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A Serre-type Theorem
for the Elliptic Lie Algebras with Rank > 2

By

Hiroyuki YAMANE*

Abstract

In 2000, K. Saito and D. Yoshii gave a Serre-type theorem for the simply-laced
elliptic Lie algebras. We extend the theorem to that for the elliptic Lie algebras
associated with the (reduced marked) elliptic root systems with rank > 2.

Introduction

In the early eighties, K. Saito [S] introduced the concept of the generalized
root systems and, in particular, the elliptic root systems. Since then, several
attempts have been done to construct Lie algebras having the property that
their “real roots” form those root systems (see [SY, Introduction]). In the final
year of the last century, K. Saito and D. Yoshii [SY] introduced three kinds of
“universal” presentations of the simply-laced elliptic Lie algebras g(R), that is,
the elliptic Lie algebras associated with the simply-laced elliptic root systems R.
We can say that the g(R) is maximal among the Lie algebras having the above
property (see also the second paragraph). Let us explain the presentations.
The first one uses the Borcherds lattice vertex algebras. This can be said to
be most beautiful and useful, because it does not depend on a marking G of R
and gives a basis of g(R) and its structure constants explicitly. The second one
uses (affine-type) Heisenberg algebras. This is also useful, especially to study
the representation theory of g(R) since it gives a triangular decomposition of
g(R). The third one is a Serre-type theorem, that is to say a presentation of
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g(R) by finite defining relations, which are expressed by means of the elliptic
diagram T'(R, G), a Dynkin diagram introduced by K. Saito [S].

Let R be an elliptic root system; more precisely, (R, @) is assumed to be a
reduced marked elliptic root system for some G. D. Yoshii [Y] generalized the
second one to present the elliptic Lie algebras g(R). We shall do the same as
the third one to present g(R) in the case of I > 2, where [ is the rank of R (see
Theorem 4.1). We also show that if{ > 2 and T'(R, G) # Al(l’l), g(R) is maximal
among the Lie algebras having the property mentioned above and satisfying
extra conditions (see Theorem 3.2). K. Saito and T. Takebayashi [ST] have
asked for such presentation as ours. We also notice results given in [M1, M2].

The definitions of some of the above terms shall be given in Appendix.

Now, let us explain about the content of the paper more concretely. We ab-
breviate the terminology “a reduced marked elliptic root system” to an r.m.e.-
root-system (see Appendix). Let [ be a fixed positive integer. Let £ be an
I + 4-dimensional C-vector space with a non-degenerate symmetric bilinear
form [ : ExE — C. If x € & satisfies I(z,z) # 0, then we call it non-isotropic,
let ¥ := 2z/I(z,x) and define s, € GL(E) by s,(y) =y — I(z",y)x. Let II
be a subset of £ formed by linearly independent non-isotropic I 4+ 1 elements
satisfying the condition that the (I 4+ 1) x (I + 1) matrix formed by the compo-
nents I(aV, 3), where a, 3 € I, coincides with an affine-type generalized Cartan
matriz. (See [K, §4.8] for the terminology.) Denote by W the affine Weyl group
(saloe € TI) € GL(E). Let a be a fixed non-zero element of £ with dim(Ca +
CII) =1+ 2 and I(a,Ca + CII) = {0}. Let k£ : IT — N be a function such that
G.CD{k(a)|a € I} =1, and k(o) = k(B) if € W.a. Let G := Ca and

(0.1) R:= U U (w(a) + Zk(a)a).

weW a€cll

We see that (R, G) is an r.m.e.-root-system if and only if
(0.2) VueR, s,(R)=R.

If this is the case, we call k the counting function. K. Saito [S] gave all the
counting functions concretely and showed that every r.m.e.-root-system is given
in this way. (Notice that [ is the rank of R.)

We say that a triple (&€,11, k) satisfying the property (0.2) is a reduced
marked elliptic datum; we abbreviate the terminology to an r.m.e.-datum. (In
the text, an r.m.e.-datum (&,II, k) shall be denoted as (é’if,ﬂaf,k‘), and the
g(R) shall be denoted as g = g(é’if, I, k).)

In this paper, we shall give Lie algebras g, g© and g"*%) and show that
all of them are isomorphic to g(R) (see Theorems 1.1, 3.1 and 4.1). These Lie
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algebras are virtually the same, but we use these different symbols to make
the paper easier to read. Here we give the definition of g? and explain about
how g® and g"'®%) are obtained from g Let (£,1I,k) be an r.m.e.-datum
with [ > 2. Let o* := a + k(a)a for a € TI. Let IT* := {a* |« € II}. Let
B := {£u|u € TTUTT*}. Define the Lie algebra g% with generators:

(0.3) he (0 € ), E, (1€ B)

and defining relations:

(0.4)
The + Yhr = hgoqyr forz,ye Cand o, T €&,
[ho,hr] =0 for o, 7 € £,
e, E,) = 1(o, p)E, for o € £ and u € B,
(Ey,E_,] = hyv for p € B,

(adE,)" E, =0 for p, v € B with p+v #0,
(adEia )UEig = (adEia)yEig* for (a, ﬁ,y) c A,
(adE4q) (adEia+)Y""Eig =0 for (a,B,y) e Aand 1 <i<y-—1,

where z,,, := min{n € Njnu+v ¢ RUG} and A := { (o, f,y) € IIxIIxN|a #
B, I(a, B) # 0, k(a)y = k(B) }-

As a matter of the fact, some of (0.4) are redundant. We shall define g©
by the same generators as (0.3) and the defining relations which seem to be
necessary ones of (0.4).

K. Saito [S] introduced the elliptic diagram T'(R,G), which is drawn by
use of a subset of II U II*. The subset is called the elliptic root basis and also
denoted by T'(R, G). We shall define the g"'"*&) by the generators h, (o € £),
Ey, (p € T(R,G)) and defining relations, which are obtained from those of g*
by adding some additional relations.

In §1, we shall prove that g© 2 g(R) using properties of rank two affine
Lie algebras. In §2, we shall prove the properties. In §3, we shall show that
g’ = g© and show a maximality of g’ except for Al(l’l). In §4, we shall show
that gl (F:G) > g2,

§1. Isomorphism from g to g2

Let [ be a positive integer. Let £+ be an [ 4+ 2 dimensional C vector
space with a non-degenerate symmetric bilinear form I : ;s X ;¢ — C. Let
It = {ap,01,... ,q;} be a set of linearly independent [ + 1 elements of Eu¢
satisfying the condition that:
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(1) I(a;, ;) is a positive integer for any 0 <14 <1,

(2) The (141) x (I+1) matrix A := (a;;), where a;; := 21 (o, o) /I (0, @;),
is a generalized Cartan matrix of affine type (See [K, §4.8] for the terminology),
i.e., it satisfies the condition that there exists a unique z = *(zg,... ,7;) € Zlfl
such that {v € Z}"!|Av = 0} = Z,a.

