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The Equivariant Toda Lattice

By

Ezra GETZLER*

The Toda lattice is an infinite dimensional dynamical system of commuting
flows

(0,80,6n | n > 0),

acting on functions (q,ax,ar | £k > 0) defined on a one-dimensional lattice.
In the limit of small lattice spacing e, which is all that will concern us here
(Takasaki and Takebe [12]), the functions (g, ax, ax) become functions of a real
parameter x, and the role of translation by one unit of the lattice is taken by
the operator E = e%?, where 0 is the infinitesimal generator of translations in
x.

The derivations é; and ; act on the variables q, a1 and a; by the formulas

(1) §1a1 = 01a; = Vg, 01loggq = Vay, 61logq = Vay,

where V : A — A is the infinite-order differential operator

0
€2k a2k+1

_ —1(E1/2 _ p—1/2) _
V= (BT §22k(2k+1)!

=04 52 0° +0(e).
These formulas imply the Toda equation:

(2) 6101 1logq = V?q.

The higher Toda flows are symmetries of this equation.
An abstract mathematical formulation of the Toda lattice is obtained
by realizing the derivations (9,d,,0,) on the free differential algebra A =
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Q:{q,ar,ar | k > 0}, defined over the ring Q. = Q[e]. Reductions of the
Toda lattice correspond to differential ideals Z in A invariant under conjuga-
tion and closed under the derivations d,, and 6,,. For example, the Toda chain
is described by the differential ideal with generators

T ={a —ai,a2 —q,a2 — q,ax,ar | k > 2},

so that A/Z = Q.{q, v}, where v is the image of a; € A.

In this paper, we study a new reduction of the Toda lattice, which we
call the equivariant Toda lattice. If v is a formal parameter, this reduction is
defined by the following constraint on the Lax operator:

(3) (6, — 61)L = vOL.

Let Z, C Alv] be the corresponding differential ideal. We prove that the
differential algebra A[v]/Z, is isomorphic to

QE,V{Q»’U,'D}/(VGQ - V(U - ’D)) ®Qs,u Qa,u[zky 2 | k> 0]7

where Q. , = Q.[v], v and v are the images of a; and a; € A, and z;, and Zj
are constants of motion, which may be defined by the following equation:

> oL
L- L7 )= =1L
(2-ve ™),

In an influential paper, Eguchi and Yang [3] conjectured that the Gro-
mov-Witten invariants of CP' are related to the Toda chain. (For more on
this conjecture, see Eguchi, Hori and Yang [4], Pandharipande [10] and Getzler
[5].) The equivariant Toda conjecture, as formulated in this paper in terms of
the equivariant Toda lattice, provides a similar description of the equivariant
Gromov-Witten invariants of CP*, which specializes to the conjecture of Eguchi
and Yang in the non-equivariant limit.

Let T be the multiplicative group of C, and let X be a topological space
with an action of T. The equivariant cohomology H#(X,Z) of X is a module
over the graded ring Hp = H*(BT,Z) = Z[v], where v € H2Z. The equiv-
ariant cohomology Hp ((CIP’l,Z) of the projective line CP' admits a presenta-
tion

HY(CP',Z) = Z[H,v]/(H(H — v)),

where H is the equivariant Chern class ¢;(O(1)) € H2(CP', Z).
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Denote the kth descendants of the cohomology classes 1 and H in Gromov-
Witten theory by 74 p and 7j,¢o respectively; also, abbreviate 79 p and 79 g
to P and Q. The genus 0 equivariant Gromov-Witten invariants of CP' are
integrals over the moduli space mo)n(ClPl) of stable maps of genus g with n
marked points:

(Tha,P - Thop, PTE,Q -+ - Te,,Q)g € HT ® Q2 Q[v].

The large phase space is the formal affine space with coordinates {sg,tx | k >
0}. The genus g Gromov-Witten potential F, of CP* is the generating function
on the large phase space given by the formula

oo
1
Fo= T Y Sky e Skttt (TP Th PTELQ - TQ) g
m,n=0 Y PR "

1y--5%n

We may combine the Gromov-Witten potentials into a single generating func-
tion by interpreting € as a genus expansion parameter, and writing

F = Z e F,.
g=0

Based on explicit calculations using the topological recursion relations in
genus 0 and 1, Pandharipande conjectured [11] that the following equation
holds for the total Gromov-Witten potential:

(4) D000 F = exp(V2F).

Here, V = e~ 1(E!/2 — E71/2), where E = ¢°?, and 9 = 9/0sy.

On applying the operator V2 to both sides of (4) and identifying the vector
fields 0y and 0y with the Toda flows &; and d;, we obtain the Toda equation
(2) for ¢ = exp(V2F). Observe that 9, — 01 = v0; this equation is formally
identical to the constraint defining the equivariant Toda lattice.

The equivariant Toda lattice and the equivariant Gromov-Witten theory
of CP*! each involve sequences {6,,6,} and {8, = 0/0t,,, 0, = 0/0t, —v3/Ds,}
of commuting derivations, in the first case on the algebra A[v]/Z,, and in the
second case on functions on the large phase space. These sequences of vector
fields may be compared by means of a morphism

A[V]/IV — Qa,u[[slmtk | k> 0]]
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of differential algebras which sends the generators ¢, v and ¥ to exp(VZF),
Vo F and VOoF, and the constants z, and Z; to 0. In fact, the following
relationship between these flows holds:

oo (o}

brin 2",

(5a) kZ:OZ ak_;(1+zy)(2+zu)...(n+zu)’
0o s oo ann

(5b) z 6k_n:1 (1—20)2—2v)...(n—2v)’

k=0
We conjectured this in a preprint of this paper, based on a proof of the result in
genus 0 (see Section 4), together with calculations in genus 1 for small values of
n; it has recently been proved by Okounkov and Pandharipande [9], along with
the equivariant Toda equation (4). Thus, the equivariant Toda lattice yields
a description of the equivariant Gromov-Witten invariants of CP! in terms of
a Lax operator whose coefficients are obtained by an explicit recursion. In
particular, the descendent flows 9/0s;, of the puncture operator P are given in
the non-equivariant limit by the formula

(6) S Orr1 cr(Ok + 0r)
aSk v—0 s

vik+1)! k!
where ¢ is the harmonic number ¢ = 1 + % + -+ %; this is exactly as
conjectured by Eguchi and Yang [3].

