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Poles and a-points of Meromorphic Solutions
of the First Painlevé Hierarchy

By

Shun SHIMOMURA*

Abstract

The first Painlevé hierarchy, which is a sequence of higher order analogues of the
first Painlevé equation, follows from the singular manifold equations for the mKdV
hierarchy. For meromorphic solutions of the first Painlevé hierarchy, we give a lower
estimate for the number of poles; which is regarded as an extension of one corre-
sponding to the first Painlevé equation, and which indicates a conjecture on the
growth order. From our main result, two corollaries follow: one is the transcendency
of meromorphic solutions, and the other is a lower estimate for the frequency of a-
points. An essential part of our proof is estimation of certain sums concerning the
poles of each meromorphic solution.

81. Introduction

For a meromorphic function f(z) in the whole complex plane C, the count-
ing function for poles of f(z) is defined by

T dp
N f) = [ o )= n(0. /)% + (0. ) togr
0
where n(r, ) denotes the number of poles inside the disk |z| < r, each counted
according to its multiplicity. Moreover, we use the notation (cf. [6], [8]):

1 27 ]

m(r, f):= Dy / log™ | f(re?)|d¢, logt x := max{0,logz},
T Jo

T(r, f):=m(r,f)+ N(r, f)
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denoting, respectively, the proximity and the characteristic functions; the
growth order of f(z) is defined by

logT
o(f) := limsup 7oglog(: ), .

Let w(z) be an arbitrary solution of the first Painlevé equation
(PI) w” = 6w? + z

(= d/dz). Then, w(z) is a transcendental meromorphic function. By a well-
known argument in the Nevanlinna theory, limsup,_, . (N(r,w)/logr) = oo
(cf. Remark 1.2), which implies that w(z) admits infinitely many poles. This
fact is quantitatively represented as

log N (r,w 5
(1.1) liﬁsip% > 3
(cf. [11]); and, more precisely,
572
(1.2) N(r,w) > oz

(cf. [5, §7], [13]). These combined with T'(r,w) < r°/? (cf. [5, §8], [12], [14])
imply that the growth order of w(z) is equal to 5/2. (For real-valued functions
o(r) and ¥(r) on the interval (rg, +00), we write ¢(r) < ¥(r) or ¥(r) > ¢(r)
if ¢(r) = O(¢(r)) as r — +oo. In the case where h(z) is a function of z € C,
we also write |h(z)| < ¥(r) if |h(2)| = O((r)) as |z| = r — +00.)

A sequence of higher order analogues of (PI) is given in the following
manner (cf. [5, §16], [7]). Let d,[w] (v =0,1,2,...) be differential polynomials
in w determined by the recursion relation

do['UJ = 17
(1.4)  Dd,1[w] = (D? - 8wD — 4w')d, [w], D =d/dz, veNU{0}

(cf. Lemma 2.6 with its proof). Some of them are written in the form

dy[w]/4=—w + Chp,

da[w] /4 = —w" 4 6w? + Cord;[w] + Cao,

ds[w]/4 = —w™ + 20ww” + 10(w’)? — 40w® + Csada[w] + Csydy [w] + Cso,
dy[w]/4 = —w® + 28ww™® + 56w w® + 42(w”)? — 280(w?w” + w(w')? — w)

+ Cysds[w] + Cazda[w] + Curdi[w] + Cao,
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where C; are arbitrary constants. Consider a sequence of 2v-th order equations
of the form

(Play) dy1[w] +42 =0, veN,

which is called the first Painlevé hierarchy. Equation (Pls) essentially coincides
with (PI). These equations follow from the singular manifold equations for the
mKdV hierarchy (cf. [7], [9], [15]). As in the case of (PI), it is basic and
interesting to study analytic properties of meromorphic solutions of (Ply, ), for
example, to determine the growth order of them.

The purpose of this paper is to show the following, which is an extension
of (1.1), and which is a first step toward this question:

Theorem 1.1.  Suppose that w,(z) be a meromorphic solution of (Pla,).
Then we have

. log N(r,w,) _ 2v+3
1.5 | >
(15) e logr T v+1’

namely the growth order of w,(z) is not less than (2v +3)/(v +1).
Corollary 1.2.  Equation (Ply,) admits no rational solutions.
Furthermore, the frequency of a-points is estimated as follows:

Corollary 1.3.  For each a € C,

log N(r,1/(w, — 2v+3
(1.6) lim sup og N(r,1/(wy = a)) > 2 9
00 log r v+1

Theorem 1.1 with the special case v = 1 leads us to the following;:

Conjecture. The growth order of w,(z) is equal to (2v+ 3)/(v + 1).

