x = (+,)x~
and || - [lx = [| - [Ix~-

We use closed subspaces of H!(Q)V:

v e H(Q)N| v, =0} ifTp #0;
K,={veK|v|p=0}; K,={veK,| dive=0inQ};

K,={veK|uvr=0} K,={veK,| dive=0in Q}.

{meN if I'p =0,

IfTp # 0, || - |l1 is equivalent to Dirichlet’s norm ||V - || in K by Poincaré’s
inequality. We shall not emphasise this in what follows.

Let ¢ be a proper (¢ # 00) lower semi-continuous convex function defined
on R™ m =1 or N. Then, for any z € R™, 99(z) denotes the set

O0(z) = {h € R™| $(t) = (2) = h- (t — 2) ¥t € R™}

which is called the subdifferential of ¢ at z. It is easy to see that the right-hand
side of (1.5) coincides with 9(z), when ¥(z) = |z| for z € R™.

The symbol C' denotes various generic positive constant depending on €.
When we need to specify the dependence of other parameters g1, .. ., ¢as, which
may not be numbers, we shall write as C = C(qq, ..., qum).

(B) Bilinear forms. We introduce a bilinear form on H'(Q)" x H(Q)V
defined as

(2.1)  ax(v,w) = )\/Qv-w dx—|—%/ﬂeij(v)eij(w) dr  (v,we H (Q)N)

for A > 0. Here and hereafter the summation convection is employed. We put
a(v,w) = ag(v,w).
Clearly a, is continuous on H(Q)N x HY(Q)N:

(2.2) lax(v,w)| < CY)lhllwlly  (Yo,w € HY(Q)™).
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If A > 0, ay is coercive on H'(Q)N x H'(Q)V, that is,
(2.3) ax(v,v) > C(\)||v||? (Vv e HY(Q)N).

In fact, (2.3) is a consequence of Korn’s inequality (for example [8], [30])

(2.4) /Qeij(v)eij(v) do +/Q W de > Clul2 (Vo e HY(Q)N).
In the case of A = 0, we assume I'p # ). Then, it holds that

(2.5) /Qeij(v)eij(v) do>Clol2 (Ve K).

(See, for example, Theorem 6.3-4 of Ciarlet [30]. Although the proof only in
the case of N = 3 is explicitly stated there, it is valid in the case of N = 2,
t00.) This, together with Poincaré’s inequality, implies

(2.6) a(v,v) > Cllv|? (Vv € K).

We shall also use a continuous bilinear form on H*(Q)N x L2(Q)

(2.7) b(v,x) = _/QX divevdr  (ve HY(Q)N, xy € L3(Q)).

(C) Green’s formula. If a smooth vector field u and a smooth scalar field
p solve (1.1), then by integration by parts,

ax(u,¢)+b(<p,p)=/(990'90d8+(f790) (vp € HY(Q)N).

In particular,

(28)  ax(u@)+bp.p) = / npn ds+ (f,0) (Vo€ Ky),

(29)  ax(usp) +blo,p) = / orprdst(fp) (Vo€ Kn).

Variational inequalities (Pr. WLF) and (Pr. WSF) which will appeared in
the subsequent sections are based on these identities and the definition of
subdifferentials.

(D) Lemmas. With the bilinear form b, we associate the bounded linear
operator B, : L?(Q2) — K, defined as

(2.10) (Brx,v)1 = b(v, x) (Vx € LA(Q), Vv € K,).

Clearly we have || B, x||1 < ||x| for all x € L*(Q).
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Lemma 2.1.  The range R(B;) of B; is a closed set in K.. Moreover
we have the orthogonal decomposition K, = R(B;) P K.

The proof of this lemma depends on

Lemma 2.2.  Any x € L*(Q) admits w € K, satisfying divw = x in Q
and |lwlly < C[[x||-

Proof. We only state the case of I'p # (). Firstly we assume that TNT'p =
(). Let B an open ball which includes 2 and take v € H%(Q) satisfying

x inQ
Av = 0 i B\Q vlop =0, |lvll2,s < Clix|l-
Put
b= (Volle +enonT with c¢= 1 9v ds
(Vo)|r,, onTp Tl Jog On

where |T'| denotes the Lebesgue measure of T. Then b € HY?(9Q)" and it
satisfies

[ bwds=0 and [pllysa0 < CI¥ln < Cllullas < Cl.
o0

Hence, as is well-known (for example Lemma I-3.2 of [17]), there is a ¢ €
H' ()N such that div ¢ = 0 in Q, 9lag = b and [[¢]ly < C|b]|1/2,00. We set
w = Vv — 1, which is the desired function. In fact, divw = 0, w|r, = 0,
welr = en —ne = 0, and [[wly < [Volls + 6] < Cllollas < Clixl

Next we consider the case of ' NI'p # 0. Fix ¢ € C(Q) satisfying
&lr, =0 and @|r > 0. Then put ¢ = P|aq. In this case, we define

v r -1
- (Vv)lr +cng  on with C_(/(pds> / v
(Vo)|r, onT'p r a0 On

The rest is the same as before. O

Proof of Lemma 2.1. Let x € L?>(Q). By Lemma 2.2, we can take w € K,
such that divw = ¢ and ||w||; < C||x||. Substituting v = w into (2.10), we
obtain

IXII* < 1B=xl - wll < CllB-x - lIx]l-
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Hence it follows from the closed range theorem that R(B;) is a closed set. To
prove the second assertion, it suffices to see R(B,)t = K., where R(B;)*
stands for the orthogonal complement of R(B,) in K,. Let ¢ € K,. Then
(Brx, )1 = (x,div ¢) = 0 for all x € L3(f) so that ¢ € R(B;)*. Conversely,
let ¢ € R(B;)*. We have 0 = (B, x, ¢) = (X, div ¢); for all y € L?(€2). Taking
x = div ¢, we obtain div ¢ = 0 a.e. in Q. O

Remark. Lemma 2.2 guarantees the inf-sup condition

) b(v, x)
2.11 383>0: inf sup ——== > [,
(2.11) h e 22 ol =°

which will be used in §6. In fact, for y € X, we take w € K such as described
in Lemma 2.2. Then

2
sup b(v, x) > b(w, x) > x|l > 1
vek, |[vlh [wlly ~ flwl — C

I-

Next, let B, : L3(2) — K, be the bounded linear operator associated
with b defined by

(2.12) (Bnx,v)1 = b(v,x) (Vx € Lg(Q), Vv € K,).
Then we have
Lemma 2.3. R(B,) is closed, and K, = R(B,) P K,.