In the second part of this paper (Sections 5-8), we relate the equivariant
Toda lattice to the dressing operator formalism. Let log(L) = W log(A)W 1
be the logarithm of the Lax operator L, related to the operator £ = (W)W !
by the formula

log(L) = log(A) — £.

Borrowing ideas of Carlet, Dubrovin and Zhang [1], we show that the equivari-
ant Toda lattice may be characterized by the expansion

o0
A Al =L N ZEpk
+v+gq +v kZ:lk

In particular, the equation (§; — §;)W = vOW is equivalent to the vanishing
of the coefficients z;. We also show that the equivariant Toda lattice has a
Hamiltonian structure which is a deformation of the first Hamiltonian structure
of the Toda chain. (We were however unable to find a bihamiltonian structure.)
This gives a more direct relationship between the results of Okounkov and
Pandharipande [9] and the original Toda conjecture.
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This paper closes with an appendix in which the formulas (5a) and (5b)
relating {9y, 0k} and {6,,4,} are inverted.

81. Difference Operators

In this section, we recall the mathematical structure underlying the Toda
lattice; this material is adapted from the fundamental papers of Ueno and
Takasaki [13] and Kupershmidt [8].

All of the commutative algebras which we consider in this paper carry
an involution p — p, and all ideals which we consider are closed under this
involution. By a differential algebra, we mean a commutative algebra with
derivation 0 such that

A differential ideal is an ideal closed under the action of the differential 0. If
S is a subset of a differential algebra A, denote the differential ideal generated
by SU S by (S), where S = {Z | x € S} is the conjugate of S.

If A is a differential algebra and S is a set, the free differential algebra
A{S} generated by S is the polynomial algebra

Al0"x,0"Z | x € S,n > 0],

with differential 9(9"x) = "1z,

An evolutionary derivation § of a differential algebra A is a derivation
such that [0, §] = 0. The evolutionary derivations form a Lie subalgebra of the
Lie algebra of derivations of .4, with involution

5p = op.

Let A be a differential algebra over Q., and let ¢ € A be a regular element
(that is, having no zero-divisors) such that ¢ = q. The localization ¢~ A of A is
a filtered differential algebra, with differential 9(¢~!) = —¢~29q. Let ®1(A, q)
be the associative algebras of difference operators

oA ={ 3 mat

k=—oc0

CI)—(Avq)_{ Z PkAk ‘Pk GA»Pk_OfOI“k>>0}a

k=—o0

pr€q " A, pr =0 for k< O},
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with product
Z aiAi . Z bjAj = Z( Z (E_j/2al-) (El/2b]))Ak
% J k i+j=k

Note that ®_ (A, ¢) is in fact independent of q.
Let A — A4 be the projections on @ (A, q) defined by the formulas

o0

<Z p’“Ak>+—]§;)pkAk,< i pkAk)__ i ppA".

k=—o00 k=—o0 k=—o00

We see that A = A_ + Ay. Define the residue res : ®1(A4,q) — A by the
formula

oo

res( Z pk.Ak) = po.

k=—o0

For k € Z, let [k] be the isomorphism of A

Ek/2 _ E—k/2 k

k= gm g2 = D BTN = k4 O,
j=1

Define ¢!*! by the recursion

g1 = ERg . E-1/2gI),

with initial condition ¢/ = 1. The involution

A= " pd = A= peg®ATF E i+ g MAR,
k=1 k=1

k=—oc0
defines an anti-isomorphism between the algebras ® (A, ¢q) and ®_ (A, q).
8§2. The Toda Lattice
To formulate the Toda lattice, we introduce the differential algebra

A=QAqg,ar | k>0}/(qg— 7).

It will be useful to define the symbol ag to equal 1.
The Lax operator of the Toda lattice is the difference operator

L= A+ Y wd T € d_(Ag)
k=1
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its conjugate L is given by the formula
L=qA +) apg " UA e @ (4, 9).
k=1

Introduce elements pi(n) € A, defined for all n > 0 and k € Z:

n

L" = Z pr(n)A*.

k=—o00

To define the evolutionary derivation §,, on the generators ay of A, intro-
duce the difference operator B,, = L', and impose the Lax equation d,L =
e~ ![B,, L]. This equation means that

B, L] = Z Onag A7FTT

In order for this to be meaningful, it must be shown that the coefficient of A*
in [By, L] vanishes for k& > 0. This follows from the identity [L™,L] = 0: we
have

[Bn, L] = [Bn, L] = [L", L] = =[L", L],

and it is clear that the coefficient of A* in [L™, L] vanishes if k& > 0. We also
see that d,a; equals the coefficient of A=**+1 in

k
1Y i k(n)NTF g AT,
=0

hence that
(7) 1) nQalk —Vp k( )

—12( (1=0)/2p, (n)E(k_j)/2aj—E(j_l)/2pj_k(n)E(j_k)/2aj>

k—1
= Z(E(l_j)/2pj—k(n) Vik — jlaj — EV=H2a;V[j — 1]pj—k(n))~

j=1

In particular, d,a1 = Vp_1(n).
To define d,, on the remaining generators ¢ and ay of A, we impose the
Lax equation 8,,L = e~![B,, L]. In particular, we see that

(8) ongq = qVpo(n),
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and hence that 6,¢/* = ¢*IV[k]po(n). Tt also follows that
on(q~ " Hay) = ¢~ (dnar — axV[k — 1po(n))

equals the coefficient of A*~1 in

k
e Iprj(n) AR g NG AT,

Jj=0

hence that
k
Opar = (_lkV[k — l]po(n) + s_lq[k_l] ZAk’j’
=0

where
A= E(lfj)/zpk._j(n) E(k*j)/Qq*[jfl]aj _ E(jfl)/ka_j(n) E(j*k)/Qq*[jfllaj
— g—=9)/2 (q[k_j]pk,j(n)) E(k—j)/2dj _gl-1/2 (q[k_j]pk,j(n)) E(j_k)/QELj.

