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Cyclotomic Completions of Polynomial Rings'

By

Kazuo HABIRO*

Abstract

For a subset S C N = {1,2,...} and a commutative ring R with unit, let R[q]°
denote the completion lim ¢(4)R[q]/(f(q)), where f(g) runs over all the products of the
powers of cyclotomic polynomials ®,(q) with n € S. We will show that under certain
conditions the completion R[q]s can be regarded as a “ring of analytic functions”
defined on the set of roots of unity of order in S. This means that an element of
R[q]® vanishes if it vanishes on a certain type of infinite set of roots of unity, or if its
power series expansion at one root of unity vanishes. In particular, the completion

Z[q" ~lim ,Z[q]/((1 — q)(1 — ¢*)--- (1 — ¢")) enjoys this property.

81. Introduction

For n e N={1,2,...}, let ®,(q) € Z|[q] denote the nth cyclotomic poly-
nomial. Let S be a subset of N. Set &5 = {®,,(¢) | n € S} C Z[g], and let %
denote the multiplicative set in Z[q] generated by ®g. Let R be a commutative
ring with unit. The principal ideals (f(¢)) C R[q] for f(¢) € ®% define a linear
topology of the ring R[q]. Define a completion R[q]° of R[q] by

(1.1) Rlq)® = lim Rlq]/(f(q)),
F@ews

which we will call the S-cyclotomic completion of R[q]. If S is finite, then R[q]®

is just the ([, cg ®n(q))-adic completion of R[g].
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The main results of this paper can be rephrased as follows: Under certain
conditions, the ring R[q]° behaves like a “ring of analytic functions” defined
on the set of the roots of unity of order contained in S. In the following two
paragraphs, we will explain two properties that justify the above claim, by
restricting to the special case R = Z and S = N.

The first property states that an element f(q) € Z[q]" is a function on
the set of all the roots of unity. Let Zy C C denote the subset of all roots of
unity, and let Z[Zy] denote the subring of C generated by the elements of Zy.
If f(q) € Z[q]N and ¢ € Zy, then the evaluation f(¢) of f(q) at ¢ is well defined,
since g — ¢ divides ®,,(¢) with n = ord (. Hence there is a well defined map

e: Z[g]" — Map(Zy, Z[Zy))

such that €(f(q)) = (f({))cezy. By Theorem 6.2, the map e is injective, and we
can regard Z[q]" as a subring of Map(Zy, Z[Zx]). Hence the elements of Z[q]"
can be regarded as functions defined on the roots of unity. Moreover, Theorem

6.2 implies for example that f(q) € Z[q]"

vanishes if f(q) vanishes at infinitely
many roots of unity of prime power order.
The second property is a kind of analytic continuation. For ¢ each root of

unity, there is an expansion homomorphism

o¢: 2™ — Z[C][lg - ]I,

induced by Zlg] — Z[(][g], since (¢ — ¢)* divides ®orq¢(g)" for @ > 0. For
f(q) € Z[g]V, 0c(f(g)) can be regarded as the power series expansion of f(q)
at ¢. By Theorem 5.2, the homomorphism o¢ is injective. In other words,
the function €(f(q)) is completely determined by its expansion at each root of
unity. We remark here that the injectivity of oy is also proved independently
by P. Vogel. The non-surjectivity of o is proved in Section 7.4.

The above-mentioned properties do not hold for a general ring R. For
example, the analogues of the homomorphisms € and o over the rational num-
bers, are not injective; nevertheless, the natural homomorphism Z[g]N — Q[q]
is injective. For more details, see Section 7.5.

Here we would like to explain the original motivation of studying the
cyclotomic completions. We should note first that some specific elements of
Z[q]" have already appeared in the literature. Zagier [16] studied the se-
ries Y, 5o(1 — ¢)(1 — ¢?)--- (1 — ¢"), which was introduced by Kontsevich,
and which can be regarded as an element of Z[q]" since we have an isomor-
phism

Z[g)" = limZ[q) /(1 = q)(1 = ¢*) - (1 = ¢"))

n
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induced by idzj,. Lawrence and Zagier [6] and Le [7] gave formulas for the
sly Witten-Reshetikhin-Turaev invariants [12, 15] for some particular integral
homology spheres. These formulas were expressed as infinite series which can
define elements of Z[q]".

The ring Z[q]" is used in the definition of the new invariant I(M) of an
integral homology 3-sphere M that we announced in [1] (where Z[q)" is denoted
by Z[q]), see also [11]. The invariant I(M) takes values in Z[g]" and unifies
all the Witten-Reshetikhin-Turaev invariants 7. (M) defined at all the roots of
unity ¢, i.e., we have

ec(I(M)) = 7¢(M) € Z[¢], for all { € Zy.

We may regard this result as saying that the Witten-Reshetikhin-Turaev in-
variants of an integral homology sphere, viewed as functions on roots of unity,
is “analytic”. (We note here that Lawrence [4, 5] have studied another kind of
analyticity of the Witten-Reshetikhin-Turaev invariants.)

