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Level Zero Fundamental Representations
over Quantized Affine Algebras
and Demazure Modules

By

Masaki KASHIWARA*

Abstract

Let W (o) be the finite-dimensional irreducible module over a quantized affine
algebra Uy (g) with the fundamental weight @), as an extremal weight. We show that
its crystal B(W (wy)) is isomorphic to the Demazure crystal B~ (—Ao + wy). This
is derived from the following general result: for a dominant integral weight A and an
integral weight u, there exists a unique homomorphism U, (g)(ux ® uu) — V(A + p)
that sends ux ® u, to uxt,. Here V() is the extremal weight module with A as an
extremal weight, and ux € V() is the extremal weight vector of weight A.

81. Introduction

The finite-dimensional representations of quantized affine algebras U, (g)
are extensively studied in connection with exactly solvable models. It is ex-
pected that there exists a “good” finite-dimensional Uy (g)-module W (mwy)
with a multiple mwy, of a fundamental weight wy, as an extremal weight. This
module is good in the sense that it is irreducible and it has a crystal base and
moreover a global basis.

In the untwisted case, its conjectural character formula is given by Kirillov—
Reshetikhin ([17], see also [16]), and its conjectural fusion construction is given
by Kuniba—Nakanishi-Suzuki ([18]). It is proved by Nakajima ([22]) that the
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fusion construction gives irreducible modules with the expected character in
the simply laced case, and by Chari ([3]) in some cases.

It is also expected that any “good” finite-dimensional Uy (g)-module is a
tensor product of modules of the above type.

It is also conjectured in [4, 5] that the U,(g)-modules W (mwy) has a
perfect crystal of level ¢ if and only if m = f¢) (¢ := max(1,2/(ou, ax))).
Moreover it is conjectured that the crystal base B(W ({c)/wy)) is isomorphic to
the Demazure crystal B~ (—¢Ag+{c) wy,) if we forget the 0-arrows. Here, for an
integral weight A\, B¥()\) denotes the crystal for the qu (g)-module generated
by the extremal vector with weight A. They are proved in certain cases ([7, 8]).
More general relations of perfect crystals and Demazure crystals are discussed
in [6].

In this paper we show that B(W (wy)) is isomorphic to the Demazure crys-
tal B~ (—Ag+wy), or equivalently B(W (—wy)) is isomorphic to the Demazure
crystal BT (Ag — wy) (Corollary 4.8).

The main ingredient is the following theorem, which the author started to
study in order to answer a question raised by Miwa et al:

Theorem 3.3.  Let U, (g) be a quantized affine algebra. Let X € P be
a dominant integral weight and p € P an integral weight. Then there exists a
unique homomorphism V(\) @ V(1) O U, (g)(ux @ u,) —— V(A + p) that
sends ux®@u, to uxy,. Moreover this morphism is compatible with global bases.

Here V(\) is the extremal weight module with A as an extremal weight,
and uy € V() is the extremal weight vector of weight A.

82. Review on Crystal Bases and Global Bases

In this section, we shall review briefly the quantized universal enveloping
algebras and crystal bases. We refer the reader to [9, 10, 13, 14, 15, 19].

§2.1. Quantized universal enveloping algebras

We shall define the quantized universal enveloping algebra U,(g). Assume
that we are given the following data.

P : a free Z-module (called a weight lattice),

I : an index set (for simple roots),
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a; € P for i € I (called a simple root),
h; € P* :=Homg(P,Z) (called a simple coroot),

(+,-): Px P —Q a bilinear symmetric form.

We shall denote by (-, -): P* x P — Z the canonical pairing.
The data above are assumed to satisfy the following axioms.

(aviya;) >0 forany i € I,

(2.1) (i) <0 for any 4, j € I with ¢ # j,
2 i7)‘ .
(hi, \) = Ao, A) for any ¢ € I and )\ € P.
(aiaai)

Let us take a positive integer d such that (a;, a;)/2 € Zd~! for any i € I.
Now let ¢ be an indeterminate and set

(2.2) K = Q(gs) where g5 = ¢'/%.
We define its subrings Ag, A, and A as follows.
Ao={f/g;f g € Qlgl, g(0) # 0},

(2.3) A={f/g;f g€ Qg g(0) #0},
A= Q[QSa QS_1]~
Definition 2.1.  The quantized universal enveloping algebra U,(g) is

the algebra over K generated by the symbols e;, f; (i € I) and g(h) (h € d~1P*)
with the following defining relations.

(1) q(h1)q(h2) = q(hy + hg) for hy,hy € d=1P*, and g(h) =1 for h = 0.
(2) a(h)eiq(h)™" = ¢"Ve; and q(h)fiq(h)™" = ¢~/ f; for any i € I
and h € d~1P*.

t; — 1,

1
(3) lei, f;] = 65— for i, j € I. Here ¢; = ¢\®*)/2 and t; = q(%hl)
q

? 4

(4) (Serre relation) For i # 7,

b b
Yo (DrePee™ =3 (-)r N 1Y =0

k=0 k=0
Here b =1 — (h;, o) and

e = ek /[k]t, 1) = Rk
ki = (" =) /(@ —qh), [k =[1]i---[k]: -
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For i € I, we denote by U, (g); the subalgebra of U, (g) generated by e;,
fi and g(h) (h € d=1P*).

Let us denote by W the Weyl group, the subgroup of GL(P) generated by
the simple reflections s;: s;(A) = A — (hs, ).

Let A C Q:=)", Za; be the set of roots. Let A*:= AN Q4 be the set of
positive and negative roots, respectively. Here Q4 :==+) . Z>oa;. Let A™ be
the set of real roots, and set A := A4 N A™.

§2.2. Braid group action on integrable modules

The g-analogue of the action of the Weyl group is introduced in [19, 23].
We define a g-analog of the exponential function by

0 qn(nfl)/2zn

(2.4) expy(@) =D, "

n=0

This satisfies the following equations:
exp, (z) exp, (y) = exp,(z +y) if 2y = ¢y,
1 1 _ .
(@) expa(y) =300, il [ o(@" e +q7"y) if [z,4] =0,

(x)
(z)
(2.5)  expy(x) expy1(—x) =1,
() =
() =

exp

exp,(x

q

(14 (1= a2z exp, o)

exp,(z) = [1n2, (1 +¢* (1 — q2)z> for |q] < 1,

For ¢ € I, we set

_ _ hi(h;
Si = €XPy-1 (qi 1€iti 1) €XpPy—1 ( fi exp, ot (Qzeztz) q; (het1)/2
(2.6) B : 1 ‘ 1y hi(hit1)/2
_equ;l(_qz‘ fztz) equlfl(ez)e ( %fzt )

We regard S; as an endomorphism of integrable U, (g)-modules, and ¢ hi(hi+1)/2
acts on the weight space of weight A by the multiplication of q<h“)‘>(<h“k>'~_1)/2
On the ({4 1)-dimensional irreducible representation of Uy (g); with a high-

est weight vector u(()l) and u,(cl) = fi(k)ug),

(27) Silu)) = (1)K E Nl

Hence, S; sends the weight space of weight A to the weight space of weight s;\.
By the above formula, we have

(2.8) Siul(l) = uél) and Siu(()l) = (—qi)lul(l).
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Since {5;} satisfies the braid relations, we can extend the actions of \S; on

integrable modules to the action of the braid group by

Sww' =Sy 0 Sy if H{ww') = l(w) + I(w'),
Ss, =S;.