Thus, we see that

k—1
©)  San=V(¢"pp(n)) + Z(Eufj)m (¢ pi_; () VI — fla;

j=1
—EUR)/2g,V[j — 1] (q[kfj]pk_j(n)))

In particular, §,a; = V(qp1 (n))
We now recall the proof that the derivations 4,, and §,, commute. The
proof relies on the Zakharov-Shabat equation

(10) 6mBn — 6, Bm = € [Bym, By
To prove this equation, observe that

6mBn = (6 L™y = Y [By, L™ = ¢} [Bp, B, + L™]
= YBy, B+ B, L]

Since [L™, L™] = 0, we also see that
[Bfm th_ = [Lm S Ln]-‘r = _[LTv BTL]-‘r'

It follows that

SmBpn — 0, Bm =€ ([Bm, Bn] + [Bm, L™]+) + e ' [L™, Bp]4 = £ '[Bm, Byl
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From (10), we easily see that the derivations d,, and d,, commute:
[6ms On]L =€ 16,,[By, L] — € 16, [Bom, L]
=& 8,,Bn, L] + € 2[Bn, [Bm, L)] — € *[6nBm, L] — ¢ [Bum, [Bn, L]]
=& 8,,By — 64 Bm, L] + € 2[By, [Bm, L] — € 2[Bp, [Bn, L]] = 0.

The derivation §,, is defined to be the conjugate of 6, acting on the gen-
erators of A by the formulas

gnq = m7 Onay = 6nak7 Only = Opay.

The following proposition establishes the Lax equation for this derivation.

Proposition 2.1.  Let C,, = —L"; then 6,L = ¢~ [Cp, L] and 6,L =
e Cp, L].

Proof. We have

onL=0,qA"" + > -1 (8,ax — apg— =115, gl ~1T) AR -1
k=1

kL Upo(n)A — Z arV[k — 1]po(n)A=F+1
k=1

5 ar\
Snar A" — [po(n), L) = e Y[B,, L] — [po(n), L] = e~ [Cy, L].

o]
k=1
oo
k=1

A similar proof shows that Sn—L =e YCp, L]. O

It is automatic that the derivations d,, and ¢, commute, since their con-

jugates do. To see that 6,, commutes with 6,, we use the Zakharov-Shabat
equation

(11) SmBrn — 60 Bm = €' [Bm, By

This is proved by combining the equations

6mBn = (6, L") = e By, L") = e '[Bn, Ba]_,

and

6mBn = (0,L™)y = e By, L™+ = ¢ By, B+



516 EzZrRA GETZLER

It follows from (11) that 6,, and 6, commute:

[6my On]L = 6,0 [Bp, L] — £ 16, (B, L]
=& 6By, L] + € 2[Bn, [Bm, L]] — € [6nBm, L] — € 2[Bm, [Bn, L]]
:5_1[5mBn - STLBTI’H L] + 5_2[Bna [Bm7 LH - 8—2[3”“ [BnaLH = 0

Denote by o : A — Q. the homomorphism which sends the generators
{q,ax,ar} of A to 0. By formulas (7), (8) and (9), we see that d,q, d,ar and
dnay all lie in the ideal (9.A) of A, and hence

(12) -6, =0.

83. The Equivariant Toda Lattice

Informally, a reduction of the Toda lattice is an invariant submanifold of
the configuration space fixed by the involution; we formalize this as follows.

Definition 3.1. A reduction of the Toda lattice is a differential ideal
7 C A invariant under conjugation and preserved by the action of the deriva-
tions 8,, and &,,.

The simplest example of such a reduction is the Toda chain, defined by
the constraint I = L; the associated differential ideal

T = (a1 —ai, a2 —q,a|k>2)

is generated by the coefficients of L — L. To see that Z is closed under the
action of the derivations d,, it suffices to observe that the operator L — L
satisfies the Lax equation 8, (L—L) = ¢~ ![B,,, L—L], and that the coefficients of
e~ '[B,,, L—L] are contained in the differential ideal generated by the coefficients
of L — L.

The constraint L = L is equivalent to the relation §,, = §,, among the Toda
flows, for all n; in particular, the Toda equation (2) becomes in this limit the
equation 67 log ¢ = V?2q.

In this paper, we study a reduction of the Toda lattice which is a deforma-
tion of the Toda chain. Let A[v] be the extension of the differential algebra A
by a variable v, such that Ov = 0 and ¥ = —v, and consider families of reduc-
tions of the Toda lattice parametrized by A[v]; that is, we consider differential
ideals in A[v] satisfying the conditions of Definition 3.1.
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Definition 3.2. The equivariant Toda lattice is the reduction of the
Toda lattice defined over A[v] by the constraints

(13) (61 — 61)L = vOL, (61 — 61)L = vOL.

Let Z, be the differential ideal determining this reduction.
Let K be the difference operator

(14) K=B—Ci=A+a +qgA" .

Substituting the Lax equations into the constraints (13), we obtain an equiva-
lent formulation of the equivariant Toda lattice: it is characterized by the pair
of equations

(15) e 'K, L] = vdL, e 'K, L] = vOL.