We call the pair (Ear, Iag) the affine datum. The element 6 := xpap+-- -+
xyaq is called the lowest positive null root, where x;’s are the above integers.
Let Tar(Eat, ar) be the Dynkin diagram of the affine datum (Eu¢, IL,¢); we use
the same definition for the Dynkin diagrams as in [K, §4.8]; in [K, §4.8 TABLE
Aff 1,2,3], the Dynkin diagrams Ta¢(Eag, I[Ta¢)’s of the affine data (¢, I,f)’s are
listed, and they are named:

( 1), BV (1> 3), ¢V (1>2), DM (1 > 4),

oM (1= >F<” (1=4),E" (1=6,7,8),

D (>1), A5, (=3, DY, (1> 2), B (1=4),
DY (1=2).

(1.1)

We also use the same names as above. If T'np(Eap, ILif) is X,St), one of (1.1),
we say that (€., Ilag) is of type Xr(f). We follow the same numbering as in
[K, §4.8] for the vertices of the I'as(Ear, Ilar). Let Ilap g := {a|1 <4 < 1} and
Eat,:=Co1 @ ®Coy. Then Eup = Ear, 5 @ CS @ CAs, where As € Eu¢ is such
that I(Ag, gaﬂﬁ) = {0}, I(Ag, 5) =1 and I(Ag,Ag) = 0.

For each affine datum (E¢,ar = {ao,...,}), we define the C vector
space Sﬁf to be Ear ® Ca @ CA,, and extend the symmetric bilinear form I(, )
on &, to the one on ng by (Eaf,(Ca ® CA,) = {0}, I(a,a) = I(Ag,Ay) =0
I(a,Ay) = 1. Let k : T U —TIe — {1,2,3,4} be a function satisfying the
following properties:

(1) k(=a) = k(a),

(2) there exists an a such that k(a) =1,

(3) if I(o, ) < I(B,5) and I(c,3) # 0, then k(a) < k(B8) and I(8, 8)k(«)
= I(a, a)k(B)c for some ¢ € {1,2,3,4}.

We call the triple (Saf,Haf, k) a reduced marked elliptic datum; we abbreviate
this terminology to an r.m.e.-datum. K. Saito [S] showed that a function %’ :
I, — {1,2,3,4} satisfies the properties (1), (2) and (3) above with k" in place
of k if and only if &’ is a counting function (see Introduction). In particular,
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the definition of an r.m.e.-datum given here and the one given in Introduction
are equivalent.

Definition 1.1 (See also [Y]).  Let (€%, Iy, k) be an r.m.e.-datum.

af’

(1) For o € Eif with I(o,0) # 0, let 0¥ := 20/1(0,0) € S,Ef. For o, 7 € Eﬁf, let

J(O'v 7—) = I(UV’T) if I(UV’T) € _Z+ and 1(07 U) 7é 07
20 otherwise.

(2) For the above (Eﬁf,l_[af,k:), we define a Lie algebra g = g(SEf,Haf, k) by
generators:

7, hy (0 € EL), B (o € Tap U —Tyg), HY (o € Mg U —Tlyt, i € Z)

and relations:

(H1) The + yhy = hogayrs  [heshe] =0,
(H2) lhe,Eo] = 1(0,0)Ea,  [he, HY] = I(ia,o)k(a)HY,

—J(aV h_ov fa+p8=0
H3 dB, ), = ) e ,
(13 (adfe) ’ 0 otherwise,
(1 Z=he B =he, 1O, =10,
(H5) (HO), 1Y) = ik(a)I(Y,6Y)Z  if ik(a) + jk(B) =0,

o 0 otherwise,
(H6) [HY), E5) = (a¥, B)HY), B it ik(a) = jk(B),
i 0 if ik(a) ¢ k(B)Z,

w7 (HD (ED B =2 B, (Y, Bl Boa) = 21,
(HI8) HY, Bl Eg) =0 if I(a, ) > 0,

where o, T € ng, z,y€C,i,j€Z and «, B € e U—Ily.

Here, for an r.m.e.-datum (Eif, IT.¢, k) with [ > 2, we introduce an algebra

presented by finite generators and finite relations.

Definition 1.2. Let (Eh IT.¢, k) be an r.m.e.-datum. Assume | > 2.

af?
(1) For a € Ty, let a* := a+ k(a)a € Sif.
(2) For the above (Eif, ¢, k), we define a Lie algebra g© = gA(ng, I, k)

by generators:

h’O’ (U S 5£f)7 Eaa Efon Ea*7 Efa* (O[ S Haf)7
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and relations:

(S1) zhe + yhr = hyoyyr (,y €C), [hs,h] =0

($2) { [hoy Eo] = I(0,a)Ey, [he, Eax] = I(0,a*)Eqyx,

[hoy, B—o] = —I(0,0)E_4, [hoy E_q+] = —1(0,a*)E_4~,
[EamEfa} = _havu [Ea*7E7a ] = _h‘(oz*)v
[EamEa*] =Y, [E onE a* } 207

S3

(53) (adEL)3E_o- =0, (adE_,)3Ey = 0,
(adE,-)3E_, = 0, (adE_ )3E, =0,
[E ] =0, [EOME ﬁ*} 0, [Ea*vE;,B*] =0,

g ] @B (E) <0 (BT () <0,
(adEo) "1 (Eg) = 0, (adE_o)' 1@ A (E_5.) =0
for a, B € Iy with o # 3,
(adEq+)?Eg = (adEq)YEg-,

($5) (adE_o+)VE_g = (adE_, )V E_g-
for o, 8 € Iy with I(a, 8) # 0 and I(«, ) < I(5, 5),
where y := k(8)/k(a),

(adEp-)2Eq = 0, (adE_g:)2E_o =0
for a, B € Iy with I(3Y,a) = —1 and k(8) = k(a),

(adEa*)?’Eﬁ =0, [Eq, [Ea~, Eg]] =0,
(adE_a*)SE_ﬁ = O, [E—Om [E—Oc* s E_ﬁﬂ =0
for a, B € Iy with I(8Y,a) = —1 and k(8) = 2k(a),

[Ea, [EDH [Ea*ﬂEﬁm =0, [EOM [Ea ) [Ea ’Eﬁm =0,
[E*aﬂ[E*aJE*a*vE*ﬁm =0, [E Oév[E*a 7[E7 *
for o, 8 € Ils with I(3Y,a) = —1 and k(8) = (a),

[Eoc*7E[3*] = 07 [E—Oz*aE—@*] =0
for o, B € Iy with I(c, 3) = 0.

©w
X
——— ——

Here we state one of our main theorems:

Theorem 1.1.  Let (é’af,de = {ag,...,q},k) be an r.m.e.-datum.
Assume | > 2. Then there exists an isomorphism ¢ : (Eaf,de,k') —

(Eaf,de,k') such that p(h,) = hy (0 € Sif), ©(Eiq) = Eia, P(Ey) =
[H( ).E o], P(E_g+) = —2_1[H(71),E,a] (v € Ilag). Moreover go(H())

aV) aV
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H(il()x (a € Hat and i € Z), where

' (=271~ (adEp-adE_o) " [E_a, Eu-] ifi>0,
1.2)  HY = hov ifi=0,
(=27 V)" Y(adE_n-adEn) " [Bu, E_o-] ifi<0,

and I;T(f()lv = fﬁsv)
The proof shall be given after Proposition 1.1 is stated below.