§2.3. Braid group action on U, (g)

We define the ring automorphism T; of U,(g) by

(2.9) Ti(q)=q
(2.10) <<>>=< )
(2.11) Tile:) = —
(2.12) (fz)=—t1
—(hi,aj)
(2.13) Tilej)= Y (~1)Fgrel ") e e
k=0
—(hi,aj)
(2.14) Ti(f) =Y (0RO for i £ 5.
k=0

Then it is well-defined, and it satisfies
(2.15) T;(P)u = S;PS; 'u

for any P € U,(g) and any element u of an integrable U,(g)-module.
The operator T; is invertible and its inverse is given as follows.

(2.16) T (q(h)) = q(s:h),
(2.17) T e = —t; fi,
(2.18) T, ' (fi) = —eiti,
—(hi,a5)
(2.19) T, Hey) = Z (,qugkegk) eje f {hisas) k)
k=0
—(hi,aj)
(2.20) T = > (kb e g R,
k=0

We can extend the action T; to the action of the braid group by

Tww =Ty o Ty if {ww') =l(w) + ('),
T, =T;.

The following proposition is proved in [19].
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Proposition 2.2.  Forw € W andi,j € I such that wa; = o, we have

Tye; = T;,llei =e; and T,f; = Tl;,llfi = f;.

§2.4. Crystals

We shall not review the notion of crystals, but refer the reader to [9, 10,
13, 15]. For a subset J of I, let us denote by U,(gs) the subalgebra of U (g)
generated by e;, f; (j € J) and q(h) (h € d~'P*). We say that a crystal B over
U, (g) is a regular crystal if, for any JCI of finite-dimensional type, B is, as a
crystal over U,(gs), isomorphic to a crystal base associated with an integrable
U,(g.)-module.

By [13], the Weyl group W acts on any regular crystal. This action S is

given by

Sub = {ﬁ”f"wt“”b i (b, wt(5))

t 0,
& Moty e (hy wi(b)) < 0

NV

Let us denote by U, (g) (resp. U/ (g)) the subalgebra of U, (g) generated
by the f;’s (resp. by the e;’s). Then U, (g) has a crystal base denoted by B(oc0)
([10]). A unique vector of B(oco) with weight 0 is denoted by . Similarly
U/ (g) has a crystal base denoted by B(—o0), and a unique vector of B(—oo)
with weight 0 is denoted by u_ .

Let ¢ be the ring automorphism of U, (g) that sends gs, €;, fi and q(h) to
gs, fi, € and ¢(—h). Tt induces bijections U, () —U,f (g) and B(co)——B(—00)
by which u, €;, ﬁ-, €i, i, Wt correspond to u_ oo, fi, €i, Vi, €i, — Wt.

Let ﬁq(g) be the modified quantized universal enveloping algebra ®ycp
Uy (g)ax (see [13]). The elements ay, the projectors to the weight A-space,
satisfy ay - a, = ) yax and ayxP = Pay_y(p) for P € U, (g).

Then ﬁq(g) has a crystal base (L(ﬁq(g)), B(ﬁq(g))). As acrystal, B((}q(g))
is regular and isomorphic to

|_| B(00) @ Th ® B(—00).
AepP
Here, T) is the crystal consisting of a single element ¢, with g;(t)) = ;(tn) =
—oo and wt(ty) = A.
Let * be the anti-involution of U, (g) that sends g(h) to q(—h), and g, e;,
fi to themselves. The involution * of U, (g) induces an involution * on B(c0),

B(—00), B((NJq(g)). Then € = %0 é; o %, etc. give another crystal structure
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on B(cc), B(—oc), B(U,(g)). We call it the star crystal structure. These two
crystal structures on B(U,(g)) are compatible, and B(U,(g)) may be considered
as a crystal over g @ g, which corresponds to the U, (g)-bimodule structure on

U,(g). Hence, for example, S, the Weyl group action on B(U,(g)) with respect
to the star crystal structure is a crystal automorphism of B(U,(g)) with respect
to the original crystal structure. In particular, the two Weyl group actions S,

and S}, commute with each other.

8§2.5. Global bases

Recall that Ag C K is the subring of K consisting of rational functions in
s without pole at gs = 0. Let — be the automorphism of K sending ¢ to ¢s~'.
Then Ay coincides with the ring Ao of rational functions regular at g5 = oo.
Set A :=Q|gs,qs"]. Let V be a vector space over K, Ly an A-submodule of
V, Lo an A - submodule, and Va a A-submodule. Set F := Lo N Lo NVaA.

Definition 2.3 [10]. We say that (Lo, Lo, VA) is balanced if each of
Ly, Lo, and VA generates V as a K-vector space, and if one of the following
equivalent conditions is satisfied.

(i) E — Lo/gsLo is an isomorphism.
(i) E — Loo/qs ' Lo is an isomorphism.
(iii) (LoNVA) @ (gs *Loo NVa) — Va is an isomorphism.

(iv) Ag®gFE — Lo, A @ F — Lo, AQg E — Va and K ®g E — V are
isomorphisms.

1

9

Let — be the ring automorphism of U, (g) sending gs, q(h), e;, fi to g5~
q(_h)7 €, fi-

Let U, (g)a be the A-subalgebra of U, (g) generated by egn), fi(n) and
q(h) (h € d-1P*).

Let M be a U, (g)-module. Let — be an involution of M satisfying (au)~ =

au for any a € U (g) and u € M. We call in this paper such an involution a bar
involution. Let (L(M), B(M)) be a crystal base of an integrable U, (g)-module

M.
Let Ma be a U, (g)a-submodule of M such that

(2.21) (Ma)” = Ma, and (u —7) € (gs — 1) M4 for every u € Ma.
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Definition 2.4. A U, (g)-module M endowed with (L(M),B(M),

Ma,—) as above is called with a global basis, if (L(M),L(M)™,
Mp,) is balanced,

In such a case, let G: L(M)/qL(M)—~E := L(M)NL(M)~NMa be the

inverse of E—L(M)/qsL(M). Then {G(b);b € B(M)} forms a basis of M.
We call this basis a (lower) global basis. The global basis enjoys the following

properties (see [10, 11]):

G(b) = G(b) for any b € B(M).