Remark 1.1.  Since N(r,w,) < n(r,w,)logr, the quantity N(r,w,) in
(1.5) can be replaced by n(r,w,).

Remark 1.2.  For a meromorphic function f(z), the deficiency of oo is
defined by (oo, f) := liminf, oo (m(r, f)/T(r, f)) ([6], [8]). For every solution
w(z) of (PI), we have §(oco, w) = 0; and this fact combined with the transcen-
dency of w(z) implies limsup,_, (N (r,w)/logr) = co (cf. e.g. [5, §10]). For
wy(z), analogous deficiency relations are valid: §(co,w,) = 0, and for each
a € C, §(a,wy,) := §(c0,1/(w, —a)) =0 (cf. (3.7) and (4.1) of the proofs of
Theorem 1.1 and Corollary 1.3).
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Remark 1.3.  The second Painlevé equation
(PII) w' =20+ 2w +a, a€C

belongs to the second Painlevé hierarchy (PIly,) (v € N) (cf. [1], [2], [3], [7])-
Value distribution properties of solutions of (PIIy, ) are studied by Gromak and
He ([4]) and by Li and He ([10]); for example, every transcendental meromor-
phic solution wrr,, (2) satisfies (oo, wir,) = 0.

Theorem 1.1 and its corollaries are proved in Sections 3 and 4. In the
proofs, we need some basic facts in the Nevanlinna theory and some properties
of differential polynomials. They are reviewed or explained in Section 2. To
prove Theorem 1.1, we deal with certain sums concerning the poles of each
meromorphic solution, which are essential in the proof; and these sums are
evaluated in the final section.

82. Basic Facts

§2.1. Nevanlinna Theory

We review basic facts in the Nevanlinna theory which are necessary in the
proofs of our results (cf. [5, Appendix B], [6], [8, Chapters 1 and 2]). Let f(z)
be an arbitrary non-constant meromorphic function.

Lemma 2.1.  For an arbitrary a € C,
T(r,1/(f =) =T(r, f) + O(1).
Lemma 2.2. (i) T(r, f) is a monotone increasing function of r.

(ii) T(r, f) < logr if and only if f(z) is a rational function.
(iii) If f(z) is transcendental, then T(r, f)/logr — oo as r — oo.

The following lemmas ([5, Lemmas B.11 and B.12], [8, Lemma 2.4.2 and Propo-
sition 9.2.3]) are useful in the study of differential equations.

Lemma 2.3.  Let f(z) be a non-constant meromorphic function satis-
fying fAY = P(z,f) (A € N), where P(z,u) is a polynomial in z, u and
derivatives of w. Suppose that the total degree of P(z,u) with respect to u and
its derivatives does not exceed A. Then m(r, f) < logT(r, f) +logr as r — oo
outside an exceptional set with finite linear measure.

Lemma 2.4.  Let f(z) be a non-constant meromorphic function satisfy-
ing F(z, f) = 0, where F(z,u) is a polynomial in z, u and derivatives of u. Sup-
pose that o € C satisfies F(z,a) Z 0. Thenm(r,1/(f—«)) < logT(r, f)+logr
as r — oo outside an exceptional set with finite linear measure.
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For real-valued functions, we have ([5, Lemma B.10], [8, Lemma 1,1,1])

Lemma 2.5.  Let ¢(r) and (r) be real-valued monotone increasing
functions on (0,400). Suppose that H(r

) < (r) outside an exceptional set
with finite linear measure. Then ¢(r) < ¥(2r) on (rg, +00), where ro is some

positive number.

§2.2. Differential Polynomials

For an arbitrary nonnegative integer p € N U {0}, set
p
[w7 wl7 e w(p) H w(’i br w(o) = w,

where ¢ = (10,1, .. ,tp) € (NU{0})PTL. For the index ¢, we put

P

ol := 3" + 2

k=0

Consider the differential polynomial

plw) = cfww,...,wP], ¢ e C\{0},
Lel,

where I, C (NU{0})P*! is a finite set of indices. For ¢[w] (£ 0), we define its
weight by

wi(p[w]) = max{[|e] | ¢ € I };

in particular, if p[w] = ¢y € C\{0}, then wt(cy) = 0. For any integer ¢ > p,
the differential polynomial ¢[w] admits another expression