As we explained in [1], the existence of the invariant I(M) generalizes
the previous integrality results [9, 10, 4, 13] on the Witten-Reshetikhin-Turaev
invariants of integral homology spheres. Using the injectivity of oy: Z[q]N —
Z[[q—1]], we can show that the Ohtsuki series 7(M) € Z[[q —1]] [10], which was
defined using only the 7¢ (M) with ¢ the prime order roots of unity, determine
the 7¢(M) for ¢ all the roots of unity. Recall that 7(M) can be regarded as
a kind of “number theoretic expansion” at ¢ = 1 of the Witten-Reshetikhin-
Turaev invariants. For ¢ a root of unity, the power series expansion e (I(M)) €
Z[¢][lg — ¢]] in ¢ — ¢ can be regarded as the “number theoretic expansion” at
q = C of the Witten-Reshetikhin-Turaev invariants.

The present paper was at first intended to provide the results on the ring
Z[q]™ announced in [1] and those necessary for [2] in which we study completions
of an integral form of the quantized enveloping algebra U,(slz), and for future
papers [3] in which we will prove the existence of the invariant I(M). However,
we have generalized the subject of the paper mainly from purely algebraic point
of view. Another practical reason for generalization is that it may be possible
to define a generalization of I(M) to rational homology spheres with values in
R[q]® for some R and S which depend on the first homology group of M.

§2. Preliminaries

Throughout the paper, rings are unital and commutative, and homomor-
phisms of rings are unital. By “homomorphism” we will usually mean a ring
homomorphism. Two rings that are considered to be canonically isomorphic to
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each other will often be identified. Moreover, if a ring R embeds into another
ring R’ in a natural way, we will often regard R as a subring of R'.

If Ris aring and I C R is an ideal, then the I-adic completion of R will
be denoted by

RI =lim R/,
—
J

and if J C I is another ideal, then let
pﬁ I R’ — R!

denote the homomorphism induced by idg. The notation R’ should not cause
confusions with R[q]®. We will further generalize these notations in the later
sections. The ring R is said to be I-adically separated (resp. I-adically com-
plete) if the natural homomorphism R — R! is injective (resp. an isomor-
phism). Recall that R is I-adically separated if and only if ;5 I = (0).

Let N = {1,2,...} denote the set of positive integers. We regard N as a
directed set with respect to the divisibility relation |. We will not use the letter
N for the same set {1,2,...} when it is considered as an ordered set with the
usual order <.

The letter ¢ will always denote an indeterminate.

83. Monic Completions of Polynomial Rings
§3.1. Definitions and basic properties

For a ring R, let Mg denote the set of the monic polynomials in R|q],
which is a directed set with respect to the divisibility relation |. For a subset
M C Mg, let M* denote the multiplicative set in R[qg] generated by M, which
is a directed subset of Mpg. The principal ideals (f), f € M*, define a linear
topology of the ring R[q|, and let

(3.1) Rlg/* = lim Rlq)/(f)
fem:
denote the completion. (If M = {1}, then (3.1) implies R[q]{*} = R[q]/(1) = 0,
which notationally contradicts the previous definition R[g]{'} = R[[¢g — 1]]. In
the rest of the paper, however, “R[q]{*}” will always mean R[[g — 1]].)
If M' C M C Mg, then (M')* is a directed subset of M*, and hence id g,
induces a homomorphism

pRar: Rlg™M — Rlg™M'.
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We also extend the notation in the obvious way to pf ;: R[] — R[g]" for
M C Mg asubset and I C R an ideal, etc., if it is well defined. (The general
rule is that p¥ 3 : R[¢]* — R[g]" is a homomorphism induced by idgjg.)

If M C Mg is finite, then the sequence ([[M)7, 5 > 0, is cofinal in
the directed set M*. Hence R[g]™ is naturally isomorphic to the ([ M)-adic
completion R[q]ITM) of R[q]. In particular, if f € Mg, then we have

Rlq]Y} ~ Rl = }i__mR[Q]/(f)j-

If M C Mg is infinite, then R[g]* is not an ideal-adic completion in general,
see for example Proposition 6.1.

If M C Mg, then the rings R[g]™" for finite subsets M’ of M and the
natural homomorphisms p¥;, ,,, for finite M’, M" with M” c M’ C M form
an inverse system of rings, of which the inverse limit is naturally isomorphic to
R[q]™; i.e., we have

(3.2) Rlg]M ~ lim R[q™".
m
M'CM, |M’'|<oco

Let h: R — R’ be a ring homomorphism. Note that if & is injective (resp.
surjective), then so is the induced homomorphism hy: R[g] — R'[q].

Lemma 3.1. Let h: R — R’ be a ring homomorphism and let M C
Mg be a subset. If h is injective, then so is the homomorphism

ha: Rlg™ — R'[q)")

induced by hqy. If h is surjective and M is at most countable, then hps is
surjective.

Proof. For each f € M*, the R-module R[q]/(f) is free of rank deg f,
since f is a monic polynomial. If & is injective, then the natural homomorphism

hy: Rlgl/(f) — Rlgl/(f) ®r R’ = R'[q)/(h(f))

is injective. Taking the inverse limit, we see that the induced map hj,; is
injective.