For any n € Zxo, {G(b);€;(b) > n} is a basis of the A-submodule )
fi(m)MA~

m2>=2n

for any ¢ € I and b € B(M), we have

FiG®) = 1+ &0LG(fib) + > FiyG(Y).
x

Here the sum ranges over b’ € B(M) such that &;(') > 1 + ¢;(b). The
coefficient F&b, belongs to qsqil*s"’(b )Q[qs]. Similarly for e;G(b).

Let M and N be U, (g)-modules with global bases. We say that a U, (g)-

morphism f: M — N is compatible with global bases if it satisfies the following

conditions:

(i)

(i)

If w is a global basis vector of M, then f(u) is a global basis vector of N
or 0.

If a pair of global basis vectors u and v of M satisfies f(u) = f(v) # 0,
then u = v.

These conditions are equivalent to the following set of conditions:

(a)
(b)
(c)

(d)

f commutes with the bar involutions.
f sends L(M) to L(N) and Ma to Na.

The induced morphism f: L(M)/qL(M) — L(N)/qsL(N) sends B(M) to
B(N)uU{0}.

Ker(f) is generated by a part of the global basis of M.
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In such a case, f(M) has a global basis, and we have
B(M) > B(f(M)) C B(N).

If f is a monomorphism then B(M) ~ B(f(M)) C B(N), and if f is an
epimorphism then B(M) D B(f(M)) ~ B(N).

§2.6. Extremal vectors

Let M be an integrable U, (g)-module. A non-zero vector u € M of weight
A € P is called extremal (see [13]), if we can find a subset F' of non-zero weight
vectors in M containing u and satisfying the following properties:

(2.22)
if v € F and i satisfy (h;, wt(v)) > 0, then e;v = 0 and f{"" )y, ¢ F,
if v € F and 7 satisfy (h;, wt(v)) < 0, then f;uv =0 and el(f(h’:’Wt(v)))v €F,

The Weyl group W acts on the set of extremal vectors by

if (h;, wt(u)) >
if (h;, wt(u)) <

7

norm,, _ ¢((hi,wt(u))
(2.23) (O), then S¢o™u = f; U

, then guormy — (= ot

We have wt(Sp°™u) = wwt(u) for w € W. Note that, by (2.7), Sp°™wu is
equal to Sy,u up to a non-zero constant multiple.

Similarly, for a vector b of a regular crystal B with weight A, we say that
b is an extremal vector if it satisfies the following similar conditions:

(2.24) if we W and i € I satisfy (h;,wA) > 0, then é;5,b =0,
’ b=0

if we W and i € I satisfy (h;, w)\) <0 then f;S,,

For A € P, let us denote by V()) the U, (g)-module generated by uy with
the defining relation that wuy is an extremal vector of weight A. This is in fact
infinitely many linear relations on wy.

For a dominant weight A, V()\) is an irreducible highest weight module
with highest weight A, and V(=) is an irreducible lowest weight module with
lowest weight —A.

We proved in [13]* that V' ()\) has a global basis (L()), B(\)). We denote by
the same letter uy the element of B(\) corresponding to uy € V(). Moreover

U, (g)ax — V(A) (ax + uy) is compatible with global bases. Hence the crystal

'In [13], it is denoted by V™a%()), because I thought there would be a natural U, (g)-
module whose crystal base is the connected component of B(X).
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B(A) is isomorphic to the subcrystal of B(oo) ® ty ® B(—o0) consisting of
vectors b such that b* is an extremal vector of weight —A. By this embedding,
uy € B(X) corresponds t0 oo @ ty ® U—oo.

Note that

(2.25) U/ (a)ur = D KG().
beB(A)ﬂ(uOC@tA@B(—OC))

For any w € W, uy +— S;% " uyx gives an isomorphism of U, (g)-modules:
V(A) =V (wA).

This is compatible with global bases. Similarly, letting S}, be the Weyl group

action on B(U,(g)) with respect to the star crystal structure and regarding B(\)

as a subcrystal of B(U,(g)), S5, : B(ﬁq(g));B(Uq (g)) induces an isomorphism

of crystals

(2.26) S

w*

B(\)"5B(w)).

This coincides with the crystal isomorphism induced by V(A)-——=V (w)). Note

that we have

SwS:;;(Uoo Rz ® U_oo) = Uoo Rty @ U_oo-

§2.7. Global bases of tensor products

Let us recall the following results proved by Lusztig ([19]). Let Oin be
the category of integrable U, (g)-modules which are a direct sum of V/(A)’s
(A € P*). Similarly let &, be the category of integrable U, (g)-modules
which are a direct sum of V/(A)’s (A € P7). Let M and N be U, (g)-modules.
Assume that M and N have bar involutions, and that either M € Oy or
N € 0.,. Then there exists a unique bar involution on M ® N such that

(u®v)” =u®uv for every u € M and v € N such that either

u is a highest weight vector or v is a lowest weight vector.

Assume further that M and N have a global basis. Then M ® N has a
crystal base (L(M @ N), B(M ® N)):=(L(M)®a, L(N), B(M)® B(N)), and
an A-form (M ® N)ao = Ma ®a Na. Then M ® N has a global basis; namely
(L(IM @ N),L(M @ N)~,(M ® N)a) is balanced. In particular, V() ® V()
has a global basis either if A is dominant or if —p is dominant.
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Let A € P. Then for any pair of dominant integral weights £ and 7 such
that A =& —n, Uy (g)ax — V(§) @ V(—n) (ax — u¢ ® u_,) is compatible with
global bases. Conversely the global basis of U, (g)ay is characterized by the
above property.

Lemma 2.5. For A€ P' and p € P,
221) Uy @ores — V) 8 U; (@ay (aren o ux ® a,)

is compatible with global bases.

Proof. For dominant integral weights & and 7 such that p = £ — 7, we
have a diagram of morphisms compatible with crystal basses except the dotted

arrow:
Ug(@)arsy ———>V(A+§ @ V(-n)
v
V) U (@ay —=V(A) @ V() @ V(-n)
Hence the dotted arrow is compatible with crystal bases. O

This morphism (2.27) induces an embedding of crystals

B(U; (g)axt,) — B(A\) @ B(U; (g)ay) for X € P* and p € P.

There exists an embedding B(oco) — B(A) ® B(oo) ® Ty, and the above
morphism coincides with the composition

B(U, (8)axty) = B(00) © Tagy ® B(—00) = B(A) @ B(c0)
T\ ® Ty ® B(—00)
~ B(\) ® B(oo) @ T), ® B(—00) ~ B(\) ® B(U, (g)a).

§2.8. Demazure modules

Let M be an integrable U, (g)-module with a global basis (L(M),B(M),
Ma,—). Let N be a U (g)-submodule of M. We say that N is compatible
with the global basis of M if there exists a subset B(IN) of B(M) such that
N = ®pepn) KG(D).

