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Abstract

The shift operator for a quantum lattice current algebra associated with sl(2) is
produced in the form of product of local factors. This gives a natural deformation of
the Sugawara construction for discrete space-time.
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Introduction

The Current Algebra provides the chiral dynamical variables for a generic
conformal field theory model called WZNW model. Its lattice analogue, due to
Semenov-Tian-Shansky, proved useful for elucidating the quantum group struc-
ture in this model [AFSV]. In the subsequent papers [AFS, FG, BC, AFFS]
some general properties of this algebra and its representations were discussed.
However, these considerations covered kinematical aspects of the lattice model
while such a basic dynamical object as the hamiltonian density remained un-
available. Here we address this problem making use of our experience in a
simpler abelian case [FV93, V97a]. Following the general philosophy worked
out in these papers we construct a spatial translation operator W which simul-
taneously generates the temporal shift. We find W to be a product of local
factors over the lattice. This may be regarded as a multiplicative analogue of
the Sugawara construction.

For simplicity we confine ourselves to the simplest case of the si(2) algebra.
In Section 1 we recall the basic facts about the current algebra in its classical
continuous form. Then we embed the Sugawara hamiltonian into the hierarchies
of conservation laws of two major integrable models which are mKdV and
NLS equations [FT]. To make a smoother transition to the quantum case we
present in Section 3 the classical lattice deformation of the current algebra. In
particular, we produce relevant integrable hierarchies. The quantum case is
treated in Section 4.

81. Classical Model

The generators j%(x) of current algebra are associated with a given simple
Lie algebra g with index a labeling the linear basis in g and the variable x
running through the unit circle. Let f2® and K be the structure constants
and the Killing tensor of g. The defining Poisson bracket is

{5%(), 5° ()} = 725 ()6(x — y) + 7 K8 (z — y).

The real ‘coupling constant’ -y is irrelevant in classical case but comes into play
under quantization.
The hamiltonian

1 27
H=— Kapj®(2)5%(2)dz
3 | K@i @)

leads to a free equation of motion

O j(x) ={H,j"(x)} = 0.5 (x)
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which reflects the conformal invariance in hyperbolic language. The hamilto-
nian density
T(x) = Kapj*(x)"(x)

is quadratic in the generators and is often referred to as the Sugawara construc-
tion. In this paper we shall consider g to be a real form sl(2, R) of the algebra
sl(2).

Thus, a takes the values 3,4+, — and all the functions j* are real. The
Poisson bracket is given by

{3%(2),7%(y)} =70 (x — y)

{7%(®),5" (v)} =ty 6(z —y)
(@), i~ (W)} =276 (x —y) + ' (x — v))
{7*(2),55(y)} =0

and
T=(")?+i"

It is also useful to combine the currents into a 2 by 2 matrix

.3 o—
J*J
J=(",",].

82. Separation of Variables and Yang-Baxterization

The above bracket and hamiltonian allow for separation of variables.
Indeed, one may put the matrix J into the form

J=0Q <Op> 01 40,00
q0

with a diagonal matrix 2 solving the equation

) 10
0.Q=3%00Q, o= <0_1>

The Poisson bracket for the new set of dynamical variables j = 53, p, g proves
to be

{p(2), p(y)} = —27ysign(z — y)p(2)p(y)
{a(2),q(y)} = —2vsign(z — y)q(z)q(y)
{p(2),q(y)} = 2y(sign(z — y)p(x)q(y) + &' (z — y))
{i(2),i(y)} =" (z —y)

{i(@),p(y)} ={i(),q(y)} = 0.
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while the hamiltonian density becomes
T =j*+pg.

Thus, the pair p, ¢ completely separates from j. The p-q bracket is known to
belong to the hierarchy of Poisson structures associated with the NLS equation
while the density pq is a member (the momentum density) of the corresponding
family of densities of local conservation laws [FT]. On the other hand, the
j-bracket and the density j2 come from the hierarchy of the mKdV equation.
Thus, we see where sl(2) current algebra and Sugawara hamiltonian fit into the
general pattern of Soliton Theory:

Hyygnw = Pukav T Paws:

This will prove useful for our approach to quantization.