Suppose h is surjective and M is at most countable. There is a sequence
golgi|- -+ in M* which is cofinal in M*. Since the topology of R'[q] defined by
the (h(gn)) is induced along the surjective homomorphism h,: R[q] — R'[q] by
the topology of R]g| defined by the (g,), it follows that hps is surjective. (See,
e.g., [8, Theorem 8.1. (ii)].) O
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83.2. Injectivity of the homomorphism p]@[’M,

Let R be a ring, I C R an ideal, and f,g € Mpg. Let v/I denote the
radical of I. We write f :I>R g, or simply f =8 g, if f € v/(g9) +1]g], ie., if
f™ € (g) + I[q] for some m > 0. For f,g € Mg, we write f =g g, or simply
f =g, if we have f :I>R g for some ideal I C R with ﬂj>0 I’ = (0). Then =5
defines a relation on the set Mp. Obviously, g f implies_f = g. Note also that
if f =g, f|f’, and ¢’|g, then f' = ¢'.

Proposition 3.1.  Let R be a ring, and f,g € Mg with f =r g. Then
the homomorphism pf}g) ) R[q]Y9 — R[q]P) is injective.

Proof. We first show that if f =8 g and R is I-adically complete, then
pfzfq) ) is an isomorphism. Since R ~ R! and f is monic, we have

Rlq)') = R'q]"") = lim(lim R/17)[q)/ (')

~ lim(lim Rlg) /(") + Pla) ~ Rlg| D110,

— —

z J

Similarly, R[g)/9 ~ R[q|f9+1ld  Since f = g, we have ((f) + I[g)™ C
(f™+1I[q] C (fg)+I]q] for some m > 1, while we obviously have (fg)+I[q] C
(f) + I[g]. Hence the ((f) + I[g])-adic topology and the ((fg) + I[g])-adic
topology of R[q] are the same. Hence p%g)_s_l[q],(f)_s_l[q], which may be identified
with p@g) f) is an isomorphism.

Now consider the general case, where we have f EQ r g and R is I-adically
separated. We have a commutative diagram

R
Rlg9) LY@ Rlg )

l

R![q](f9) R[q])

I
P(ra). ()
where vertical arrows are induced by the inclusion R C R!, and hence are in-
jective. Let I denote the closure of I in R!. Since R! is I-adically complete and

clearly f EQ rI g, the above-proved case implies that pﬁfq) ) is an isomorphism.
Hence pﬁcq) ) is injective. o

For two subsets M, M’ C Mg, we write M’ < M if M’ c M and for each
f € M there is a sequence M’ > fo = f1 = -+ = f.= fin M.
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Suppose that My < M C Mpg. Set
F(M, Mo) ={M"C M| Mo C M, M\ My| < oo},
and
F=(M, My) = {M’ € F(M, My) | My < M'} © F(M, My).

We will regard F(M, M) as a directed set with respect to C, and F~(M, M)
as a partially-ordered subset of F(M, My). Note that if M', M" € F=(M, My)
and M" C M’, then we have M" < M’.

Lemma 3.2. If My < M C Mg, then F=(M, My) is a cofinal directed
subset of F(M, My).

Proof. It suffices to show that if M’ € F(M, My), then there is M" €
F=(M, My) with M’ € M"”. For each ¢ € M’ \ My, choose a sequence
My > 90 = -+ = g = gin M and set Uy, = {g1,...,9-}. Set M" =
Mo UU,epr g, Ug- Then we have M" € F=(M, Mo) and M' C M". O

Theorem 3.1. If R is a ring and My < M C Mg, then the homomor-
phism pf\}’MO: R[g/™ — R[q)™o is injective.

Proof. By (3.2) and Lemma 3.2 we have

Rg™=~ lm R~ lm  Rlg".
M’ €F(M,My) M’eF=(M,My)

Hence it suffices to prove the theorem assuming that M \ My is finite. We can
further assume that |[M \ My| = 1. Let g € M \ My be the unique element.

First we assume that My = {f1,..., fn} (n > 1) is finite. Set f = f1--- fn.
Since f; = ¢ for some ¢ € {1,...,n}, we have f = g. By Proposition 3.1,
pfp}g)’(f) is injective. Since R[g]™° = R[q]¥) and R[¢]M = R[q]/9), it follows
that pﬁ’MO is injective.

Now assume that My is infinite. Choose an element gy € My with go = g¢.
We have R[g)"" ~lim Ue]—'(Mo,{go})R[Q}U and R[q]" ~lim Uef(Mo,{go})R[Q]Uu{g}~
For each U € F(Mo,{go}), we have U < U U {g}. Hence it follows from the
above-proved case that the homomorphism pgu{g}’U: R[q)VY9} — Rlg)V is
injective. Since pj; 5, is the inverse limit of the pgu{g},U for U € F(Mo,{g0}),
it is injective. [l

A subset M C Mg is said to be = g-connected if M is not empty and for
each f, f' € M thereis asequence f = fo =g fi=r - =>r fr=f (r>0)in
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M. Note that if M is = g-connected, then for any nonempty subset M’ C M
we have M’ < M. The following follows immediately from Theorem 3.1.

Corollary 3.1. IfR is a ring, and M C Mg is a = r-connected subset,
then for any nonempty subset M’ C M the homomorphism Pf/[,M’: R[g]M —
Rlg™M" is injective.

84. Injectivity of pgsl

If R aring, and S C N is a subset, then the completion R[q]® defined in
the introduction can be identified with R[q]®s. If S’ C S, then we set

PSs = pase,: Rlg® — Rlg”.

In this section, we will study injectivity of pg gr-
We will use the following well-known properties of cyclotomic polynomials.