The proof, which we omit, depends on the following well-known result; For
example, Corollary 1-2.4 of [17].

Lemma 2.4.  Anyx € L(Q) admits w € HY(Q)N satisfying div w = x
in Q and ||lwl1 < C||x||-
83. Leak Problem of Friction Type. Variational Inequality

We introduce
(3.1) ﬂmzﬁmm@ (ne HY2(T),

which we call a friction functional. Then, as a weak form of (Pr. LF), we
consider the following variational inequality:
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(Pr. WLF). Find u € K, and p € L*(Q) satisfying
(3.2)  ax(u,v—u)+blv—u,p)
+i(vn) = jlun) 2 (fiv—u)  (VveK),
(33)  b(u,x) =0 (Vx € L3(Q)).
Fujita [9] proved the following
Proposition 3.1. Let A\=0 and T NTp = (). Suppose that T'p # 0,
(3.4) feLl* @, geL*D),

and g > 0 a.e.in T'. Then there is a solution {u,p} of (Pr. WLF). The
velocity u is unique, but the uniqueness of p depends on cases.

Remark. We can extend Proposition 3.1 to the case where A > 0 and
TNTp # 0 in the almost same way as in [9]. However, in the argument of [9],
the positively of g is essential to treat (Pr. WLF).

A solution {u,p} of (Pr. WLF) is actually a strong solution of (Pr. LF)
under some reasonable assumptions. In order to prove it, we approximate a
solution {u,p} of the inequality (3.2) by solutions {u.,p:} of equations which
are obtained by replacing j by a regularized functional j.. Then the regularity
of {ue, pc} is studied.

Let € > 0. We define a regularization of j as

e = [aptn) ds (e HVAD))
where p. denotes the Yosida regularization of p(z) = |z| (z € R);

(Lt ep) z—¢/2 (z2>¢)
ple) = (U 9 = 1) (esas

€
—z+¢/2 (2 < —¢).
Actually, j. is an approximation of j in the sense that

(3.5) o) =3I < Slgllqy (€ HYA(T)).

Moreover, j. is Gateaux differentiable in H'/?(T), namely

60 Jim [t h0 — )] = [gomas o6 e D),
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where
1 (z>¢)
a:(2) =0p(2) = z/e (—e<z<e¢)
-1 (z<—¢).

Remark.  Since p is proper, convex and lower semi-continuous, o = dp
is a maximal monotone graph on R. The function a, is nothing but the Yosida
regularization of a; a. = (1 — (1 +¢ea)™1)/e.

We state a regularized problem to (Pr. WLF):
(Pr. WLF.). Find u. € K, and p. € L*(Q) satisfying

(3.7)  ax(ue,v —uc) + b(v — ue, pe)
+ Je(vn) _jE(UE,n) > (fiv—u) (VveK;),
(3.8)  b(ue,x) =0 (Vx € L2(Q)).

Lemma 3.1. Let A > 0 and € > 0. Suppose that T'p # 0 if X = 0.
Assume that (3.4) and g > 0 a.e.in T'. Then (Pr. WLF,) admits a unique
solution {u.,p.} € K, x L%(Q) satisfying

(3.9) [uelly + llpell < CVULAN + llgllr)-

The proof is divided into the following two lemmas.

Lemma 3.2. Under the same assumption of Lemma 3.1, there is a
unique solution {uc,p.} € K, x L*(Q) of

B10)  ar(uere) +blop) + [ g0clucn)pn ds = (fig) (Vg€ Ky)
(3.11)  b(ue,x) =0 (Vx € L*()),
and {uc,p:} satisfies (3.9).

Lemma 3.3.  Suppose that the same assumption of Lemma 3.1 holds.
Then {uc,p.} € K, x L?(2) is a solution of (Pr. WLF.) if and only if {ue,p:}
is a one of (3.10) and (3.11).

Proof of Lemma 3.2. We shall drop the subscript € for the sake of simplicity
and put V = K,. We start with the minimization problem:

(3.12) FindueV: Ju)<Jw) (VveV),
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where
Jw) = 50r(0,0) = (f0) + (o).

Since j is a proper, convex, and lower semi-continuous functional, from standard
theory of convex analysis (for example, Lemma I-4.1 of [14]), (3.12) admits a
unique solution u which is characterized by

(3.13) ax(u,v —u) + j(vy) — jlun) > (f,o—u), (NMveV).

Substituting into (3.13) v = u %+ ¢t with arbitrary ¢» € V, ¢ > 0 and letting
t | 0, we obtain by (3.6)

(3.14) an(u, ) + / golun)n ds = (f,4), (V€ V).

In order to prove the existence of p associated with u, we introduce a linear
functional on K, by setting

F() = axtuo)+ [ golu)p, ds—(f9). (oK)
It is bounded. In particular,

1F(@)l < CA)(lulls + llgllor + £ D¢l (Ve € K7)

because of |a(uy,)| < 1.

Let B, be the bounded linear operator associated with b defined as (2.10).
We apply Riesz’s representation theorem to F on a closed subspace R(B;) of
K. Thus we have w € R(B;) such that F(v) = (w,v); for any v € R(B;).
Furthermore, by the definition of B, there is a unique p € L?(2) satisfying
F(v) = (p,div v); for any v € R(B,).

Now let ¢ € K, and, according to Lemma 2.1, we decompose ¢ as ¢ =
v + 1), where v € R(B;) and ¢ € V. Then, by virtue of (3.14),

F(p) = F(v) + F(¢) = F(v) = (p,div v) = (p, div ),

which means (3.10).
Next we derive (3.9). Substituting ¢ = u into (3.10), we get

CN)lullf = Clgllorllulls < CIA - llulls-
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Hence we have |lullx < C(A)(|lgllo,r + ||f]]). We again take w € K, such that
divw = p and ||w||; < C||p|. Then by choosing ¢ = w in (3.10), we obtain

Ipl1? < ax () + / g (un)wn — (f,w)
< Ol wlls + lglloclieol + 11 - Taolly)
<o) (ulls + llglor + 1£D 2]

This completes the proof of Lemma 3.2. O
Proof of Lemma 3.3. We have by (3.6) and the convexity of j.

(3.15) / 002 (00) (9n — vn) ds < jo(on) — Je(vn) (o, € HY(Q)V).

From this, we see that a solution {u,p.} of (3.10) with (3.11) also solves (Pr.
WLF,). To check the converse assertion, in (3.7), we take v = u. + t3p with
¥ € K, t>0. Then let ¢ | 0 to obtain the result. O

84. Leak Problem of Friction Type. Regularity

In this section, we firstly study the regularity of a solution to (Pr. WLF,)
and then give the proof of Theorem 1.1.