It is shown in [12] that

é&B(N) C B(N) U {0}, and U, (g)N = U, (g)N is also

(2.28) A ;
compatible with the global basis.
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Namely there exists a subset B(U, (g)N) of B(M) such that

Uy N= @ KGb).
bEB(Uy (9)N)

Moreover we have
BU; (@N) = {fis - fibsm > 0,i1, i € Lb e BN) b\ {0},

For A € P, the qu (g)-submodule qu (g)ux of VI(A) is compatible with the
global basis of V() (see (2.25)).
We set
BF(\) = B(Ug (g)ur).
Regarding B(\) as a subset of B(U, (g)ax) = B(c0) ® tx ® B(—00), we have

Bt (\) = BA)N(use®t@B(—00)) and B~ (A) = B(A)N(B(00)RtAQu_o)-
The subset BT ()) satisfies the following properties.

Lemma 2.6.

(i) &BT(\) c BT(\)U{0}.

(ii) For any b € BT(\), if ei(b) > 0, then fib € BY(\)U{0}. Or equivalently,
for any i-string S of B(\), SN BY(\) is either S itself, the empty set or

the set consisting of the highest weight vector of S. Here an i-string is a
connected component with respect to the crystal structure over U, (9);.

This is a consequence of the following lemma. Note that B(U, (g)ax) =
Uoo ® T\ @ B(—00).

Lemma 2.7.

() &B(Uy (g)ax) € B(US (g)ax) U{0}.

(ii) For any b € B(U; (g)ay), if £i(b) > 0, then fib € B(U; (g)ax) U {0}. Or
equivalently, for any i-string S of B(Uy (@)ax), SN B(UJ (g)ax) is either

S itself, the empty set or the set consisting of the highest weight vector of
S.

Proof. The first property is evident. In order to prove (ii), write b =
Uso @ty ® b with b € B(—00). Then ¢;(b) = max(0,¢;(ty ® b)), and hence
0= pi(us) <e&i(tx ®b'). We have therefore fib = oo @15 ® fil). O
Similar results hold for B~ (A) and B(U, (g)ax)-
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Proposition 2.8.  For 8 € A and A € P, assume (3,\) > 0. Then
we have
Sepux €U  (g)un  and  Ss,un € B7(N).

Proof. We shall argue by the induction of ht(3). Let us take i € I such
that (h;, ) > 0. If 8 = «; then the assertion is trivial. Otherwise we have
v :=si() € Af. Since (7, s;A) = (8,A) = 0, the induction hypothesis implies
that

(2.29) SsWSiUA S U(; (Q)SiU)\.
If (h;, \) > 0, we have
U, (8)ux D U, (9)Siux D U, (9)Ss, Siux = SiSs,un

Since U, (g)uy is an Uy(g);-module, it contains Ss,uy.
Now assume that (h;, \) < 0. Then (h;, sg\) = (hi, A) — (8", A\){(h;, B) < 0.
By (2.29), we have

SiSsﬁsi(uoo X tsi)\ (9 U—oo) = st (uoo & tsik & u—oo)
€ B(00) @ ts;x @ U_oo-

Applying €™ we have (here ¢:™*p = i 0)p and f™@xh = ffi(b)b)

SiSs;(Uoo D tr @ U_o0) =€ 538555 (Uoo Dt A ®@ U_o0)
€ &7 (B(00) @ ts;n ® U—oo),
and hence
555 (Uoo ® t)\ ® Ufoo) = ]EimaXSiSSB ('LLOO X t)\ ® U,oo)
c ﬁmaxgzmax (B(OO) ® tsik ® u—oo)

c i (U Bloo) ot @ u )
n=0
C B(00) @ty ® U—oo-

The last inclusion follows from

fimax(bl Rty @bg) =] @t\® fimaxbg for some b} € B(oc0).
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8§2.9. Affine case

Until now, we have assumed that g is a symmetrizable Kac-Moody algebra.
From now on, we assume further that U, (g) is a quantized affine algebra.

2.9.1. Extended Weyl groups We take a weight lattice P of rank rk(g)+1
and an inner product on P as in [14]. We set t* = Q ® P, which is canonically
determined by the Dynkin diagram.

Let us define 6 € Y, Z>pa; and ¢ € ), Z>oh; by

{Ne >, Za; ; (hi, A) = 0 for every i € I} = Zo,

(2.30)
{h e, Zh;; (h,o;) =0 for every i € I} = Zc.

By the inner product of t*, we sometimes identify t* and its dual. Note that
the inner product on t* is so normalized that § and ¢ correspond by this iden-
tification.

For oo € A™, we set ¢, :=max(1, (o, @)/2) € Z. Then we have

(a+Z5)NA=a+c,Z.

Let us denote by P the quotient space P/(PNQJ), and let us denote by
cl: P — P, the canonical projection. Let us denote by P the dual lattice of
P, ie. Py =Ker(6: P* = 7Z)= (>, Qh;) N P*.

Similarly to P, we define t;:=t*/Q¢, and let cl: t* — ¢, be the canonical
projection. Define t*V :=Ker(c: t* — Q), and t}° = cl(t*?). The dimension of
t:lo is equal to rk(g) — 1. The inner product of t* induces a positive definite
inner product on 3°.

Let us denote by O(t*) the orthogonal group, and O(t*)s; :=
{g € O(t*) ; g6 = &} the isotropy subgroup at §. Then there is an exact se-

quence

1—— 0 -5 0(t)s —22 0(t%) —— 1.

Here ¢: t° — O(t*)s is given by

(9

t(el(€)(N) = A+ (A, )€ = (X, )0 — =5

(\,0)5 for £ € t° and A € t*.

Let us set W = clo(W). Then W, is the Weyl group of the root system
Ag :=cl(A™) C t,°. We define the extended Weyl group W by

W= {w e O(t")s ; wA = A and clp(w) € Wy }.
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Then we have a commutative diagram with the exact rows:
é T
ilg T

1
1 — 0 > O(t)s —= 0(t;)°) —= 1

1 Wa 1

cl 1

Here P and @ are given by
P=PiNP{’ and Q=QaNQy,
where
Py ={Xet%;(h;,\) € Zfor every i € I},
P i={r ety (i, \) €Z for every i € I},

Qe ::ZZCI (o)

el

qi= Y Zl(hy)

iel
The Weyl group W is a normal subgroup of W7 and W is a semi-direct product
of W and Auty(Dyn) := {¢;¢ is a Dynkin diagram automorphism such that}
clp(t) € W
P/Q-"W /W5 Auto(Dyn).
Remark 2.9.
(i) If g is untwisted, then (o, a)/2 < 1 for every a € A*® and

P=PVC Py, Q=QYcCQa.

(ii) If g is the dual of an untwisted affine algebra, then (a,a)/2 > 1 for every
o € A™ and

P=Pic P}, Q=QuacQ
(iii)) Ifg= Aéi), then we have (a,a)/2 =1/2, 1 or 2, and
P=Q=Pi=Py =Qu=Qi= Y Zc(a)= > Zcl(a).

aEATe acAre, (a,a)/2=1
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2.9.2. Peter-Weyl theorem Let us recall some of the results by Nakajima
and Beck-Nakajima.

