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Schubert Varieties and the Fusion Products'

By

Boris FEIGIN*and Evgeny FEIGIN®*

Abstract

For each A € N" we define a Schubert variety sha as a closure of the SLy(C[t])-
orbit in the projectivization of the fusion product M#. We clarify the connection of
the geometry of the Schubert varieties with an algebraic structure of M* as sl ® C[t]
modules. In the case, when all the entries of A are different, sh4 is smooth projective
complex algebraic variety. We study its geometric properties: the Lie algebra of the
vector fields, the coordinate ring, the cohomologies of the line bundles. We also prove
that the fusion products can be realized as the dual spaces of the sections of these
bundles.

Introduction

The main goal of the paper is the study of the closure of the orbit of the
lowest weight vector in the fusion product of the sl; modules. Let us recall the
main definitions (see [FL1, FF1]).

We start with an abelian situation. Consider an abelian one-dimensional
Lie algebra with a basis e. Let C% ~ Cle]/e%*, i = 1,...,n be its cyclic modules
with a cyclic vector 1. For Z = (z1,...,2,) € C" with a distinct entries
consider the tensor product @, C*(z;) of the evaluation representations of
the Lie algebra e ® CJ[t] (recall that for the representation V of the Lie algebra
g and the complex number z the evaluation module V(z) of the current algebra
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g ® CJ[t] coincides with V as a vector space and the action is given by the
formula x; - v = 29(z-v) for z; =z @),z € g, v € V). Surely, @, C*(z;)
is cyclic Cleg, . . ., e,—1] module with a cyclic vector being the product of the
cyclic vectors of Cle]/e* and thus is isomorphic to the quotient of the ring
Cleg, - - -, en—1] by some ideal I(Z). It was proved in [FF1] that the family of the
ideals I(Z) can be continuously extended to any point of the configuration space
C". Thus, for any Z € C" we have a quotient M4 (Z) = Cleq, - - ., en_1]/1(Z),
where A = (aq,...,a,) € N

Let 2, be an abelian Lie group, generated by exp(t;e;),t; € C,0 < i < n.
For a vector v € V denote by [v] € P(V) the line C-v. Define a Schubert variety
sha(Z) — P(M*A(Z)) as a closure of the 2,,-orbit of the point [u], where u is
a cyclic vector in M4(Z):

sha(Z2) =2, - [u] — P(MA(2)).
Surely, for the Z with pairwise distinct z; shy(Z) ~ P! x --- x P'. Now, let
—_———
i1+ +is=nand

Z = (21 ey 21522,y oy 225+« oy 25y e 0y 25 )5 2z # zj.
S—— —— N——

i1 i2 i
In [FF1] it was proved that
(1) MA(Z) ~ M(a17~--,az‘1)(21’ 0 21)® - ® M(an—is+17~--7an)(zs, o Zs).

It was also shown in [FF1] that for any 2 € C M“(z,...,2) is isomorphic
to M4(0,...,0) and the isomorphism is given by the shift z — 0. Denote
sha =sha(0,...,0). From the formula (1) we obtain

ShA(Z) = Sh(ala-~-7ai1) XX Sh(an—is+17--~7an)'

(Note that the family sh4(Z) defines a variety Sh 4, which is fibered over C"
with a fiber over a point Z being sh4(Z), but we do not study Shy in this
paper).

Recall that in [FF1] M4(0,...,0) was identified with a fusion product of
the slo modules. Thus the varieties sh4 can be defined in terms of the fusion
product. Recall the main points.

Let e, h, f be the standard sly basis, C%* ..., C% —irreducible sl modules,
21, .-+, 2n — a set of the pairwise distinct complex numbers. Surely, the tensor
product @ C*(z) is a cyclic slp ® C[t] module with a cyclic vector Uz being
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the tensor product of the lowest weight vectors (with respect to the h grading).
Thus we have a filtration Fy on @ C% (z;) (recall that z; =z @ t7)

F, = <(£(1)(E£f)m ) € slo,ip + -+ i < ).

11

The adjoint graded module is denoted by C* % --- % C% or simply M4 for
A= (ay,...,a,). Let v4 € M be the image of vz. Surely,

MA =U(sla @ C[t]) - va = U(e @ C[t]) - va

(in fact, the operators from sly ® t%,i > n vanish on M%).

Consider a group SLo(C[t]) acting on M#, and thus on its projectivization
P(M#). The Schubert variety can be defined as follows: it is the closure of the
SLo(C[t])-orbit of the point [v4]. So

shy = SLy(C[t]) - [va] — P(MH).

These are complex projective algebraic varieties. They can be described as a
subvarieties of the product of the affine sly grassmanians. In fact, this is a
consequence from the results from [FF2], where the fusion products were em-
bedded into the tensor product of the integrable irreducible level 1 :;E modules.
Let us give some details.

For A= (a1 <--- <a,) € N" define D = (dy,...,dqs,) with d; = #{j :
a; = i}. In [FF2] for any such D the integrable sl; module LP was constructed.
It has two descriptions: as an inductive limit of some special fusion products and
as a submodule of the tensor product of the irreducible level one 5/[; modules.
The first construction is the following one.

Let a; = a;41. In [FF2] the following exact sequence of sly ® C[t] modules
was constructed:

(2) OHM(al74",ai717ai+2:'~-7an)*)MA4}M(al:~-'7ai—1,ai_17ai+1+1,ai+17~~,an)4)0

(note that the corresponding relation for the g-characters of the modules from
(2) can be found in [SW1, SW2]). Introduce a notation

A(Z) = (ala . .,an,ana .. '70’71)'
N——

21

From (2) we obtain an embedding MA” < VMAUH). This allows us to con-
struct an inductive limit of the modules M4, which is denoted as L:

(3) LP = MA — MAY 5 MAY .
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By its definition, L is sly ® C[t] module. It was proved in [FF2] that in fact
it carries a structure of the level (a,, — 1) s, module.

These modules can be also described as a submodules of the tensor product
of the level one 5/[\2 modules. Let Ly, and L;; be two level one irreducible
integrable sl, modules (Lo,1 is a vacuum module). Denote by v(2k) the set of
the extremal vectors in Lo, and by v(2k + 1) the set of the extremal vectors
in Ly ;. For example, v(0) € Lo is a vacuum vector, v(1) € L ; is a highest

vector and
ei—1v(i) = v(i — 2); exv(i) =01if k >1i— 1.
We have
LP =U(sl) - (v(n—d) @v(n—dy —do) @ @v(n—dy — - —dg,_1)).

This module is a submodule of the tensor product Ly, 1 ®---® Ly, _, 1, where
p; =0,if n—dy —--- —d; is even and p; = 1 otherwise.

Now we can embed the Schubert varieties sh 4 into the product of the affine
slo grassmanians. Let Grg and Gry be even and odd sly affine grassmanians,
i.e. a subvarieties of P(Lg 1) and P(L,1) correspondingly:

Gro=SLy - [v(0)],  Gri=SLy-[v(1)].
Let 04 be an SLy-orbit in the product Grp, x -+ X Grp, _;:
O4=SLy-(o(n—d)] x o(n—dy —do)] x -+ x [v(n—dy — -+ —dq,_1]).

Then we define the generalized affine sl; grassmanian as the closure of Q4 in
Grp, X -+ X Grp, ;2 Gra = 04. Surely, Gr 4 is a subvariety of the projective
space P(LP) (again, Gr 4 is a closure of the SL-orbit of the point). Let us give
some examples:

(1) Gr(a,3) = Gro x Gry is the flag manifold for the group S/L\g
(2) If A= (2,...,2), then Grg = Gry.
——

2n
(3) If A=(2,...,2), then Gry = Gry.
——
2n+1
Because of the definition (3) we have the approximation of Gra by the
finite-dimensional Schubert varieties. Namely, the generalized grassmanian is
an inductive limit

GTA = ShA — ShA(l) — ShA(z) b d
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(For the another approach to the study of the infinite-dimensional varieties of
the above type see [FS1]).

The structure of the Schubert varieties sh4 depends on the number of the
different elements among a,;. For example, if all the numbers a; are different,
then sh 4 is smooth. Otherwise, it has singularities, and the structure of these
singularities depends on the number of such 4 that a; < a;+1 (recall that we
put a; < a;4+1). In this paper we concentrate on the study of the smooth case
(though some theorems will be proved in the whole generality).

We start with a proof that for all A with a; < a;4+1 the corresponding
Schubert varieties are isomorphic. In order to prove that we construct a bundle
shy — P! with a fiber shia,,.
this bundle do not depend on A. Let us give some details. Let us be the

y and show that the transition functions of

cyln—1

highest weight vector in M4 (so ua = w - v4, where w is the Weyl element
from SLg < SLy(C[t]/t™)). There are two so-called big cells in sh4:
n—1 n—1
U, = exp (Z eixi> “lval, Uy, =exp (Z ijj> - uwal, zs,y; € C.
=0 7=0

Both of these cells are isomorphic to C™ and the closure of each is shy. We
also have that U, UU, = G - [va], where G = SLy(C[t]/t™). Moreover,

G- [va] =U, Uexp (i fi%‘) “[ual.

We prove that exp (Z?:_Ol eixi> - [va]l = exp (Z;L:_Ol ijj) Jual if
4) (o +twy + - +t" Ty ) (o +tyr + o F "y ) =1

in the ring C[t]/t". Now, one can define a map U, — SLy - [va] =~ P! by the
formula exp (22:01 eimi> -[va] — exp(eoxo) - [va]. We prove that this map can
be extended to the bundle sh™ — P! with the fiber sh™ ™Y (this fiber comes
from the following statement — see [FF1]: Cley, ..., en_1]-[va] o2 M(@150n=1)),
So from the formula (4) we obtain that shy is independent on A. We denote
this variety by sh(™.

The latter can be described as a generalized flag manifold F (see [SP]).
Consider the variety of the sequences of the spaces

with a properties tV; — V;41 and dim(V;_1/V;) = 1. Using the obvious pro-
jection F — P! ~ P(V/tVp) and an action of SLy(C[t]) on F we prove that F
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is isomorphic to sh'™. (Note that for any A with possibly coinciding elements
the variety sh4 can be also described via the construction of this type, but we
do not study it in the present paper).

We have already mentioned that there exists a bundle sh™ — P! with a
fiber sh™ Y. In fact, we have even more interesting picture: we prove that
there are in-between bundles sh™ — sh™™1 — ... — sh® — sh™ (note that
sh® = P1), such that any map sh™ %) 5 sh(™) is a bundle with a fiber sh'®.
We denote such maps by 4k m-

The next point of the study is the Lie algebra of vector fields on sh(™.
We prove that it practically coincides with a “base” Lie algebra sl ® (C[¢t] /™).
There are some additional operators, acting on M#: these are an annihila-
tion operators Ly, ..., L,_o from the Virasoro algebra (for z € sly we have
[Li,x ® )] = —jz ® t*7). As we have already mentioned, M4 is embed-
ded into the integrable 5/[\2 module L”. Thus, we have an action of the
Virasoro algebra on L” and hence on M#. Note that the existence of the
vector fields from sly ® (C[t]/t") is obvious from the definition of sh™. It
is easy to show that Virasoro operators also generates the vector fields on
sh™. We prove that e;, h;, fi, i =0,...,n— 1 (here z; = x @ t*) and L;,i =
0,...,n — 2 form a basis of the Lie algebra Vect(sh(")). For the proof, we
compute the transition matrix for the bundle of the vector fields, which are
tangent to the fibers of m, ;. This allows us to show that dim Vect(sh(™) =
4n — 1.