Lemma 4.1. (1) Let n € N, p a prime, and e > 1. Then we have

(4.1) Dpen(q) = On(g)?  (mod (p)),

in Zq], where d = deg ®pen,(q)/ deg @, (q). (We haved = (p—1)p*~! if (n,p) =
1 and d = p°© if p|n.) Also, we have

(4.2) p € (Pnlq), (I)pen(Q))

in Z[q|.
(2) If m,n € N, and n/m € Q is not an integer power of a prime, then we
have (®n(q), Pm(q)) = (1) in Z[g].

Proof. (4.2) follows from p = S°P_ ¢ '™ mod (®,(q)), and

p—l en
s e—1 qp — 1
Y = I e (@yenla).
i=0 ¢ -1
The other assertions are more familiar. O

For m,n € N, we define ¢, ,, € {0,1} U {p | prime} by
1 cpn=0,

2. ¢ =p if pis a prime and n/m = p? for some j € Z \ {0}, and
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3. ¢m,n =1 if n/m is not an integer power of a prime.

Note that ¢, r, = cpm for all m,n € N.

For a ring R # {0}, let < denote the binary relation on N such that, for
m,n € N, we have m < g n if and only if R is (¢, ,)-adically separated. Note
that we have m < g n if and only if n/m is either 1 or an integer-power of a
prime p such that R is p-adically separated. Note also that the binary relation
&g is reflexive and symmetric, but not transitive in general.

Lemma 4.2. (1) For each m,n € N we have ®,,,(¢) € \/(®n(q), Cm.n)

. . (emyn
in Rlq], i.e., Dpr(q) = )R D,(q).
(2) We have m < g n if and only if we have ®,,(q) =r ®n(q).

Proof. (1) and the “only if” part of (2) follows easily from Lemma 4.1.
We will show the “if” part of (2). The case ¢, , = 0 is obvious, and the case
Cm,n = 1 follows easily from Lemma 4.1 (2).

Suppose that ¢, = p is a prime, and ®,,(¢) =g P,(¢) holds. Thus,
there is an ideal I in R such that R is I-adically separated, and ®,,(q)" €
(®,,(q))+1[q] in Rq] for some i > 0. Hence, by (4.2), we have p’ € (®,(q))+1[q]
in R[q]. Since ®,(q) is a monic polynomial, it follows that p’ € I. Since R is
I-adically separated, R is also p-adically separated and we have the assertion.

]

A subset S C N is said to be < pg-connected if S is not empty and for
each n,n’ € S there is a sequence n = ng Srny S - <pn. =n' (r>0)
in S. Note that S C N is < g-connected if and only if &g is = g-connected. The
following follows immediately from Theorem 3.1, Corollary 3.1, and Lemma 4.2.

Theorem 4.1. Let R be a ring and let S ¢ S C N. Suppose that for
each element n € S, there is a sequence S’ 3 n' &g - <rn in S. Then the
homomorphism /)SR,S' 18 injective.

In particular, if S C N is < p-connected, then for any nonempty subset
S' C S the homomorphism Pg,s“ Rlq]® — R[q)" is injective. More partic-
ularly, for any nonempty subset S C N the homomorphism p%,s,: ZgN —
Zlq)5" is injective.

We remark that the special case of Theorem 4.1 where R = Z, S = N,
and S” = {1} is obtained also by P. Vogel. Another proof of a special case of
Theorem 4.1 is sketched in Remark 5.1.
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For each n € N, set (n) = {m € N | m|n}. Since [[ ®(n) = [, Pm(q) =
™ — 1, we have
R[g)™ = R[g)" "V = ?R[Q]/(q” —1).

Note that the set (n) is < g-connected if and only if for each prime factor p of
n the ring R is p-adically separated.

A & pg-connected subset S C N is called R-admissible if n € S implies
(ny C S, and a,b € S implies Jc € S such that a|c, ble. Note that a subset
S C N is finite and R-admissible if and only if there is n € N such that
S = (n) and R is p-adically separated for each prime factor p of n. Note also
that an R-admissible subset S C N satisfies S = J,,cg(n), and hence we have
R[g]® ~ lim ¢ sR[q]™. The following follows easily from Theorem 4.1.

Corollary 4.1.  Let R be a ring, and let S C N be R-admissible. Then
for each m,n € S with m|n the homomorphism p@),(m): Rlg]™ — RJq]™
injective. Hence R[q)° can be regarded as the intersection (), g Rlq]™
the R[q)™, n € S, are regarded as R-subalgebras of Rlq]'") = R[[q — 1]].

In particular, if m,n € N and m|n, then ,0<Zn>’<m>: Zlq)\™ — Z[g)‘™
injective. We have Z[q]N =, en Z[q)™.

, where

We will see in Proposition 7.4 that if m|n and m # n, then p%m (m) is not
surjective.

85. Expansions at Roots of Unity

For an integral domain R of characteristic 0, let Z® denote the set of the
roots of unity in R. If S C N, then set Zf = {¢ € Z® | ord( € S}. For a
subset Z C ZF, set

Rlq)” = Rlq)™,
where Mz ={q—(| (€ Z} C Mpg. If Z' C Z, then set
p% 2 = Phiyar,, : Rld” — Rlg)”
(Although we have 1 € Z and 1 € N, the notation R[q]"} is not ambiguous
because 1 is the unique primitive 1st root of unity.)