In other words, the differential ideal Z,, defining the equivariant Toda lattice is
generated by the coefficients of these equations.

The following theorem collects the main properties of the differential ideal
Z,. Let P: A — A be the infinite-order differential operator

_ _ Z 21 %9 — 1)329 821]

zl—ﬂa 82+O(54).

Theorem 3.1.  The differential ideal Z,, defining the equivariant Toda
lattice equals (n,0(; | k > 0), where

n=qV(ay —ay) —vagq,
Gk =p-1(k) — ap1(k) — vPpo (k).
The differential algebra A[v]/ZL, is isomorphic to
AV:QE,V{(LU’ZIC | k> O}/(q_q7yuazk | k> 0)7
where v and z, are identified with the images of a1 and ( in Alv]/Z,, and
y=qV(v—1v)—rvdq.

The Toda flows 6,, and 5, map ¢ € A[v] to L,; in particular, the variables
zr € A are constants of motion for the flows of the Toda lattice.
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Proof. Let 7, be the differential ideal (0,0, | k > 0). Define elements
fe(n), gr(n) € A by the formulas

oo

K, L"] —vOL" = Z fe(m)AF 7K, L"] — vOL" = Z gr(n)AF.

k=—o00 k=—o00

The differential ideal Z, is generated by the coefficients fr = fx(1) and gx =
gx(1). The formulas

K, L - voL" =Y L' (e VK, L] - vdL) L,
i=1

K, LM - vdL" =) L' (e7'[K, L] - vOL)L",

i=1

show that the coefficients f(n) and gx(n) lie in Z,; hence 9¢, = Pfo(n) and
dCn = Pgo(n) do as well, showing that Z,, C Z,. We wish to prove the equality
of these two differential ideals.

To do this, we show, by induction on k, that the coefficients fj lie in 7,.
We have f, =0 for k <O0. If f; € 7, for j < k, we see that

Va1 =rtes(e ! [K, LFH] — oLk ) Zres (L'(e7'[K, L] — vOL)LF7)
=k+1]fi (modZ,),

hence fi € Z,. A similar induction shows that gr € fu; this induction starts
with the fact that g_1 = n lies in Z,.

Since ( — [klag+1 € (q,a1,...,axr), we see that the differential algebra
A/, is isomorphic to

A=Q. {qv, 2 | k>0}/(q—q,y,0z | k> 0).

It remains to prove that 6,,( and 6, (i lie in Z,,. By the Zakharov-Shabat
equations (10) and (11), we see that

60K =0,(By — C1) = (01 — 61) By, + € '[By, By — C1]
=vdB, + ¢ '[B,, K].
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It follows that

V6,Cr = On fo(k) = 0, res(e K, L] — vOLF)
=res(e 0, K, L*] + e [K, 6, L*] — vD5, L)
=c res([vOB, + e Y [B,, K], L¥] + e YK, By, L*]] — vO[B,,, L")
=c 'res([Bn, e ' [K, LF] — vOL*))

=V [il(pi(n)f;(k)).
j=1

The extension of o to a homomorphism from A[v] to Q. , continues to
satisfy (12). It follows that a(d,,(x) = 0, hence we obtain an explicit equation
for 0,,Cp:

0nCr = Z[ﬂ (pj(n)f;(k)) € T,.

The proof that 6,(;, € Z, follows along the same lines. O

Let us illustrate this theorem by calculating the coefficients as and as of
the Lax operator L as elements of A. Applying res : ®_(A,q) — A to the
equation e ~![K, L] = vOL, we see that

(16) ag = q+vPv+ 2.
Taking the coefficient of A=! in the equation e7'[K, L] = vdL, we see that
Vas + (a2 — q)Vv = vdas.
Lemma 3.1. VfPg= %V(f[Q]Pg) - %[2](f89)
Proof. We have
VPg=eTEV2(FET12Pg) — < TIETV2(FE/Py).

The result follows, since E¥1/2P = 1[2]P & 1e0. d

By this lemma,

(a2 — q)Vv = vV Pv + 2, Vv = vV (10[2]Pv — 1P[2]0?) + 2, V.

It follows that

(17) az = v(P(;[2]0* + ) — 30[2]Pv) + v*Pv — 210 + § 2.
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This method of calculating the coefficients a; becomes cumbersome for
larger values of k: instead, it is better to use the recursion in A

(18) p-1(n) = gp1(n) +vPpo(n) + 2y

which is a consequence of Theorem 3.1.
Let ¥ be the algebra of difference operators

U={Aecd (Aq) | '[K, A = vdA}.
Let I € ¥ be the Lax operator defined by the recursion
(19) p-1(n) = qp1(n) + vPpo(n).

This Lax operator plays a special role in the theory: the following lemma shows
that the algebra ¥ may be identified with the commutative algebra Ag((ILL)),
where

Ao = Qelzr, 21 | k> 0]
is the kernel of the derivation 0 : .Z — .Z

Lemma 3.2.  The homomorphism & : A= ./To which sends the gen-
erators 3"q, 0"v and "0 of A to 0 induces an isomorphism between ¥ and

Ao(A71)).

Proof. Since a(IL) = A, the map & : ¥ — Ag((A1)) is surjective. Suppose
that A € W lies in the kernel of &, and let k be the smallest integer such that
the coefficient 2 € A of A=% in A is nonzero. We have

UK, Al — vdA = Vz AYF + O(A7F),
hence z € Ag. In this way, we see that & : ¥ — Ag((A~1)) is injective. O

Theorem 3.2.  The evolutionary derivation e = 0, + O of.Z preserves
U, and e(L) satisfies the formula

(L —v+ i sz_k>e(L) =L
k=1
Proof. 1If A € ¥, we have
e MK, e(A)] — vde(A) = e(e K, A] — vA) — [e(K), A] = 0,

since e(K) = 1. This shows that e preserves .
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For n > 0, we have by (19) that a(e(p—1(n))) = va(e(po(n))), or equiva-
lently,
wdl
%(L —v)e(LL )I = 0.