Let S be a subset of ;. Let g¢®) be the Lie algebra defined by the
generators Z, h, (o € Sﬁf), Eio (a€9), HE_L%V (o € S,i € Z) and the same
defining relations as (Hj) (1 < j < 8). Let g(®% be the Lie algebra defined
by the generators h, (o € ng), Eio, E1o« (a0 € S) and the same defining
relations as (Sj) (1 <7 <9).

Proposition 1.1.  Keep the notation as above. Let o, B € Il be such
that « # B and I(«, 8) # 0. Let S := {«, B}. Then there exists an isomorphism
09 : g(239) 5 g(9) satisfying the same equalities as in Theorem 1.1 with ()
in place of p.

The proposition follows immediately from Lemma 2.2 and Propositions 2.1
and 2.2, which shall be given in §2.

Proof of Theorem 1.1. By Proposition 1.1, we see that for a, 3 € I+ with
a# f and I(a, 3) # 0,

h’aa hAaa h’y\/7 Ei’w ﬁ»(;/) (7 S {Oé,ﬂ})

satisfy the relations (Hj), 1 < j < 8, with ﬁ/(fv) in place of H/(jv)

From the definition of ﬁilv), it is clear that for «, 8 € I, with I(«, 5) =0,
the elements Ei., I?,(ylv) (v = a, B) satisfy the same relations as (H3), (H5),
(H6) and (H8) with ﬁ,(ylv) in place of H,(YQ

By the above argument, we see that there exists a homomorphism y : g —
g~ such that x(hy) = he, X(E+a) = Fiq, x(HjéLv) = ﬁj([%v

Using again Proposition 1.1 and an argument similar to the above one, we
can easily see that the homomorphism ¢ : g¢® — g in the statement can be
defined. We can easily see that ¢ is the inverse map of . O
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§2. Rank Two Affine Lie Algebras
82.1. Three kinds of definitions

The automorphism n,. Let (é’gf,Haf,k) be an r.m.e.-datum. Let g©& =
gA(ng,Haf, k). For a € Tt U —Il,¢, define the automorphism n, : g~ — g©
by

Ne = (expadE,)(expadE_,)(expadEy,).

It is well-known that

(2.1) Na(ho) = hs, (o),

where s,(0) =0 — 211(5“7’5))04. Moreover we have:

(2.2) NaBo = —F_a, Nohav = —hav, NoaF—_oq=—FE,,
NaEior = 1(adEsa)?Eya,

(2.3) NalExa, Etar] = —[Exa; Eras],

Ne (adE;a)QEia* = 2Eio¢*

and, for 3, a € I+ with a # 3, we have:

. —1)iil .
(2.4) no(adEyy) Fyy = ﬁ(adEia)Minm
where p:= 3 or f*, M := _211((;,5)) and 0 < ¢ < M.

The formulas in (2.1)—(2.4) follows immediately from Lemma 2.1 below.

Let a be a Lie algebra and let X; (i € I) be generators of a. We say that
X € ais locally nilpotent if for every i € I, (adX)™ X; = 0 for some m; € N.
For such an X, we can define exp(adX) € Aut(a). Let C = (XT,Y, X7) be
a triple consisting of elements X*, Y, X~ of a. We say that such a C is an
sly-triple if [XT, X 7] = —2Y and [Y, X*] = +2X*. Here notice that [X+, X ]
is not 2Y but —2Y. If X* are locally nilpotent, we say that C is locally finite
and define

n(C) = exp(adX ™) exp(adX ™) exp(ad X ) € Aut(a).

Lemma 2.1.  Keep the notation as above. Let C = (XT,Y, X™) be a
locally finite sly triple. Let n:=n(C). Let Z € a be such that [X~,Z] =0 and
Y, Z] = —mZ for some m € Z. Then (adX ™)™ T1Z =0 and
(—1)4!

m—1)!

n((adX1)'Z) = (adX )™ Z.

for0<i<m.
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Proof. Use a representation theory of sly, especially the completely re-
ducibility and the fact that

01"
ﬂ-(m)(n) _ (ﬂ(z)(n)@)m’l)w _ ( <1 0) ) )
IS

where 7™ is the m-dimensional irreducible representation 7(") of (X, Y,
X7) Zsly, and S is the subspace of the symmetric tensors. O

Kac-Moody Algebras. Let (Ear,Ila¢) be an affine datum. Let KM =
KM(&.¢,I1,¢) be the Lie algebra defined by generators h, (0 € &), Fao
(a € TIo¢ U —I1,¢) and relations:

(ASl) zhe +yh, = hwo+yT7 [hm h‘l’] =0,
(ASQ) [haa Ea] = I(Ja O‘)Eav

_ v h_av if o + ﬂ =0
A dEa 1-J(« ,ﬂ)E — o ’
(AS3) (a ) A 0 otherwise,

Then KM is the affine Lie algebra of type Taf(Ear, Iat).

Let PriAff be the set of affine data (Ear,Ilar = {p, @1, 2}) such that
Dot (Ear, Hag) is Aél), 02(1)’ Gél), D§2) or Df). Notice that Af) ¢ PriAff.

Let (Eaf, ar) € PriAff. Define the function ¢ : e g U —Ilas s — {1,2,3}
by:

(1,1)  if Tap(Ear, Map) = A, 8V or GV,
2 2 2
(9(a1), g(+a2)) = { (2,1)  if Tag(Ear, Iag) = DY,
(1,3) i Tap(Ear, ag) = DY,

Let G = G(Eaf, ) be the Lie algebra defined by generators h, (0 € &), Eq
(a € Haf,ﬁ U —Haﬂﬁ) s H(gjv) (O{ S Hafﬁ U —H&f,ﬁ7 1 E Z) and relations:

The relations obtained from those of (Hj)

PHj) (1<5<8
(PHj) (1) <8) {by replacing k and a with g and —9.