For a subset Z C Z% set Ny = {ord( | ¢ € Z}, and in particular set
Nr = Ngzr. If S C Ng, then we have

R[q)® ~ R[q)%*

Lemma 5.1. Let R be an integral domain of characteristic 0, and let
¢, (" € ZR. Then the following conditions are equivalent.
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L (¢—¢) =r(g—¢),
2. R is (¢ — ¢')-adically separated,

3. ord(¢71¢") is a power of some prime p such that R is p-adically separated.

Proof. If (1) holds, then we have (¢—¢{)™ € (¢—¢’)+I[q] for some m > 0
and R is I-adically separated. It follows that (¢’ — ¢)™ € I, and hence R is
(¢’ = ¢)-adically separated. Hence we have (2).

It is straightforward to prove that (2) implies (1), and that (2) and (3) are
equivalent. [l

Let < i denote the relation on Z% such that for ¢, (" € Z¥ we have ¢ < ¢’
if and only if at least one of the conditions in Lemma 5.1 holds. The following
theorem follows immediately from Corollary 3.1.

Theorem 5.1.  Let R be an integral domain of characteristic 0 and let
Z C Z® be a < g-connected subset. Then for any nonempty subset Z' C Z the
homomorphism pgz,: R[g]Z — R[q|% is injective.

Lemma 5.2.  Let R be an integral domain of characteristic 0, and Z C
ZE. We have the following.

1. If Z is & R-connected, then Nz is < g-connected.

2. Suppose that if ( € Z, (' € Z® and ord¢ = ord (’, then (' € Z. Then if
Ny is & gr-connected, then Z is < g-connected.

Proof. The first assertion follows from the fact that if ¢,¢’ € ZF, then
¢ &g ¢ implies ord ¢ <R ord (.

The second assertion follows from the fact that if ord( < ord ¢’ holds,
then we have (% ©px (¢')* for some a,a’ € Z such that (a,ord¢) = 1,
(a’,ord () = 1. O

Remark 5.1.  We sketch below another proof using Theorem 5.1 of the
special case of Theorem 4.1 where S is < g-connected and R is an integral
domain of characteristic 0 such that R is p-adically separated for any prime
p. Let k be the quotient field of R and let k be the algebraic closure of k.
Let R C k be the R-subalgebra generated by the elements of Zg. In view of
Lemma 3.1, it suffices to see that P?,S/ is injective. Since S is < g-connected,
it is also < z-connected, and hence Zg is < z-connected by Lemma 5.2. By
Theorem 5.1, the homomorphism pg g = p’Z’SS’ Zs is injective.
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Theorem 5.2.  Let R be an integral domain of characteristic 0, S C N
a < g-connected subset, and n € S. Assume that R is p-adically separated for
each odd prime factor p of n, and also that if 4|n, then R is 2-adically separated.
Let ¢ be a primitive nth root of unity in the algebraic closure of the quotient
field of R, which may or may not be contained in R. Then the homomorphism

o§¢: Rlq)¥ — RIC]llg —<])

induced by R[q] C R[(][q] is injective. (Note that if ( € R then we have R[(] =
R.)

In particular, for any root { of unity the homomorphism JI%,CZ Z[g]N —
Z[C[lg — ¢]] is injective.

Proof. By Lemma 3.1, the homomorphism R[g]® — R[(][¢]* is injective.
Hence we may assume ¢ € R without loss of generality.

The homomorphism ag; ¢ is the composition of the following two homo-
morphisms

Rl 05, (ny R0} P, (a=0)
q]> —— R[g]|"" ——— R[[g - (]].

The first arrow pg’ (n} is injective by Theorem 4.1. Hence it suffices to prove
that P{{?’n},(qu) is injective.

For each m with m|n, set Z,, = me} = {¢ € Z% | ord¢ = m}. By
R[g]t"t ~ R[g]%" and Theorem 5.1, it suffices to prove that the set Z, is
< p-connected. The case n = 1 is trivial, so we assume not. Let n = p{* - - pr
be a factorization into prime powers, where pq, ... ,p, are distinct primes and
€1,...,er > 1. There is a bijection

ZPTIX"'pririZ"’ (61""757")'—)61"'&".

It suffices to show that if (&1,...,&.),(&],... &) € Zper X+ o+ X Zper satisfies
§ = & forall j € {1,...,7r}\ {i} and & # & for some i, then we have
&1+ & g & - &, which is equivalent to that & < g €. Since Zo = {-1}
contains only one element, the case p; = 2 and e; = 1 does not occur. We have
(& — &) C \/(pi), and hence & <p &. |

Corollary 5.1. Let R be an integral domain of characteristic 0, and
S C N a &g-connected subset. Suppose that there is n € S such that R is
p-adically separated for each odd prime factor p of n, and if 4|n, then R is also
2-adically separated. Then the ring R[q]° is an integral domain.