Lemma 4.1.  Let A > 0 and suppose (1.6), (1.7), (1.9), and (1.10). Let
e >0 and let {uc,p.} € K, x L*(2) solve

(41)  ar(ue, @) + b(pope) + / 002 (e n)pn ds = (f0) (Vo € K,),
(42)  blue,x) =0 (Vx € L*(Q)).

Then u. € H*(Q)N, p. € HY(Q) and they satisfy

(4.3) M — Au. +Vp. = f, divu.=0 imn €,
Ue = O, on FD7
Ue,r = 07 _Un(u67p6) = gas(ue,n) on T

Moreover there is a constant C > 0 independent of € and A such that

(4.6) luellz + llpelly < C (11 + llglhyz,r + lluells + lIpell) -
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Remark.  Inequality (4.6), together with (3.9), implies

(4.7) lucllz + llplls < CO) (I1£1 + gl 2r) -
That is, ||uc||2 and ||pe||1 are bounded sequences as ¢ | 0.

Proof of Lemma 4.1. The regularity in interior and near I'p is well-known;
for example [7] and [22]. Specifically, let k¥ > 0 and w C Q be an open set
subject to

(1) dist(w,0Q) > § > 0 (§: constant);

or (I) wNTp # 0, wNT =0, I'p is of class Ck+2
then we have

ue HP?@)Y, pe " @),  |ullkszg + ol < CAD)|S

k@

if f € H*(Q)N. Therefore it suffices to study the regularity near I'. Let 29 € T
and Uy C RY be a neighbourhood of 2. Taking a cut-off function § € C>°(RY)
subject to

(4.8) 0<60<1, suppfC Uy suppfn (RV\Q)# 0.
Substituting 62 and 6%y, where ¢ € K, and x € L%(Q), into (4.1) and (4.2)
as test functions, we obtain
(49) ax(0Pu )+ 4. 0%) + [ g)alun)on ds
r

= (0°f, ) + F*(¢), (Vo€ K,),
(4.10) b(6%u, x) = G*(x), (Vx € L*(2)),

where
. 1 20?  06?
=5 [ | (g + gr)ente)

00%  9h> 062
—eij(u) (@za—x] + a—xi@jﬂ dfer/QP%a—xi dx,

. 06>
G*(x) = —/qui% dz.

Here and hereafter, we drop e for simplicity. We take R > 0, U C Uy and
a one-to-one mapping ® = (®q,...,Py) from U onto U C Rflv enjoying the
following properties (see, for example, §I-2 of Wolka [29)]):
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1. ® is a C3-diffeomorphism;
2. ®(xg) = 0;
3.¢(UNQ)=Qr={y=('yn) ERVIxXR[ || <R, 0<yny <R}

4. dUND) =Sp={y=(v,yn) RN xR| [y/| <R, yn = 0};

0Py 09, 0PN .
=— =0and — = -1 unl(j=1,...,N—1);
O0x; orn an oxrn on ( )

6. ®: n(z)—n(y) =(0,...,0,-1) forx e UNT.
We introduce

(411)  K(Qr)={r € H (Qr)"| ¢(y) = 0 for |y| = R, yn = R};
(412) K. (Qr)={p € K(Qgr) ¢;=00nSg (j=1,....,N —1)}

and set y = ®(z) = (P1(z),... ,Pn(2)),

and

Fly) = @*N(2), 3y) = (6°9)().

361

It should be kept in mind that for any ¢ € K,(Qg) the function on Q defined

as

O

0 otherwise

is in K. Hence we obtain by (4.9) and (4.10)

(413) ax(@ B) + b5 ) — /S Ga(—an)éy dy

-/, f-@lJac ®| dy + F(p), (V¢ € K-(Qr))

(4.14) b(@, ¥) = G(X), (VX € L*(Qr)).

)
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Here we have put:

P I 1 e

i@ @) = [ agdy+y [ a@a (@
Qr Qr

_ s _ (0% 0u; 0Py Ouy 0P, 0p; 0P, 0p;

€ij ()i () = <(“)xj Yy, + 0x; Oy Ox; Oy + Ox; Oy,

)

s _ 0Py, 0p;

b(p,x) = —/ — Jac @| dy;

(&%) QRxaxi ayk| | dy

(o _ 0@ 2)0uy; _

Fo)= [ |5 (dRage i gia
QR i,j,k‘ jk 6yk Jkay]

+3 dPag; + > dVpe: | |Jac @ dy;

1, 1
m@:/dP@mew,
Qr

M g2 4

ik Digies diy s dz(»4), and dz@ are O (Qp) functions composed of  and

where d
Now take Ry € (0,R) and put Ry = R — ¢, where € = (R — R;)/2. We
simply write Q; = Qr,, Si = Sg, (i = 1,2), and Q = Qgr, S = Sr. We will
not distinguish ¢ € K(Q;) with its zero extension ¢ € K(Q) (¢ = ¢ in Q;,
@ =01in Q\Q;) for the sake of simplicity.
By re-choosing the cut-off function 6 if necessary, we may assume that

GEKA(Q). 5 € Hy(S)),
where
Hy($1) = {€ € H'2() | (Ry — |y/)~ /%€ € 12(S1) }
which is a Hilbert space equipped with the norm

52 1/2

— — 2 I R A

e, = 6 ece = N, + [ 7]

We shall review a more general definition of Héf and its properties in Ap-

pendix. At this stage we only mention that
~ 1/2 ~
ge Hy(S),  llgloos < llglhz.r-

(The definition of HééQ(S) is similar.)



STOKES EQUATION WITH LEAK AND Suip BCs 363

Now we recall the notation of the finite difference quotients. Let h € R
and {e;};=1,.. .~ be the canonical basis of RZ]JV . Shift and forward difference
operators are defined by

(4.15) sho(y) = v(y + he;) and  Djo(y) = W

It is well-known (for example [6]) that
Dj,(uv) = u(Djv) + (Dpu)(spv)  (u,v € K(Qy)),
/ u- D" v dy:/(DZ)u-vdy (u,v € K(Qj)),
Q Q
IDhulle < IVullg  (u € K(Q))
forj=1,2,i=1,... ,N —1 and a suitably small h.