Plw] = Z clw,w',. . w® L w @]
Lel,

with (¢,0) = (Lo, t1,--- 5p,0,...,0). Then, wt(p[w]) = wt(P[w]), namely the
definition of the weight is independent of the choice of the size ¢ of the index.
Let plw] (£ 0) and [w] (£ 0) be arbitrary differential polynomials. Then,

wi(plw] + p[w]) = max{wt(pfw]), w(¢[w])},
wi(plw]ylw]) = wi(plw]) + wi(y[w]).
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Remark 2.1.  As will be shown later (cf. Lemma 2.7), every pole of w,,(z)
is double. Hence, for every pole of [w,,w),,... wl(,2”)]b the multiplicity of it
is equal to ||¢||. This fact is a background of the definition of the weight of

differential polynomials.
We note the following;:

Lemma 2.6.  For each v € N U {0}, d,41[w] is expressible in the form

(21) dl/—i—l[w} = 7V+1wy+1 + Z Cb[w7 w/7 s ’,w(QV)]L’
llell<2(v+1)
p<v
where

(i) ¢ = (to,t1,... ,t2,) € (NU{0})2+L,

(ii) 741 € C\ {0}, c, € C.

Proof. By (1.4), for every v € N,

Z dy_p[w]Ddy, 41 [w Z dy_p[w](D? — 8wD — 4w')d,[w],

pn=0

and hence, by (1.3),

Dd,, 1w Zdu p[w]Ddyy 1 [w]

+ Z (dy—pu[wW]D? — 8wd,,_,[w] D — 4w'd,,—, [w])d,[w].
n=0

Substituting the identities

Zdu Iz Ddu+1 ; (Zdv plW u+1 ])
Zdvfﬂ[w]ngu[w} :D<Zdvu[ ——ZDd,, u[w] - Ddy, [w }>

w Z dy_ [0 Dl [w] = %D <w 3 dy_u[w]dlt[w]> _ “’7 Z dy_u[t0]d, [w]
pn=0 p=0



FIRST PAINLEVE HIERARCHY 477

we have

v

Ddyi1[w] = D ( 3 (dl,,#[w]D2 - %Dd,,,u[w] .D— 4wd,,,u[w])du [w}>

pn=0
——D(Zdu plw M+1 ])

which implies that

v

(22) dypifu] =3 (doopfu]D* - %Dd,,_u[w] D~ dwd, ], fu]

pn=0
__Zdu u ;H—l }+CV7

where C, is an arbitrary constant. By (2.2) combined with (1.3), d,41[w] is a
differential polynomial. Moreover, in d,1[w], the derivative with the highest
order is w(*"). Indeed, this fact is inductively checked by using (1.3) and (1.4).
Hence, for every v € N U {0}, d,+1[w] is written in the form

(2.3)
dys1[w] = Z Glw,w', . wPE L= (g, 1, s 12), G € C\{0},

vel,

where I, C (NU{0})?"*1 is a finite set of indices. We prove (2.1) by induction
on v. Clearly it is valid for v = 0. Suppose that (2.1) is valid for every v < Nj;
namely, wt(d,11[w]) < 2(v+1) for every v < N, and yn41 € C\{0}. Since, for
L # o,

2v
wt(D([w,w’, ... ,w?)]*)) = wt ([w, w,. .. w®) Z LHU}(M-H)/U}(“))

pn=0
= max{wt(w" (w')" - (w)) 2wt /) | 0 < p < 20, 1, # 0}
=max{|le] + (p+2)(-1) + (p+3)-1|0< p <20, 1, #0} = [l¢f + 1
= wt([w,w’, ..., w?)]*) +1,

we have wt(D!d,1[w]) = | + wt(d,11[w]) <1 +2(v+1) for v < N and for
[ =1,2. Hence, by (2.2) with v = N+1, wt(dy42[w]) < 2(N+1)+2 =2(N+2).
Furthermore, by (1.4),

N+1) N+1 g

Ddy y2[w] = =8wD(yny1w — 4w’ yNpw
= —4’}/N+1(2N + 3)UJN+1’U), +-
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which implies that yyi12 = —4(2N + 3)(N + 2)"'yn41 € C\{0}. Hence, (2.1)
is valid for v = N + 1 as well. This completes the proof. O

Lemma 2.7.  For a meromorphic solution w,(z) of (Pla,), let ag be an
arbitrary pole of it. Then, around z = ay,

wy(2) = c(ao)(z — ao)~* + O(1),

where c(ag) = k(ao)(k(ag) +1)/2 for some integer k(ag) € {1,... ,v}.