Let G® = G®(&at,4¢) be the Lie algebra defined by generators hy (0 € Eat),
Ey, Eor (o € a5 U —Ilae 5, ¢ € Z) and relations:

(PSj) (1< j<9) {The relations obtained from those of (Sj)

by replacing k£ and a with g and —¢.
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It is easy to see:

Lemma 2.2. Let (Edf,Haf,k) be an r.m.e.-datum. Assume l > 2. Let
a, B € Iy be such that o # B and I(«,8) # 0. Let S := {«, 8}. Then
there exist (El;,1IL;) € PriAff, an injective isometric map p(s &y — Eﬁf
and ¢ € {1, 2} such that pS) (Is 5) = S, p)(5) = —ca, P (As) = —¢ Ay,
and k(p(ay)) = cg(a;). (Notice that G = G(EL, L) can be identified with
a subalgebra of g\ by identifying hy, Fia, H((jv) wzth hpoys Etp(a)s ((L)V

Under the identification, we have g*¥) = G®r, where v := { h, | I(1,&';) = {0}}.
Similar things hold for G* (., 11.;) and g(29))

§2.2. Isomorphisms between rank two affine algebras

We use the same symbols for elements, h,, F, etc., of the Lie algebras
treated in this paper. In §2.1, we introduced the automorphism n, of g©
We shall also denote by n, the automorphism n((Eqy, hov, E_4)) even for the
other Lie algebras. Moreover the same formulas as (2.1)—(2.4) also hold for
the algebras. They shall also be referred to as (2.1)—(2.4). Let a be a Lie
algebra treated in this paper. Let & := & if a = KM, G or G®. Otherwise
let & = ng. Let b, be the subalgebra { h,|o € £, } of a; by abuse of the
notation, we shall also denote h, by h. We denote by a, the weight space with
respect to o € £, i.e.,

0o ={X €allh, X]=I1(o,7)X (T €&) }.
The following lemma shall be used to prove Proposition 2.1.

Lemma 2.3.  Let (Ea,a¢) € PriAff. For G = G(Eaf, a¢) and KM =
KM(Eut,ILi¢), we have dim G, < dimKM,, for o € Ey.

Proof. 'We use the same argument as in [SY, §5]. Recall the elements a;,
ag € Hapg. Let Qo =76, Q+ := (Zyon +Zyas + Qo) \ Qo and Q_ :== —Q.
Let Q™ := Uj—1 2 Uwew,;  (w(as) +Zg(;)d), where War g = (Sa,, Sa,). Notice
that Q™ C Q4+ U Q—. Using the relations (PHj), 1 < j < 8, we can easily see
the facts below:

(1) G = S5 G,.

o€(Q+UQoUQ-)

(2) Gia,+g(ai)ns = (C[ tay ,Eia} and Gima,4+ns = {0} for m > 2 or

n ¢ g(ai)Z.
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(3) For 0 € Q4 \ Ui=12(Z+a; + Qo), we have Gio = > [Giv,, Gis ],
where the summation is taken over o1, 02 € Q4+ with o1 + 09 = 0.

(4) Go = b and Gus = Y0, , CHY?“) for n #£ 0, where HY) := 0 if
x ¢ Z.

Moreover we notice the facts
(5) dim G, = dimn,, G, = dim Gg, where 3 = s,,(0) = 0 — I(o), 0) ;.

6) For each o € Q, since I(o,0) > 0, we have I(a), o) > 0 for some i.
+ 7

By using the facts (1)—(6) and by using induction on r; 4 re for o =
ria + roas +nd € Q4, we see:
lif o € Q*°,
4if 0 = 0,
dim G, < ¢ 2if 0 =nd and n/g(aq), n/g(az) € Z\ {0},
l1if o =nd and n/g(ay) ¢ Z or n/g(ay) ¢ Z,
0 otherwise
— dim KM,

where the last equality can be seen by the concrete description of KM given
in [K, Chapters 7, 8]. O

~Let (Eat, Mar = {ap, a1,a2}) € PriAff. Define the elements Epey, E_ox,
H:(g()l\/ (o € g 1, @ € Z) of KM(Eyy, ILyr) as follows:

B (1) If Faf(gaf,naf) = Agl), put Eia; = n;llE;aO and Eia}‘ = _[[E¥a27
Eia;]a Eial}'
N (2) If Top(Ear, ap) = Cél), put Eia; = n;llEjFao and Eiaq = —[[Exa,,
E:taé]a E:I:on'

(3) If~Faf(5af7Haf) = Gél), put Eia; = ng}n;jE;aO and Eia; =
_[[E¢a27Eia§]aEia1]~ _ _
(4) Tf Tap(Ear, Tag) = DY, put Eins = ng'Eray and Eigr = 471 x
[[[[E:FOtz?Eiai_ﬁ]aE:FazLEia;]aEiall B N
5) If Tor(Ear, ag) = D, put Fyns = nolnslEvy, and Ein: =
AL 4 1 az Yoy HF oo 2
_12_1[[[[[[E$O¢17Ei0¢1‘]5E$041]7Eiaj‘]aE$a1}7Eiaf]aEia2}-
6) Define ", in the same way as that for a7, in (1.2) with hov, Biq,
+a +o
Eia* in place of hav, Eiou Eia*-

The two propositions below were used in the proof of Proposition 1.1.

Proposition 2.1.  Let (Ea,¢) € PriAff. Then there exists a unique
isomorphism & : G(Eaf, Mag) — KM (Eqs, ag) such that £(hy) = hg, E(F1a) =
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Ei, and §(H(£()lv) = flgf()lv, 5(2_1[H(fa1v),Eia]) = Eia*, where 0 € Eu, a €
s and i € Z.

Proof. By the concrete description [K, Chapters 7, 8] of the affine Lie
algebras, we see that the epimorphism ¢ in the statement exists. By Lemma 2.3,
we see that dim G, = dim KM, for all o, and that £ is injective. O

Proposition 2.2.  Let (&, a¢) € PriAff. Then there exists a unique
isomorphism 0 : KM (Eap, Hag) — G2 (Eag, ag) such that 0(hy) = he, 0(E1q)
= F4i, and G(Eia*) = Eyi~, where 0 € &, a € Ilap 5. Moreover G(ﬁ(ﬁxv) =
I;Tii()lv, where o € Iup 5, © € Z and where fl(izc)xv € G2 (Eag, Mag) are defined in

the same way as in (1.2).

Proof. Define the elements Eiao of G2 (Eat, Ia¢) by

Ny Etag if Tag(Eat, Mag) is Aél), C’él) or D§2),
E:I:ao = Ny MNay E:Fa’z‘ if Faf (5afa Haf) is Gél)7
nal naz Eya’{ lf Faf (Eaf, Haf) is Df)
We first show that the elements h,,, Eiao, Ei,,, Ei,, satisfy the same relations

as (AS1), (AS2) and (AS3) in §2.1 with Eiao in place of E1,,. It is clear from
(2.1) that [Eay, E—ay] = h_ay. So we only need to show that

(2.5) (adEy, ) =70 (E,) = 0
and
(2.6) (adE_,)' (B =0,

where v = +«; (i = 1, 2). We shall prove the equality (2.5) for each (Ear, ILaf) €
PriAff in §2.3. The equality (2.6) can be proved similarly.

Define the homomorphism 6 : KIM(Eyt, at) — G2 (Eat, Map) by 0(hy) =
hoo0(Eia,) = Eia, (1<i<2)and §(Eia,) = Eia,. Puti=2if Tag(Ear, Mar)
is Df); and put ¢ = 1 otherwise. It is clear that Q(Eia;) = Eiq:. Let
J € {1, 2} be such that j # i. By (PS5), we see that

Eia;f c (C(adE:Fa )k(o‘j)/k(‘“)(adEiaf)k(af)/k(o‘i)Eiaj.