Note that the first definition of the varieties sh4 was given via the abelian
Lie algebra with no sl mentioned. But the current algebra sly ® C[t] nat-
urally appears as a main part of the Lie algebra of the vector fields on the
Schubert variety.

In [FF2] some natural submodules of the fusion product were mentioned.
In this paper we study the structure of these submodules. They are important
because of their connection with some SLy(C[t])-invariant subvarieties of sh™.
Let us give some details.

Using the properties of the fusion products (see [FF1, FF2]) one can show
that for any i = 1,...,n — 1 there exists a submodule S; ;11(A) — M?, such
that the following sequence of sls ® C[t] modules is exact:

(5) 0— Si,i+l(A) — MA = M(asaimnai=laip+1.a0) ()

(Note that we have already used the special case of this sequence in (2)). For
example, if ¢ = 1 then S;,;41(A4) ~ M(az—ar+las,....an) (the corresponding
recurrent formula for the g-characters can be found in the works of Shilling and
Warnaar). In the case ¢ > 1 the structure of S; ;41(A) is more complicated. We
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prove, that if i > 1,a,—1 > 1 and a; # a;+1, then there exists an exact sequence

(6) 0 — M(a1,H.,ai72,ai717ai+ai+1,ai+2’~~,an) . ii+1(A) —
— Siit1(a1, . ai—2,ai-1 —1La; + 1,a:41,...,a,) — 0.
Another description of the submodules S; ;+1(A) is the following. Denote

A/: (al, ey Q1,04 .. .,ai); AH: (ai+1—ai+1,ai+2—ai+1, .. .,an—ai—i—l).
——

Recall that v4. and v4r are the cyclic vectors of M A" and MA". We prove
that there is an embedding of sly @ (C[t]/t") modules S; ;41 (A) < M4 @ MA”
and S;;+1(A) is generated from the vector vas ® var by the action of the
polynomials in the variables e;, j =0,...,n — 3 and Id ® e,—;_1, where Id is
acting on M4 and e,_;_; on M*”. Thus we obtain an additional operators,
acting on S; ;41(A) (surely, we have operators from sl ® (C[t]/t™)). The Lie
algebra, acting on S; ;4+1(A) can be described as follows. Let £;,, 0 <i<n
be a graded Lie algebra, L; ,, = slo ® B; ,,, where B; ,, is a commutative graded
associative algebra with generators ¢ of degree 1 and u of degree n — ¢ and
relations ¢" = 0, tu = 0, u? = 0. For i = 0 let Ly, be sly ® (C[t]/t"T1). We
prove that S; ;+1(A) is cyclic £,_1 ,—2 module with a cyclic vector being the
tensor product var @ var = v;;+1(A). This allows to make a conjecture (we do
not discuss it in the paper) that S; ;41(A) is a fusion product itself, but with
respect to the algebra L;_1 ,_2. It means that for some filtration on the Lie
algebra @?:_11 sly, with an adjoint graded algebra being L£;_1 ,,—2, the induced
filtration on the tensor product of sls modules

(Cal ® - Cai—l ® Cai+1*ai+1 ® Cai+2 ® . ® (Can

gives S; ;4+1(A) as an adjoint graded module.

Now let us return to the varieties sh™. Recall that there is a “big” dense
orbit G- [va] < sh™. We want to understand the structure of the complement
sh(™\ G- [va]. We prove that this complement is the union of n — 1 irreducible
varieties of complex dimension n — 1, which are denoted by shgn_l),i =1,...,

(n—l)
i

n — 1. They can be described as follows: sh is the closure of the orbit

Li—1,n—2-[vi,i+1(A)] in the projective space P(S; i+1(A)), where L;_1 ,,—2 is the
Lie group of the Lie algebra £;_1 ,—2. In fact, the following is true: shz(."_l) =
sh(™ NP(S;,41(A)).

We can give another description of shgn_l) as a subvariety of the product
of two Schubert varieties. Namely, we prove that

shl(-nfl) ={(x,y) € sh(®=2) » sh(»=9) . Tn—2m—i—1(%) = Tn—im—i—1(y) }.
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For example, sh{"™ ~ sh™=1 and sh"7" ~ sh(®=? x PL. Note also that
the classes of shz(-"_l), i < n and the class of the fiber of the map 7, ; are the
generators of the group Hgn_g(sh("), 7).

One of the goals of this paper is to realize the fusion products as the dual
spaces of the sections of some line bundles on sh™. Let

C; = {exp(te;) - [va],t € C},i=0,...,n—1.

(In particular, Cop = SLy - [va]). All these curves are P! and their fundamental
classes are the generators of the group Ho (sh("), Z). Note also that the classes
of Cp,—;, 0 < i < n form the dual basis with respect to the basis of the group
Hgn,g(sh("), Z), mentioned above. One can show that any line bundle on sh(™
is uniquely determined by its restriction to the lines C;. Let € be a line bundle
and €|, = O(b;). We denote such bundle as O(by,—1,bp—2 — bp_1,...,b0 — b1).

Remark. Recall that we have already mentioned that there exists a
variety Shy, which is fibered over C* with a fiber sha(Z). If a; # a;, then
Sh doesn’t depend on A and we denote it by Sh,,. Note that any line bundle
O(e1, ..., ) on sh,, is a restriction of some line bundle on Sh,, to the “special”
fiber. The restriction of the latter bundle to the general fiber — which is simply
Pt x oo x P —is O(cy) ®--- K O(cy).

Recall that for all A with pairwise distinct elements we have an embedding
14 : sh™ — P(M#). We prove that for exceptional A (with a; = a; for some
i # j) there exists a surjective birational map m4 : sh™ — shy and hence a
map 74 : sh™ — P(M4), which is a composition of m 4 and the embedding
of sha to P(M#) (surely, 74 is not an embedding). Note that in fact the map
m4 is a resolution of the singularities of the singular variety sh4. A natural
way of constructing the line bundles on sh(™ ig taking the inverse image of the
bundles on P(M#). It is easy to show that

150(1) =0(ay — 1,...,a, — 1)
and for the exceptional A
iA"0(1) =0(a; — 1,...,a, — 1).

The main theorem, proved in the last section, states that if 1 < a; < ag <
-+ < ay, then there is an isomorphism of sly ® C[t]/t" modules:

(7) Ho(sh("),O(al—1,...,an—1))* ~ M4,
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Because of the existence of the maps 214 and ¢ it is enough to show that

n

dim H°(sh™, O(ay ... ,a,)) = [[(a: +1).

i=1
We prove a little bit more general statement: let 0 < a; < --- < a,. Then
the dimension of the zeroth cohomologies of the bundle O(ay, ... ,a,) is equal

to []—,(a; + 1) and all the higher cohomologies vanish. For the proof we
restrict our bundles to the divisors shgn_l) and write the corresponding exact
sequences. Note also that it is interesting to compute all cohomologies for all
line bundles on sh(™ (recall that we have an answer only for O(ay, . .. ,a,) with
nonnegative and nondecreasing a;). We have a conjecture that in the general
case the structure of the cohomologies as an sly ® C[t] modules can be given in
terms of the fusion products.

Now let us clarify the connection between the exact sequence (5) and the
(n—1) Let 0 < ay < --- < a,. Let J; be the subspace of the

subvarieties sh;
sections of the bundle O(ay,... ,a,):

Ji ={s € H(sh'™,0(a1,... ,a,)) : | 1 =0}

Then as sl ® C[t] module the dual space J;* is isomorphic to the fusion product
MCaimbairitleo) and we have an exact sequence (which is dual to (5):

0— J; — H(sh'™, 0(ay, ... ,an)) = Siiy1(A)* — 0.

This gives us the geometric description of the modules S; ;+1(A4): if y is an
embedding shgn_l) < sh™| then

* -1 *
Siit1(A)* ~ HOsh\" ™ 5.7°0(ay, . .. , an))-

In the end, let us return to the infinite-dimensional varieties Gr4. As we
have already mentioned, these generalized grassmanians are the inductive limit
of the finite-dimensional Schubert varieties sh 4(:), where

AW = (@1, -y Qry Gy ey ).
—_———
2i
Thus, for the study of the bundles on Gr4 we need to study the singular vari-
eties sh 4. Although we are not doing it in this paper, let us point the main
moments. There exists a line bundle O on Gr 4 such that the dual space H°(0)*
is isomorphic to the module L? (there D = (d1,...,d,, ), di = #{j : a; = i})
(this is a consequence of the corresponding statement for the finite-dimensional
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Schubert varieties). Recall that in [FF2] the module L” was decomposed into
the irreducible components and the multiplicity ¢; of each irreducible mod-
ule L; ,,—1 in the decomposition was given in terms of the Verlinde algebra.
Moreover, each ¢; inherit a ¢-grading from L”. One can show that the corre-
sponding polynomial in ¢ for ¢y is a restricted Kostka polynomial for sly (see
[FJKLM1, FJKLM2)).

The paper is organized in the following way:

In the first section we study the geometric properties of sh™. We prove,
that there is a bundle sh™ — P! with a fiber sh™ ™V (theorem (1.1)) and a
more general fact that for any m > k there exists a bundle sh™ — sh® with
a fiber sh™ " (corollary (1.3)). We also compute the Lie algebra of the vector
fields on sh(™. The answer is given in the theorem (1.4).

The second section is devoted to the study of the structure of the fusion
product. Namely, the submodules S;;11(A) are studied. Three descriptions
of the latter are given. First we construct a filtration with an adjoint quo-
tients being some fusion products (proposition (2.1)). The second and the

most important (for the geometry of the varieties shgn_l)) description gives
the embedding of the module S; ;+1(A) to the tensor product of some special
fusion products (proposition (2.2)). And in the lemmas (2.8), (2.9), we give an
inductive description of S; ;41(A) via S; i41(a1,. .., an_1).

In the last section we continue the study of the geometric properties of
the Schubert varieties. First in the proposition (3.1) we prove, that sh™ is
a projective algebraic variety: we compute its coordinate ring (for the similar
“functional” construction see [FL2]). Then we give the description of the vari-
eties shgn_l) in terms of the Schubert varieties (proposition (3.2)). The paper
finishes with the theorem (3.1), which computes the cohomologies of the bun-
dles O(ay, ... ,a,)(0 <ay <---<a,). As a corollary we obtain the realization

of the fusion products in the dual space of sections of the line bundles (corollary

(3.4)).

81. Geometric Structure of the Schubert Varieties
81.1. Definition and first properties

Let e, h, f be a standard sly basis. In [FL1] the set of sly ® C[t] modules
MA, A= (ay,...,a,) € N, called fusion products was defined. These modules
are also denoted as C* x --- % C% . We briefly recall the definition and main
properties (see [FL1]).
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M4 is an adjoint graded module with respect to the below filtration of the
tensor product of the evaluation sly ® C[t] modules

C z)® - @ C(zp).