In particular, Z[q)° is an integral domain for any nonempty subset S C N.
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Proof. The result follows from Theorem 5.2 and the fact that the formal
power series ring R[(][[¢ — ¢]] is an integral domain. O

86. Values at Roots of Unity

Let R be a subring of the field Q of algebraic numbers and let S C N. For
T CS, set

Pr(R) = [] Rlal/(®a(9)),

neT

and let
e§7: Rlg]® — Pr(R)

be induced by the homomorphism R[g] — Pr(R), f(¢) — (f(g) mod
(®n(9))ner-

Theorem 6.1.  Let R be a subring of Q, S C N a < p-connected subset,
and T C S a subset. Suppose that for some n € S there are infinitely many
elements m € T with m < g n. Then the homomorphism G?,T: R[q)® — Pr(R)
s injective.

In particular, if R is a subring of the ring of algebraic integers, then, for any
subset T C N containing infinitely many prime powers, 6§7T1 R[q]N — Pr(R)

18 injective.

Proof. Suppose to the contrary that there is a nonzero element a € R[q]®
with egT(a) = 0. By Theorem 4.1, pg’{n} is injective, and therefore we have
pg’{n}(a) # 0. Hence we can write pg{n}(a) = Z;}iz a;j®,(q)7, where I > 0 and
a; € R[q| for j > 1 with a; € (®n(q)).

Now observe that there are infinitely many elements my, mo,... € T with
m; < n and n|m;. For each i, m;/n is a power of a prime p; such that R is
pi-adically separated. It follows from e .(a) = 0 that ®,,,(¢)la in R[g]* for
each i.

We claim that we have ®,,,(q) - ®,,,(¢)|a in R[q]® for each k > 0. We
will prove this claim by induction on k. Since the case k = 0 is trivial, suppose
k > 1. By assumption, we have ®,,,(q) - -- ®,,,_,(¢)|a in R[g]®. Since m;, € S,
there are b(q) € R[q] and ¢ € R[q]® such that

(6.1) a =, (q) - Py, (9)(b(g) + Py (9)C).
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Since @,,, |a, we have ®,,, (q)|®m,(q) - -+ P, _, ()b(q) in R[q]®. Hence we have

(I)ml (ka) T @mk—l (C”Lk)b(cmk) =0

in R. Since @, ((m,,) # 0 for j =1,... ,k—1, it follows that b(¢,, ) = 0, and
hence ®@,,, (¢)|b(q). By (6.1), we obtain the claim.

It follows from the above claim that we have ®,,,(q) - @, (q)|p§7{n}(a)
in R[g){"}. By (4.1) we have ®,,,(¢) € (pi, ®,(q)) for each i. Hence we have
D, (q) P, (q) € (p1- - Pk, Pr(q)). In other words, for each k > 0, a; = q;
mod (®,(q)) € R[q]/(®,(q)) is divisible by p; - - - px. Note that R[q]/(D,(q)) =
R®Rq®---®Rq* ! with d = deg ®,,(q), and @, is expressed as a polynomial in
q of degree< d, each coefficient of which is divisible by p; - - - pr in R for k > 0.
Since R is a subring of Q and each p; is a non-unit in R, it follows that the

coefficients of a; are zero. Consequently, we have a; € (®,(q)). O

Proposition 6.1.  Let R be a subring of Q, and S C N an infinite
subset. Then the completion R[q)° of R[q| is not an ideal-adic completion, i.e.,

there is mo ideal I in R[q] such that idgjy induces an isomorphism R|q]® ~
lim , R[q] /17

Proof. Suppose to the contrary that there is a nonzero ideal I in R|[q]
such that id gy, induces an isomorphism R[q]® ~ lim ;R[q]/I7. Let f(q) € I be
a nonzero element. Since S is infinite, there is an m € S such that for each
j > 0, we have f(q)7 ¢ ®,,(¢)Q[q] and hence f(q)’ & ®,,(q)R[q]. Hence the
ideals I C R, j > 0, are not cofinal in the ideals (g9(¢)) C R[qg], g(q) € ®%.
This contradicts the assumption. O

Let R be a subring of Q, and let Z C ZQ be a subset. Set

Pz(R) =[] RI,

ez

which generalizes the definition of Pz(Z). If S C N is a subset and Z C Zg,
then let

€Sz Rla)® — Pz(R)
denote the homomorphism induced by Rlq] — Pz(R), f(q) — (f({))cez.

Theorem 6.2.  Let R be a subring of Q, and let S C N and Z C Zg be
subsets. Suppose that there is an element n € S such that for infinitely many
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¢ € Z we have ord ¢ <> g n. Then the homomorphism €§ ,: Rlq]® — Pz(R) is
injective.

In particular, if R is a subring of the ring of algebraic integers, and Z C A
is a subset containing infinitely many elements of prime power order, then
g+ R[q]® — Pyz(R) is injective.

Proof. Set Nz = {ord( | ¢ € Z} C N. Let v: Py, (R) — Pz(R) be the
homomorphism defined by v((fn(q))nen,) = (fn (¢))cez. Since v is the direct
product of the injective homomorphisms Rlg]/(®x(q)) — [lccz.orac=n LIC
f(q@) — (f(Q))¢, it follows that v is injective. We have 6?,2 = veg’NZ, where
€dn,: Rlg)® — Pn,(R) is injective by Theorem 6.1. Hence €f , is injective.