In the following, for & > 0, C} denotes a positive constant depending on
8’“@/83}?. Let 0 < h <e. Wefixi€ {1,2,...,N — 1} and write Dy), = D%,.
Then Dpu € K, (Q2). By choosing

p=v=D_p(Dpu) € K-(Q1),
in (4.13), we obtain
(416) [V, (Dai)lg

< Cy(lllle + 1allq +dlloo s + 1 Flle) (Il @ + 17, (Dai)lg)

by making use of

(4.17) ax(@,0) = C1 |V, (Dhd) gy = Collallq | Vy (D)

(4.18) 50, 5)| < Csllplan (Il + IV (Drillg)

@19 [ ga(-ax)en(y',0) dy' < Callghos [V, (Dad)l
S

and

(4.20) ‘/Q(f~v)|Jac ®| dy + F(v)

< oI fllq + l1a

v+ 1810) (Iall.q + 1V, (Dad)llg)

where V,, (Dpu) denotes the tensor product. We shall verify inequalities (4.17)—
(4.20) later and continue the proof of Lemma 4.1. Equality (4.16) implies

IV, (Dri)ll < Cs(llilliq + I8l @ + lglloo.s + 1 flle),
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and then letting h | 0,

N—-1 N

9 da ) o )
2.2 555, o = Cstlha + ke + o + 117k

This and the trace theorem imply that

1€51l1/2.5 < Cs(llallie + 1Pl + [1glloo,s + (1 /1)

forj=1,..., N—1, where &;’s are defined as {; = (0tun/0y;)|s. This means in
particular that all tangential derivatives of @i, |5 belongs to H'/2(S). Therefore,
fLN‘S S H3/2(S) and

lanlslls/as < Ca(lalhe + lBlle + lllloo,s + 1 flle)-

Summing up the above estimates, by the argument of the partition of unity,
we finally have

1Blls/2.0 < Ca(llullie + lIplla + lgll/zr + [ flle),

where 8 = u,|r. Therefore, in accordance with a well-known regularity result
on the Dirichlet boundary value problem for the Stokes equations by Cattabriga
[7], we deduce (4.6).

To verify that a solution {u.,p.} € H2(Q)N x HY(Q) of (4.1) and (4.2)
also satisfies (4.3), (4.4) and (4.5) is standard.

It remains to prove inequalities (4.17), (4.18), (4.19) and (4.20).
Proof of (4.17). We have

ax(t,v) = ax(Dpt, Dpi)

The absolute value of the second term of the right-hand side is estimated by

Collalle [IVy(Drt)llg, -

On the other hand, we have

(D, Dyit) > Cy ||V (Duib)lg,
since
(4.21) ay(w,w) > 01/ |Vw|? dy (Vw € K(Q)),
Qr
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which is proved in the following way. Recall the change of variables ®: x — y
and write

. w(y) y€Qr
0 otherwise.
Then @ € K and @ =0 on I'\U. (2.5) gives us
1
—/ o1 (i)es; (1) da > c/ Vol da.
2 Ja Q

Noting that there is 0 < p < 7z such that u < Jac ® <z, where Jac ® denotes
the Jacobian of (0®;/0x;), we can estimate as

1 . .
§/Qeij(w)eij(w) dx
I o Ow Ow 0®; 0%, Ow, Ow,
<z g 7—7— + d
2 /QR ; ( Moy, Oy Vz; Oxy, Oz, Oyr. Oy ) Y
and

/ Vil de > H/ Vwl? dy.
Q Qr

Hence we obtain (4.21).
Proof of (4.18). Putting n = |Jac ®|0®/0x;, we have

s _ 0 _ _ 0 _
(Mmbwm=/<mm@—4m0@+/(wmmm—ww@
Qr Y Qr .
= I1 + I2.
On the other hand, substituting x = D_p(Dpp) into (4.14), we obtain

(4.23) Is+ 1L =1,

13_/R]5D—h |:(Dh77) (Shg—;iﬂ dy,

14=/QR13D_h [Dh (dg"’)aiuac @\)} dy.

where

It is easy to see that
(4.24) 111 < Callillq (Il + 1V, (Dad)l)

(4.25) 13l, 11l < Csllplle (lallq + IV, (Dad)llg)



366 NORIKAZU SAITO

(4.18) then follows from (4.22), (4.23), (4.24) and (4.25).
Proof of (4.20). We have

/Sga(—@N)D—h(DhﬂN) dy'

- / (D1d)[snax(—iin)| Duiiny dy’ + / 3 [Dna(—iin)] Dty dyf
S S

= Ji+ Jo.
Since « is nondecreasing, if ax(y + he) # an(y),

a(—un(y + he)) — a(=an(y))

—an(y + he) — (—un(y)) (Dpan)” <0

(4.26) [Dha(—iin)) Diin = —

at y = (y',0) € S. Hence Jo < 0. In order to estimate J;, we need

Lemma 4.2. Let 0 < h < € andi = 1,... ,N — 1. Suppose g €
Hééz(SRl). Then

(4.27)

/S (Dig)e dy"g /S (Dig)e| 4y < C(R)lglloo.s: [Velon

for all p € K(QRr,)-

The proof of this lemma will be given in Appendix. In view of this, by
|a(—tn)| < 1, we have

‘]1 < CQ”.&”OO,S]{ ||vthI&’||Qa

therefore (4.20) is proved.

Proof of (4.19). Tt is not new; For example, see [15] or [2].
This completes the proof of Lemma 4.1. O

Now we can state

Proof of Theorem 1.1. Let € > 0, and let {u.,p.} € K, x L?(£2) be a unique
solution of (Pr. WLF.). By (4.7), sequences |luc|l2 and ||p|1 are bounded as
€ | 0. Hence, they admit a sequencee; (0 <e; | 0asj 1 oo), u € H*(Q)NNK,,
and p € H(Q) such that

Ue, — U weakly in H(Q)V,

Pe; — D weakly in H'(Q).



STOKES EQUATION WITH LEAK AND Suip BCs 367

Moreover, from the trace theorem,

Ue,|r, — ulr, weakly in H3/2(FD)N,
(4.28) Ue; n|r — Un|D weakly in H%/?(T),
(4.29) On(tie;, pe;) e — on(u,p)|r weakly in H'/2(T).