Since ¥ is a commutative algebra, e(IL) commutes with L, hence e(L") =
nlL"le(L), and

7{(L — V)" 2e(L)dL =0, n > 0.
This shows that the coefficient of L=* in (L — v)e(LL) vanishes, hence

(L —v)e(L) =L.
Since L/e(L) lies in ¥, there is an expansion

L 1 & dL
— =L — N Tl r )
e(L) v 2mi T;J ?{ e(L)

(The constant term is determined by the fact that e(L) = 14+vA~t+O(A72).)
We have

a4
e(L) e(L)

1 L 1 dL
R R R A
me ()~ 2mi ?{ L—-v)g

It follows from the recursion (18) that

hence

20 = (1 () ~ va(po(n) = 5 7{ L%,

and the theorem follows. O

84. The Dispersionless Limit of the Equivariant Toda Lattice

In this section, we consider the dispersionless limit of the equivariant Toda
lattice, in which € — 0; we only consider the case in which the constants of
motion z; are set to 0. If A € ®L(A4,q), we write

AO - gl_r)%A S Q[V7 q, v]((A_l))
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In the dispersionless limit, the algebra ®_ (A, q) degenerates to the commuta-
tive algebra A((A=1)), and the leading order in the commutator is the Poisson
bracket

{Ao, Bo} = IH% 671[A, B] = (AaAAo)aBo - aAo(AaABo)

It is not hard to write down explicit formulas for the Lax operator L. of the
equivariant Toda lattice and its conjugate L in the dispersionless limit.

Define the (unsigned) Stirling numbers (of the first kind) [}] by the gen-
erating function

We have the recursion

R =
Theorem 4.1. We have

Lo=Ko+v i(%)n zn:(*l)n_k [n} M (ﬁ>_n, and

o ps El (n—k+1)! A
= R S i [n] log(AKy)" k1 A AKy\—n
LO_KO_V;( q ) ];)(_1) k{k:| (n—k+1)! ( q ) ’

Proof. Denote by Ly the expression which we wish to prove equals Lg. It
is clear that &(L) = A, hence it suffices to prove the equation

{Ko, Lo} = vOKy,

which is the dispersionless limit of the equation e [K, L] = vIL.
Since {Kjp,log(Ko/A)} = 0Ky, we have

a (VN S, nk [ log(Ko/A)"™F Koy —n
{KO’LO}_”aKog(A) kz:o( 2 M (n—Fk)! (A) '
Since dlog(Ko/A) = K, 0Ky, we have

Ly = 0K, (1 + i(%)n Zn:(_l)n—mn,k m (%)7”)
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where

log(Ko/A)" % nlog(Ko/A)"—+ !
n—k!  (n—k+1)!

An,k =

The equation {Ko, Lo} = vdLg follows from (20).
Define €%/ (Lg) by induction: e°®(Lg) = Lo and e°U+1(Lg) = e(e® (Ly)).
Then

eoj (Lo) = (5]' 0 Ko

U j+1 Tn n—k—j+1 —n
() S e R ()

k=0

This formula is proved by induction on j, using the formulas e(Ky) = 1 and
e(log(Ko/A)) = Ky . ~

There is an embedding of the differential algebra A in the differential
algebra

A{u}/(9g — g0u) = Q. . [q){u, v},

given by mapping v to v — vPu. In the dispersionless limit, this embedding
maps ¥ to v — vu. We will prove the formula for Lo by working with Laurent
series in this larger algebra.

The Laurent series g is obtained from Lg by replacing v by v — vu, A by
q/A, and v by —v. Let Lo be the result of substituting v — vu for v in Lg; it is
given by the formula

=
n+ln— j+1 ket B
uJ lOg(Ko/A) -J KO n
n—O( ) j=0 k=0 J'(n_k_]+1) (A)
> ntl n—k+1 _
V" _i [1] log(gKo/A) Ko\ —"
= K - —1)" k Ko
O+V7;)(A) kzzo( ) M (n—Fk+1)! (A)
We obtain Ly on substituting —v for v and A for q/A. 0

We may now prove the formulas (5a) and (5b) relating the dispersionless
limit of the equivariant Toda lattice to the equivariant genus 0 Gromov-Witten
potential of CP!.
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In the genus 0 limit, the functions ¢ = exp(u) and v on the large phase
space become exp(92Fy) and 09yFy, and ¥ becomes v — vu. The proof of
Theorem 4.2 of [5] extends to the equivariant case, and shows that

(21)  0"u=s, +O(|s]* +|t|?), "0 = 015+ tn + O(|8]* + [t]?).

Hence, we may identify the large phase space with the space of formal jets in
an affine space with coordinates v and v.

The following lemma shows that the vector field e lifts to the puncture
vector field on the large phase space.

Lemma 4.1. The puncture vector field

> 0 0
e=0— Z(Snﬂa +tn+1£)
n=0

on the large phase space acts on elements of Q[v, q,v] by the derivation 0,,.

Proof. Observe that the puncture vector field e commutes with 01; this
reflects the fact that CP' is one-dimensional. The puncture (or string) equation
says that

(22) e(fo) = Soto + %I/tg.

Applying the differential operators 9y0 and 02 to this equation, we see that
e(v) =1 and e(u) = 0. O

Define generating functions 7 (2) € Q[v, ¢, v]((2)) by the formula

— < no_ k
Lo(z) = Z WLO = Y m(2)Ak,
n=-—oo k=—o00
where [n]! is the rational function
Pvz+n+1)
l=—~=(1 2 .. .
[n] Tzt 1) 1+4+z2v)2+2v)...(n+ 2zv)

Tt follows from the recursion (19) for the coefficients of IL that
(23) m_1(z) = qm1(2) + v (2).