Here z; are pairwise distinct complex numbers and filtration of the tensor prod-
uct is the following:

Fy = <€i1 ... €, 04, Zij < S>

(ri=2@t 2 €sly, V4 =v; @+ v, and v; is a lowest vector of C%(z;)).
Thus, M# is an Cleg, ... ,e,_1] cyclic module with a cyclic vector v4 — the
image of U4:

M4 =Cleg, ... ,en_1]/1a

and I4 is some ideal in the polynomial ring Cleg, . .. ,e,_1]. (Surely, M4 is also
sly ® C[t] module). In [FF1] it is shown that I is generated by the elements

n
(8) Z €n—1—i16n—1—iy -+ - Cn—1—ip> k Z ]., s < Z(k +1-— aj)+
11+ Fipg=s j=1

(here ay = max(a,0)).

Denote also by usq € M the image of the product of the highest weight
vectors of C%(z;). Then M# is also a cyclic C[fo,..., fn_1] module with a
cyclic vector ua and relations of the form (8).

Consider a Lie group G = SLy(C[t]/t™) of a Lie algebra sly @ (C[t]/t"). G
acts on M4 and thus on its projectivization P(M#4). For v € M4 we denote
by [v] € P(M*) the line Co.

Definition 1.1. Let A = (ay,...,a,) € N™. The Schubert variety sh
is a closure of an orbit of the point [v4] in P(M4):

shy =G- [UA].

Denote by Uy and U_ the subgroups of G, generated by exp(p;e;) and
exp(q; f;) respectively (p;,¢; € C,i=0,...,n—1). Thus, both U; and U_ are
isomorphic to C",

o) U+—<(1) pf“), U—‘<q<1t> (1’) (0. a(t) € Cltl"

Now we will formulate some lemmas, which can be easily checked.
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Lemma 1.1. We have an isomorphism:

n—1
Uy - [va] ~C" exp (Zm%) “[va] = (po, ..., Pn—1).
=0
We call this set a big cell. (We have also another big cell: U_ - [us] =~ C™).

1 i
Denote w = < 0 > € SLy C G. Note that w - [va] = [ua]. Let U(+) and

—-10
U be a subgroups of Uy and U_:

@ _ [1t'p(t) G_( 10
U*‘(o ) U T tiq(t)1) "

Lemma 1.2. (1) Uy - [va] =sha = U_ - [ua].
(2) G- [val = Uy - [va] |_|U(_1) < [ual.

Lemma 1.3. 1. SLy- [va] ~ P
2. There is an SLa-equivariant bundle T : G - [va] — SLa - [va] with a fiber
cr L

n—1

exp (qu) [va] — exp(eopo)[val; exp (Z qifi> [wa] — [ua]

i=0 i=1
3. Let Uy and Uy be two charts of P! ~ SLy - [va]:
Up =P\ [ua], Uy =P\ [val.
Then
7 W0 = Uy - [va] = {p(t) € C[t]/t"}, T 'U1 = U~ - [ua] = {q(t) € C[t]/t"},

and two polynomials p(t) and q(t) correspond to the same point of G - [va] if
p(t)q(t) =1 in C[t]/t".

Proof. The last statement follows from the equality in the group G:

L p)\ (pt) © [ 1 o\[oO0 1
0 1 —1 p®)=)] \p®)™* 1)\ =10
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Let A= (ai,...,a,), a1 < --- < a,. The natural question is: is it possible
to extend our bundle to the closure of the orbit G-[v4]? The answer is positive
if a,,—1 < a, and negative otherwise. The impossibility of the extension means
that in the latter case the closures of the fibers in the different points intersect.
For the proof we need a lemma, which was proved in [FF1].

Lemma 1.4.  Let ¢ be an isomorphism of the algebras:

¢ :Cley,...,en—1] = Cleg, ..., en_a, € €i_1.
Let I1(41) be an ideal in Cley,...,e,—1] such that
C[ela D) €n_1] VA= C[ela D) 6n—1]/I,(41)

(i.e.
11(41) ={f(e1,...,en—1): f(e1,...,en—1)va =0}).

Then @(11(41)) = Iay,....an_s)- In other words
Cle1,...,en—1]-va ~Cleo,...,en—2] - V(ay,....an_1)-
We also have an isomorphism of C|fo,. .., fn—1] modules
MA/(C[el7 cem€n_1] VA M (@1 an_1,an—1)

Theorem 1.1. Let A = (a1,...,a,) € N*, a7 < -+ < ap_1 < ay.
Then the bundle 7 : G - [va] — P! can be extended to the bundle 7 : shy — P!
with a fiber shig, . a,_,)- For any x € P! we have

7 z) =7 1(x).

Proof. Because of the lemma (1.4) the closure of 7 !([va]) in shy is
isomorphic to sh(s, . 4, ,). S0, the only thing to be proved is a fact that the
closures of the fibers of 7 in the different points are isomorphic and do not
intersect.

Note that for any z € C

7 exp(zeg)[va]) C P(Cley, . .., en—1] - (exp(zeg)va)).

Hence, because of the action of the group SLy on sh™ it is enough to prove
that

(10) Clet, .. .,en—1] - (exp(zeg)va) ~ Cley,...,en—1] - va
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(11) Cley, ..., en—1] - (exp(zep)va) ﬂ(C[el, ce€n_1]-va =0.

The statement (10) is obvious, because the operator exp(zeg) is invertable
and thus provides an isomorphism between the left and right hand sides. Note
that both left and right hand sides are isomorphic to M (#1:20n-1)

Let us prove the statement (11). First note that if

Clet, .. en—1]-va ﬂ(C[el, cowen—1] - (exp(zeg)va) #0

then Cley,...,en—1] - v4 and Cleq,...,en—1] - (eov4) also have a nontrivial in-
tersection. In fact, let p(eq,...,e,—1) be a homogeneous polynomial and

0 +# pler,...,en—1)(exp(zeg)va) € Cle,...,en—1] - va.
Then either p(ey,...,en—1)(egva) is a nontrivial element of Cley, ..., e,-1] - v4
or
pler,...,en—1)(eqva) =0 and pler,...,en_1)va #0.
Let us show that the last variant is impossible, i.e. that
Clet,. . en—1]-va ~Cleq,...,en—1] (egva).
Because of the lemma (1.4) we have an isomorphism

MA/Cley,. . en_1] - va 2 M(@tn-10n=1)

with the cyclic vector of the right hand side being the image of eyv4. But in
M(@1:man—10n—1) we have an isomorphism

(C[elz B eTL—l] . v(al,.“,an,l,anfl) = M(ahm’an_l)
(because a,,_1 < a, !). Thus in the quotient M#/Cley, ..., e,_1] - v4 the image
of Cle,...,en_1] - (egua) is isomorphic to M(@1-4n-1) and so to Cley,...,
en_l] VA

Now the only thing left is to prove that
Cle1, .. en—1]-va m@[el, cowen—1] - (egua) = 0.

But that is a consequence of the already used fact that in M4 /Cley, ..., e,_1] -
va the image of Cley, ..., en_1]-(eova) is isomorphic to M(@1>@n~1)  Theorem
is proved. O
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Corollary 1.1. Let A= (a1,...,ay), a1 <as < --- < a,. Then shy is
a smooth n-dimensional complex manifold.

Proof. We know that sh, is fibered over P! with a fiber shia,,....an_1)>
which is smooth by the induction. O

Corollary 1.2. Let A= (a1 < -+ < ap),B= (b1 <--- <by). Then
sh s is isomorphic to shp.

Proof. We use the induction on n. shy and shp are fibered over P! with
a fibers, which are isomorphic by the induction assumption. Moreover, because
of the lemma (1.3) we know that G - [va] ~ G - [vg], because the transition
functions of the bundle G - [va] — P! do not depend on A. But G - [va] = sha
and G - [UB] = shp. Thus we obtain sh4 ~ shpg. O

Introduce a notation
sh(™ = sha, A=(a1 <ag, - <ap).

Note that sh® ~ P!, Thus, the bundle sh™ — P! from the theorem (1.1) can
be regarded as a bundle sh™ — sh™ with a fiber sh™® V. We will prove that
there are in-between bundles:

(12) sh™ — gh(=1 ... sh® — gh®

with a fibers P! ~ sh). Moreover, any composition of the maps from (12) is a
bundle sh™ "% — sh™ with a fiber sh®). For the proof we need the following
proposition:

Proposition 1.1. Let A= (a1 < - <ap),B=(b < <bp), n>
m. Denote

C= ((11, <o n—m, Qn—m+1 + bl - 1a Ap—m+2 + b2 - 1a ey Op T+ bm - 1)
Consider MAP = U(sly @ C[t]/t") - (va®vp) C MA@ MPE. Then MAE ~ M€
as sly ® C[t]/t" modules.

Proof. Recall that in [FF2] we constructed a fermionic realization of M4
in the space F®(@n—1) _ the tensor power of the space of the semi-infinite forms.
Let us briefly describe this construction.

Consider the set of variables v,,, ¢, n, m € Z with a relations:

[wmwm]Jr = [¢n7¢m}+ = [1/1n,¢m]+ =0
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(here [a,b]+ = ab+ ba). Then the following vectors form a base of F':

e ONPIONIUNON Yy Vi gy Py, N >0 > >0, N > g > > g0

Note that operators ¥, ¢, act on F' by multiplication. There are also a col-
lection of operators 7, ¢F,, acting on F' with a commutation relations

[V bml = On,—m [y bl = On s (07, bl = 0, [0n, 97,14 = 0.

The Lie algebra 572 acts on I and the action of e;, f; € 572 is given in terms of
generating functions

G(z) =D n2", $(2) =Y ¢z P (2) = Y UR2", 67(2) = ) puz"

nez nez nez nez
in the following way:
e(z) =Y enz" = 0(2)(2), f(2) =D enz" =97 (2)8"(2).
nez neZ
Note that F' is level 1 module.

Introduce a notation for the extremal vectors:

VaN = . YN42ON42UNF1ONF1YN, VaN41 = - UN42ON 42U NF1ON+1-

For A € N denote d; = #{j : a; =i}. In [FF2] it was proved that
M ~U(slo @ Ct]) - (Vn—dy @ Vn—dy—dy @+ @ Vndy—ee—d,, _,) C FE@ .

So we have an embedding ¢ : M4 — F®@==1  To prove the proposition it is
enough to mention that ¢(v4) ® 1(vg) = 2(ve). O

Corollary 1.3.  For anyn > k > 1 there exists a bundle 7, : sh™ —
sh® with a fiber sh™ =),

Proof. We use the induction on n. Let sh™ be realized as sh23,... nt1)-
From the previous lemma we obtain an embedding for any k < n:

(n) (k)
sh™ = sh™ < shy 5 1kt 1—k)
—_——

k
Thus, we obtain a map m, ;, : sh™ — sh® as a composition of the embed-

ding and projection on the first factor. Note that the following diagram is
commutative:
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sh(™ Tk o (k)

ﬂn,,ll J/ﬂ'k,l

Sh(l) p— Sh(l)

Fix an arbitrary point x € sh® . From the commutative diagram one can see

that w;}c(x) is isomorphic to the preimage of the point via the map of the fibers

of m,1 and 71, i.e. the map between sh™ 1 and sh®*~Y. But this map is

Tn—1,k—1. By the induction, we know that the fiber of this bundle is sh(»=F)
Corollary is proved. O

8§1.2. Identification of sh(™ with the generalized flag manifold

Let Vo = C? ® (C[t]/t") with a natural action of the Lie algebra sly ®
(CJt]/t™), the Lie group G = SLy(C[t]/t") and the operator ¢, acting by the
multiplication. Fix a basis vy ,v_ of C? with hgvy = —v,, hov_ = v_. Define
F,, as a variety of the following sequences of the subspaces of Vj:

with a properties
t‘/;‘—)‘/;_‘_l and dlm(‘/;/‘/z.l,.l):]-, Z:O,,TL*].