]

Conjecture 6.1.  For any infinite subset Z C ZQ7 the homomorphism
k.2 ZlgN — Pz(Z) is injective.
If Z' ¢ Z c Z%, then we have a homomorphism
47 Rla® — Py (R).
induced by Rlg] — Pz/(R), f(q) = (f({))c-

Theorem 6.3. Let R be a subring of Q, let Z C Z® a < g-connected
subset, and let Z' C Z. Suppose that for some ( € Z there are infinitely many
elements & € Z' with & < g C. Then the homomorphism €% ,,: R[q]? — Pz (R)
s injective. ’

Proof. The proof is similar to that of Theorem 6.1 with the cyclotomic
polynomials replaced with the polynomials ¢ — {, where ( is a root of unity.
The details are left to the reader. 1

§7. Remarks
§7.1. Units in Z[q]®

If R is a ring and S C Mp is a subset consisting of monic polynomials
whose constant terms are units in R, then the element ¢ is invertible in R[q]®.
In particular, we have an explicit formula for ¢=! € R[g]" as follows.

Proposition 7.1.  For any ring R, the element q € R[q)" is invertible

= 0" (@,

n>0

where (q)n = (1—q)(1—¢*)--- (1 —¢").

with the inverse
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Proof- ¢330 0" (@n = 2 ps0 0" (@n = X501 = (1= ¢" ) (@)n =
> ons0((@n = (@)nt1) = (9)o = 1. 0

For each subset S C N, the inclusion Z[q] C Z[q,¢~!] induces an isomor-
phism

Z[q)* ~ lim Zlg.q""]/(f),
feoy

via which we will identify these two rings. If S # (3, then, since ﬂfe@g(f) =
(0) in Z[g,q~"], the natural homomorphism Z[q, ¢~'] — Z[q]® is injective and
regarded as inclusion.

For a ring R, let U(R) denote the (multiplicative) group of the units in R.
If S # (), then we have

U(Zlg,q~")  U(Z[g]").

It is well known that U(Z[q, ¢ ']) = {£q¢" | i € Z}. If we regard Z[g]" and the
Z[q)\" as subrings of Z[g]‘") = Z[[q — 1]] as in Corollary 4.1, then we have

Uzl = () Uzlg™).

Conjecture 7.1.  We have U(Z[q]N) = {£q' | i € Z}.

Remark 7.1.  One might expect that Conjecture 7.1 would generalize to
any infinite, Z-admissible subset S C N, but this is not the case. For odd m > 3,
consider the element v,, = Y7 (~1)i¢" € Z[g], which is known to define a
unit in the ring Z[q]/(¢"™ — 1) with (n,2m) = 1 and is called an “alternating
unit”, see [14]. For such n, it follows that there are u,v € Z[g] such that
Ymt = 14+ v®,,(q). Since 1+ v®,,(q) is a unit in Z[g]™, it follows that ~,, is
a unit in Z[g]™. Set S = {n € N | (n,2m) = 1}. Then it is straightforward
to check that =, defines a unit in Z[g] (hence also in Z[g]®" for any S’ C S).

Consequently, we have U(Z[q]®) 2 {+q' | i € Z}.

§7.2. A localization of Z[q]"

In some applications, it will be natural to consider the following type of
localization of Z[q]". Recall from Proposition 5.1 that Z[g]" is an integral do-
main. Let Q(Z[q]") denote the quotient field of Z[g]. We will consider the
Z[q]V-subalgebra Z[q]V[®y '] of Q(Z[q]") generated by the elements ®,,(q)~* for
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n € N. Alternatively, Z[g]"[®y'] may be defined as the subring of Q(Z[g]")
consisting of the fractions f(q)/g(q) with f(q) € Z[g|" and g(q) € ®§. Simi-
larly, let Z[q,q_l][q)gl] denote the Z[q, g !]-subalgebra of the quotient field
Q(9)(C Q(Z[q]Y)) of Z[q,q '] generated by the elements ®,,(q)~! for n € N,
which may alternatively defined as the subring of Q(g) consisting of the frac-

tions f(q)/g(q) with f(q) € Z[g,¢~'] and g(q) € ®F.

Proposition 7.2.  We have Z[qV[®y'] = Z[g|™ + Z[g, ¢ [®x "]

Proof. The inclusion D is obvious; we will show the other inclusion. Since
1

zig'ey'l= | =2zl
N s f(q)

it suffices to show that for each f(¢q) € @ we have

L N N L -1
f(q)Z[q] C Zlq| +f(q)Z[q,q ].

By multiplying f(q), we need to show that

Zlg" C f(a)Zla)]" + Z[g,q7 "],
which follows from Z[g]N ~ lim g(g)ea: Zlg, ¢/ (f(@)9(q))- O

Proposition 7.3. We have
Zlg)" N Zlg,q )[@5") = Zlg, a7 1),

Proof. The inclusion D is obvious; we will show the other inclusion. Sup-
pose that f(q) = g(q)/h(q) € Z[g]" NZg, ¢ "][®"], where g(q) € Z[q,¢~"] and
h(g) € ®f. We may assume that h(g) is minimal in degree. Thus there is no
n € N such that g(¢q) and h(gq) have a common divisor ®,(q).