The following theorem is conjectured in [14] by the author and proved in
[2] by Beck-Nakajima.

Theorem 2.10 (a version of Peter-Weyl theorem).

B(U,()) = (|| BOY x Bo(=1)) /W

AEP

Here By()) is the connected component of B(\) containing uy. Note that
By(A) = B(A) when the level of A does not vanish. The Weyl group acts
on | yep B(A) X Bo(=A) by W 3 w: B(A) x Bo(=\) — B(w\) x Bo(—w)
via the action given in (2.26). The left crystal structure (&, f;) on B(ﬁq(g)) is
compatible with the crystal structure of B(\), the first factor of B(A) x Bo(—A),

and the right crystal structure (éF, f) on B(U,(g)) is compatible with the

72

crystal structure of Bo(—A), the second factor of B(A) x Bo(—\).

For A\ € P, there exists a unique symmetric bilinear form (-,-) on V(\)
that satisfies:

(ux, G(b)) = 0p y, for every b € B(N),
(e;u,v) = (u, fv) for every u, v € V(\),
(q(h)u,v) = (u, q(h)v) for every u, v € V(\) and h € d~1P*.

The following theorem is trivial for non-zero level case, and proved in [21, 2]
by Nakajima and Beck-Nakajima for the zero level case.

Theorem 2.11.
(i) This symmetric bilinear form on V(X) is non-degenerate.
(i) (G(b),G)) € gHm=ON (5, 1 + gsAg) for any p € P and bt € B(\),,.
(i) For b,b' € B(N\)x, we have (G(b),G(V)) = dpur -

In particular if v is a non-zero vector of V'()), then there exists P € U, (g)
such that (uy, Pv) does not vanish. Note that (uy, Pv) coincides with the
coefficient of u) when we write Pv as a linear combination of the global basis.

Conjecture 2.12. Theorem 2.11 holds for an arbitrary symmetrizable
Kac-Moody Lie algebra g.
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83. Extremal Vectors

We assume that U, (g) is a quantized affine algebra. Let M be an in-
tegrable U, (g)-module with a global basis. Let N be a U} (g)-submodule of
M compatible with the global basis of M. Then, for A € P*, uy ® N is
also a U (g)-submodule of V/(\) ® M compatible with the global basis. Hence
U, (8)(ua®@N) is a U, (g)-module compatible with the global basis of V (\)® M.

q

Proposition 3.1.  Assume that for any b € B(N) if €;(b) > 0, then
fib € B(N)U{0}. Or equivalently, for any i-string S of B(M), S N B(N) is
either S itself, the empty set or the set consisting of the highest weight vector
of S. Assume further that f;N C N whenever (h;,\) = 0. Then we have

Uy (9)(ux ® N) Nuy ® M =uy @ N.

Proof. Tt is enough to show that

B(U7 (g)(ux ® N)) Nuy ® B(M) = uy ® B(N).

q

We have
B(U, (g)(ux®N)) = {f v fi bsm =004, i, € 1,b € uy, ®B(N)}\{0}.

Hence it is enough to show that, for b € B(N) such that f;(ux®b) = ur® fib, we
have f;b € B(N)U{0}. Since f;(uy®b) = ux® f;b if and only if (h;, \) < &(b),
and fiB(N) C B(N) U {0} if (h;, \) = 0, the assertion follows. O

Corollary 3.2.  For A € PT and pu € P such that (h;, ) < 0 whenever
(hiy A) = 0, we have

U, (9)(ux @ up) Nux @ V(i) = ux @ U (9)uy,

and
B(Uy (8)(ux ®@w,)) Nuy @ B(p) = uy @ BF ().

Indeed, Lemma 2.6 allows us to apply the proposition above to M = V()
and N = U (g)uy.

Let A € PT be a dominant integral weight and x4 € P an integral weight.
Then we have a chain of morphisms compatible with global bases

Uy (@aryy = VA @ U, (g)a, — V(A @ V().
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Theorem 3.3. Let A € Pt be a dominant integral weight and i € P an
integral weight. Then there exist a unique homomorphism Uy (g)(ux ® u,) —
V(A + ) that sends uy @ u,, to uxy,. Moreover this morphism is compatible
with global bases.

Proof. We have a commutative diagram

Ug (@axty —=Ug (8)(ur ® uy) —=V(N) @ V(n)

V(A+p)

All the solid arrows are compatible with global bases. Hence, in order to show
the theorem, it is enough to show the existence of the dotted arrow.
Correspondingly, we obtain the following diagram of crystal bases.

B(Ug (8)artu)<——B((U; (9)(ur ® up))

q

T

B(A+ p)

Let G(b) € U, (g)ax+, be the global basis vector corresponding to b € B(U, (g)

axypu). Then b € B(A+ p) means that G(b)ury, # 0 (we regard V(A + p) as

an U, (g)-module), and b € B(U; (9)(ux @ uy)) means G(b)(ux @ uy) # 0.
Hence we have reduced the problem to the following proposition:

B(A+p) € B(U; (9)(ux ®uy,)) as subsets of B(U, (@)axy)-

Taking b € B(A+p) C B(U; (8)ax+u), let us show that b € B(U; (g) (ua®uy)).

Since G(b)uxt, # 0, Theorem 2.11 implies that there exists P € U, (g)
such that, when we write PG(b)uxt, as a linear combinations of the global
basis of V(A + ), the coefficient of uy4, does not vanish. Hence, if we write
PG(b) as a linear combinations of the global basis of U™ (g)ax+, the coefficient
of a4, does not vanish. Hence PG(b)(ux ® u,) as a linear combinations of
the global basis of V/(A\) ® V(u) the coefficient of uy ® u,, does not vanish. We
conclude then that PG(b)(ux ® uy) # 0. Hence b € B(U; (g)(ux @ uy)). O

Remark 3.4. Theorem 3.3 holds also for any finite-dimensional g, be-
cause Theorem 2.11 trivially holds in such a case.

Corollary 3.5. If A\ € P" and pn € P, then uy ® u, € B(\) ® B(u)
is an extremal vector, and we have an inclusion B(A+ u) C B(A\) ® B(u) as
subsets of B(A\) ® B(U, (g)ay)-
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Note that the first statement holds for an arbitrary Kac-Moody Lie algebra.

8§4. Fundamental Representations

Write the smallest positive imaginary root § and the smallest positive

imaginary coroot ¢ as
6= E a; o, c= E a) h;.
i i

Then we have

We choose 0 € I such that

(i) Setting Iyp = {i € I ;i # 0} and Wy := (s; ;1 € Iy) C W, the composition
Wy — W Lo, W is an isomorphism.

(ii)) ao=1.
Such a 0 exists and is unique up to a Dynkin diagram automorphism.

Ifg= Aéi), ap is the longest simple root and af = 2.