Note that the group SLo(C[t]/t") acts on F,,. Define the points [P] and [Q] in
F,, as follows:

Pl=Vi—-=Vo, Vi=(wyothv ot 0<k<n—1,i<I<n-—1)
Q=U, U, U=@w othv ot,i<k<n-1,0<I<n-1).

Note that F; ~ P!'. The following lemmas contain the list of the statements,
which can be checked directly.

Lemma 1.5. (1) F,, is fibered over F1 ~ P! with a fiber F,,_;.
(2) For any n > k there exists a bundle F,, — Fy with a fiber Fp,_j.

In the following lemma w is a Weyl element from SLy < SLo(CJt]/t™) =
and Uy and U- are the subgroups of G, defined in (9).

Lemma 1.6. (1) w[P] =1[Q].

(2) Uy - [P]=C"=TU--[Q].

(3) G- [PI=U+-[PlUU--[Q]

(4) The orbit G - [P] is fibered over P* with a fiber C*~1.
(5) Uy - [PI=F, =U--[Q].
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Theorem 1.2.  There is a G-isomorphism F,, — sh'™ | sending [P] to
[va] (we fix some realization of sh'™ as shy).

Proof. Because of the lemmas (1.5), (1.6) F,, is determined by the tran-
sition functions of the bundle F,, — P!. The latter are determined by the
transition functions of G - [P] — P!. By the same arguments as in the lemma
(1.3) we obtain that these functions coincide with the ones for sh™ . The

theorem is proved. O

§1.3. Vector fields on sh(™

In this subsection we calculate the Lie algebra Vect(sh(")) of the vector
fields on sh™.

It is clear that there is an embedding sly ® (C[t]/t") < Vect(sh™). Note
also that there are operators L;,i = 0,1...,n—2, acting on M*. Recall that in
[FF2] for any A we have constructed an integrable sl module with M4 as an
sls ® C[t] submodule. Moreover, for the operators L; from the Virasoro algebra,
acting on any integrable affine algebra module, we have

Liva =0, 1>0; [Li,e]-] = _jei+j~

Thus, the subalgebra of the Virasoro algebra, spanned by L;,7 > 0 is acting on
M4 (for the convenience, we put Lova = 0; note also that L, _» acts on M4
by 0). In the following lemma we prove that the exponents of the operators
L;,0 <i<n— 2 define a vector fields on sh™ and write an explicit formulas
for the corresponding vector fields on the big cell.

Remark 1.1.  Note that using the identification of sh™ with the gen-
eralized flag manifold one obtains a natural action of the vector fields L; on
sh(™.

Lemma 1.7. 1). Let [z] € sh™. Then the vector

9 exp(Lse)[z]

e |g:0 S T[I]P(MA)

is an element of T[z]sh("). The corresponding vector fields on a big cell

n—1
{exp <Z eixi>, T; € (C}
i=0
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are given by the formula

n—i—1

(13) Li= Y jzj0a,, 0<i<n-—2.
2). The restriction of the vector fields from sla ® (C[t]/t"™) on a big cell is given
by the formulas (i =0,...,n—1):

(14) €, = 811.;

n—i—1

7=0

(16) fi

n—1—1
— E E Tolh (‘%LH.
j=0

a+b=j

Proof. In order to prove that the operators L; define a vector fields on
sh(™ it is enough to show that the latter is true on a big cell. Consider an
operator L; acting on the space with a basis e;j by the formula L(ej) = —jeitj.
Then we obtain

n—1
(17) exp(L;e) Z ejz; | exp(—Lie) = exp(L;e) Z €T,
7=0
and thus
n—1
(18) exp(L;e) exp Z ejz; | exp(—Lie) = exp | exp(L Z e;T;
7=0

The right hand side of (17) is a series in e;. Its exponent, which is the right
hand side of (18), is a series in e; too. Now apply both right and left hand
sides of (18) to the point [v4]. This gives us that the operators L; really define
a vector fields on the big cell (the only thing to use is Lyva = 0). Note also
that (13) is a trivial consequence of (18). Thus, the first part of our lemma is
proved.

The only thing to prove in the second part, is the representation of f; as a
vector field. Let z(2) = zo+za1+- - +2" " to,_1,y(2) = yo+2y1+ - +2" tyn 1
be such elements of C[z]/z™ that z(z)y(z) = 1. Recall, (see lemma (1.3)) that
we have the following equality:

exp (i: eixi> [va] = exp (i: fi%‘) [ual.
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Hence we obtain

n—1 n—1
(19)  exp(fic) exp (Z ekxk> [va] = exp(fi€) exp <Z fkyk> [ua] =
k=0 k=0
n—1
= exp <kayk + fily + 5)) [ua] = exp (Z e;&c%) [val.
ki k=0
Here for o/ (z) = Y4 — #},z" we have

1
/ - -
() ezt +x(z)"1
This gives (16). To obtain (15) one must commute the expressions for e; and
fj. Lemma is proved. O

Now our goal is to prove that {e;, h;, L;, f;) = Vect(sh(”)). To do that, it
is enough to show that dim Vect(sh™) = 4n — 1 (the linear independence is a
trivial consequence from (13), (14), (15), and (16)).

Let T,, be a tangent bundle on sh™. Recall that there is a bundle Tp
sh™ — P! with a fiber sh® Y. Thus we obtain a surjection Vect(sh'™) —
Vect(P') ~ sly. Its kernel consists of the vector fields on sh™ which are
tangent to the fibers of m, ;. Denote by T, the bundle on sh("), whose fiber
at the point z is a tangent space to the fiber 7TT;11 (mn,12). We need to prove
that dim H°(T!)) = 4n — 4. In order to do that, consider a bundle &, on
P!, whose fiber at the point z is the space of vector fields on 7T;11(Z) (thus,
&n = (mn1)+T)). Tt is obvious that dim H°(7T},) = dim H°(&,,). To prove that
the latter equals to 4n — 4 we will compute the transition functions of €,,. The
idea is to use the induction on n, i.e. the knowledge of the Lie algebra of the
vector fields on a fiber of 7, 1. As a result we will prove that:

&n=0(2)®0(1)*" D g 00)%% g 0(-1)*" Vg o(-2), n>2
€y =0(2)® 0(0) ® O(-2).

Recall that we have two big cells in sh™:
n—1 n—1
U, = exp (Z xiei> [va] =~ C" ~exp (Z ylf,> [ua]l = Uy.
i=0 =0

Let €4, fz,is haz,i, Lz, be the vector fields on Uy, which are the restrictions of the
vector fields e;, fi, hi, L; correspondingly. Denote also by ey s, fy.i; Py i, Ly, the
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vector fields on Uy, which are the restrictions of the vector fields f;,e;, —h;, L;
correspondingly (this notations are convenient for us, because of the simplifi-
cation of some formulas). Surely, on U, N U, we have

(20) €xi = fy,i7 f:v,i = €y,i» hw,i = _hy,i7 Lz,i = Ly,i'

We can write an explicit formulas for the above vector fields on Uy:

n—i—1

(21) ey,i = Oy, hyi=—2 Z YiOyiss»
§=0

n—i—1 n—1—1

(22) Jyi=~— Z Z YaYb ayiJrj’ Ly;= Z jyjayi+j'
=1

i=0 \a+b=j

Suppose that we have already proved that e;, h;, f;(0 < i < n — 1) and
Li(0 < i < n—2) form a base of Vect(sh™ ™). Then we can trivialize the
bundle &,, on 7, 1U,, choosing the following base of the vector fields, tangent
to the fibers of m, 1:

n—i
(23) e/? =0z, h/f =-2 Z xja’riﬂ;ﬁ
j=1

n—iu

f’f:—z Z Ta®p | Oriyyrs i1=1,...,n—1;

=1 \a+B=j+1; a,6>1
n—i—1

1z . ;
Li: Z ]$j+1axi+jaz:15"'an_2'
7j=1

We also trivialize &, on m, Uy, fixing the analogous basis:

n—u
(24) el? = y,»; h”iJ =2 Z YiOyiys s
j=1

n—it

f’f:—z Z Yalp | Oyirsr i=1,...,n—1;
J=1 \a+p=j+1; a,52>1

n—i—1

L' = Z JYj+10y,,,, 1=2,...,n—1

Jj=1

To obtain the transition functions of £, one must rewrite the vector fields (23)
on U, N U, via the vector fields from (24).
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Lemma 1.8.  We have the following equalities of the vector fields on U,:

1T 1T 1T

€ri =€y, hzi=h; 1 —2x0e7,
1T 1T 1T 1T 2 1T
Lw,i:Li-‘,—l_hi/Q? Jui = [ligo +Toh' i — z5€’; .

The analogous formulas are true on Uy:

_ Y LY 1Y
€yi =€, hys=h7 1 — 2yoe’y,

Lyi=L"% 0 —1Y/2,  foi=f"tn+ywhl, —vie?.

Proof. Tt is a consequence from the lemma (1.7) and the definitions

(23), (24). O
Lemma 1.9. We have the following equalities (note that yo_1 =1x):
(25) elf = y?)e’? + yOh/?i/-&-l + f/?i/+23 h/;_z = h/gz‘l + 2y0_1f”i/+17
Ly =L +y fls  Fi=-w’fi

Proof.  Using the formulas from the lemma (1.8) we can rewrite our fields,
written in the x;-coordinates via the y;-coordinates:

(26) € =eai=fyi=f"tra+uvol'i —uge'?;
WP = hgio1+230esi—1 = —hy i1 +2y5 " fyi-1 =
= —h'{ 4 2y0¢"t_y + 295 (F Y + w0l —yie'ty) = 1 20 s
LY = Loia + W1 /2= Ly + 1124y [ =
=LY =W 24 W24y Y = L g
F5 = faica — Tohayi—2 — Bqeni—2 = ey i + Yy ‘hyica — Yy fyi-2 =
=€l ot yo (W = 2y0e't_0) —yo 21+ woh Ty — vhe'ts) = —uo 2 f'Y.

This gives us the formulas (25). O
Now we are ready to prove the main theorem.

Theorem 1.3.

&n=0(2)®0(1)°" Vg 00)2 D g o(-1)*" Y g 0(-2), n>2,
E2=0(2)® 0(0) ® O(—2).