Lemma 4.2.  e(mx(2)) = zmi(2) and Oym(z) = 2mpt1(2).
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Proof. We have

(Lo~ )e(Lo(z) = Y %Lg_l(ko—y)e(Lo): >

e W= !

= (vz+n)z" =yttt
-y %Lg_ S L = (Lo — v)Lo().

|
n=-—oo n=-—00 [TL}

The equation for e(my,(2)) follows on taking the coefficient of A*. Since A9, Ky =
e(Ky), it follows from Theorem 4.1 that Ad,Lo(z) = e(ILo(z)). Taking the
coefficient of A*+1, we obtain the formula for 9,7 (2). O

Theorem 4.2.  The dispersionless limits of (5a) and (5b) hold.

Proof. We will concentrate on the proof of (5a). The proof of the disper-
sionless limit of (5b) is the same, up to conjugation.
Let 0(z) be the generating function for vector fields

0o
= Z zk(?k.
k=0

We must prove that

i 2= 18p0 o) = i z"‘l[ﬁgl_l(n)_

In terms of the generating functions
x =14 20(2)0Fy — go(2), y=v+20(2)00F0 — g-1(2),

we wish to prove that dz(z) = dy(z) = 0. We will actually prove the stronger
result, that 2(z) = y(z) = 0: in other words, that

e x  _n—1 e X _n—1
s _ZZ Po(n) Sk _ZZ p-1(n)
k:OZ akaf() = 2 T, z akaofo = T

k=0 n=1

A theorem of Dijkgraaf and Witten [2] establishes that the Toda equation
(2) holds in the dispersionless limit:

(“)3.7-'0 =q+vv.
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Combining the topological recursion relations for equivariant Gromov-Witten
invariants in genus 0 with Lemma 4.2, we see that

0x(2)
dy(2)

z(2(2) O(v — vu) + y(z) Ou)
z(x(2) 0q + y(2) Ov).

On the other hand, the string equation shows that e(z(z)) = za(z) and

e(y(2)) = 2y(2).

Now apply the following principle (Proposition 4.1 of [5]):

A function f on the large phase space such that Of and e(f) lie in
Qlv] itself lies in Q[v].

Arguing by induction, we see that the coefficients of z* in x(2) and y(z) lie in
Q[v]; in other words, x(z),y(z) € Q[v, z]. (In particular, we see that Jr0Fy
and 00pFy lie in Q[v, ¢, v] for all k > 0.)

The proof is finished by observing that, by the divisor equation for Gromov-
Witten invariants, the limits lim,_,¢ 2(z) and lim,_,o y(2) are integrals over the
degree 0 moduli space ﬂo,z (CIF’17 0); however, this moduli space is empty, hence
z(z) =y(z) =0. O

As mentioned in the introduction, the analogue of Theorem 4.2 is now
known to hold in all genera (Okounkov and Pandharipande [9]).

85. The Dressing Operator of the Toda Lattice

Let W be the universal dressing operator of the Toda lattice
W=1+Y wd™*€d_(Bg),
k=1

where B is the free differential algebra Q.{q,wy | ¥ > 0}/(¢ — §). The coefhi-
cients wj, € B of

Wh=1+> wir™*
k=1

are characterized by the recursion obtained by extracting the coefficient of A=
in the equation WW~1 = 1:

k—1
Wi, = —wi, — Z(E(k_j)/2wj) (E_j/2w};7j).
j=1
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Lemma 5.1.  There is an embedding A — B, characterized by the dress-
ing equation L = WAW ™Y, or equivalently, LW = WA.

Proof. For all k > 0, ap+eVwy lies in the differential ideal (wy, ..., wg_1).
(|

The conjugate Lax operator L is given by the dressing equation
L= "(¢gA")W.
Define evolutionary derivations (d,,d, | n > 0) of B by the formulas
(24) ed,W + L"W = &5, W + L" W = 0.

Under the embedding A — B, these derivations restrict to the flows of the

Toda lattice on A.
Let log(L) = W log(A)W =1, where log(A) is a formal symbol for the op-
erator 0. Define ¢ to be the difference operator

£ =1log(A) —log(L) = e(oW)W !

k—1
=c <8wk + ) (EF 2 0u;) (E—j/Qw;;j)> :

j=1

The following is a result of Carlet, Dubrovin and Zhang [1]. (They work in the
context of the Toda chain, so they assume that a; = @; and ax, =0, k > 2.)

Proposition 5.1.  The difference operator ¢ is an element of ®_(A,q).

Proof. Write

E_Zbk _(B,q).

We show that b € A for all £ > 0, by induction on k.
We have

0L = OWAW ™) = c(OW)AW ™! —eWAW L (oW YW~ = [¢, L],

hence for each n > 0, eOL™ = [¢, L"]. Applying the linear map res : ®_ (A, q) —
A, we obtain the equation

(25) ( Jbr, + Z (bkpr(n)) + Ppo(”)) =0.
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We see that a(OW) = 0, and hence a(f) = 0. Thus, the constant of
integration in (25) vanishes, and we obtain the recursion

n—1
1
(26) by, = T <Z[k](bkpk(“)) + PPO(“))
k=1
for the coefficients by, showing that they are elements of A. (I

86. Fractional Powers of the Lax Operator

In this section, we study the fractional powers of the Lax operator L; this
may be compared with the parallel construction for the KP hierarchy due to
Khesin and Zakharevich [6]. The study of these fractional powers is closely
related to the operator £ introduced in the last section.