Proof. Around the pole z = ag, we write w,(z) = b(z —ag)~7 + -+,
b # 0. Suppose that ¢ > 3. It is inductively shown that di[w,](z) =
bp(z — ag)™F 4 -+, by # 0 for every k € N, because this formula with k
implies
Ddy 1w, (2) = (D* = 8w, (2) D — 4w, (2))d[w,](2)
(=8(—0k) — 4(=0))bbr(z — ag) ~7*FVT 4.
= 4(2k 4 1)obby,(z — ag) ~7*+D-1 4

)

namely
A1 [w,)](2) = =42k + 1) (k + 1) " bby(z — ag) "7 *+D) ...

Hence, if o > 3, substitution of d,1[w,](2) = b,11(z — ag)7*+) + ... into
(PIy,) yields a contradiction. Supposing that o = 1, by an analogous argument,
we can show that d,41[w,](z) = b, 1(z — ag)" Y + ... [ b, ., # 0, and
also derive a contradiction. Therefore, z = ag is a double pole. Put w,(z) =
bo(z—ag) "2+ -+, by # 0. Since substitution of di.[w,](z) = Ax(z—ag) 2k +-- -,
k € N into (1.4) yields that dy1[w,](2) = Apy1(z — ag) 2D 4 ... with

Apyr = =42k +1)(k+ 1) (bg — k(k +1)/2) Ay
By this fact,
Ayp1 = Bygabo [[ (b0 — k(k+1)/2), B,y #0.
k=1
Substituting d,+1[w,](z) into (Ply,), we have by = k(k + 1)/2 for some k €

{1,...,v}. Furthermore, the relation

Dd, 42w,](2) = (D = 8w, (2)D — 4w, (2))dy 1 [w,](2)
= (D? — 8w, (2)D — 4w, (2))(—42) = 32w, (2) + 162w,(2)
=16D(zw,(2)) + 16w, (z),
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namely
16w, (z) = D(dy 42w, ](2) — 162w, (2))
means that the residue of w,(z) at the pole z = ag vanishes. This completes
the proof. O
83. Proof of Theorem 1.1
To prove (1.5), we suppose the contrary:

. log N(r,w,) 2v+3
.1 1
3-1) l}nrisogp log r < v+1’

namely, for some £ > 0, N(r,w,) < r?**+3)/(“+1)=¢ from which it follows that
(3.2) n(r) = n(r,w,) < p2vt3)/(vtl)—e

because

2r
d
N(©2r,w,) > / (n(p,wy) — n(O,wy))?p > (n(r,wy) + O(1)) log 2.
T
Starting from (3.1), we would like to derive a contradiction. Let {a;},;cs be
a sequence of all distinct poles of w, (z) arranged as |a1| < --- < |a;| < ---,
where J =Nor {1,... ,p} (p € N) or 0. Clearly these poles do not accumulate

at any point in C. By Lemma 2.7, we write w,(z) in the form

(3.3) wy(2) = (2) + g(2),
(3.4) D(z) = Z c(a;)((z — aj) " — aj_2),
jeJ

where g(z) is an entire function. In (3.4), we make the following conventions:
(i) if a; = 0, then the term (z —a;)~2 — ay? is replaced by 2~2; (ii) if J = 0,
then ®(z) = 0. In what follows, we may suppose that ®(z) # 0, because the
case where ®(z) = 0 is similarly treated by adding a slight modification. Under
(3.2), we have the following lemmas whose proofs will be given afterward:

Lemma 3.1.  For every r > 1, there exists z, satisfying 0.7r < |z.| <,

Z |Zr _ aj|_2 < rl/(u+1)—a/2, Z |Zr _ aj‘—S < T(3/2)/(y+1)—5.
laj|<2r laj|<2r
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Lemma 3.2.  Let r be an arbitrary number satisfying r > 1. Then,
PO e B D D
laj|>2r laj|>2r

for |z| <r, and
|(l»_2| < 7,1/(1/+1)7€.
Z J
0<|az|<2r

Lemma 3.3.  There exists a set E C (0,00) with finite linear measure
such that

Z |(z—a;)™? — a;2| < |2)° for|z| € (0,00) \ E.
0<]a;|<oo
By Lemma 2.6, w,(z) satisfies the equation