Proof. Let n > 2. The transition matrix of &,, has the following form:
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ey e ey oy WIRG R SR L LR o TS
eV Ty 0 0 0 0 0... 0 0 0... 0 000 ... 0
ey .0 3 0 0 0 0. 0 0 0. 0 0 0 0 ... 0
eV Ll 0 0 -y 0 0 0. 0 0 0. 0 0 0 0 ... 0
ey 1o 0 0 -y2 0 0. 0 0o 0. 0 0 0 0 ... 0
'Y |0 0 0 0 1 0. 0 0 0. 0 0 0 0 ... 0
R'Y | yo 0 0 0 0 1. 0 0 0. 0 0 0 0 ... 0
'Y 10 yo O 0 00 1 0 0 0 0 0 0 0
R'Y_10 0 yw 0 00 0 1 0 0 0 0 0 0
'Y lo 0 0 0 00 0 0 0 0 0 0
LY _Jo 0 0 0 0 0... 0 0 0. 1 0 0 0 0
Wlo 0 0 0 0 0... 0 0 0. 0 ;—21 0 0 0
0
f'Ylo 0 0 0 =20... 0 0o L. 0 0 =20 0
2 Yo ) y10 v
1Y ot . —
Yt 0 0 0 032 0 0 - 0 0 0 7 0
R : A N A S
vy lo..oo1 0 0 00... 32 0 0.. 5 00 0 .. "

Now to identify the bundle &,, for n > 2 one must diagonalize this matrix using
two following operations:

(1) To add to some column another one, multiplied by the polynomial in
the variable y; .

(2) To add to some row another one, multiplied by the polynomial in the
variable yg.

Recall that yo and zg =y, I are the coordinates on the two charts of P':
m1Uy and m, U, respectively. Thus the first operation is a change of the
basis in Vect(U,) and the second one is the change of the basis in Vect(U,).
It is easy to show that using the above operations one can obtain the diagonal
matrix:

diag(y3, ¥, - - Y0, 1, - l,yo_l7 cen yo_l,yO_Q).
n—1 2n—>5 n—1
This gives us our lemma in the case n > 2. The case n = 2 can be considered
in the same way. (I

Corollary 1.4. dim H)(T) = 4n — 4.

Theorem 1.4.  The Lie algebra Vect(sh(")) has a following basis: e;, h;,
fi,i=0,...n—1and L;;i=0,...,n— 2.
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Proof. As we have already mentioned, the only thing to prove is dim
Vect(sh™) = 4n — 1. But dim Vect(sh™) = dim H(T?,) + dim Vect(P') =
4n — 4+ 3 = 4n — 1. Theorem is proved. O

82. Back to the Fusion

For the successive study of the Schubert varieties we need some additional
information about the structure of the fusion products. Namely, we need to
study the special submodules, mentioned in [FF2].

§2.1. Preliminaries

Recall that M4, A = (a4, ...,a,) € N", is sl @ C[t] module and dim M4 =
[T, a;. Moreover, M is cyclic e ® C[t] module with a cyclic vector v4 and
defining relations

(27) eny(2)! = 220 0 Ima)e =1 9
(e(my(2) = S0, €:2" 7%, ay = max(a,0)) (see [FF1]). The latter means that
MA ~Cleg, ... ,en_1]/I and the ideal I, is generated by the elements
(28) Z €n—1—i1€n—1—iy - - - En—1—iy, k Z 1, s < Z(k +1-— Clj)+.
i1+ Fip=s j=1
Let a3 < -+ < a,. In [FF2] we constructed the following exact sequence

of sly ® C[t] modules:
0 — Mlaz—aitlas,nan) _ ArA o prlai—lastlias,..an) _,

(note that M (1:@2:an) ~ pf(az:-an))  One can generalize this construction in
the following way. For any 4,j with 1 <7 < j < n define
Ai,j = (al, ey Qi—1,05 — 1, Ait 1y oy aj_l, aj + 1,0,j+1, ceey an).
Lemma 2.1.  For any 1 < i < j < n there exists an sly @ C[t] module
S; j(A) — MA, with a property MA/S; j(A) ~ M43,

Proof. Note that the condition (27) for the set A is weaker, than for the
set A; ;. Hence, there is a surjection a; j(A) : M4 — M4ii. We define S; j(A)
as its kernel. Note that «; ;(A) is slp ® C[t] homomorphism. In fact, it is
obviously Cleg, ... ,e,—1] homomorphism. In addition,

Jiva = fiva,; =0, hsova =hsova,; =0
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and the operator hg multiplies the vectors v4 and v Ai s by the same constant.
Thus, S; ;(A) is really the sl ® C[t] module. O

Remark 2.1. It was shown in [FF2| that
(1) S1(4) 2= Moz thisswoa),
(2) If a; = Qj41, then Si,i+1(A) ~ M(al""’ai*l’ai*%'”’a").

The rest of the section is devoted to the study of the modules S; ;+1(A).

§2.2. First description of S; ;11(4)

We construct a filtration on S; ;+1(A) with the quotients being the fusion
products. Introduce a notation

A= (a1,..,0i—2,0i—1 — Qi + Qit1, Qg2 - ., Q) 0 > L.

Lemma 2.2.  We have an embedding M*i — S; ;11(A).

Proof. Denote d; = #{a : aq = i},i = 1,...,a,. Let [e(n)(z)i]j be a
coefficient in e(,)(2)* by the term z7. It was proved in [FF2] that the sl; ®
(C[t]/t"~2) submodule in M generated from the vector

a; — 1
(29) Len (@)™ ™ e gy, ¥4

is isomorphic to M#¢. One can show that the vector (29) is the element of the
kernel of surjection M4 — M#Aui+1. Thus M4 — S, ;11 (A). O

Introduce a notation: N4(k) = Z?:1(k + 1 —a;)+. In this notations the
defining relations of M4 read as

(30) e(n)(z)k+zNA(k), k=1,2,....
We want to compare these relations in the case of M4 and M4+t

Lemma 2.3. There are two cases:
(1) a; =1 <k <ajy1—1. Then Na(k) = Na,,,, (k) — 1.
(2) k<a;—1ork>ajy1 —1. Then Na(k) = Na, ., (k).

Recall that S;;41(A) is the kernel of the map M4 — MAu+1. Hence,
because of the formula (30), we obtain that S; ;1+1(A) is generated by the action

of Cleg, ... ,en—1] from a;41 — a; + 1 vectors, namely from
(31) w; = [e(n)(z)j]NA(j)vA, j=a;—1,...,a;01 — 1.
For example, Cleg, ... ,en_1] Wa,—1 = M4 — S; ;1 1(A).
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Lemma 2.4. Letl1l < i < j <n. Then S;;(A) = Siit1(A) +---+
S;_1,;(A) (the non-direct sum).

Proof. It follows from the formula (31). O
Proposition 2.1.  Let a; # a;41,1 # 1,a;-1 > 1. Then
(32) Si77;+1(A)/MAi ~
=~ i,i+1(ah cen@i—o,ai-1 — Lag+1,a541,. ., an) = Si,i+1(Ai—l,i)~

Proof. First, one can show that the dimensions of the both sides coincide.
In fact, by the definition

(33) dim S; ;1 1(A) = dim M* — dim M4+

= [ @] x (@1 —ai+1),
il

34 dim 521 1 Ai—li = dimMAi*l'i — CliHl]\fAi*l'iJr1 =
( At :
= H a; X (ai_l — 1)(0@4.1 — G,Z').
JjFi—1,i,i+1

It is easy to check that the difference between (33) and (34) equals to dim M4+
Consider the following mappings:

MA L Siit1(A) < mA e-1(A) MAi-vi L Siit1(Aiz1i).
We will prove that
(@i-1,i(A) 0 9)(Sii+1(A)) C f(Sii+1(Ai=1,0))

and ker(a;_1;(A) o g) = h(M#%). That will be enough for the proof of the
proposition, because of the equality of the dimensions of the right and left
hand sides of (32).

We have the following commutative diagram:

MA ai,it1(A) MAiis
ai—l,i(A)J( J/ai—l,i(Ai,H-l)
A1 i ip1(Aimt,i) MAi-1i41
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Note that
Si7i+1(A) = ker ()li7i+1(A) and Si,i+1(Ai—1,i) = ker ai,i+1(Ai—1,i)-
Hence, (a;—1,:(A) 0 9)(Sii+1(A)) C f(Siit1(Aiz14))-
Now, let us prove that ker a;—1 ;(A) o g = h(M4?). Note that ker ;1 ;(A)
= S;—1,i(A). Thus it is enough to show that
M4 = 8;_1,(A) N Siit1(A).
We have an inclusion M4 < i—1.i(A) N S;i4+1(A4). (In fact, according to
the formula (31), the cyclic vector (29) of M#¢ belongs both to S;_1 ;(A) and
Sii+1(A)). In addition, dim M4 = dim(S;—1,(A) N S;;+1(A)). To prove the
latter, recall that S;_1 ;(A) + Si,i+1(A4) = Si—1,:4+1(A) (see lemma (2.4)). Thus

dim (Si—l,i (A) n Si,i+1(A))
= dim Si—Li(A) + dim Si7i+1(A) — dim Si—l,i+l(A) =

= H a; X [(04 — ;-1 + 1)ai+1 + ai_l(aiH —a; + ].) —

GAi—1,4,0+1
. A;
7(0,1‘4_1 — ;-1 + ].)GJJ = H a; X (ai+1 —a; + ai_l) = dim M“?.
GAi—1,i,i+1
Proposition is proved. O

Proposition (2.1) and remark (2.1) allows us to construct our filtration.
In fact, we have a submodule M4+ in S; ;41(A) and the quotient is isomorphic
to Sii+1(Ai—14). But this module also contains a corresponding fusion as
a submodule. So we can apply our lemma one more time and so on. To
formulate the condition of the finishing of our procedure, denote by s the map
N" — N": s(A) = Aj_1,;. Let s(A);,j =1,...,n be the elements of s(A4) with
5(A); < 5(A)j41. Our procedure will stop at the k-th step, if one of the below
conditions hold:

(1) s¥(A); =1for j =1,...,i— 1. Then according to the first part of the
remark (2.1) S; ;41(s*(A)) is some fusion product.

k(A); = s*(A);41. Then according to the second part of the remark

(2)

s
(2.1) Siiy1(s¥(A)) is also some fusion product.
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Let us give an example.
Example. A = (4,5,6,9),i = 3. We have:

M(4,5,6,9)/S374(475’6’9) ~ M(45.5,10).
M®® s S5,(4,5,6,9), S3.4(4,5,6,9)/M*®) ~ S5 ,(4,4,7,9);
M®O) s Ss4(4,4,7,9), S3.4(4,4,7,9)/M*%) ~ S5 ,(3,4,8,9);
MG s 834(3,4,8,9),  S34(3,4,8,9)/ MG ~ 85 ,(3,3,9,9);
S3.4(3,3,9,9) & M©3).

Thus, we have a filtration of M (4569 with the following quotients:
M(4’8),M(476)7M(3’5),M(3’3) and M(4’5’5710).

82.3. Second description

For the second description we need an extra knowledge about the structure
of the vectors w; from (31). We will use a fermionic realization of the fusion
product from [FF2].

Let F' be the space of the semi-infinite forms (see [FF2] or the first section
of this paper). F' carries a structure of the 5/[; module of the level 1. There
exists a set of extremal vectors v(i) € F,i € Z, such that ex_jv(k) = v(k — 2)
and esx_1v(k) = 0. Note also that U(;[;) -v(0) ~ Lo and U(E/E) v(1) ~ Ly
(here Loy and Ly ; are two level 1 irreducible 572 modules).