By virtue of (4.3) and (4.5), {u,p} satisfies (1.1) and (1.2). Similarly we have
t-|r = 0. In order to see that {u, p} satisfies the nonlinear boundary condition,
we recall a.(z) € a((1+ea)7'z) for all z € R, where @ = 9| -|. (This is a
property of the Yosida regularization.) Hence, by the maximality of «, (4.28)
and (4.29), we obtain

_Un(uvp) € ga(un)'

On the other hand, (4.6), together with (3.9), leads to

[ullz + llplle < CUFI + llgllyz.r + lulls + [lpl)-

Now we take k € [ky, k2|, where k1 and ky are defined as (1.11). Then {u,p+k}
also solves (Pr. LF). By the definition,

k1], [k2| < lon(u,p)[ +|g| < 2g on T
This implies |k| < 2|T'|7/2||g|lo.r. As a result, we have
[ullz + o+ Kl < lullz + lIpll + [F[V1€
<CUIAI+ Ngllyzr + llulls + D),

which completes the proof. O

§85. Slip Problem of Friction Type

In this section, we consider (Pr. SF), which is composed of (1.1), (1.2)
with (1.4), and give the proof of Theorem 1.2. The strategy is the same as the
previous sections.

We begin with a weak formulation using a variational inequality.

(Pr. WSF). Find u € K,, and p € L*(Q) satisfying

ax(u,v —u) + b(v — u,p)
+j(ve) = jur) > (f,v —u) (Vv € Kyp),
b(u,x) =0 (Vx € L*()),
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where j denotes
s = [alal s (e HYAD)Y),

Fujita [9] proved the following

Proposition 5.1.  Assume (3.4), and g > 0 a.e.in I'. Then there is
a solution {u,p} of (Pr. WSF). Moreover, u is unique; and p is also unique
except for an additive constant. In particular, p such that (p,1) = 0 is unique.

Let € > 0. We introduce
i = [ty ds e BT,

where p. denotes the Yosida regularization of p = |z| = /2% + -+ + 2%, for
z € RY:

() = {|z| —¢/2 (12| >¢)
[2*/(2¢) (2] <o),

We have

(5:1) () = i)l < Sllgllzaoy (ne H'(ID)N),
6:2)  Jim £ il he) i) = [ g -€ds g HEDY),
where

o(2) = {z/|z (12 > )

zle (2| <e).

A regularized problem to (Pr. WLF) is
(Pr. WSF.). Find u. € K,, and p. € L*(Q) satisfying

a(u.sv (O us) + b(’l} - u€7p€)
+j6(UE,t) - jE(UE,t) > (f, v = UE) (VU € K”),
bie, x) = 0 (¥x € L2(Q)).

As Theorem 1.1 is so, Theorem 1.2 is a consequence of the following lem-
mas; Since the proof of Theorem 1.2 is almost same as that of Theorem 1.1, we
skip it.
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Lemma 5.1. Let A > 0 and € > 0. Suppose that T'p # 0 if X = 0.
Assume that (3.4) and g > 0 a.e.in T'. Then (Pr. WSF.) admits a unique
solution u. € K,, and p. € L3(Q) characterized by

o) +Wpp) + [ g0cluer) oo ds = (Fp) (Vo € K
Moreover we have

l[uelly + [lp= ]l < CLFI + [lgllr)-

Lemma 5.2. Let A > 0. Suppose (1.6), (1.7), (1.9), and (1.10). Let
e >0 and let {uc,p.} € K,, x L3() solve

ax(ue, ) + b, pe) + /Fgas(ue,f) o7 ds = (f, ) (Vo € Ky),
b(ue, x) =0 (Vx € L*(Q)).

Then u. € H*(Q)N, p. € HY(Q) and they satisfy

Ae — Aue + Vpe. = f, divu. =0 mn Q,
ue =0, onI'p,
Ue,n = 0, _O'T(ueapE) = gae(ue,r) on T

Moreover there is a constant C' > 0 independent of € and \ such that

[uell2 + lIpells < CULF + llglljzr + lluells + llpel)-

We can show Lemma 5.1 in the similar line as that of Lemma 3.1 by making
use of Lemma 2.3. We only state

Sketch of the proof of Lemma 5.2. We follow the notation of the proof of
Lemma 4.1. We investigate the regularity near I' and only state the case of
N = 3. Suppose that we have reached

(@, &) + B, ) + /S Goliiy) - Br dy'
- /Q Fr@liac @] dy+ F(@), (V6 € K(Q)).

b(ii, ¥) = G(X), (VX € L*(Q)),
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where i, = (i1, U2,0), r = (¢1,P2,0), and
K-(Q) ={p € K(Q)| p3 =0on S}.
Put @ = (u,0,0). Taking
p=v=D_p(Dpi) € K,(Q1),
we obtain by (4.17)—(4.20)
IVy (Dnd)ll < Cs(llallrq + IIBlle + 1dlloo.s + [1FQ),
in other words

IVy (Dri)llg < Cs(llall,e + 1Bllq + 1glloo.s + [1.fllQ)-

(Here V,, (Dpi) denotes the tensor product, whereas V, (Dju1) denotes the
usual gradient.) There we note that « which appeared in (4.19) should be
replaced by a1, where a = (a1, as, ag). In the same way, we have

IV, (Dras)llg < Cs(llalh.q + Bl + glloo.s + /1)
by choosing @& = (0, g, 0). These lead to
IVy (Dai)llg < Ca(lllliq + Bl + 1lloo.s + /1)

and the rest is the same as the proof of Lemma 4.1. O

86. Remarks on Regularity Results for Stokes Problems

This section is devoted to the boundary value problems of Neumann type
composed of

6.1) {)\u—Au—i—Vp:f, divu=0 1in ,

u=20 onI'p
with one of the following conditions:

(6.2) ur, =0, o0, =wy, on I';
U, =0, 0 =w, on I';

oc=w on I,
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where w,,, w,; and w are given functions defined on I'. If a smooth vector field
u and a smooth scalar filed p satisfy (6.1) and (6.2), then by (2.8)

ww@HW@=Aw%®+@@ (Vo € K>).

From this observation, {u,p} € K, x L%(Q) satisfying this equation may be
regarded as a weak solution of (6.1) with (6.2). Furthermore we have

Theorem 6.1. Let A >0 and 0 < k € Z. Suppose that

(6.5) TpNT =0, I'p, T are of class C**+%, CF+3,
(6.6) fe " (V.

Let w, € H**1/2(T'). Moreover, suppose that {u,p} € K, x L*(Q) is a solution
of

(6.7) MW@HWM=L%%%+M@, (Vo € K,),
(6.8) b(u,x) =0 (Vx € L2(Q)).