0 1 2 n-2 n-1 n 0 1
2 2
g= Agn) O—0O0—O— - —O—C0O0—=0 Al 2) (%O

d=oap+2(e1 + -+ an),

c=2(ho+ -+ hp1) + hy.

(a0, 0) =4, (an,an) =1, (a,0;) =2 for 0<i<n

Figure 1. g = Agi)

If g is not of type Agl), then aj = 1. Note that 6 — ap € A™ if g is not
of type Agi), and (0 — agp)/2 € A™ if g is of type Agi) Hence one has always
S§—ap € Ww.

Let us denote by U,(go) the subalgebra of U, (g) generated by e;, f; (i €
Ip). This is the quantized universal enveloping algebra associated with a finite-
dimensional simple Lie algebra.

Let wy be a fundamental weight of level 0. That is, {wy }rer, is a set of
vectors such that (h;, wy) = 0 for j € Iy with j # k, and

PO :={Nety;{c,\) =0and (h;,\) € Zs for every i € Iy}

= Z Z}O Wi -

kelg
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A fundamental weight of level 0 is unique up to Q4. We can take

Ay —a) A when ay =1,
(4.1) Wi = 2 @)
— AL —A h = A5,
(on.on) k o Wwhen g S
Here Ay is a vector in P satisfying (h;, Ax) = d; for i € I.
Let k € I'\ {0}. Set ¢, = max(1, (g, ag)/2) € Z. Then we have

{ne€Z;ar+nde A} =7Zc,

and
W N (wk + Zd) = wy, + Zcg.

We have wy, + nd € Wt(V (wy)) if and only if n € ¢4Z.

For any £ = wA € WA, we use the notation u¢ for the extremal vector
Snormyy € V(A). Note that Sp°™wuy, is a unique global basis vector of weight
£.

We denote by U,(g) the subalgebra of U, (g) generated by e;, fi (i € I)
and g(h) (h € d™1Py C d1P*).

Then there exists a unique U (g)-morphism z,: V(@) — V(wy) sending
Uy, 10 Ugsy 4c,6- The operator zi has weight ¢;d. The global basis of V (wy) is
stable by z;. We have

ZpUe = Ugye,s for every £ € W - A

The quotient W(wy) := V(wy)/(2x — 1)V (wy) is an irreducible U,(g)-
module with a global basis. The morphism V(wy) — W (wy) sends the mem-
bers of the global basis of V(wy) to the one of W (wy,).

In this section, we set

(4.2) Ni=wyg, p:=wowr where wy be the longest element of Wy.

Then p = —wy mod Z6 for some k' € Ij.
Then U,(go)ur = Uy(go)u, is an irreducible Uy(go)-module with highest
weight A and lowest weight u. Note that U (g)u,, is a Uy(go)-module. We have

ug € Uf(g)uy, for any £ € Wo - A=W - AN (A + Y Zay).

i€ly

Lemma 4.1.  zuu, € Uf(g)u,.

Proof. Assume aj = 1. Then we have dy = cpa), € Q and () () =

p + cpé. Hence zpu, = St“((g?)u#. Since we have ¢ — ap € ALY, t(ay) =
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Sepd—ayy Say,» and (o, 1) = (crd — apr, sprp) < 0, Proposition 2.8 implies that
SHEm uu € U (g)uyp.

Now assume that g = Aéi) Then t(—a/2)pp = p+ 6 and t(—ap/2) =
Sa0S(5—ag)/2 and (d—ap, 1) = (o, 8(5—ay)/21) < 0. Note that (§—ag)/2 € ATE.

Hence Proposition 2.8 implies that S{%Su, € Uy (g)uy. O

Lemma 4.2.
(i) BT (u)\ 2xBT (1) =~ B(W (X)) as a crystal over gq.

(i) U (9)un/U; (8)zkuy is isomorphic to W(X) as a Uy(go)-module

Proof. The crystal BT () is a regular crystal over go. The crystal Bt (p)

is invariant by zg, and |J 2B () = B(p), () 2B () = 0. On the other
nez nez
hand, the crystal B(W())) is isomorphic to the quotient of B(u) by the action

of Z given by z. Hence BT (u) \ 2 BT (1) — B(W (X)) is bijective. (ii) follows
from (i). O

Lemma 4.3.  Assume that (ho,\) = —1 (i.e. af =1 or g = Aéi))

(ii) W(A) is an irreducible Uqy(go)-module.

Proof. (i) ifg= A then (ag, ) /2 < 1 for k # 0, and hence ¢, = 1.

2n
(g, ) (o, o)

Ifa) =1, then 1 =a) =
(ii) By Lemma 4.2, it is enough to show that N := U\ (g)u, /U, (g)zxu, is
irreducible as a Uj(go)-module. Note that equy = us,n = uUrps = 2pux €
Uf(g)zruy, and e;uy = 0 for @ # 0. Since Uf(g)u, = U (9)Uq(go)ur =
Uy(80)U; (9)ux, we have N = U,(go)un mod 2,U, (g)u. O

k= , and hence ¢, = 1.

Two vectors up, ® uy and up, ® u, are extremal vectors in the same
connected component of B(Ag) ® B(\), because uy, belongs to the trivial rep-
resentation with respect to go and pu € WyA. Since the level of Ay + p is
equal to one, there exists a unique dominant weight &, of level one such that
& e W-(Ao+A) =W-(Ag+p). By Corollary 3.5, the connected component of
B(Ao)®B(A) containing uy, ®uy is isomorphic to B(&p). Set M = V(Ag)®@V ()
and M, = U, (g)(ua, ®@25ux) = Uy (9)(ur, ® z5u,) C M. Note that Corollary
3.2 implies

M, N (up, ® V(A)) = up, ® U (9) 21wy
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Lemma 4.4.
(i) Myi1 CM,.
(i) M =U,cz Mn.
(iii) (,ez Mn =0.

Proof. (i) is obvious. Since W () is generated by u,, as an U;" (g)-module
(by [1, Proposition 1.16]), we have V(1) = U,U;"(g) 2}/ u,, which implies (ii).

In order to prove (iii), it is enough to show that N, B(M,,) = (. Any vector
b € N, B(M,) is connected with a vector in uy, ® B(u). Since B(M,)N (up, @
B(u)) = up, @ 2z BT (p), the result follows from N,z B™ (1) = 0, which is an
immediate consequence of N, (p + nd + Q) = 0. O

Lemma 4.5. B(M;)\ B(M;) ~ B(Ag) @ B(W())).
The proof is similar to the one of Lemma 4.2.

Proposition 4.6.

(i) The vector up, @ Untneys, Tegarded as a vector of My, /My41, is an extremal

vector.

Ao+ X if (ho,A\) = —1,4.e.a) =1 org= A§2n)7

M > 1, and v is the Dynkin

Lil(AO) zfag = 1,

€o
diagram automorphism such that t(\) € W,

Ay ifa=F" and k =3,

mod Q9. For the last case, see Figure 2 in the proof.