Let s be a complex number. The fractional power L® of the Lax operator
L is defined by means of the dressing operator:

(27) L =WAW™ = A"+ ar(s)A*F € d_(B,q).
k=1
The coefficient ay(s) is given by the explicit formula
k—1
ar(s) = E= 2wy, + Z(E(k*jfs)/zwj) (E(S*J’)/sz_j) + B3 2w}
j=1

In particular, ax(0) = 0 and a(1) = aj. Differentiating the definition (27) of
L? with respect to s and setting s = 0, we obtain the formula
dL®

2 -
( 8) ds 1s=0 E’

showing that a) (0) = —bs. The following proposition is proved by extending
this differential equation to all values s.

Proposition 6.1.  The coefficient a ;(s) in the expansion
o0
ag(s) = Zszak,i(s)
i=0

18 a polynomial in s of degree i + 1 with coefficients in the differential algebra

A®q. Q= Q{q,ax | k> 0}/(q— q).
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Proof. By its definition, the fractional power L° satisfies the differential
equation

dL?®
ds

— L1feeLe).

Taking the coefficient of A°*~* on both sides, we obtain the differential equation

k-1
da 1 . . i
K ( :_52 (=0)/2p, ER=0)/2q,(5) + U=/, EU-M/2,(s)),
Jj=1

where we interpret ag(s) as 1. By an application of Proposition 5.1, the result
follows. O]
87. Perturbation Theory for /

Let Q(A) be the vector space of Kahler differentials of the commutative
Q.-algebra A; this is a free module over A with basis {dq, dax,day | k > 0}.
The differential d : A — Q(A) extends to a morphism

P_(A q) — (A, q) @4 QA).

We now calculate the differentials dL® and df in terms of

L= Z dajy A=FF1,
k=1

A basic formula of perturbation theory (Kumar [7]) says that for f(z) an
analytic function of z,

(L)*(F*+(L)dL).

— (-1)*
:Z(k+1 j ad

k=0
For f(z) = z°, this becomes

oo

(29) dL* = (=1)*(,3,) ad(L)*(L**1dL).

k=0

For completeness, we will now prove this formula directly in the context in
which we need it.
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For s a natural number n, the right-hand side of (29) is a finite sum, and
the formula is then easily proved by induction on n: we have

d(L"™Y =dL™ - L+ L™ -dL = f(—n’“ (101) ad(L)*(L"*='dL) - L+ L™ - dL
k=0
= n_1(71)’“ (131) (ad(L)* (L™ *dL) — ad(L)** (L""*~'dL)) + L™ - dL
k=0
=S DN+ () )
= kz:(_nk' (417) ad(L)* (L™ *dL).

By analytic continuation, (29) holds for all values of s. Indeed, the right-
hand side is convergent in the e-adic topology, since the operation ad(L) may
be split into two terms: ad(A + a;) = O(e), and

oo

> ad(apATF) =04,
k=2

It only remains to observe that by Proposition 6.1, the coefficient of £ in
day ;(s) is polynomial in s.

It is now straightforward to calculate d¢: taking the derivative of (29) with
respect to s and setting s = 0, we see that

(30) dl = — i 7 ad(L)M L™+ dL).
k=0

Theorem 7.1.  The constraint (15) defining the equivariant Toda lattice
1s equivalent to the identity

(31) KZL—G—VE—Z%L_k.
k=1

The vanishing of the constants zj is equivalent to the constraint

(32) (01 = 61)W = voW,

or equivalently, the equation (81 — 61) = vO on the differential algebra B.
Proof. Written in terms of £, (13) becomes

[K —ve, L] = 0.
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This is equivalent to the statement that

K—vleQ., (L).

It is not hard to see that for some constants (x,

(33) K—-vi—L=>Y GL™"eQ.,[L7'];

k=1
the constant term vanishes since, by definition, res(K’) and res(L) equal v, while
res({) = 0.
It remains to identify the constants (i. If ¢ is an evolutionary derivation
of the differential algebra A, (30) implies that

i F(LTRTYSL).

k=0
In particular, since L commutes with e(L), we see that e({) = —L~le(L).

Likewise, e(L~%) = —kL~* 1. Applying the derivation e to both sides of (33),
we see that

1=e(K)=e(L) (1 —vL7t - i kgkL—k-1>.
k=1

It follows from Theorem 3.2 that ¢, = —z;/k.
We have

(K—L—vl)W=(Ly+L_)W — LW — cvdW
=L W+ LW —evdW = ¢e(6; — 6, — vO)W.

Thus, the vanishing of the constants z, in (31) is equivalent to the constraint
(32). O

Theorem 7.1 implies that the equivariant Gromov-Witten invariants of
CP' are described by the equivariant Toda lattice with z, = 0, k¥ > 0. By
the work of Okounkov and Pandharipande [9], the equivariant Gromov-Witten
invariants of CP! are associated with a 7-function of the Toda lattice which
satisfies (6; — ;)7 = vO1. The dressing operator W corresponding to this
7-function is given by the formula

W=7~ exp( in(k”>;

n=1
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it follows that W satisfies the equation (6, — &;)W = vOW. Thus, the Lax op-
erator L defined by the recursion (19) governs the equivariant Gromov-Witten
invariants of CP*.

§8. Hamiltonian Structure

In this section, we use Theorem 7.1 to show that the equivariant Toda
lattice has a Hamiltonian structure.

Denote by R the quotient .Z/ 8.,1, and denote by f — [ fdx the quotient
map from A to R. The idea which this notation is intended to represent is that
an element of A is a density f, whose associated functional [ f dz is obtained by
integration with respect to the space variable z. In particular, [ f dz vanishes
on densities f = Vg.

Denote by Res the trace on ® _ (VZ, q) with values in R given by the formula

Res(f) = [res(f)dx.