(3.5) Yy pw’ = Z cow (w4 - (wP)) 44z,

llell<2(v+1)
o<lv

For each term on the right-hand side, note that

2v
(3.6) Y <y,
k=0

because 237" (1. = ||t — 32 kitw = 2(v + 1) is valid if and only if ¢ =
(toyt1y--+ yt2w) = (v+1,0,...,0). By Lemma 2.3, there exists a set E* C (0, 00)
with finite linear measure such that

(3.7) m(r,w,) < log T(r,w,) + logr

as r — oo, r € E*. (Note that (Ply,) does not admit a constant solution.)
Combining this with (3.1), we have T'(r,w,) < r*3/¢+) and m(r,w,) <
logr for r ¢ E*. By Lemma 3.3, for r ¢ EU E*,

T(r,g) = m(r,g) = m(r,w, — ®) < m(r,w,) +m(r,®) < logr.

By Lemmas 2.5 and 2.2, this is valid for r approaching co without an exceptional
set, and hence g(z) is a polynomial.
By Lemmas 3.1 and 3.2, for every r > 1, there exists z,, 0.7r < |z, | < r
satisfying
(3.8) D(z)] < D Nz —a P4+ D a)?
laj|<2r 0<|aj;|<2r

+ Z (zr — ;)% —a;?| < P/ t)=e/2,
laj|>2r
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Then, also for every kK =1,2,...,2v,
(3.9) |<I>(“)(Zr)| <« pR/24D)/(v+1)—e
Indeed, observing that

B D e S A
laj|<2r laj|>2r

we have the following:

(i) if k is odd,

(k—1)/2
|<I’(“)(Zr)|<<< > |Zraj|_3>< > Izraj|_2>

laj|<2r laj|<2r

+ > | —a

laj|>2r
< P32/ (1) e (1) (1) e /2)(5-1) /2

< r(m/2+1)/(1/+1)—s;

(ii) if & is even,

K/241
1B (2,)| < ( Z zr—aj|_2> + Z |z — aj] ™3

laj[<2r laj|>2r
< P+ =/2)(5/241) . (5/241)/ (v+1)—¢

From (3.5), we have

(3.10)

1/(v+1)
|’U),,(ZT)| < <|Zr| + Z ‘U}V(zr)Lowllj(zr)Ll .. .wI(J2V)(zT)L2u ) .
llell<2(v+1)

to<v

Now suppose that degg(z) = dp > 1. Substitute wﬁn)(zr) = g (z) +
®*)(2,) (k=0,1,...,2v) into (3.10), and observe that

lwy ()] = |g(zr)| = [®(2)] = |g(2r)| + O(Tl/(y+1)) > %,
and that, for every ¢ satisfying (o < v and ||¢]| < 2(v + 1),
[ (zp) 0wl (z) w0 ()

< (lgCze)| + 1®zD (19(z0)] + @ (2e))* -+ (Ig(z0) | + D) (20)]) 2
< |ZT|50(L0+L1+"'+L2V) < T60V
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(cf.  (3.6), (3.8) and (3.9)). Then, we have the contradiction 7% <
(|2 | + 7o)/ 41« p00r/(H+1): which implies that g(z) = C € C. Substi-
tuting w = w,(z) = ®(z) + C into (Ply,), and observing that, for every ¢
satisfying 0 < [|¢]| < 2(v + 1),

’wV(ZT)Lsz//(ZT)LI i 'wz(fy)(zr)uu

L ([@(z)| + [CD | (z)] " -+ [ () |2 < X 7E/2

with x() = S22 (/2 + D /(v +1) = (e]|/2)/(v + 1) < 1 (cf. (3.8) and

k=0

(3.9)), we have
0.7 < |zp| € |dps1]wi](zr)] < rl=e/2,

which is a contradiction. We have thus proved (1.5).