In [FF2] it was shown that we can embed the space M4 into the tensor
power F®@==1_ Let d; be the number of such k that a, = i. Suppose that

dy = 0 (recall that M(1:a2n) ~ pf(a2:5a0))  Denote
va=v(n)@v(n—dy)@v(n—da—d3)®@ - Q@u(n—dy— -+ —dqy, 1)

Then Cleg,...,en 1] - va ~ MA. Another important fact is the following
equality: if a; # a;41 then

(35) [e(n)(z)ai_l]NA(ai,l)vA is proportional to
(en—1®€n—dy—1® @ en—dy—rnd,, ;-1 @@+ @Id)vg =
=vn—-2)vn—da—2)® - Qu(n—dys— -+ —ds,—1 —2)®
@un—dy—...—dg,)® - Q@v(n—dy— - —dg,-1)-

We generalize the formula (35) in the following way: let k be such number that
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a; —1 <k < a;4+1 — 1. Note that

va=[v(n)@v(n—dy) ® - @v(n—dg — - —dg,_1)] ®
@ [on —dy =+ = dy )Pl @
®[vn—dy = —da,) @ - Qu(n—dp — -+ —dg,—1)] .
Let
(36) v =0v(n)@o(n—dy) ® - @v(n—dy — - — dg,—1);
vo=v(n—dy— - —dg,)PH T,
vz=v(n—ds— - —dg,,)® - @un—dy— - —dg,—1).

Lemma 2.5. Introduce a notation

(37) uy = (e’nfl 0 En—dy—1 Q- ® en*d2*~--*dai71fl)vla
_ k—a;+1
(39) un(k) = (A5, e,
where ef;‘;;tl_.id _; is a power of the operator €,—_4,—...—q, —1, which acts on
a; i

the space F®(@i+1=%1) g on the tensor power of the Lie algebra module. Then
[e(n) (2)F]n 4 (kyva is proportional to the vector

(39) u ® us(k) ® vs.

Proof.  One can prove this lemma in the same way, as it was done in [FF2]
in the case k = a; — 1. O

Now we can describe the structure of the module S; ;+1(A). Recall that
(40) Siiv1(A) =Cleo, .- yen—1] - (Wa;—1,++ s Wa, ;1)
and w; = [e(n)(2)?]n,(j)va. From the above lemma we obtain

wj=const-v(n —2)@---@v(n—dy—--—dg;-1—2)®
®[(en_d2_..._d%_1 RId®---®Id
a;jy1—a;—1
+o4+ld®---®1d ®6n_d2—-..—dai—1)j7ai+1112] ®

aj41—a;—1

Rus.

Hence we can rewrite the formula (40) in the following way:
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Proposition 2.2.  Denote

A’:(al, ey Qi—1,Q45, . . .,ai); A//:(ai+1 —ai—}—l,ai_,_g—ai—kl, . .,an—ai+1).
N——

Then S it1(A) — M2 @ MA" and the image of S;i+1(A) is generated from
the vector var @var by the action of Cleq, . . ., €3, enzfifl], where the operator
ef_)i_l acts on MA" @ MA" as1d ® Crn—i_1-

Proof. Note that for uy,us(k) defined by (37),(38) and vz from the for-
mula (36) we have u; € M4 and uy(k) ® vs € MA”. Moreover, w,,_1 = v
and w; = (e, _)i=@+ly, | Thus S;;41(A) is a submodule of the module,
described in the proposition. To prove that we have an equality, it is enough
to mention that (e'2), | )ar+1—ai+l =, O

Remark 2.2.  Note that es,,_;_1 vanishes on MA”". Thus Siit1(A) is a
cyclic submodule of M4" @ MA” with respect to the algebra, generated by the
operators

A C N O OS C BRCO BRR C)

0 » " *n—i-2 n—i—2’ “n—i—1"“n—i—1>“n—4> " * " “n—3
(here 65-1) =e; ®1d, 65—2) =Ild®ey).
Remark 2.3.  Note that in the case i = n — 1 we have

(41) Sy 1m(A) ~ M(@1san—2) & Can=an-1+1

In fact, proposition (2.2) gives us an embedding of the left hand side of (41)
into the right hand side. But we have an operator 662) acting on Sp_1,,(4).

Thus

1 1 2
S”*L”(A) — (C[e'gtzﬁ R e((J )’ eé )] . (’U(alyv--yan—2) ® /Utln*anfﬂrl) =
= M(a1an-2) & Con—an-1+1

Thus we have an embedding of S; ;41(A) into the tensor product MA@
MA". Recall that A’ contains a lot of coinciding elements. By some reasons,
discussed in the previous section, in this work we concentrate on those sets,
which have no coinciding elements. Thus we will construct another embedding
of S; ;+1(A), which looks somehow strange, but its usefulness will be explained
in the sequel section.
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Proposition 2.3.  Let A= (a1 < --- < ay). Suppose that for any j > i
we have aj41 — a; > 1. Introduce a notation:

Al = (al,...,ai_l,ai+1,ai+2,...,ai—|—n—i— 1),
AQ = (aH_l —ai+1,ai+2 — Ay, Q;43 — Aj — 1,...,an — a; 7TL+Z+2)
(Note that the elements of Ay and Ay increase). Then we have an embedding

Siir1(A) — MA@ MA2 and S, ;11(A) is generated from va, @ va, by the
action of the algebra Cleg, . . ., e,—3, efli_l].

Proof. In our case

v = U(n)@)(al—l) ®v(n — 1)®(a27a1) ®---Quv(n—i+ 1)®(aifai,1);
uy = v(n —2)2@ "D @ y(n - 3)%@2-1) g ... @y(n — i — 1)®@—%u-1),
vy = v(n — )@@,
vy = v(n —i— 1)@ 00) g @ (1) P an-1),

We can rearrange the factors in the tensor product u; ® vo ® vs to obtain the
product u} ® ve ® v}, where

Wy =v(n—2)%1"Ng. .. .gun—i-1)20"%1)g
Quin—i—1)@vn—i—-2)®- - @uv(l);
Ué = U(n — 7 — 1)®(ai+2_ai+1—1) ®

xv(n —i — 2)®@s—am2—l) gy (1)@@nan1—1),
Note that
M ~ Cleg, ...,en_s]-u), M?A2=Cleg,...,en_i_1]- (va ®uj).

To finish the proof of the proposition it is enough, to recall that S; ;+1(A4) is
j—ai+1

generated from the vectors w; and w; = u] ® (e],_;""| v2) @ v5. O

We finish this subsection with the discussion of the Lie algebra, acting on
Sii+1(A). Let L; ,, = sl ®B,; 5, 0 < i < n, where B; ,, is a commutative graded
associative algebra with a generators t of degree 1 and w of degree n — ¢ and
relations ¢" = 0,u? = 0,tu = 0. For i = 0 let Ly, = sl ® (C[t]/t"™!). From
the propositions (2.2), (2.3) we obtain the following lemma:

Lemma 2.6. S, ;+1(A) is cyclic Li_1,n—2 module with a cyclic vector
being the tensor product var ® var (see proposition (2.2)) or va, @ va, (see
proposition (2.3)). We denote this cyclic vector by v; ;41(A).
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For example, for i = 1 we obtain that Sy 2(A) is sly ® (C[¢]/t"~!) module.
But as it was mentioned above, S 2(A) ~ Mlaz—ar+las,....an)

Note that S,,—1,,(A), being a tensor product M(@1:an—2) @Can—an-1+1 g
a cyclic sly @ (C[t]/t"~?) module, but its cyclic vector is not the tensor product
of the lowest weight vectors of M(@1:an-2) and C»—n-1+1 To be specific,
one can put this cyclic vector I to be u(q, .. a,_») ® Va, —a,_,+1 (recall that us
is a highest vector in M4 with respect to the hg grading).

Lemma 2.7. [ =]t Hon1mmy,

Proof. This follows from the fermionic realization of M4. Note also that
611 = 0. O
§2.4. Third description: induction

In this section we obtain the analogue of the lemma (1.4) for the modules
Si.i+1(A). In what follows we consider the module M (@15an-1) 49 3 submodule
of M via the isomorphism

M(@ran—1) ~ Cler, .. en—1] - va.
Lemma 2.8. Leti#n— 1. Then we have (see lemma (2.6)):
Vi1 (A) = vii41(ar, ..., an_1).
It means that

Siit1(at, .. an_1) ~2Cle®t,...,e® t" 3 e®ul - V541 (A)

and
Si,i+1(A) = C[eo] : Si,i+1(ala B an—l)-
Proof. This is an immediate consequence from the construction of the
embedding from the proposition (2.2). O

Now let i = n — 1. Consider the operator e; acting on M“. Note that
eitrtan—mntl g Let [ = 9T, From one hand, [ is a highest
weight vector from M(@1--9n-1) " From the other hand, [ is a cyclic vector in
Sn—1,n(A) with respect to the algebra Cleg, . .., e,—3] (see lemma (2.7)). Thus

we obtain the following lemma:
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Lemma 2.9. There is a vector 1,
1€ Sy 1n(A)~ Mlatan—2) & Can—an-1+1 ., pra

such that | is a cyclic vector of Sp—1.n(A) with respect to the algebra Cleg, . . .,
en—3] and | = U(q,, . q,_,)- In particular it means that

Sn—l,n(A) - (C[GO] : ((C[an B fn—Z} : u(al,...,an,l))'

83. Algebro-geometric Properties of the Schubert Varieties
The main point of this section is the study of the line bundles on sh(™.
We start with the description of sh™ as a projective algebraic variety.
§3.1. sh™ as an algebraic variety

Recall (see [FF1]) that the dual space to the module M4, A = (a; < ---
an) can be realized as the space of the symmetric polynomials f(z1,...,25), s

IV IA

0 with the following conditions: deg, f < n and
fzoo 2, 2001, 28) + = litlma) 19
\w—/
where ay = max(a,0) and for the polynomials p and ¢ p + ¢ means that
q divides p. (Note that (M#)* is naturally graded by the action of hg and
thus (M4)* = @,(M*)*(s). Then (M#)*(s) is realized in the space of the
polynomials in s variables with the above condition).

Lemma 3.1. LetA=(a1 < - <a,) eN"B=(b <---<b,) €N
and C = (a1 + b1 — 1,...,a, + b, —1). Then the following is true:
1). There is an embedding of Cleg, .. .,en_1] modules o : MC — M4 @ MB
sending vo to va @ up (in fact, o is sly ® C[t] homomorphism).
2). There is a surjection 3 : (MA)* @ (MB)* — (MY)* given by the formula
F(21s s 28) @ G215+ oy 285) = (21, o oy 251455

where
h(zla B Zlersz) = Z f(za'(l)7 EERY) Za(sl))g(z‘r(l)7 B ZT(SQ))7
and the sum is taken over such pairs (o,T)
O'Z{1,...,81}H{l,...,81+82}, 7'2{1,...,82}4) {1,...,81+82},

that o(i) < o(i+1),7(j) < 7(j+1) and the images of o and T do not intersect.
3). a* =[.
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Proof. TFirst statement is a special case of the proposition (1.1). One can
check that the image of 3 is really a subspace of (M®)*. To prove that 3 is
a surjection it is enough to show 3). To make it clear, recall that the isomor-
phism between the dual space (M#4)* and the above space of the symmetric
polynomials has the following form:

(MA)* S0 fy= Z zil 2 0(en 1y, e €n_1-i VA).
T15eels

This finishes the proof. 4
Introduce a notation:
A(k) = (kay — k+ 1, kag — k+1,..  ka, —k+1), k=1,2,....