Suppose that h(q) # 1. Choose n € N such that ®,(q)|h(q) in Z[q]. Let
¢n € Q denote a primitive nth root of unity. By applying the homomorphism

ofi eyt Zla" = Z[Gal,  alq) = a(Cn)

to the both sides of the identity g(q) = f(q)h(q) in Z[q]", we obtain g(¢,) =
F(¢u)h(¢n) = 0. Hence g(q) is divisible by ®,,(¢) in Z[q, ¢~'], which contradicts
the assumption that g(q) and h(gq) do not have a common divisor. Hence we
have h(q) = 1, and it follows that f(q) € Z[q,q™}]. |
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87.3. Modules

We can define cyclotomic completions also for any Z-module, as follows.
Let A be a Z-module, and let A[g] denote the Z[¢q]-module of polynomials in ¢
with coefficients in A. For each S C N, let A[g]® denote the completion

Algl® = lim Alg]/fAlg).
feas

If A is a ring, then this definition of A[g]® is compatible with the previous one.
Some results in the present paper can be generalized to Alg]®.

For example, Theorem 4.1 may be generalized as follows. Let < 4 denote
the relation on N such that m < 4 n if and only if either we have A = 0, or
m/n is an integer power of a prime p such that A is p-adically separated.

Theorem 7.1.  Let A be a Z-module, and let S" C S C N be subsets.
Suppose that for each n € S there is a sequence S’ 3 n' &y - S anin S.
Then the homomorphism P?,S/: Alq]® — A[q]S, induced by id a[q) is injective.

Proof. One way to prove Theorem 7.1 is to modify Section 3 and the proof
of Theorem 4.1. We roughly sketch the necessary modifications. Section 3 is
generalized as follows. For two elements f, g € Mp and an R-module, we write
f=agif f =8 4 g for some ideal I such that A is I-adically separated. Then
Proposition 3.1 with R replaced by an R-module A holds. Generalizations of
Theorem 3.1 and Corollary 3.1 to R-modules is straightforward. Theorem 7.1
follows immediately from the generalized version of Corollary 3.1.

Alternatively, we can use Theorem 4.1 as follows. Since the case A = 0
is trivial, we assume not. Let A’ = Z @ A be the ring with the multiplication
(m,a)(n,b) = (mn,mb+ na) and with the unit (1,0). Then for m,n € N we
have m <4 n if and only if m <4 n. Hence we can apply Theorem 4.1 to
obtain the injectivity of pg‘:S,. We can identify pg"ls, with the direct product

phe ®phs: Z[g® @ Alg® — Z[g)® @ Alg)¥.

Hence p4 g is injective. |

87.4. Non-surjectivity of pé{n}
Proposition 7.4. We have the following.

. Z .
1. If m,n € N, m <y n, and m # n, then the homomorphism Plmn} m}
not surjective.
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2. If m|n and m # n, then the homomorphism p<Zn> (m) s not surjective.

3. For each nonempty, finite subset S C N, the homomorphism p@s s not
surjective.

Proof. (1) We have m/n = p° for some prime p and an integer e # 0.
Consider the following commutative diagram of natural homomorphisms.

7
Z[g] it PAmny{m) Z[q)t™

| s

Zlg)/(Pn(a))  ——  Zplal/(Pn(q))

c

It follows from Z,[q]/(®,(q)) = lim ,Z[g]/(®.(q). p'), Ble) € \/(@n(g):),
and p € (®p,(q), Pn(q)) (which follows from (4.2)) that b is a well-defined,
surjective homomorphism. Since ¢ is not surjective, p%m, n},{m} is not surjective.

(2) We may assume that n = pm for a prime p. The case m = 1 is
contained in (1) above. There are isomorphisms Z[q]™ ~ Z[¢™]" ®z[qm]

Z[q] and Z[q]P™ ~ Z[q™]P ®z(qm] Zlq] induced by the isomorphism Z[g] ~
VA

Z]q"|®z(gm) Z[q]. Thus the case m = 1 implies the non-surjectivity of p(;,,.,\ (-

(3) The homomorphism p%’ ¢ factors as follows.

VA 7 7
Z[gN 8 Z]g)m "G gjg om P 71g)S

)

where m € N is the least common multiple of the elements of S, and n € N is
any element such that m|n and m # n. By (2) above, p<Zn> (m) is not surjective.
Since the set (m) is <z-connected, it follows from Theorem 4.1 that ,0<Zm> g is

injective. Hence p% g 1s not surjective. 1

§7.5. The ring Q[q]°

The structure of Q[g]° for S C N is quite contrasting to that of Z[q]®. Note
that Z[q]® embeds into Q[q]® by Lemma 3.1. (The following remarks holds if
we replace Q with any ring R such that each element of S is a unit in R.)

Note that if m,n € S, m # n, then (®,,(q)%, ®,(¢q)?) = (1) in Q[q] for any
i,j > 0. Consequently, for each f(q) = [[,cqs Pn(q)*™ € ®% with A(n) > 0
we have by the Chinese Remainder Theorem

Qlal/(f(2)) ~ [ Qlal/(@n(@)*™).

nes
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Taking the inverse limit, we obtain an isomorphism

Qlg)*= [T Qlglt™.

nes

Since each Q[g]i"} is not zero, it follows that Q[¢]® is not an integral do-
main if |[S| > 1. It also follows that pg’s/: Qlg]® — Qlg]¥" is not injec-
tive (but surjective) for each S” C S. Since for each n € S the (surjective)
homomorphism (@[q]{”} — Q[q]/(®n(q)) is not injective, the homomorphism
eg,sz Q[q]® — Ps(Q) is not injective.
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