Proof. We may assume that n = 0. If up, ® ux € M, then uy €
U;’ (9)2zkuy, which is a contradiction. Hence us, ® ux mod M is a non-zero
vector.

We divide the proof into three cases.
Casel) a =1lorg= A

In this case (hg,\) = —1 and ¢, = 1 by Lemma 4.3. We shall show that
up, ® uy is a highest weight vector of My/M;. We have e;(up, ® uy) = 0 for
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i # 0. We have eg(up, ® uy) = up, ® eguy, and equy = Spuy = Us, sr+s =
2iUs,, _sx € 2KUS (8) Uy

Case 2) az{zlandw21

We have A € P and hence t()\) € W. We have then t(=N)(Ao+ A) = Ao
mod Zd. Hence if we write t(A) = we with w € W and a Dynkin diagram
automorphism ¢, then we have £y = w™ (Ag+ ) = t71(=A)(Ag+ ) = 171 (Ap)
mod Q4.

Set v = St_(i)(u/\o ®uy). Here we regard S,-1 as an isomorphism V' (Ag) ®
V(A) = V(7 Ag)®@V (71 A) such that S,-1 (au) = 17 (a)S,-1 (u) for a € U; (g)
and u € V(Ag) @V (X). Hence, v is regarded as a vector in V(¢ 71 Ag) @ V(1 71N).
We shall show that e;v € S,-1 M; for every i € I.

(i) 1#£0,k
In this case £(\)a; = a; holds. Hence we have Tj(y)e; = e;, and
Sinveiv = (Tynei)(ua, @ uy) = ei(un, @uy) = 0.
(i) i=k
Since (hg, wt(v)) = 0, it is enough to show that eks,glsg(i)(u,\o ®uy) €
S,-1 M. This is equivalent to saying that (Ty(xys, ex)(ur, ®ur) € Mi. Since
t(N)srau, = crpd—ay € AT, we have Tyyys, ex € U () and (Tynys, ex) (un,®

ux) = up, @ (Tynys,er)un. The last factor is calculated as (Ty(y)s,ex)ur =
St(A)skekS’;()l\)sk Ux = Sy(A)sp €kUs,t(—2)x UP tO a non-zero constant multiple.

Since we have (hg, spt(—=A)A) = —(hg, ) = —1, we obtain epugz,;(—r)x =
Ug—xx- Thus we obtain (Tyanys.er)ur = Sta)s Ue(—A)A = Ut(A)spt(— M)A
up to a non-zero constant multiple. Since t(A)spt(=A)A = syrn)a A =

Sap—cpdA = SpA + 0, we have
Ut (N)spt(—M)A = Uspdtcpd = ZkUs A € ku;(g)uH.
(iii) ¢=0
Let us first show that

v :tf(i})\) (up, ® Uy )up to a non-zero constant multiple for every w € Wy,
by the induction of the length of w. Assuming that the assertion is true, we
shall show that it is true for s;w for ¢ € Iy. According that s;t(w) 2 t(w)),
we have Sy(s,wr) = SfSt(w,\)Sf. Hence we have

e (o © Us,wn) = 578,03 ST (g © Usiwn)

= Sz':tS;(iA)(qu @ Upy) = SFv =
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up to a non-zero constant multiple.

Now we divide the proof into two cases.

(a) (ak,ak)/2 =1
In this case, ¢ = 1. There exists w € Wy such that

wlag = —a,  mod Z6.

Hence we have (hg,wA) = —1, which implies that t(w\)ag = ap + 0
and (t(wA)ag,wA) = —1. Then we have
St(m\)eov = St(WA)eOSt?;A) (’LLAO ® U))
=up, ® St(w,\)eoSt_(llM)uw)\
=up, ® St(w)\)SOS;(i})\)Uw)\
= Uy ® Sag+sUwr

=UNo @ Usy 5w
On the other hand, we have

Sag+oWA = wA — (g + 0, wA) (g + 9)
=wA — (ap — 0, wA\)(ag — 9) + 260
= S5—a, WA + 20.

This implies that
us(,0+5w/\ = Z]%us,;_aow/\ S ku;(g)’U/#

Hence eg(up, @ uy) € St_(i)/\)Ml =S,-1 M.

(b) (ak,ak)/Q > 1
In this case, by the classification of affine Dynkin diagrams, there
exists ¢ # 0,k such that (a;,;)/2 = 1. Let us take w € Wy such
that w™lag = a; mod ZJ§. Hence (w lag,A\) = 0, which implies
t(wA\)ag = ag. Hence we have St(w,\)eoStf(llM) = ¢y and

Stwn) €0V = St(u)€0Sy(un) (Uag @ wn)

=Upy Q) €oUw-

Since (ag, w) = (W™ tag, ) = 0, egtyy must vanish.
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Case 3) the remaining case (i.e. ay =1, af > 1 and (ag, ax)/2 < 1)
By the classification of affine Dynkin diagrams, there is only one remaining
case, namely g = Fil) and k = 3:

0 1 2 3 4

O—"COC—"C—@—O0

6 = ag + 21 + 3as + 4az + 20y,
c = ho+ 2h1 + 3hs + 2h3 + hy,

Figure 2. g = F4(1)

We have in this case c3 =1, A = A3 —2Ag and p = A —4a; — 8as — 12a3 —
60[4.
We have

8483828180(A0 + )\) =Ap+AX+ag+a;+as+asz+as =As mod ZI.

Set x = sgs1525384 and v = S, (up, ® uy). Let us show that v is a highest
weight vector of My/My, i.e. e;v € My for i € I.

(1) =0
Since zag = a1, we have Syeqv = (Tpeo)(up, @ uy) = e1(up, ® uy) = 0.
(2) i=1
Since xa; = ag, we can conclude e;v = 0 by the same argument as above.
(3) i=2
We have zas = ag + a1 + as + 2a3. Hence we have
Speov = SerS;l(qu ® uy)
=up, @ (SpeaS;  uy),
and since (zha, A) = —1, we have
SpeaSy tuy = 5,528, tuy = Us o A
= Ux+ap+artaz+2as
= UNt5—a; —205—2a3—204
= ZRUA— 0y — 200 — 2003 —20q € ku(j(g)uH.

This implies that eqv € Mj.



248 MASAKI KASHIWARA

(4) i=3
esv = 0 follows from zas = ay.
(5) i=4
We have seen that v € My/M; is invariant by Se and S3. Hence it is

enough to show that 64S3_1S2_1’U = 0. Since xsgs3014 = a3, we have

515253645515§1v = (Tysyss€a)(up, ® un) = eg(upr, @ uy) = 0.

Theorem 4.7.
U, (9)(ua, @ ux) /Uy (9)(ua, ® Unie,s) = V(Ao + A).

By this isomorphism, up, @ uy corresponds to up,+x.