The lattice formalism for the mKdV part, which is nothing but the abelian
current algebra, was already developed in [FV93, V92, V97a]. In this paper we
perform a similar treatment of the NLS part.

In Soliton Theory the densities of conservation laws come from the asymp-
totic expansion of the trace of the monodromy matrix of the auxiliary linear
problem. For the NLS equation this problem reads

(aﬁ <0p> +)\a> U =0
q0

The matrix € being diagonal, this auxiliary problem is gauge equivalent to
(O +J+ o) T =0.

Thus, we see that NLS part PNLS
‘Yang-Baxterization’ of the current

of the Sugawara hamiltonian is provided by

J ~ J 4+ Ao

In the next Section we shall do the same on the lattice.

§3. Lattice Model

We discretize the circle introducing the spacial variable taking integer
values running from 1 to N. The real dynamical variables will be denoted
by anJr%,ﬂn with integer n; it is understood that

QnyN+4 = Fntd

6n+N = 671 .
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One may say that integers label vertices while half-integers stand for edges. Or
vice versa. One reason for using different notations for dynamical variables with
integer and half-integer subscripts is mere convenience which becomes evident
when the Poisson bracket is displayed:

{on 1,01t =2y, 10,11
{an—% ’ 6n} = 72’)/0‘71—%&71
{Bn7 anJr%} = _QWﬁnanJr%
{6n—17 6n} = 270%—% .
All brackets not listed are zero. It is clear that every variable has nontrivial
brackets only with the two neighbours in either direction.

One can recognise here the so called Flaschka variables for the Toda model.
However, the hierarchy we will deal with is different from that of the Toda
equations.

To see what this lot has to do with the Current Algebra we arrange dy-

namical variables in two matrices

1
a2n2+l 0 1ﬂ2n
B2n— 2 %
0 oy 1/ o1
1
Gy O PO
Con—1 = 21
o
2n—3 Bon—11

The Poisson relations for them
1 2 12
{Ba2n, Ban} =7[r12, BanB2x]
1 2 1 2
{Con—1,C2n—1} =7[r21, Coan—1C2n-1]
1 2 1 2
{B2n,C2n-1} = vB2nr12C2n—1
1 2 1 2
{C2n+1, Ban} =7C2n+1721B2n

employ the major ingredient of g-deformations, namely the classical r-matrices

0 00
- 0-% 20
00 —30
00 0 4%

ro1 = P1ar12 P12,

where P is a permutation.
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The product
Jn = B2, Cap—1

satisfies the Poisson brackets

1 2 1 2 1 2
{JnsJn}=7(r12JnJn — JnJnr21)

1 2 1 2
{Jns1, In} =vIns1r21Jn
which turn into the Current Algebra in the continuum limit
I~ I+ AJ(x).

This is what usually is called the Lattice Current Algebra. However, it is not
clear whether one gains anything reducing B-C-algebra to the J-one. This time
we prefer to deal with somewhat more transparent B-C-algebra but we could
do with the J-one instead.

To produce relevant conservation laws we introduce the transfer-matrix

t(w) = tr H §7° Bapn~ 7 Con—1

with spectral parameter’ w entering in £ and 7 in such a way that

E+n'=2

=w.

3 |

It turns out that

(1) t(w) is a Poisson commuting family:

(ii) in the continuous limit it turns into the trace of monodromy matrix of the
continuous auxiliary linear problem of Section 1 provided

w~ 1+ AN,

(iii) it is a power series in w
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with
Bont1P2
hnys = 9 4 P2n+1lon
(e
16 nﬁ n—
honpe=]] (2+M .
n 04271_%

(ii) is obvious, (iii) is almost so, (i) can be verified along the guidelines of [FM].
We shall not go into further details because the model in question actually
belongs to the same hierarchy as the Ablowitz-Ladik’s model [SV].