Clearly, this map vanishes on total derivatives; it also vanishes on commutators,
by the formula

Res {Z a;ih')y bjAJ} =V > [kl(arb_s).
i j k
There is a unique linear map

Res: @_(A, q) ® 1 UA) — Q(A)/09(A)

such that d Res(A) = Res(dA).
Associated to the equivariant Toda lattice, we have the basic sequence of
functionals

hy, = %H Res(L"™), n>0,

with differentials dh,, = Res(L™dL). In working with h,,, the following lemma
is convenient.

Lemma 8.1.

po(n+1) =3[k + 1] (ars1 pr(n))

k=0
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Proof. Applying the operator res to the equations L"™' = L - L™ and
L™t = L™ . L, we see that

po(n+1)=E"?p_1(n) + Z E~F/2 (ap41p0(n)),

po(n+1)=E"Y2p_ (n) + Z EF/2 (akt1pe(n)).
k=0

Taking E'/? times the second of these equations minus E~'/2 times the first,
we see that

Vpo(n+1)=V Z[k +1] (akﬂ pk(n)),
k=0

and hence, that

o(n+1) Zk+1 (ak+1pr(n)) + a(po(n + 1)).
k=0

This proves the lemma, since a(pg(n + 1)) = 0. O

Corollary 8.1.

" k41
hy, = kZ:O s 1f(ak+1pk(n)) dz.

For example, using the formulas (16) and (17) for as and a3, we see that
ho = [vdx,
hy = [(30* + a2)dz = [($v° + g+ vv + z)da,
ha = [(3vp0(2) + 3(azp1(2)) + as)dz
= f(%vg +v[2]q + 1/(%112 +q+ %U[Z]Pv) + 120+ v+ %ZQ)dx.
Proposition 8.1.  We have Res(L" dK) = dH,,, where

n—1

Hy, =hyp —vh,_1+ Z Zhn—p—1.
k=1

Proof. From (31), (29) and (30), we see that

dK =dL +vdl =Y Zar
j=1

=dL + i(k +1)71 ad(L)k'((—V + i (j*,;’“)sz—j>L—k—1dL>.

k=0
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Multiplying by L™ and applying Res, all of the terms with & > 0 drop out, and
we obtain

Res(L"dK) = Res((L -v+ Z szj) L"ldL> )
j=1
which equals dH,,. O

Let §, and §, be the variational derivatives with respect to v and u =
log(q).

Corollary 8.2.  We have 0, H,, = po(n), 6uH, = gp1(n), 6y Hn = po(n)
and 8,H,, = qp1(n) — vPpo(n).

Proof. The formulas for 6, H,, and §,H,, follow since dK = dv+qduA~".
The formulas for §,H,, and §,H, now follow by taking conjugates, bearing in
mind that ¥ = v — vPu. O

For example, we have Hy = hg = [vdz,

Hi=hy —vhy = f(%qﬂ +q+z)dz, and
Hy=hy —vhy + z1hy = f(%vg +v[2)q + %vaPv 4+ 2210 — vz + %zz)dx.

It is now easy to show that the equivariant Toda lattice is Hamiltonian.
Applying res to the equation [K, L™] = vOL", we see that

Vp_1(n) = V(gpi(n)) + vdpo(n).

It follows that 0,v = Vp_1(n) = V(gp1(n)) +v0po(n). In conjunction with the
formula 0,u = Vpg(n), we conclude that ¢, [Z] = H[gzg” }, where H is the
Hamiltonian operator

voV

H=1¢ o

Since 6,v = V(gp1(n)) and d,u = Vpy(n), we also conclude that &,[5] =
H[gvg" } In other words, the equivariant Toda lattice is Hamiltonian with
respect to the Hamiltonian structure

{v(@),v(y)} =vdé(z —y), {v(z),u(y)} = Vad(z —y), {u(z),u(y)} =0

It was proved by Getzler [5] and Zhang [14] that the flows Jx p in the Toda
conjecture of Eguchi and Yang are Hamiltonian. Taking the limit v — 0, we
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obtain the explicit formulas for these Hamiltonians due to Carlet, Dubrovin
and Zhang [1]. By (6), the descendent flow 0 p has Hamiltonian

I (Hk+lHk+1 Ck(Hk+Hk)>

v(k+1)! k!
Let £y equal the limit as v — 0 of £. Since L = K — vl = K — vly+ O(v?) and
L=K+vl=K+uv(ly— Pu) +0(?),
we have
v (Hpy1 — Hpp1) =v ' Res(LFF? — LFF2) —
= Res(K* ™! (Pu — 2(y)).

k+1 ReS(Lk)Jrl Ek“rl)

It follows that O p has Hamiltonian Res(K*+1(Pu — 26y — 2¢;)).

(k+1)‘

Appendix. Another Formulation of the Equivariant Toda
Conjecture

In this appendix, we prove that (5a) is equivalent to

Op = nZVk_l {Z} On—k-
k=1

For example, %52 = 01 +1v0y and %53 = 0y +3v0; +2020y. A similar proof,
which we omit, shows that (5b) is equivalent to

5 = né(v)’“ m Ok

Equation (5a) may be restated as saying that

k+1 On
O =3 i (L g )
n=1

where hy is the complete symmetric polynomial of degree ¢. We wish to prove
that

5 n—1
n n—~0—1 1
- = E v en—é—l(laﬁa"'an 1)855

£=0

where ey is the elementary symmetric polynomial of degree £. In other words,
we wish to prove that

- 1 e 1 1 1 1 1
E v mE 6n—€—1(17§7-~-,m)h€—m+1 (1,§7~-,m) = 6n7m-
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This is clearly true if n < m; thus, we have only to prove that the left-hand
side vanishes when n > m. In this case, it equals ™™™ times the coefficient of

n—m

v in the generating function
n—1 m n—1
[Ta+iv JJa+iv = J[ @+iv),
j=1 j=1 j=m+1

which is a polynomial of degree n —m — 1; hence, the coeflicient in question
vanishes.
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