84. Proofs of Corollaries 1.2 and 1.3

Corollary 1.2 immediately follows from Theorem 1.1. To prove Corol-
lary 1.3, note that w = « (€ C) is not a solution of (Ply,). By Lemma 2.4,

(4.1) m(r,1/(w, —a)) < logT(r,w,) + logr

as r — oo for r ¢ Ey, where By C (0,00) is a set with finite linear measure.
Since w, (z) is transcendental, by Lemmas 2.1 and 2.2, we have

N(r,1/(w, — @)) 1 m(r,1/(w, — a)) + O(1)

1 FEq;
T(r,w,) T(r,w,) - as T — 00, 1 & By

and hence
(4.2) N(r,1/(w, —a)) > (1/2)T(r,w,) for r € (r1,00) \ E1,

for some 71 > 0. On the other hand, by (3.7), N(r,w,)/T(r,w,) — 1 asr — oo,
r ¢ E*. Hence,

(4.3) (1/2)N(r,w,) < T(r,w,) for r € (re,00) \ E,

for some 15 > 0. Using Lemma 2.5, from (4.2) and (4.3), we derive that
N(r,w,) < 4N(2r,1/(w, — @)) for r € (rs,oc0), where rg > 0 is sufficiently
large. This inequality combined with (1.5) yields the conclusion (1.6) of Corol-
lary 1.3.
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85. Proofs of Lemmas 3.1, 3.2 and 3.3
§5.1. Proof of Lemma 3.1

Put D, = {z||z] <r} and Ay = C\ (Uj21 Uj); where U; = {z ||z — a;] <
la;|~(/2/WHDY i q; £ 0, and Uy = {z]|2| < 1} if a; = 0. Since, by (3.2),

) Iajl_l/(”“):/ p D dn )

1<|a;|<r 1
r 1
1 + v+1

_ [p—l/(u+1)n(p)} /1 p 1D () dp < p2F

we can take 7 so large that 77r2/8 < u(Ag N D,) < wr? for every r > g,
where (X)) denotes the area of a set X. For every r > 1, if |a;| < 2r, then

/ |z — a;| " 2dzdy < // p~ tdpdf < logr,

D, \U, |aj‘*(1/2)/(v+1)gpggr
0<6<2r
and
/ |2 — a;|Pdwdy < // p2dpdd < rH/2D/WHD),
D, \Uj; |aj\’(1/2)/(”+1)§p§3r
0<0<2r
Hence,
(5.1) Z |z — aj| "2dxdy < n(2r)logr < Kor2v 3/t =e/2
AonD,. laj|<2r
(5.2) Z |z — aj| Bdady < n(2r)rt/2/ D) < Kot 3/2/ () e

AonD,. laj|<2r
where K| is some positive number. Consider the sets

> lz—ai| 7 < 8n ' Kor <”“>€/2},

laj|<2r
> lz—a, P < 8r Kr®/2)/ <“+1>—5}.
laj|<2r

Suppose that u(F}!) < 37r?/4. Then

Fﬁ:{zerﬂDr

Ff:{zerﬂDr

S |z — ay|2dady > 87 Kor/ WD =2(7/8 — 3/4)mr?
AoND,\F} laj|<2r
= Kor(2u+3)/(y+1)_€/2’
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which contradicts (5.1). This implies that p(F}) > 37r?/4. By the same argu-
ment, we have pu(F?) > 3mr?/4. Hence, u(F! N F?) > 7r?/2. Observing that
p({z 2] < 0.7r}) = 0.49772, we have {z|0.7r < |z| < r} N (EL N EF?) # 0,
which implies the conclusion.

85.2. Proof of Lemma 3.2

For |a;| > 2r, and for z € D,, observing that |z/a;| < 1/2, we have
|z — a;]™3 < 8la;| 73, and

(2 — @)™ = a7®| = 2l2lla;|°|1 = (2/a;) /2|11 = 2/a;]7% < 10r[a | ~.

Hence, by (3.2),
oo
Yo lez—ap)?-a?<r Y ot < r/ t=3dn(t)
la;|>2r la;|>2r r

< r/ t~4n(t)dt < rt/ D=
2

T

> kealte ¥ gl < [t <1,

laj|>2r la;|>2r r

and

dolatl< /12Tt—2dn(t)+0(1)

0<|aj|<2r

2r
< pt/ )= 4 / t=3n(t)dt + O(1) < rt/v+=e,
1
Thus the lemma is proved.

85.3. Proof of Lemma 3.3

We put
E=(0,]a1| +1)U ( U (lasl = la 172, lag] + aj|_3)>~
JeIN{1}

Since, by (3.2),

> a™? <</ t=3dn(t) + O(1) <</ t~in(t)dt + 0(1) < 1,
jeN{1} ! !
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the total length of F is finite. If |z| ¢ E, then

Z + Z |(zfaj)_2—aj_2|

0<|a;j|<2|z| |a;[>2]z]|

< (|2]% + Dn(2|z]) + |2V « |2)°.

This completes the proof.
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(3]
(4]
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[6]
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