The local factors, entering the expressions above, coincide with the product
of the offdiagonal elements of matrix J,,. Thus in the continuous limit we have

A 2T B
HZIOghN/Q—FlOgh,N/Q—N10g2=5/0 J+J d.l?:APNLS

as should be expected.

We have obtained the hamiltonian of the classical lattice model which plays
the role of the NLS part of the Sugawara construction for the lattice current
algebra. The corresponding mKdV part can be found in [V92]. However, the
equations of motion produced by these hamiltonians are quite complicated and
turn into simple free equations only in the continuous limit. It was realized in
[FV93] that the discrete time equation

Jn(t + A) = Jn+1(t)

is a better option. In other words, the discretizing of space should be accom-
panied by the discretizing of time. The last equation is especially transparent
in the quantum theory where the spacial shift operator W such that

W LI W = Juiq
is taken to define the time shift as well
Ju(t+A) =W LT, (W
Jn(0) = J,,.

The matrix elements of J,, depend on the variables o, 4 1 Bon, Bon—1, SO
that the shift n — n 4+ 1 corresponds for the shift for a, 3 on two lattice points

« 1W=W04n+%

n—3z

5n71W = WﬁnJrl



1120 LUDVIG FADDEEV AND ALEXANDER YU. VOLKOV

One can say, that the site on the chain for J,, consists of two sites of the chain
for a — 3 variables.

We shall find operator W in the next Section. The expression for the
classical lattice hamiltonian will prove to be a useful hint in our search.

84. Shift Operator

The quantum lattice current algebra inherits the notation o-g for gener-
ators together with the way they are enumerated while the Poisson relations

turn into their most natural quantum counterparts

10y, 1= qzanféa,ﬁ%
Q1 = q2an_%ﬁn
1By = B0
[Br—1,8n] = (¢ — q_l)anfé,
with the deformation parameter ¢ combining the coupling constant v and the

Planck constant £ in the usual way
g = e,

The consistency of these commutation relations becomes more apparent as soon
as one rewrites them in R-matrix form

12 2 1
Ri2BonBan = Ban BanRi2
1 2 2 1
R21C2n-1C2n—1 = C2n—1C2n-1R21
2 1 1 2
C2n—1B2n = BanR12C2n-1
2 1 1 2
BanCont+1 = Con+1R21Ban

where matrices B,C are built of «,(’s in literally the same way as in the classical
case of Section 2. The R-matrix involved is the sl(2) one

1
2

q

Nl

Rip =

Q
W=
()
[N
\
V=

1
2

q

and it is needless to say that the associativity of the B-C-algebra is due to the
Yang-Baxter equation
Ri2R13R23 = RozRi3Rio

fulfilled by R.
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The way variables separate in the continuous model and the belief that
integrals of local densities on the lattice turn into products of local factors
suggest that the shift operator W should decompose into a product of two
commuting factors

W=UV=VU
depending separately on mKDV and NLS variables

1

gn:an+%an7%

tnfé =q+ q2ﬁna;i%ﬁnfl

as follows

U:ﬁ97u V:ﬁgnv

en = e(qgn)a On = O(tn—%)

with appropriate functions # and o. The arrow shows that local numbers

where

increase from right to left. The functions §(¢) and o(t) are taken from our
previous papers e.g. [FKV]. They satisfy the functional equations
0(a€)

TRGEE

and
o(qt) 1

o(g~'t) 1+t
It was shown in [FV93] that 6,, are generators of the Braid group

9n+19n9n+1 - 9n0n+19n

and the cyclic product of 2N — 1 generators does not depend on the point of
departure

92]\[...92:92]\{,1...01ZQQN,Q...gleN:...,

if we impose an appropriate condition on the central elements of a-algebra.
The product defining operator U is just this one.