Hence 6 is surjective. By Proposition 3.2 in §3, we see that ker N'h = {0}.
By the abstract definition [K, §1.3] of the Kac-Moody algebra, we see that
kerd = {0}. Hence 6 is an isomorphism. By the concrete description [K,
Chapters 7, 8] of the affine Lie algebras, we see that H(Eia;) = Eia;. It is
clear that G(ﬁgiv) = ﬁgiv O
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§2.3. Proof of (2.5)

Here, we shall use the notation for the elements of II,¢ as follows: a and
B denote the two elements of Il,; 5 = {ai1, e} and are assumed to be such
that I(a,a) < I(8,5); Ba denotes g if Tag(Eat, Mag) is Aél), 02(1) or Ggl); an
denotes o if Tag(Eag, [ar) is D:(f) or Df). We shall use the formulas (2.1)—(2.4)
and the relations (PSj) (1 < j < 9), and often omit telling which formula or
relation to use in the cases where equalities are explicit.

The Agl)case. Notice that Ban = 6 — (@ + 8) = sa(—0*). Then we have
the Dynkin diagram Aél):

Ba

S&@g

We have Eg, = [E_qo, BE_g+] = [E—q-, E_3) and have:

[E*W’ EﬁA] =0, (adEW)QEBA =0,
where 7 is a or 3. Notice that [E,, E,@A] = —FE_g-. Then we have (adEﬁA)zEa
= 0. Similarly we have (adEgs, )?Eg = 0.

The Cél) case. Notice that o = 0 — (2a + ) = so(—0*). We have the
Dynkin diagram 02(1):

Ba  « B
O—0<=0
We have: R ]
Boy = 5B (B Bl (by (24)

— %[E,a*, [E_o, E_g]] (by (PS3) and (PS5)).
It is clear that [E_Q,EQA] =0, (adEa)BEgA = 0 and [EBAvEB] = 0. We see
that
(B Bp] = (B -aer -], 1B, Bgl] = (adB_)’[E_or, B_] =0.
We see that (adEg, )2Eq = ne(adBE_g-)2(—E_y) = 0.

The Gél) case. Notice that Sa = 0 — (3a+ 208) = sgsa(—F*). Then we
have the Dynkin diagram Ggl):

« B Ba
O<=0—-=0
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We have
~ 1 3
E,@A = n,@naE,g* =ng g(adE,a) E,,g*

1
= —g(adn,@E,a)?nﬁ [E_p,E_o] = =(ad[E_p, E_o])*E_o-

S| =

It is clear that:

(adE3)*Ep, = = (adE_o)*E_o- = 0.

1
3
Notice that:

[[E*OH E*,B]? [E*OH E*,B*]] = [[E*avE*ﬂ]ﬂ [E*a“E*B]] = n,@[E*avE*a*] =0,

and we see:

(-5, el = Gl[B-p, B-al, 155, B-al, (-5, Fac]] =0,

1

—[[E,m [E*OH E*[?HvE*ﬂ*]

[E*OHEﬂA}:ana 2

1
- _§nﬁna[[E—aE—5]7 [E_O“ E_B*]] =0,

~

(Bass Fal = Gl1E-p, ol [(B-g-, E-al, E-al, Fol
= (BB, (B, Boal, Boal] ~ A[E_p, B_o), [E_p-, B_o])
= 2[5 B, (B, Bl =0

and
n 2 2 1 3
(adEs, )>Es = ngng(adE_g-) (é(adEa) Eﬁ> (by (2.4))

:_énﬁna(ad[E_g*,E_a])Q[E—ﬁaE—a} (by (PS6))
0.

The D§2) case. Notice that an = 6 — (o + 3) = sg(—a*). We have the
Dynkin diagram D§2):

an S «
O<—=C—0O
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We see that E,, = [E_g, E_o+]. It is clear that [E_g,EaA] = 0 and

(adE3)?E,, = 0. It follows from (PS7) that [E_,, Es,] = 0 and (adE,, )3Es
= ng(adE_ -)3(—E_g) = 0. We have:

(B, Bol

= [[E—BaE—a*]an]

= [E—Bv [E—a*aEaH

=z 3 1B s 1B, Bgl], (B, Bl

o {lE—a, E_g], E_a<] (by (PS2), (PS3) and (PST7))
=0 (by (PS7)).

The Df’) case. Notice that an = 0 —(2a+ ) = sasg(—a*). The following

is the Dynkin diagram Df’):
an o« I}
O—0O<=0
We have
EQA =nengE_o« = no[E_g, E_y]
1 1
= 6(adE_a)3E_5,i(adEa)zE_a*

3
12

= Z[(adE—a)2E—Ba [Ea, E—a-]] (by (PS8))
=[[E-a, E_p], E_a-].

= ([(AdE_o)?E—p, [Ba B—oo]) + [Ea, [(6dE_o) E_g, E_o-])

It is clear that [E,M,Eg] =0 and [EaA ,E_q] = 0. It follows that [EQA,E gl =
nglE-a, E_o+] = 0. We see that (adE,)? EaA = ny(adE_,)?(ngE_o+) =
na(adE_o)*([E-E_a+]) = 0. We also see that:

ad(Ea, )?E.

= —no[[E_g, E_o], [[E-p, E_a-], E_q]]
=nalE_a [E_p, [E-p, E—a-], E_a]]l]
=nalE_a~, [[E_p, E_a-],[E_p, E_o]]]
=g | E_ox, %(adE,ﬁ)z[E,a*7E,a]
=0.
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83. Root Spaces

Let (Ea = {0, ... ,u}, k) be an affine datum. Recall the affine Lie algebra
KM = KM(&,¢,I¢) in §2.1. Let (]) : KM x KM — C be the same invariant
form as in [K, Theorem 2.2]. Let C[t,¢~!] be the Laurent polynomial algebra.
Define the Lie algebra structure on the vector space

L(KM,1) :=KM®C[t,t '] ® Cv® Cw
by
[Xl X al(t) + blv —+ clw, X2 (24 GQ(t) + bQU + CQU}]

= [X1, Xo] ® a1 (t)az(t) + (X1 X2)Res <da1(t) GQ(t)) v

dt
da1() das(t)
c1 X
i 1 Xo @t——— FT

—c X1 ®t

where Res(Y_ z;t!) = x_;.