Then u € H*2(Q)N, p € H*1Y(Q), and they satisfy

(6.9) AM—Au+Vp=f divu=0 in Q,
(6.10) u=0, onTp,
(6.11) ur =0, op(u,p) =wy onT.
Moreover

[ullkrz + [1Ple+1 < COE) U Nle + lwnllkt/2,0)-

Remark.  In the above theorem, we have assumed the existence of {u, p}
satisfying (6.7) and (6.8). However, if I'p # 0, such {u,p} always exists under
the condition that f € L?*(Q) and w, € L?(T"). Actually, a linear functional
on K, defined as the right-hand side of (6.7) is bounded and its bound is
given by C(|| |l + [|wnllo,r). The bilinear form a is coercive in K, x K, as was
stated before, and moreover the bilinear form b satisfies the inf-sup condition
(2.11). Therefore a well-known result on abstract variational problem with
constraints (Theorem 5.6 of [13], Corollary I-4.1 of [17]) is applicable. Hence
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we immediately obtain a unique existence of {u,p} € K, x L?(Q) of a solution
of (6.7), (6.8) with

[ully + [lpll < CUF + llwnllo,r)-

Of course, it can be verified in the same manner as the proof of Lemma 3.2
with the aid of Lemma 2.1. In the case of I'p = ), an additional assumption
A > 0 is required.

Theorem 6.2. Let A >0 and 0 < k € Z. Suppose that (6.5) and (6.6)
hold. Let w, € H**Y2(T)N and let {u,p} € K,, x LZ(Q) be a solution of

ax(u, ) + b(p,p) = /wa 7 ds+ (f, 0), (Vo € Ky),
b(u,x) =0 (Vx € L?(Q)).

Then u € HF2(Q)N, p € H*1Y(Q), and they satisfy

AM—Au+Vp=f, divu=0 in €,
u =0, onI'p,
U, =0, or(u,p) =w, onT.

Moreover

lullktz + PNk < COR) LIl + llwrllks1/2,0)-

Theorem 6.3. Let A >0 and 0 < k € Z. Suppose that (6.5) and (6.6)
hold. Let w € H*/2(D)N and let {u,p} € K x L*(Q) be a solution of

ax(u,w)er(%P):/Fw%Pd8+(f,<P)a (Vg € K),
b(u,x) =0 (Vx € L*(Q)).

Then v € HF2(Q)N, p € H*1Y(Q), and they satisfy

AM—Au+Vp=f divu=0 in €,
u =0, on I'p,
o(u,p) =w on T

Moreover

[ullbse + [Pl < COLE) U f 1k + wllks1/2.0)-
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Since proofs of these three theorems are done in the essentially same way,
we prove the first one.

Proof of Theorem 6.1. We first prove the case of k = 0. As is stated before,
it suffices to investigate the regularity near I'. Let 2o € I" and Uy C RN be a
neighbourhood of xy. Again we take R > 0, U C Uy and a one-to-one mapping
® = (®y,...,Dy) from U onto U C Rflv described in the proof of Lemma 4.1.
(We follow the notation of the proof of Lemma 4.1.) However in this case we
assume that ® is only of class C2.

We set y = ®(z) = (P1(z),...,Pn(2)),

a(y) = (0*u)(x),  ply) = (0°p)(x)

and

fly) = (0*H)(2), @(y) = (%wn)(2),
where 6 € C>(RY) is a cut-off function subject to (3.3). Then we deduce

(6.12) ax(it, @) + B, ) = - / S dy
Sr

+ g f-@ldac @ dy + F(3), (V% € K-(Qr)),

(6.13)  b(w, x) = G(X), (VX € L*(Qr)).

If we proceed in the same way as in the proof of Lemma 4.1, we should assume
that ® is a C® mapping. However we can avoid such issue by employing a trick
of Bello [2].

Let Ry € (0,R). Weset e = R— Ry, Ro = R—¢/2, R3 = R—¢/4 and
simply write Q; = Qg,, S; = Sg, for i = 0,1,2,3. (Rp is understood as R.)
We shall not distinguish v € K(Q) with their restrictions into Q; (i = 1,2, 3);
Ve K(Ql)

We may assume that

u € K-,—(Ql), wE HoléQ(Sl)

Let 0 < h <e/4. We fix i € {1,2,... ,N — 1} and write Dy = D%, for
simplicity. Suppose ¢ € K, (Q2), X € L*(Q2) and substitute D_,@, D_jY into
(6.12), (6.13) as test functions. Then

(6.14) ax(Dnit, @) + b(@, Dip) = Fo(@), (V¢ € K. (Q2)),
(6.15) b(Dyit, X) = Go(X), (VX € L*(Q2)),
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=
S
I

- / oD_win dy + | F-(D_y@)dac | dy + F(D_y3)
Sr QR

) - 001\ 99 0P\ 995 |
/R (51235 (1)) [(Dh 8xj> oyl * (Dh 3%‘) oy a;

Go(3) = G010 + [ (0) D G5 sac 1) 52 .

Qnr Oy Oy
We claim:
(6.16)  |ax(v,w)| < CN)[lv]l1,q.llwll,q. (Vo,w € K+(Q2));
(6.17)  ax(v,v)| = Cllv|17 o, (Vv € K;(Q2));
b(v,
618)  Clxllg, < swp 22X (Vx € L2(Q));
vek, (Q2) 1V]1.Q2

(6.19)  [Fo(o)l < Cllill1.q, + 1Bll e

+ 1 fllgs + @lloo,s)llellig. (Vo € K- (Q2));
(6.20)  |Go(X)| < Cllall,q. lIxllq. (Vx € L*()).

(6.16) is obvious. (6.17) is a consequence of (4.21). To see (6.18), let v €
K+(Q2), x € L*(Q2), and set

o(z) = {v(y) y € Q2 (@) = {x(y) Y€ Qo

0 otherwise, 0 otherwise.

Since 9 € K, x € L*(Q), by (2.11), we have

(5, ) _ o)

Blixlle, = BlIXl < === < :
’ 1211 [vll1.c.

Finally (6.19) and (6.20) are easily obtained in the standard manner.