The generators o, satisfy the relations which were first derived by one of
the authors (AYuV, see [V97b])

On+10n—10n0n4+1 = 0n—-10n4+10n,

OnOn—10n4+1 = 0np—-10n0n410n—1-
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We conjecture, that the cyclic product of ¢,, shortened by two factors, also does
not depend on the end point

O2NO2N—-1...03 = O09N—-1...02 =029N—2...01 = ... .

The derivation, as in the case of 8,,, should use the structure of the set of central
elements in o — 3 algebra and is not done yet. So what follows depends heavily
on the validity of this conjecture.

In a more weak formulation the conjecture states the existence of the cyclic
product of factors (oan ... 01)cyer With the following properties:

1. It does not depend on the point of departure

(UZN .. -Ul)cycl = (O’k ...0102N .. -Uk+1)cycl-

2. For a chosen variant only dependence on variables t; near the beginning
and the end of the chain is modified, so that factors in the bulk of the chain
stay intact.

This allows to reduce check of the property of shift to local calculations.

Let us stress, that the RHS of the functional equation for o(¢) comes
directly from the density of the classical lattice hamiltonian

1 1
1+t 2486/a

This correspondence principle plays a major role in the detailed study of the

classical limit which will be presented elsewhere.
As we said, one could do with the J-picture from the very beginning. This
would eventually lead to the following decomposition

W = HO’ (t2n+%) 0 (qa2n+%a27nl_%) O’(thf%)
for the J-shifting operator
J W =Wdhy1.

This reduction is based on the factorization of the algebra of abelian currents

@,_1 into two commuting ones, generated by
a2n+l
— 2 —
kn—a—l nd ln—a2n+%a2n+%.
2n—3

Now we can turn to the derivation. Due to the cyclicity and locality of
expressions for U and V the equations

W =Way,,s

n—z
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ﬁn—IW = Wﬁn-{-l

easily reduces to

30 (qa +3% i%) o (qaw%o‘i%)
- -1

and

Br_10 (tn+%> 0 (qo‘n%ai%) g (t”_%>
ool e o)

The form of the functional equations suggests, that any computation must be
based on the Weyl-type relations ry = ¢?yx.

Since any two of the a’s either commute or make a Weyl pair, the first
translation comes easy:

Q, 19((]0& JrBCY 1%>H(qan+%an %)
= —¢%0 (qanJrga %)oz s +1Oén %0<qan+%a;i%)
0

— gt -1 -1
=gq 9(qan+3a ) qan_s_lan_7) S L

_9(qan+3an+ ) (qanJrla _l>an+%.

2

1 1
2 "3

The second one is more tricky. We cannot pull 3, ; through o(t, , 1 )
straight away because 3, | and ¢, 1 neither commute nor make a Weyl pair.
Nevertheless, we have a good supply of operators making ‘good’ pairs with both
t_ 1 and ¢, 1 which, by the way, between themselves are a g-oscillator!

qtn—&-%tn—% - qiltn—%tn-i-% =4q4- qil'

Among them are:

(i) all the o’s
[, 1] = 0,

1The remaining nontrivial commutation relations governing the algebra of t’s, those for

the neighbours twice removed, seldom participate in computations. Their role may be
seen in taking care of the associativity of the algebra. Anyway, their explicit form can
be found in [V92]. This algebra is sometimes referred to as the Lattice Virasoro Algebra
for in a certain continuous limit, different from the one of the present paper, it turns into
the Virasoro algebra with a nonzero central charge.



1124 LUDVIG FADDEEV AND ALEXANDER YU. VOLKOV

(ii) the B which is ‘between’ them

which is a familiar satellite of g-oscillators.
So, we express [3,_; via ‘good’ operators
Bua =at, yenBy s + %ty B o — a8
and get
Br_10 (tn+% )

= U(tn-i-%) (qt;j_%cnﬁrjlan—% +(1 + q_ltn-i-%)(th_l 5;1an—% _Q/Brjlan—%))

n+%
=0ty y) (B ey — by B )t

[V
~—
N—

Similarly,

The rest

is a variation on the same theme.

This completes the derivation and our paper. We hope to prove the con-
jecture in the near future.
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