Let (5§f,Haf ={ao,... ,q}, k) be an r.m.e.-datum such that [ > 2. Let
kY (a) == k(a) " max{k(a)|a € H,¢}. Let £ be the 1+ 3 kY (;) dimensional
C vector space such that

(1) there exists a non-degenerate symmetric form I : Eaf x &y — C,
(2) there exist linearly independent elements «; ; € 5 (0<i S ,1<5<
kY (c;)) such that
(2-1) I(a gy, 5,) = 0if j1 # Jo,
(2-2) I(aij, 0ij) = kY (i) I (v, o),
(2-3) I(eviy gy » @iy j,) = 0if Ty, 04,) =0,
(2 ) ((O‘ihjl)v?aiz’h) = 5j1’j21((ai1)v7 aig) if I(ai17ai2) 7é 0
and k(o) = k(a,),
(2-5) if I(av,,@i,) # 0 and kY (ay,) < kY (au,), then

I((iy 1) @i o) = I((y,5) " iy i)
—1if kV(ay,) =1,

=< —1if k¥(ay,) =2, k¥ (ay,) =4 and j; — jo € 27Z,
0 otherwise.

Let T := {a;;}. We see that (£2;,11%;) is an affine datum. Let KM’ :=
KM(E,, 11%,).

af>
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Being inspired by [P], we have:

Proposition 3.1.  Keep the notation as above. Then there exists a ho-
momorphism:
(5afaHafa ) - L(KMbv 1)

such that
EY (avi)
X(Eiai) = Z Eiai,j & 17
j=1
kY (i)
- V= v £k (o)
X(Eiar) = ; exp( (o )(2 ji—1—k (aﬁ))Eiai,j@t @

and x(hq) = v, x(ha,) = w, and such that x(hy) # 0 for o € S,Ef \ {0}.
By the same argument as above with G in place of g, we also have:

Proposition 3.2.  Keep the notation as in the proof of Proposition 2.2.
Then ker 6 N'h = {0}.

Root spaces of g©. Let g© = (5 IL.;, k) be as above. Recall the

af’

element I?(Sv) of g® from Theorem 1.1, where o € Il and i € Z. Define the
subset R of Eﬁf by

(3.1) = | U w(a)+2zk(a)a),

weW a€ll,;

where W is the affine Weyl group (ss|a € IL,¢) (see also (0.1)). By Proposi-
tion 3.1, we see that

(3.2) [HY) E] #0

(@ € Ty U —TLyg) since [HY, Bol, [, Bl = 725 hatik(aya # 0. By

aVo aV
Theorem 1.1, Proposition 3.1 and (3.2) and by using the same argument as in
the proof of Lemma 2.3 (see also [SY, §5]), we have:

Proposition 3.3 (See also [Y]).  As a C-vector space,

(3.3) g” = (EB g?) P ( b Gﬁa+na>-

BER m,neZ
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It also follows that:

(3.4) dimg} =1
for B € R, and
(3.5) g5 =b.

In particular, dim goA =1+ 4. Moreover, for 8 € R, there exist o € I, 1 € Z
and oy, ... ,o;, € Ilae such that

g? = (Cnail Ny, [HS\Z s Ea]~
We introduce the Lie algebra g%, which was mentioned in Introduction.

Definition 3.1 (See also Introduction).  Keep the notation as above.
Assume [ > 2. Let B := {a, —a, o*, —a*|a € Iy}, 24, = min{n €
Ninu+v ¢ RUCa} and A := { (o, 8,y) € Tas x Iyt x N|a # 3, I(«, B) #
0, k(a)y = k(B) }. Define the Lie algebra g° with generators:

ho (0 € €), E,(u € B)

and defining relations:

(3.6)
zhe + yhr = hyoiyr forz,yc Cand o, 7 €&,
[hoyhr] =0 for o, 7 € £,
(he, Ey) = 1(0, p)E, for o € £ and p € B,
[Eu, E_,] = hyv for p € B,

(adE,)**E, =0 for u, v € B with p+v # 0,
(adEia*)yEig = (adEia)yEig* for (Ol,ﬁ,y) S A,
(adEia)i(adEia*)y_iEig =0 for (a,B,y) € Aand 1 <i<y-—1.

The following theorem was also mentioned in Introduction.

Theorem 3.1.  Assume | > 2. There exists an isomorphism 1 : g~ —
g" such that 1(hy) = h, and Y(E,) = ,E, for some ¢, = 1.

Proof. The existence of the homomorphism % is clear. By Proposition 3.3,
we see that the inverse map 1! exists. O
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Invariant form and a maximality theorem. Keep the notation as above.
We shall also denote by (|) the invariant form on KM’ defined by:

(Xl (24 al(t) + bl"U + 01UJ|X2 X ag(t) + bQ”U —+ CQ’U])
= (X1|X2)Res(ta1(t)a2(t)) + bicoy + bacy.

We shall also denote by (| ) the invariant form on g* defined by the composition
of the above (|) and = x x1»~!. Then we have:

(3.7) (holhs) =I(0,7) (0,7 € EX)

and

(3.8) ker(|) C @ gEn§+na'
() 20.0)

Theorem 3.2.  Assume that | > 2 and T (Ear, ag) is not A(l) (see §1
and notice T'(R,G) # Al(l’l) (see §4 and Appendix)). Let g* = g (5df,H:1f, k)

be a Lie algebra satisfying:

(1) g* has the same propertzes as (3.3)—(3.5) with g* in place of g*,

(2) g* is generated by b and gu with u € B,

(3) There exists an invariant form on g* having the same properties as in
3.

(3.7)-(3.8).

Then there exists an epimorphism 1 : g* — g* such that n(hy) = hy for o € 8§f.

Proof. By a well-known argument (see [K, Theorem 2.2]), we can choose
basis elements E,, of gfL with p € B so that [E,,E_,] = h,v. Then E,’s
satisfy the same equalities as (3.6) except for the sixth one. Notice n, =

n((Ey, hyv,—E_,)) € Aut(g?) can be defined for p € B (see §2.2). Assume
that (o, 3,y) € A (see (3.6)). Assume that if y = 1, then I(aV,3) = —1. Then
we have:

(3.9) N+ Bxp = ¢ lgna By

for some cq,3 € C\ {0}. We can normalize E~ so that ¢, 3 = 1 hold for all
a, 3. Then the equality (3.9) is nothing but the sixth one. This completes the
proof. O
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84. Relations with Elliptic Root Basis

Here we recall the notion of the elliptic diagram [S, (5,2)]. Let (€%, Iy, k)

af?
be an r.m.e.-datum, where Il = {ag,..., o }. In this section, as in the pre-
vious sections, we assume that [ > 2. Recall the positive integers xg, ... ,x;

from §1. If o € Ty is «, let ¢4 := x; and m, = (o, @)xa/k(a). Let
Mmax = max{my|a € M} and M == {a € My = Mmax - For a subset
S of I, let S* := {a*|a € S}. Let I'(R,G) := ;s UIIY ... The I'(R,G) is
called the elliptic root basis (see also [SY, (2.4)]).

Following [S], we define the elliptic diagram (which we shall identify with
the elliptic root basis I'(R, G)) by the following rule:

(i) the vertices are in one-to-one correspondence with the elements of
I'(R,G),

(ii) the bond and arrow between the two vertices a, 8 € I'(R, G) is defined
in the usual manner (see [K, §4.8]), except for the additional convention: a
double dotted bond O===0 if (o, ) = I(8,08) =1(8,a) > 0.