For example, A(1) = A. From the above lemma we obtain a graded algebra
Fy =@ (MAD)* (we put (MA®)* = C). Note that F is generated by its
first degree component (MAM)* = (MA)*.

Now fix some basis v1, ..., vy in M4 (surely, N = [17_, a;). Denote also
by & the dual basis in (M4)*. Recall that sh™ < P(M4). Thus, any point
x € sh™ can be written in the basis v;: x = (1:...:2N).

Proposition 3.1.  F4 is the coordinate ring of sh(™.

Proof. We need to prove that for any homogeneous polynomial p in N
variables the following two statements are equivalent:

(1) for any x € sh(™ p(z1,...,on) = 0.

(2) p(&1,...,&n) = 0 (here & and p(&1,...,&n) are considered as an ele-
ments of the algebra Fjy).

First, let p(¢1,...,&n) = 0. Then for any w € MAWN) p(&y, ... En)w = 0.
From the lemma (3.1) we obtain an embedding: ¢ : MAWN) — (MA)®N | Let
w = eXp(Z:?:_O1 eiti) - va(ny, where t; are some complex numbers. Note that
PUAN) = v%N and the operator ey, acting on MA®) is a sum Zf\;l e,(f) of the

operators, acting on the corresponding copies of M4. Thus

n—1
w = exp eit; | ~vay
i=0
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Now, let exp (27:01 ez(-j)tz) v =Y zjv;. Then

3

and because of the part 3) of the lemma (3.1) we obtain

0 :p(gla"'agN)w :p(xlv"'va)'

Hence we have proved that p(x) = 0 for x from the big cell U, = {exp (D_ tie;)-
[va]}. But sh™ is a closure of the big cell. Thus p vanishes on all sh™.

Now, let p(z1,...,2y) =0 for any (z1:...:2xN) € sh™. Then p vanishes
on the big cell. The same considerations as in the first part of the proof give
us p(&1,...,&n) = 0. O

§3.2. Line bundles on sh™
It was proved in the first section that there is a chain of bundles
(42) sh™ — sh™= Y ... S sh(1) ~ P

Thus Pic(sh(n)) = Z". We want to fix this isomorphism. Let C;,7 =0,...,n—1
be a collection of projective lines in sh(™. Namely,

C; = {exp(e;t) - [va],t € C}

(we fix some A with no coinciding elements and identify sh™ with shy. Surely,
our lines do not depend on the choice of A). For example, Cy = SLy - [v4].
Because of the fibrations (42), any line bundle is determined by its restriction
on the lines C;. Let € be a line bundle, such that &|¢, ~ O(b;). Then we denote
this bundle as

€ =0(bn-1,bn—2—bn—1,bp_3 —by_2,...,00 — b1).

Recall that for any A with a; # a; we have an embedding 14 : sh™ —
P(M*). Thus for any such A there is a bundle 2% 0(1) on sh™. The following
lemma explains the choosed parameterization of the set of bundles.

Lemma 3.2. 40(1) ~0(a; — L,a2 — 1,...,a, — 1).
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Proof. Note that HO(sh(™,&|¢,) ~ (Cle;] - va)*. Recall that for any A
we have an isomorphism (see lemma (1.4)):

(43) C[ei,...,en_l} By M(a17"'7an—z‘)7 €5 €5_4.

Thus Cle;] - va is (a1 + -+ + ap—; —n + i + 1) — dimensional space, and so
(*O()|e; ~ O(ay + -+ + an—i —n +14). Lemma is proved. O

Recall that there is a bundle m, 51 : sh™ — sh™= 1 with a fiber P!, The
following lemma shows that there exists a rank two bundle & on sh® ™ such
that sh™ is a projectivization of ¢.

Lemma 3.3. sh™ ~P ((Wn,n—l)*1&37“_,7&1)O(U)~

Proof. Tt follows from the fact that 22‘273,__.7n+1)(9(1)|7r;1 = 0(1) for

,'n,—lm

any z € sh™™ 1), O

Example. In the case n = 2 we have sh® ~ P(0(0) ® 0(2)).
We finish this subsection with the computation of the canonical bundle
Ksh(n) .

Lemma 3.4. K ~0(-2,...,—2).
—_———

S

n

Proof. We prove lemma by the induction on n. For n = 1 sh) ~ pt
and Kp1 ~ O(—2). Suppose our lemma is true for n — 1. Then because of
the existence of the bundle 7, ; : sh™ — pl = Cp we obtain that K ) =
0(—2,...,—2,a) for some a € Z. Recall that there is an open (in the Zariski

n—1
topology) set G- [va] < sh™ (G is a group SL(C[t]/t™)), which is fibered over
Cy with a fiber C"~!. Recall also (see lemma (1.3)) that we have an equality

exp (i xiei> [va] = exp (i yifi) < [ual

if and only if for two polynomials z(t) = Z;:Ol x;tt and y(t) = Z?:_ol yitt we
have z(t)y(t) = 1 in the ring C[t]/t". To compute the restriction of K ) to
Cy we need to rewrite the form dygAdyi A- - -Ady,—1 in the x;-coordinates. It is

easy to check that the result will be the following n-form: (_12" dxoN---Ndx,_1.

(132
Thus the restriction of K, to Cp is O(—2n). Using the fact that Ko =
0(-2,...,—2,a) we obtain a« = —2. Lemma is proved. O
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§3.3. Fusion products as a dual spaces of sections of the line
bundles

The main goal of this subsection is to prove the following theorem: let A =
(a1,...,an),1 <a; <--- < a,. Then the dual space H°(O(a; —1,...,a, —1))*
as sly ® C[t] module is isomorphic to the fusion product M4.

Let G = SL2(C[t]/t"). Recall the submodule S;;1(A) < M* which is
the cyclic £;_1 ,,—2 module with a cyclic vector v; ;41(A). Denote by L; ., the
Lie group of the Lie algebra L; ,,.

Definition 3.1.  The variety sh{"™" < P(5;;,1(4)) — P(M4) is a
closure of the orbit of the point [v; ;+1(A)] :

Shl(."_l) = Li—1,n—2 - [Vi,i+1(A)].

Lemma 3.5. 1). shgn_l) is a subvariety of sh(™.
2). sh™ = G- [ua] UL shi" Y.

Proof. We will prove both statements together by the induction on n.
Consider a fiber 7T;,117T7L71([1}A]) ~ sh™~Y of the bundle 7, : sh™ — P!. By

the induction assumption we have the decomposition of this fiber into a cell
U, = {exp (Z?;ll eiti) : [UA]}, divisors shz(-nfz),z' =1,...,n—2and

n—2
M={@hmwm\w\uﬁ&”}:w””

i=1
First note that G - [va] = SLg - U,. Next, because of the lemma (2.8) we have
Shgn_l) = SL2~sh§n_2), i=1,...,n—2.

Finally, because of the lemma (2.9) we obtain shgn__ll) = SLy - M. Lemma is
proved. O

The following proposition gives a description of the varieties shl(-n_l). For
the convenience, let sh® be a point and 7, ¢ a unique map sh™ — sh(©®.

Proposition 3.2. Lett=2,...,n—1. Then
shgnfl) ={(z,y) € sh(®=2) x gh(»=9) . Tn—2mn—i—1(T) = Tn—imn—i—1(¥)}

(recall that mp, k is a projection sh(™ — sh® with a fiber sh™™®). In the case
1 =1 we have Sh(lnfl) ~ gh(®™=1
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Proof. Note that Sy o(A) ~ M(az=a1+1as.an) Thys sh{"™" ~ sh),

Recall that we have proved in the proposition (2.3) that for any i =
2,...,n —1 and some special B € N*~2 C € N*~* with no coinciding elements
in both B and C we have an embedding

Siit1(A) = MP @ M, w;41(A) — vp ®@vc.
In addition, S; ;+1(A) is isomorphic to

(44) Cle 462 e g @ m @

5 €ni—2 i—20€n—i—1 n—i—1
512)1 15 € S)w" R 21)3} (’UB@Uc),
where the upper index (i) means that the corresponding operator is acting on
the i-th factor of the tensor product MZ ® MC. This shows that shl(-nfl) is
embedded to the Cartesian product sh™ 2 x sh™ . Moreover, formula (44)
shows that points from &,,, - [v;;+1(A)] (where &, ,, is the Lie group of an
2 2+e(2) Ao (2)

abelian Lie algebra, spanned by 601)+€ ey gte o se, . ey,

(2) _1.€ 511)1, R 21)3) are the pairs (x,y) from the product of the big cells
of sh(” 2 and sh™ ™ with a property mp—2n—i—1(2) = Tp—in—i—1(y). The

equality shgn_l) = B, ,, - [v,:41(A)] finishes the proof. O

Corollary 3.1.  In the case i = n — 1 we have sh"3" ~ P! x sh"~?
(see the remark (2.3)).

Our goal is to prove that for A = (a; < --- < a,,) fusion product M4 is
realized in the dual space of the sections of O(a; — 1,...,a, — 1). The way of
the proof is the restriction of the bundles to the subvarieties shgn). We need
some additional information about shgn_l).

Recall that sh™ is fibered over P! with a fiber sh” ). By the induction on
n one can show that sh™ is a union of the cells C? (which do not intersect) and
the number of the cells C’ is equal to (). Thus we obtain Hy;i(sh'™,7Z) = 71,
l; = (?) and H2i_1(Sh(n),Z) = 0. Recall that we have defined the set of
projective lines C; (C; = {exp(te;) - [va]}). One can show that the classes of
C; in Hg(sh(”),Z) are generators of the latter group. For the variety M —
sh(™ of the complex dimension m we write [M] for the corresponding class in
Hyp (sh™ 7).

Denote by sh®™Y  the fiber 7 171 ([ual): sh(n~1) =
{exp (Z;;l tifi) ' [UA]}- Surely, sh{"™" ~ sh"~". Thus, we have a vari-

(n—1)

eties sh; forj=1,...,n
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Lemma 3.6. [C]- [shg»n_l)] = 0in—j, where [M]-[N] is an intersection
number of M and N.

Proof. First, we consider a special cases of i = 0,1 and j =n,n — 1. All
other cases are the consequences of these special ones.

Let i = 0. Then Cp doesn’t intersect with sh{"~" for i < n and Cy N
sh("=D = [u,].

Let j = n. Then [sh" Y] . [C;] = 0 for i > 0 because sh{"™" =
7r;711ﬂ'n,1([u,4]) and C; — 71;117%71([11,4]) for i > 0.

Let ¢ = 1. Then because of the lemma (2.9) we have [C] - [shgln:ll)] =1.
Note also that [C] - [shl(-"fl)] =0 for i <n — 1. In fact, because of the lemma
(2.8) we have shl(-nfl) N 7T,;7117Tn’1([1),4]) = Shgnfz). But C4, which is embedded
to the fiber 71';’117'(7171([1}%1]) ~ sh™™Y plays there a role of Cy «— sh™. Thus,
we are in the situation of the case i = 0.