Now, (6.16)—(6.20) enable us to apply to (6.14)(6.15) the theorem on ab-
stract variational problem with constrains; Theorem 5.6 of [13] or Corollary
[-4.1 of [17]. As a result, Dpu € K, (Q2), Dpp € L?(Q2) and

(6:21) | Daill1q, + | Drblle. < Claliqs + [1BllQs + I Fllas + I@l00,s,)-
Letting h | 0, we obtain
op

7).+
1,Q2 0y,

B_y- < C(||ﬂ||17Q2 + Hﬁ”@z + ”fHQa + ||‘D||00,5'1)
J

Q2
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for j=1,...,N — 1, and hence

N—-1
1Gll.@. < Cllallq. +112llQ. + 1 fllQs + lxlloo.s: ),

=1

<.

where (; = 01/dy;. This means that n = iy, € H*/%(S3) and

+1Bl@. + Il + 1ll00,s,)-

1ll3/2,5, < C(||@

Summing up the above estimates, by the argument of the partition of unity,

we have
1Bll3/2,0 < C(llulli,e + [[plle + [lwnlli/2r + [ flle),

where 8 = u,|r. Therefore, by Cattabriga’s result, we get the desired result

for k = 0.
We proceed to the general case £ > 0. Let «

multi-index with || = k and set

8 a a aN-—1
0% = | — - .
(82/1) (3y1v—1>

Suppose that we have obtained the desired result for £ > 0. We may assume

= (a1,...,ay—_1) be a

0% € K. (Q1),  0°®e Hyl*(Sy),

then we have
Dyp(0°P)) = Fi(@), (V% € Kr(Q2)),

6.22)  ay (Dp(0%a),p) + 5(
) = (VX € L*(Q2)),

(6.23)  b(Dn(0™w), X

where F), and G}, are functionals such as

Gr(X),

Fu(9)] < Cllallr1,0z + 1Bk
+ [1fllk@s +10%Clloo.s)llelle. (Ve € K7 (Q2)),
(Vx € L*(Q)).

G| < Cllallkr1,Q. 11Xl Qs
In fact, we firstly assume that ¢ € K. (Q2), ¥ € L?(Q2) are sufficiently smooth
and then substitute (—1)/*l0*D_p ¢, (—=1)I*10“D_}, ¢ into (6.12), (6.13) as new
@, X- Then, by virtue of integration by parts and the density argument, we
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have (6.22) and (6.23). Again repeating the argument for ¥ = 0, we obtain
Dy (0%4) € K, (Q2), Dp(0%p) € L?(Q2) and

[ Dr(0%@)][1,Q, + 1Dn(07P)ll@.
< C(|@llk+1,Q, + IBllk.Q. + IIf

k.Qs 1 [10°®]|00,s, )-

Therefore, as before, we deduce the desired result for k¥ + 1. The proof is
completed by the induction. O

87. Concluding Remarks

(A) Convergence rate. The following theorem provides how fast {u.,p:}
converges to {u, p}, where {u.,p.} and {u,p} are solutions of (Pr. WLF,) and
(Pr. WLF), respectively. This result gives useful information in the numerical
approximation of these problems.

Theorem 7.1. Let A > 0 and € > 0. Suppose I'p # 0 if A = 0.
Assume that (3.4) and g > 0 a.e.in T. Let {u,p} and {u.,p:} be solutions of
(Pr. WLF) and (Pr. WLF,), respectively. Then

(7.1) lue = ully + [Ip= = Bll < CVellgllrr ),

where p = p — |Q 71 (p,1), D = p — | (p-,1) with |Q| being the Lebesgue
measure of  in RN,

Proof. Substituting v = u. and ¢ = u. — v into (3.2) and (3.10), respec-
tively, we have

(it e — )+ (t1e.0) — G1wn) > (o — ),
(et = 0+ | g0 ()0 = ) ds = (£ = ).
Hence
(e = 0, =) < (e ) = 0) + [ 900 0t0) 1 = ) s,
and by (3.5), (3.15), (2.3) (or (2.6))

(72)  Cllue = ull? < 15(uesn) = 3 (un)| + e (un) = je(uen)| < ellgllzrr).-

We proceed to the pressure part. Putting ¢. = p. — p, we have

(7.3) ax(u—ue, ) =b(p,q-) (Vo € Hy()N).
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In fact, for an arbitrary ¢ € H} ()Y, substituting v = u + ¢ into (3.2), we get

ax(u, ) +b(p,p) = (f, »)-

Combining this with (3.10), we deduce (7.3). Since (g.,1) = 0, by Lemma 2.4,
we can take 1. € Hg(Q)N subject to div ¢ = ¢. in Q and [|¢:1 < C|lge]|-
Now substituting into (7.3) ¢ = 1., we obtain

lgell* = ax(u — ue, ¥e) < Cllu— uellal[vell < Cllu — uel|1lgell-
This, together with (7.2), implies (7.1). O

Concerning (Pr. WSF.) and (Pr. WSF), we also have a corresponding
result. The proof is omitted.

Theorem 7.2. Let A > 0 and € > 0. Suppose that T'p # 0 if A = 0.
Assume that (3.4) and g >0 a.e.in T. Let {u,p} and {u.,p:} be solutions of
(Pr. WSF) and (Pr. WSF.), respectively. Then

lue —ully + [I1pe — Bll < CVEllgllzr -

(B) Full stress problem of friction type. We consider the full stress
problem of friction type, (Pr. F), which is composed of (1.1), (1.2) and

(7.4) —o(u,p) € gO|u| onT,

where 9|-| denotes a graph on RY defined by (1.5) with m = N. It is equivalent
to

lo] < g, o-u+glu/=0 onT.

The existence and uniqueness/non-uniqueness of a weak solution to (Pr. F) are
discussed by means of a variational inequality in Fujita and Kawarada [12]. In
the previous paper [26], we assumed g € H(T') N L°(T) to derive the H?-H*
regularity of the weak solution. However, in the same way as that of Theorem
1.2, we can prove

Theorem 7.3. Let A > 0. Assume that T'p # 0 if X = 0. Suppose
that TNTp = 0 and that Tp, T are of class C%, C*, respectively. Suppose
also that g € HY/2(T') and g > 0 a.e., and finally let f € L>(Q)N. Then there
exists a solution {u,p} € H*(Q)N x HY(Q) of (Pr. F). u is unique, while p is
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unique except for an additive constant. The range of the additive constant to p
is limited to {0} or to a finite closed interval. Furthermore

lullz + llpll < CUF + llgll2,r + llully + [2])
for any solution {u,p} of (Pr. F).

Remark.  As for the non-uniqueness of p, see Remark below Theorem 1.1
or an example in [26].

(C) Regularity for (Pr. WLF.). Concerning the regularity of a solution
{uc,p.} of (Pr. WLF.), we can easily derive u. € H%, p. € H* by making use
of

Lemma 7.1.  Let a be a mapping of R™ — R™ with «(0) = 0. More-
over assume that there are L, M > 0 such that

la(z) — a(2)| < Lz — 2| (Vz, 2/ € R™),
la(z)] < M (Vz € R™).