We shall give the list of the elliptic diagrams in Appendix. Following [S]
and [ST], we shall also use the following convention:

O—O ift=1,
O—+0 =00 ={0=0 ift=2
t t O=0 ift=3.

For a subset S of I, let T'(R,G;S) := T'(R,G) N (S US*). We shall
identify T'(R, G; S) with the subdiagram of the elliptic diagram I'( R, G) formed
by the vertices in I'(R, G; S) and the bonds and arrows between them.

Definition 4.1.  Keep the notation as above. Assume [ > 2. Let g" (%)
be the Lie algebra defined by the generators:

(4.1) ho (0 € EX), Boy B—o (0 € Iay), Eovy B (0 € M)
and the defining relations (see Warning below):

The same relations as the ones among (Sj) expressed

BSj 1<9<9
(BSj) (1<j=<9) {only by the same symbols as (4.1),
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[Ea*, [Ea,Eﬂ]] =0, [E*OL*’ [E*CHE*ﬁ]] =0

*

(6%
(BS10)
I
if (R, G;{a, 8}) = with s =1, 2, 3,
a ® 1]
[[Ea*vEﬁ]v [EOH Eﬁ]] =0, [[E—a*7E—5]’ [E—m E—ﬁ” =0
a*
(BS11)
I
if (R, G;{a, 8}) = with s =2, 3,
a ® I}
[(adEg)~ 1" E, (adEg.)~ 1" M E] =0,
[(adE_p) "1 E_, (adE_g-) 1" NE_ ] =0,
(BS12) p*
if (R, G; {a, 8,7}) = with s, = 1,2%! 3+,
@ S 6 t y

Warning: Here we make comments on the above (BSj).

(1) Needless to say, for 1 < j < 9, (BSj) does not include a relation
corresponding to one of (Sj) expressed by symbols including E,« or E_,~ with
a ¢ Mpax.

(2) For 5 < j < 8, (BSj) uses the condition with a counting function k,
but a unique counting function is associated with the elliptic diagram I'(R, G).
The k is obtained uniquely from the T'(R, G) in the following way:

*

a* « B*
a B I i I % I

(l) If F(R7G7 {Oé,ﬁ}) = O—O B or s then
« I6) « I}

(ii) Assume that T'(R, G; {a, f}) = .If s=1,2or 3, then
s
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k(B) = k(o). If s =271 371 then k(3) = s~ 1k(a).

(iii) Assume that I'(R, G;{a, 8}) = . If I(a*, p) = 0 for all
« 2 16
pw € T(R,G) \T(R, G;{a, 3}), then k(B) = 2k(«). If I(8*,u) = 0 for all
uw€T(R,G)\T(R,G;{a, 3}), then k(8) = k(«).
(3) Denote (BS12) by (BS12), 5.~ to clarify «, 8, y. Then (BS12), 5.4
is redundant; the relations in (BS12), g, are obtained from (BS12), 5~ and
(BSj) (1 <7 <11). See (2) of the proof of Proposition 4.2.

We define the elements F,« of gF(R’G) for a ¢ ax in the following way.
By seeing the list of the elliptic diagrams in Appendix, we see that there exists
a unique subset S = {31, ..., 8,} of Il such that 8, = «, and

I'(R,G;S) = -----O0——=0
B % B B Bp-1 Bp

with s = 1, 2%1, 3*1. Then, using an induction, we define:
(42)  Eiar = (-1)M(adEsps, )" (adBrg; )M Eiq € g" 9,

where M := —I(8)_,, ).

Recall the Lie algebra g© = gA(€£f7 IL.¢, k) from Definition 1.2.

Theorem 4.1.  Keep the notation as above. Assume |l > 2. Then there
exists a unique isomorphism Q0 : g& — gV B such that Q(he) = he (0 € ng),
Q(E:ta) = Eiq, Q(-E:I:a*) = Fiq- (a S Haf)'

The proof shall be given at the end of this section.
Keep the notation as above. Let S be a subset of ;. Let gl (%G9 he

the Lie algebra defined by the generators h, (o € ng), Ei, (neT(R,G;S))
and the same defining relations as (BSj) (1 < j < 12).
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Lemma 4.1.  Keep the notation as above. Let a,, B € It be such that
a# 3. Let S = {a,f} and p € T'(R,G;S). Then C := (E,, hyv,E_,) is a

locally finite sla-triple in gt (F-Gi9)

Proof. We may assume that I(a, 3) # 0 and T'(R, G; S)NS* # 0. Assume
I'(R,G;S) = SUS*. Tt is clear that g'%9%) = g(4:5) " The lemma for
the S follows from Lemma 2.2 and Proposition 2.2. So we may assume that
I'(R,G;S) = SU{a*}. Moreover we may assume that 3k(«) = k(3); otherwise
the lemma is clear from the relations (BSj). Let Ei,m = nanglxqs-. Since
Eio = nglnglﬁym, gF(R’QS) is generated by hy, Eio, E1g and EiaA.
Using the same argument as in the Df’) case in §2.3, we see that Eia A s
locally nilpotent. Hence E.,« are locally nilpotent, which completes the proof
immediately. O

Proposition 4.1.  Let p € I, UITY; and C := (E,, hyv,E_,). Then C
is a locally finite slao-triple of gt (F:G).

Proof. If p € T(R,G), the proposition follows immediately from
Lemma 4.1. Assume p ¢ T'(R,G), i.e., p = o for some a € Il \ pax-
Recall the definition of Ey, = Ei,+ from (4.2). By Lemmas 2.1 and 4.1 and
by an induction on p, we see that
(43) Ei# = ngpl_ln,g;_lEiw
where n,, 1= n((E,, hyv, E_,)) (v = Bp-1, B;_1), and we also see that £y, are
locally nilpotent since F., are locally nilpotent. O
e, let nyy, = n((Biy, hayv, E+,)) € Aut(ghe@). The
N4, can be defined owing to the proposition above.

For p € T, UITX

a

Proposition 4.2.  Let S be a subset of Iy such that S* NT(R,G) # 0
and T'(R, G; S) is connected. Then there exists an epimorphism Q) g(B:8)
gm (B39 such that Q) (hy) = hy (0 € Eif) and QWN(EL,) = Ex, (p €
SuUS*).

Proof. We shall complete the proof after proving the proposition for some
special S’s.

(1) T(R,G;S) = with s = 1, 2% 3% Let M := —I(aV, ).
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By Lemma 2.1 and Proposition 4.1, we have n,Eys = (adEy,)E,s for
uw=«a, a. We can easily see that
[Eiounoz*Eiﬁ] =0 and [TLQEig,na*Eig} =0
by checking directly them for each s; for example, use (BS10-11) if s > 1; if
s =371, we have
6 %[N0 Es, na-Eg] = [(adE,)*Eps, (adE,-)?Eg] = (adEo+)?[(ad E, )* Es, Eg]

= (adEoz*)?)[[Ea,EﬂL (adEa)2Eﬂ}

=0 (by (BST)).
Since By = ny'na-Eip (see (4.3)), we have [Eyg, E1p:] = 0, and by the
same formula as (2.2), we have [E4,, E+p-] = 0. By Lemma 2.1, we have
(adE¢5)3Eig* = O7 (adEyg*)gEig = O, (adEia)MEig* = 0 and
(adByp-)~ 1) By, = 0, which completes the proof of the proposition for
the present S.