Let 7 = n — 1. We need to show that shff:ll) doesn’t intersect with

Ci,% > 1. Recall that shff:ll) N 7T;117Tn71([1)14]) = sh7(1":12). Thus we are in the
situation of the case j = n.
All other cases can be considered in the same way, using lemmas (2.8,2.9).

O

Corollary 3.2.  The classes [Shz(»"_l)], i = 1,...,n are generators of
the group Hgn_g(sh("),Z). Moreover, via the identification Hzn_g(sh(”),Z) ~
H2(sh™,7Z) sh" ™V s [C,_i]*.

Now we need some fact about the restriction of line bundles on sh(™
to Shgn_l). Recall (see proposition (3.2)) that there exists a bundle v, ; :
shz(."_l) — sh™Y with a fiber P! x shC¢~Y, Thus, we can first restrict any
bundle € on sh™ to P! x sh~") and then to P! x T, T € sh Y. Denote this
restriction by 7;(€) (surely, r;(€) doesn’t depend on x).

Lemma 3.7. Let €= 0(ay,...,a,). Then (&) = O(a;+1 — a;).

Proof. Note that if the statement of the lemma is true for &, and &,
then it is also true for €} and for &; ® €5. Hence it is enough to prove our
lemma in the case 0 < aq < ... < ay.

If0<a; <...<ay, then &€=1%0(1). Recall (see proposition (2.2)) that
Siiv1(A) — MA @ MA" and

Siiv1(A) =

= C[e(()l) + 682), e e® . @ e 651133] (var @van).

9 n—i—1 n—t—1°" "n—i—1 “n—17’
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Thus we obtain
HO(ri(€)) = (Clel?; 4]+ (var ®van))*.

But (67(1221'71)ai+1_ai+1(UA' ®var) = 0 and (6(2);1)%“_&"(71,4/ ® var) # 0.

n—u

Lemma is proved. |

Corollary 3.3.  Fiz a number i: 1 < i < n. Then for any A
(a1,...,an) such that a; = a;11 + 1 we have

(45)  dim H’ (sh™, O(ay, . .., ai, @is1, - an))
= dimHj(sh("), O(a1y - oy ig1y Ay vy Ap))s j=0,1,....
Proof. Let:Y — X be an embedding, & a bundle on X. Let Jy (&) be
a sheaf on X:
Jy(E)U) ={seT(U,&): sly =0}
(U is an open set in X). Also denote by €Y the following sheaf on X: &Y =
1,2*E. We have an exact sequence of the sheaves

0— Jy(&) =& =&Y 0.

Note that if X and Y are smooth projective complex algebraic varieties, dim X
= n, codimY = 1, then Jy (&) is a locally free sheaf and thus gives rise to
some bundle & on X, such that ¢1(€) = ¢1(€) — [Y]z2 (1 is the first Chern
class). Here we fix a notation [Y]y € H?(X,Z) for the image of the class
[Y] € Ha,—2(X,Z) via the identification Ha, o(X,Z) ~ H*(X,Z). Now let
X =sh™ vy = shE"il)7 &€ =0(ay,...,a,). We have an exact sequence:

(46) OHJSh(.nfl) (O(al, N ,an)) i O(al, e ,an) — O(al, o ’an)shgn—l) 4}0

Let us compute the bundle J (-1 (O(a1,... ,a,)). Recall that we have fixed

a set of generators [C5], i = 0,...,n — 1 of Hy(sh'™,Z) such that the set of
dual generators of Hn,g(sh("), Z) is shgn_l), i=1,...,n. It is easy to see that
c1(0(a1, .. .,an))([C}]) = a1 + - - + an—;. Note also that [Shl(-n_l)]g = [Ch_i]*.
We obtain

cl(JShgnfl)(O(ah coosan)) =c(0(ag, ... ,an)) = [Crei”.
Thus

Jsh(7171)((9(a1, S ,an)) = O(al, e Qim1,0; — a4 + 1, .,an).
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In our case (a; = a;+1 + 1) we have a; — 1 = a;41,a;41 + 1 = a;.
From the short exact sequence (46) we obtain an exact sequence of the
cohomologies:

(47) 0 — H°(O(a1, ..., aiy1, a5, an)) — H(O(a1, ... ,a,)) —

— H%(O(ay, ... ,an)shg"n>) — HYO(.. ., ai41,04,...)) —
— HYO(ar,... an)) — H'(O(ar,... ,a)™ ) —

To prove our lemma it is enough to show that H*(O(ay,. .. 7an)Shgn_l)) =0 for
all 7. Recall that shgn_l) is fibered over sh™™" with a fiber P* x sh™Y. We
have proved that the restriction of the bundle O(aq, ... ,a,) to the first factor
of the fiber is O(a;4+1 — @;). In our case this restriction is equal to O(—1). But
this bundle has no cohomologies. Thus the sheaf O(ayq, ... ,an)Shgnfl) doesn’t
have any cohomologies too. Lemma is proved. O

Lemma 3.8. For any A = (ay < --- < a,) € N" there exists a surjec-

tive map sh'™ — sh,.

Proof. The idea is to construct such set B = (by < --- < b,,) € N" that
there exists a permutation o of the factors of F®(»=1) (recall that F is a space
of the semi-infinite forms and M4 — F®@n=1)) and a vector v € F@(n—an)
such that o(vg) = va ® v. If we find such B, the existence of the surjective
map shp — sh4 will follow from the definition of the Schubert variety.

Define a map ar : N® — N” in the following way. Let ¢ (1 <4 < n) be a
number with a properties a; = a;+1 and a; < a;j41 for j < i. Then

ar(A) = (a1,...,a;,a;41 + Lai42+1,...,a, + 1).

Surely, there exist such number N that ar¥ (A) has no coinciding elements. Let
B be ar™ (A) with a minimum N with the above property. From the definition
of v4 and vp one can see that there exists such vector v € F®brn—an) that
o(vp) = va ® v for some permutation o. The lemma is proved. O

Remark 3.1.  The above map sh™ — sh4 is a resolution of the singu-
larities of the variety shy.

Lemma 3.9. Let A= (a1 <as<---<ay),a; >0. Then

n
dimHO(sh(")7 O(a; —1,...,an, — 1)) > Hai.
i=1
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Proof. First, consider the case 0 < a; < as < -+ < a,,. Then there is an
embedding 74 : sh™ < P(M#) and 5 (0(1)) =0(a1 —1,...,a, —1). Thus we
have a restriction map

HO(P(M™A),0(1)) — H(sh™, 0(ay — 1,...,a, — 1)).

We claim that it is an embedding. In fact, otherwise there exists a linear
homogeneous function p(z1,...,2x) (where x; are the coordinates in M4),
which vanishes on sh™ . Because of the proposition (3.1) the latter means that
we have some linear condition on the base elements of (M#)*.

In spite of the absence of the embedding 14 in the case when there exists
a; = a;y1, there is still a map 4 : sh™ — P(M4), which is a composition of
the surjective map from the lemma (3.8) and the embedding of sha to P(M*).

This finishes the proof of the lemma. O
Theorem 3.1. Let A=(0<a; < < ayn). Then
(48) dim H%(sh™, O(ay, ... ,a,)) = [[(ai + 1)

—

1=

and all the higher cohomologies vanish.

Proof. First we will prove the inequality

dim H%(sh™, O(ay, ... ,a,)) < [[(ai +1)

S
—

by the induction on n. For n = 1 it is obvious, because sh® = pL. Suppose
our statement is true for n — 1. Denote by M the preimage of some point from
P! via the map m, ;. Surely, M ~ sh"~V. Note that [M] = [sh{"~V] = [Co]*.
Thus we have the following exact sequence (see the proof of the corollary (3.3)):

(49) 00— 0(a1,...,an_1,an — 1) = O(ay,... ,a,) — O(a1, ... ,a,)™ — 0.
Note also that if v is an embedding of M to sh(™ | then
¥ O(a1,...,a,) = 0O(ay,...,an_1).
Hence H*(O(ay,...,a,)™) ~ H(O(ay,...,an_1)). Let us write an exact se-
quence of cohomologies associated with the short exact sequence (49):
(50) 0 — H°(O(a1,...,an_1,an —1)) = H°(O(a1, ... ,a,)) —
— H°(O(ay,...,an_1)) — HY(O(a1,...,an_1,a, — 1)) —
— HY(O(ay,... ,a,)) — HY(O(a1,...,an_1)) —
— H*(O(ay,...,ap_1,0, — 1)) — ...
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By the induction assumption we know that
n—1
dimHO((‘)(al,...,an 1) H a; +1).
Thus we obtain from the exact sequence (50) that
(51) dim H°(O(ay,... ,a H a; +1)+dim H°(O(ay, . . ., an_1,an, — 1)).

Now, applying many times the inequality (51), using the formula (45) for
j = 0 and a fact that O(0,...,0) is a trivial bundle we obtain that dim H°
(O(at,...,a,)) < [Ii=,(a; + 1). Because of the lemma (3.9) we obtain the
equality (48).

To clarify the above procedure, let us give an example of the using of the
inequality (51) and formula (45). Denote by d(a1, ..., a,) the dimension of the
space H°(O(ay,... ,a,)). Let A= (2,3,4). Then we have:

(52) d(2,3,4) < d(2,3,3)+3-4<d(2,3,2)+12+12=d(2,2,3) +24 <
<d(2,2,2)+9+24<d(2,2,1)+9+33=d(2,1,2) + 42 = d(1,2,2) + 42 <
<d(1,2,1)+6+42 =d(1,1,2)+48 < d(1,1,1)+4+48 < d(1,1,0)+4+52 =

= d(1,0,1) + 56 = d(0,1,1) + 56 < d(0,1,0) + 58 =
=d(0,0,1) + 58 < d(0,0,0) +59 =60 =3 -4- 5.
To finish the proof of the theorem we must show that all the higher coho-
mologies vanish. Already proved statement (48) allows us to rewrite the exact

sequence (50) in the following way (we use the induction assumption about the
vanishing of the higher cohomologies for n — 1):

0— HY(O(a1,...,an_1,an — 1)) = H' (O(ay,... ,a,)) — 0 —
— H*(0(a,....an 1,0, — 1)) = H*(O(a1,... ,a,)) =0 — ... .

Using this exact sequence and the corollary (3.3) we obtain the vanishing of
the higher cohomologies. The theorem is proved. O

Corollary 3.4. Let A = (1 < a3 < - < a,). Then we have an
isomorphism of the sly ® (C[t]/t™) modules:

HO(sh™ O(ay — 1, @y, —1))" = CO 5 -+ 5 Co = M(a1-0n),
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Proof. Consider the embedding 24 : sh™ — P(M#) in the case of the
different a; and a map 74 : sh™ P(M*) otherwise. The above theorem

states that the map

HO(P(M™),0(1)) — H(sh'™ O(ay — 1,...,a, — 1))

coming from the equalities
150(1) =0(a; — 1,...,a, — 1), A" 0(1) =0(a; — 1,...,a, — 1)
is an isomorphism. But H°(P(M#4),0(1)) ~ (M4)*. d
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