Proof. By the preceding proposition, there exists a morphism g: V(Ao +
A) — My/Mi, sending up,4x to up, ® uy mod M;. On the other hand,
Theorem 3.3 implies the existence of a morphism : My — V(Ag + A). Since
Ao+ A +ci0 is not a weight of V(Ag+A), ¢ factors through My/M; and thus we
obtain a morphism My/M; — V(Ag+ ) sending up, ® uy t0 up,+x. Obviously
it is an inverse of g. |

Note that the theorem holds if we replace A with pu.

Corollary 4.8.  uy, ® (BT () \ BY(u+ cxd)) ~ B (Ao + p). In par-
ticular B(W (X)) ~ BT (Ao + p) as a crystal over go.

Proof. By the preceding theorem, we have

U;(g)quJr# = Uq+ (g)(ul\o ® UH)/(UQ_ (g)(u/\o ® ulHer(S) N U;‘(g)(qu ® uﬂ))

On the other hand, Corollary 3.2 implies that U, (g) (ua, @y e,5) WU (8) (s, ®
) C UL (8)(Uag @ Upyeps) Nup, @ V() = un, @ Uy (8)Upye,s, which implies
that Uq_ (g) (qu ® u#+ck5) n Uq+ (g) (qu ® uu) =Up, @ Uq+ (g)ulﬂrckﬁ' Hence we
have

U;(g)u,\o_;.u = (UAU ® U;(g)uu)/(ul\o ® U;(g)uu—&-cw)-
Thus we obtain the desired result. O

Lemma 4.5 and Theorem 4.7 imply the following result.
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Corollary 4.9.  B(Ag) ® B(W(\) ~ B(Ag + ).

Corollary 4.10.  There exists a unique vector b € B(W (X)) such that
€i(b) < ;0 for all i.

Proof. The condition is equivalent to saying that us, ® b is a highest
weight vector, and the preceding corollary implies that B(Ag) ® B(W()\)) has
a unique highest weight vector. O

Corollary 4.11.
(i) Ifbe B(u) satisfies wt(b) € &g — Ao — cxd + Q—, then b € BT (u).

(i) If an integral weight n satisfies n & &6 — Ao — cxd + Q—, then V(N), =
(U;(g)uu)n'

Proof. There exist b’ € BT (u)\ B(p+ cx6) and n € Z such that b = 2}'b'.
By Corollary 4.8, we have wt(up, ® b') = Ag + wt(b) — ncpd € & + Q. Hence
the assumption implies n > 0. Thus we conclude (i), and (ii) follows from
(). O

Acknowledgements

The author thanks B. Feigin, M. Jimbo, T. Miwa, E. Mukhin, Y.
Takeyama, and M. Okado for helpful discussions.

References

[1] Akasaka, T. and Kashiwara, M., Finite-dimensional representations of quantum affine
algebras, Publ. RIMS, Kyoto Univ., 33 (1997), 839-867.

[2] Beck, J., Nakajima, H., Crystal bases and two-sided cells of quantum affine algebras,
math. QA/0212253.

[3] Chari, Vyjayanthi, On the fermionic formula and the Kirillov-Reshetikhin conjecture,
Int. Math. Res. Not., 12 (2001), 629-654.

[4] Hatayama, G., Kuniba, A., Okado, M., Takagi, T. and Yamada, Y., Remarks on
fermionic formula, Contemp. Math., 248 (1999), 243-291.

[5] Hatayama, G., Kuniba, A., Okado, M., Takagi, T. and Tsuboi, Z., Paths, crystals and
fermionic formulae, in “Math Phys Odyssey 2001-Integrable Models and Beyond In
Hornor of Barry M. McCoy”, Edited by M. Kashiwara and T. Miwa, Birkh&user (2002),
205-272.

[6] Kuniba, A., Misra, K. C., Okado, M., Takagi, T. and Uchiyama, J., Crystals for De-
mazure modules of classical affine Lie algebras, J. Algebra, 208 (1998), 185-215.

[7] Kang, S.-J., Kashiwara, M., Misra, K., Miwa, T., Nakashima, T. and Nakayashiki, A.,
Affine crystals and Vertex models, Internat. J. Modern Phys. A, 7, Suppl. 1A (1992),
449-484.



250

(9]

(10]

(1]
(12]

(13]
(14]
(15]
(16]

(17]

(18]

(19]
(20]
[21]
(22]

(23]

MASAKI KASHIWARA

Kang, S.-J., Kashiwara, M., Misra, K., Miwa, T., Nakashima, T. and Nakayashiki, A.,
Perfect crystals of quantum affine Lie algebra, Duke Math. J., 68 (1992) 499-607.
Kashiwara, M., On crystal bases, Representations of Groups, Proceedings of the 1994
Annual Seminar of the Canadian Math. Soc. Banff Center, Banff, Alberta, June 1524,
(B.N. Allison and G.H. Cliff, eds), CMS Conf. Proc., 16 (1995) 155-197, Amer. Math.
Soc., Providence, RI.

, On crystal bases of the g-analogue of universal enveloping algebras, Duke Math.
J., 63 (1991), 465-516.

, Global crystal bases of quantum groups, Duke Math. J., 69 (1993), 455-485.

, Crystal base and Littelmann’s refined Demazure character formula, Duke Math.
J., 71 (1993), 839-858.

, Crystal bases of modified quantized enveloping algebra, Duke Math. J., 73
(1994), 383-413.

, On level zero representations of quantized affine algebras, Duke Math. J., 112
(2002), 117-175.

, Bases cristallines des groupes quantiques, Cours spécialisé 9, Société
Mathémathique de France (noted by Charles Cochet) 2002.

Kleber, M., Combinatorial structure of finite-dimensional representations of Yangians:
the simply-laced case, Int. Math. Res. Not., 4 (1997), 187-201.

Kirillov, A. N., Reshetikhin, N., Representation of Yangians and multiplicity of occur-
rence of the irreducible components of the tensor product of representations of simple
Lie algebras, J. Sov. Math., 52 (1990), 3156-3164.

Kuniba, A., Nakanishi, T., Suzuki, J., Functional relations in solvable lattice models. I,
Functional relations and representation theory. Internat. J. Modern Phys. A, 9 (1994),
5215-5266.

Lusztig, G., Introduction to Quantum Groups, Progr. Math., 110 (1993), Birkhauser
Boston, Boston, MA.

, Quantum groups at v = oo, Functional analysis on the eve of the 21st cen-
tury, Vol. 1 (New Brunswick, NJ, 1993), Progr. Math., 131 (1995) 199-221, Birkh&auser
Boston, Boston, MA.

Nakajima, H., Extremal weight modules of quantum affine algebras, math.QA /0204183.
, t-analogs of g-characters of Kirillov-Reshetikhin modules of quantum affine
algebras, math.QA/0204185.

Saito, Y., PBW basis of quantized universal enveloping algebras, Publ. RIMS, Kyoto
Univ., 30 (1994), 209-232.