6*
(2) T(R,G;S) = % with s, t = 1,2%1 3% Let g(p)
o v

be the subalgebra of gl(f:GiS) generated by E4, and E.4,-, where p is «
or 7. Using an argument similar to that in (1), we see that it suffices to
show [g(a),g(7)] = 0, and, by (BS12), we see that [Ei,,g(y)] = 0. Hence
[Eia+,8(7)] = [nglnﬁ*Eia,g(v)] = nglng* [E+q,9(7)] =0, where we can show
ng*lnﬁg(fy) = g(v) using QUPH of this proposition and using Proposition 2.2
and Lemma 2.2.

ot ﬂ*
I
(3) T'(R,G;S) = : with s, t = 1, 2*1, Use an argument
a® B " g
similar to (2).
a*
I
(4) T'(R,G;S) = with s = 1, 2%1 3¥1. We first show



RELATIONS OF ELLIPTIC LIE ALGEBRAS 465

that
(44) [Eiﬁ*a [Ei/37 Ei"/” =0.

Using the relations (BSj) and an argument similar to that in (1), we see that
if s=1, 2 or 3, then

0=[[[Ea; [Ea~, Egll, E5], E
Ea,[Ea~, [Eg, E,]]], Ep
Eo, Egl, [Eax, [Eg, Ey]]] + [Ea, [[Eax, Egl, [Eg, E,]]]
Ea, B, [[Ear, Egl, By]] + [[Eax, Egl, [[Ea; Egl, E, ]
[Eor, Egl, [[Ea, Esl, E5]] - (by (BS11))

]
]
]+
I+

and that if s7! = 2 or 3, then letting ¢ := s~!, we have:

0= (adE,) ' (adEy+)ng[Ea, B,
= (adB,)* (ad By ([ Es, Bl [Es, By
= (adB,)" (adEo- [ Ep, [[Eg, Fal, B,
—((adEa-)° s, [(adBa)* Es, By
—(e)?[na- Ep, [naEp, E,]
—(c))*nalEg-, [Ep, B,
Similarly we have [E_g-,[E_g, E_,]] = 0. Thus we have (4.4). Using (4.4)

and arguments similar to those in (1) and (3), we get the proposition for the
present S.

(5) T(R,G; S) = -———-O—0O with s =1, 2% 3+,
B % B B Bp-1 Bp

This can be done by iterating the argument in (4).

(6) We can complete the proof of the proposition for a general S easily by
using the list of the elliptic diagrams in Appendix and using the arguments in
(1)-(5). O
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Proof of Theorem 4.1. 1t is clear from Proposition 4.2 that the homo-
morphism 2 of the statement exists. Recall Proposition 3.3. Notice that no
non-zero weight space of g contains an element corresponding to a relation in
(BSj) (10 < j < 12). Then there exists the homomorphism = : g"#%&) — g&
such that E(h,) = h, (0 € ng) and Z(Fy,) = Eyy (0 € T(R,G)). Us-
ing the relation (S5) and an argument similar to that for (4.3), we see that
E(Ey,) =Ey, (veIl’; \T'(R,Q)). Clearly E is the inverse map of €. O

Appendix

Definition of an r.m.e.-root System

Keep the notation as in the fourth paragraph of Introduction. For a sub-
space X of £, let X+ be the subspace of £ of the elements y satisfying the
condition that I(xz,y) = 0 for all x € X. For a subset S of £ and an additive
subgroup A of C, denote by Qa(S) the A submodule of £ generated by the
elements of S.

Let R be a subset of £. Assume that I(z,x) # 0 for any = € R. We say
that R is an elliptic root system if:

(1‘1) dimc Q(c(R) =[+2= rankz Qz(R) and dim(c Q(C(R) N Q((j(R)J‘ = 2,

(r2) I(zV,y) € Z for z, y € R; and ﬁ‘;gg € Ry for all z € R and all
S Qz(R),

(r3) sy(R) =R for all z € R,
)

(r4) There exists no subspace X of £ such that (X N R) U (X+ NR) = R,
(XN R)#(and (XX NR) #0.

Here we call [ the rank.

Let R be an elliptic root system. A one dimensional subspace G of Q¢ (R)N
Qc(R)* is called a marking if Qo(R) NG # {0}. The pair (R,G) of such R
and G is called a marked elliptic root system.

We say that a marked elliptic root system (R, G) is reduced if 2y — x ¢ G
for all x, y € R. In this paper, the terminology “a reduced marked elliptic root
system” has been abbreviated to an r.m.e.-root-system.

An r.m.e.-root-system (R, G) is called simply-laced if T'(R, G) is Al(l’l) with
1>2 Dl(Ll) with [ > 4 or El(l’l) with [ =6, 7, 8 (see the table below).

Table of the elliptic diagrams with [ > 2

Convention: In the following, we use the convention below:
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g G

IliA(l)EH =l I

N

B (1> 3) B{"? (1> 3) B (1> 2)

Qo e :
Q<\/EA<1)§|
92 U......

aq (071

Qq

Qo

/%A(l)il _
R

(€3] (&%) a1 oy (&) ap—1 (€3] Q-1 O
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Ol(l,l)* (l > 2)

* * *

ay Q1 O

M ------ :
AW
e

o AT
R T

HIROYUKI YAMANE

BC®Y (1> 2)
ag o] oy

BCP(2) (1> 2)

BCPY (1> 2)

B o
||§A(1)
2 \z\é ......

a1 Q-1
(1,1) (1,1)
Eg s o) aq E7 o) as Qg Qg
e e O
oo g Qr ~
I @ I
e
U U O
as Oy Qs Oy a3 (€5 aq
ELD
8 (73 QY (0%} (6] (0%] Qo
M M e e O
asg U U ),
O
Qs (€75 (%4
1,1) (1,2)
F( ’ * o *
4 o5 4 a3
% QVQ\\OZ?) oy oy ap Oég//Q\Oéz;

F22 ,

Qg
Q3 Qg
O—O
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(1,1) (1,3) (3,1) (3,3)
Gy o Gy fa% Gy o5 Gy o
Q) (65) (67} Oél//Q (67 a1 Q) (6%)

aq o (e))] a1
Table of the elliptic diagrams with [ =1
Agl,l) Agl,l)* BC?’D 301(2,4) Bcl(z,z) 2)
ap o o g al a0
Qg a1 Qg
I 1l I 1l O I I I
o0 4 4
aoOO (5] a1 (7)) a1 (67} 4 (5]
Hoe O—O = O<=>0 ad O—+0O = =)0
00
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