Let n € HY2(T)™. Then, if g € HY/?(T) N L>(T'), we have ga(n) € HY/?(T)™
and

lga(m)ll1 /2,0 < C(M)gll1/2,0 + C(L, M, ||gl| oo ) [I7l1/2,r-

Proof. Let n € HY?(T')™. The fact that
(7.5) a(n) € HAD)™ and Ja(m)lyz,e < C(L, M)|9]1/2,0

is due to H. Brezis. (Lemme I.1 of [4]; The scalar-valued case is explicitly
described there, but it is valid for the vector-valued case.)

Next let us denote by g € H'(Q) the weak harmonic extension of g. It
follows from the maximum principle that ||§lco < [|g||ze ). Let n € HY2()™.
We take the weak harmonic extension & € H'(Q)™ of a(n). That is, we
extend an each component of a(n) by a harmonic function on Q. Again by the
maximum principle, we have [|&/|o < [|a(n)| gy < M. Since g € H'(Q)™,
by the trace theorem,

lga(m)llij2,r < Cllgally < CM|glly + llgllpemllalls.
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This, together with (7.5), implies the conclusion. O

Now, let A > 0 and € > 0. Suppose (1.6), (1.7), (1.9), and (1.10). (We
follow the notation of §3.) Let {u.,p.} € K, x L*(Q) solve (Pr. WLF.).
Furthermore we assume g € L>°(T"). We notice that

1
jac(2) —ae()| < Zlz =2, Jac(z)[ <1 (2,2 € R).

Then Lemmas 3.1 and 7.1 (in the case of m = 1) imply that o, (ue,p:) =
—gae(ue ) € HY2(T). Hence we have u. € H2(Q)N, p. € L*(Q), and

||U5H2 + Hng < C(”f” + HQO‘E(uE,n)Hl/ZF)
<C([IfIl + Cllgllij2.r + Cle, 9l oo )lwe nll1/2,r)
<C(IfI1+ Cliglljz,r + Cle; gl Lo (o)) lluellr)

by Theorem 6.1. However in order to derive an estimate which is independent
of € like as (4.7), we need another device described in §4.

Remark. We meet the same issue when applying a general regularity
theory by Agmon, Douglis and Nirenberg [1].
(D) Optimality of Assumption g € H*/?(T"). Theorem 6.1 claims that
(7.6) go(ue,) € H?(T)

is essential to derive the H2(Q)N x H'(Q)-regularity of a solution {u.,p.} €
K, x L*(Q) to (Pr. WLF.). However, if u.,, > 1/¢ on T, then (7.6) means
g € HY2(I).

Appendix A. The Space H(l)(/)2

In this appendix, we establish the proof of Lemma 4.2 after having prepared
some basic properties on the space H&éQ.

First we recall its definition. Let v C RZ]}V ~! be a bounded domain with the
Lipschitz boundary dv. The distance from ¢’ € 7 to 97 is denoted by 6 = §(/).
Then

Hol*(v) = {n € HV?(7)| 67 V?n € L*(7)}

is a Hilbert space equipped with the norm

In(y)]?
(v)

1/2
||7I||oo,fy=77||H3(§2(v):[||7I||?{1/2(V)+ [ dy'} |
i
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We consider a finite cylinder @ = v x (0,R) C RY~! x R, with R > 0,
and set

K(Q)={ve H'(Q)| v=0on dQ\7}.

If v e K(Q), then n = v|, € HO/Q( ) and [|n]loo,y < C|lv|[m1(g). Conversely,
every 17 € Hoé (v) admits an extension v € K(Q) such that v|, = 1 and

vl @) < Clinlloo,y- Moreover the following equivalence holds true

[nlloo,y ~ mf{[[v]l 1 @) v € K(Q), vly =n} ~[[Vwllr2(q)
where w € K(Q) denotes the weak harmonic extension 7 into Q; Aw =0 in Q

and w|, = 7. See, for more detail, [23] or [25].

Lemma A.1. Let v, 7 C R{f‘l be bounded domains with Lipschitz
boundaries, and assume that v C v and dist(y',y) > 0. Let g € Héo/z(v’).

Then the zero extension § of g into vy is in H01(§2 (7). Furthermore we have

(A1) g—y € H V() = HL2(7)"

for 1=1,2,... N —1.

< C(,7)lgllooy

H OYillg-1/2(y)

Proof. The first assertion is obvious. We give the proof of the second one
only when N = 3. Set Q' =+’ x (0, R/2), and take a smooth function w defined
on @’ subject to w = 0 on 9Q’\¥. Let @ be the extension of w by 0 into Q.
Then 9w /dy;, j = 1,2, 3, are also smooth on @ and vanish on dQ\¥y. We have
by the integration by parts

ow ow
lv- Vi dy = _— dy’ Yo € K(Q)3).
/chr vV dy A(vzayl ay2) Y (Vo (Q)%)

Taking ¢ € K(Q) and substituting v = (0, ¢, 0) into the above, we obtain

(A.2) / yf:/ (2200 _ 0000 ,,

Q \Oy1 Oys  Oys Oy
By the density argument, the identity (A.2) is valid for any w € K(Q') =
{ve HY(Q')| v=0on dQ"\y'}. At this stage, we suppose that w is the weak
harmonic extension of g into (). The zero extension of g into 7 is denoted by g.

Moreover, for an arbitrary n € Héé2 (7), let ¢ € K(Q) be the weak harmonic
extension into Q. Then (A.2) implies

/ / (3_s05_@ _ a_w@)d
81/1 Oy, Oys  Oyz Oy Y
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Now we define 9g/0y; € H~'/?(v) through this identity and then get

< IVl 2@ IVelliz)  (Vn € Hyy* (7).

99
0 dy’
vy Y1
The case of i = 2 is done in the similar way. O

Finally we state:

Proof of Lemma 4.2. Although the inequality (4.27) is essentially derived
by Gonzédlez Burgos [16], we state another (and a somewhat simpler) proof.
Taking the harmonic extension w of ¢ into Qr, and using the same symbol w
to indicate the zero extension of w into Qr. Writing

Diw(y) = E/o tg;u( ) dt, (si: the shift operator defined by (4.15))

we obtain, for any ¢ € K(Qr,),

. 1 [h . Ow

h ’,0 dy’:—// (s
[ a0 ar =5 [ [ (sigi
//S (ay )sitcp(y’,o) dy'dt.

Since st ,p(y',0) € Hl/2 Sr), by Lemma A.1, we have
—t

0)| dy

/S ‘ y ’ V= h/ /SR 8%
1

(h dt) Hayz

<C(B)llglloo,sr, IVellL2(@n)»

, >) oy, 0) dy/dt,

()] - [sZe(y',0)] dy'dt

IA

IsZll00.5
H=1/2(SR)

which completes the proof. O
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