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Uniqueness and Existence of the Integrated

Density of States for Schrodinger Operators

with Magnetic Field and Electric Potential
with Singular Negative Part

By

Viorel IFTIMIE*

Abstract

We prove the coincidence of the two definitions of the integrated density of states
(IDS) for Schrédinger operators with strongly singular magnetic fields and scalar
potentials: the first one using the counting function of eigenvalues of the induced
operator on a bounded open set with Dirichlet boundary conditions, the second one
using the spectral projections of the whole space operator. Thus we generalize a result
of [5], where the scalar potential was non-negative. Moreover, we prove the existence
of IDS for the case of periodical magnetic field and scalar potential.

§1. Introduction

One considers the vector potential a = (ay,...,a,) : R* — R, n > 2
(which is identified to the differential form )" a; dz;) and the scalar potential
1<j<n
V : R™ — R satisfying the following hypotheses:

i) a; € L}, (R"), 1 < j < m

loc

ii) V € LL (R™) and V_ := max(0,—V) belongs to the Kato class K, that

loc
is, one has:
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lim | sup / E(xz—-y)V_(y)dy| =0,
eNO | zeRrn
le—y|<e

where E is the usual elementary solution of the Laplace operator A.
We define the sesqui-linear form h = h(a, V) on L?(R") with domain

D(h) = {u € L*(R"); (V —ia)u € ([,Q(R”))"7 \V\1/2u c LQ(Rn)} 7
by
h(u, v) :/(V_ia)u'mdx—k/‘/uﬁdm,

R» R»
where V stands for the distributional gradient and i = v/—1.
It is well-known (see [14]) that h is bounded from below and closed, the
space C§°(R™) being a core of h. Let H = H(a, V') be the associated self-adjoint
bounded from below operator on L?(R"), with domain

D(H) = {u e D(h); =(V —ia)*u+Vu e L*(R")},

given by
Hu = —(V —ia)*u+ Vu.

We shall also need a self-adjoint realization of the differential operator —(V —
ia)? +V on a open subset Q of R", corresponding to the Dirichlet boundary
conditions. One identifies L?(Q2) to the closed subspace of L?(R™) with elements
which are zero on R™ \ . Let Pqo be the projection of L?(R™) onto L?(£2)
(the multiplication operator by the characteristic function of Q). If H, :=
H + a(l — Pg), a > 0, one obtains an unique operator Hg, pseudo-selfadjoint
on L%(R™), such that lim, .o, Ho = Hgq in the strong resolvent sense (see
Th. 4.1 in [10]). Moreover, the operator Hg can be considered as a self-adjoint
operator on L?(Q) associated with the sesqui-linear form hq defined by:

hao(u,v) := h(u,v), D(hg):={u € D(h);supp u C Q},
identified to a form on L?(Q).

Remark 1.1.  Usually, one works with another Dirichlet realization on 2
(see [5], for instance). More exactly, one considers the operator Hg, self-adjoint
on L?(f2), associated with the sesqui-linear form hq, which is the closure on
L2(€2) of the form hd with domain C§°(£2), defined by

hy(u,v) :/(V—ia)u-(V—ia)vdx—l—/Vuﬁdm.
Q Q
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We shall see in §3 that Hq = Hq if Q is a “Lipschitz domain” (or, following
Stein [15], a domain with “minimally smooth boundary”).

In order to state the main result, we shall need a family F of bounded
open subsets of R™, satisfying the conditions:

iii) For every m € N*, there exists Q € F such that the ball B(0;m), with
centre at the origin and of radius m, is contained in Q.

iv) For everye > 0, there exists mo € N* such that if Q@ € F and B(0;mg) C £,
one has

{z € Q;dist (x,00) < 1}] < /9.

Definition 1.2.  Let u, ug (Q € F) be Borel measures on R. We say
that

lim Q=
Q—»R”,Qef'u H

if for every f € Co(R) (the space of compactly supported continuous functions
on R) and for every € > 0, there exists mo € N* such that if B(0;mg) C €,

than one has
/fdm—/fdu <e.

R R

We shall see that for every f € Co(R) and for every €2 bounded open subset
of R™, the operators f(Hq) and Pqf(H)Pq belong to Z; (the space of trace
class operators). Then, using the Riesz-Markov Theorem, there exist Borel
measures 5 and pg, such that

9 T (o) = [ FauB. 19T (Paf(E)P) = [ de
R R

One sees that the distribution functions of those two measures satisfy the rela-
tions

1 (=00, Al) = |2 'Na(A),  pa((—o0,A]) = Q| " Tr (PoEx(H)Py),

almost everywhere on R, where Ng(A) is the number of the eigenvalues of Hg
which are less than A, and F)(H) is the spectral projection of H for the interval
(=00, A\, A €R.

We can define the integrated density of states in two different ways.
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Definition 1.3.  We call density of states of H a Borel measure puP”
(respectively ) on R such that

lim D—,P respectivel lim = .
QHR”,QG}'MQ 1% pectively QHR”,QG}'/JQ M

The distribution function p? of u? (respectively p of x) will be the integrated
density of states of H.

This definition rises two problems:
a) Prove the equivalence of the two definitions of IDS.
b) Prove the existence of IDS.

The solution of problem a) is the main result of this paper:

Theorem 1.4.  Under hypotheses i)-iv), the density of states uP exists
if and only if the density of states u exists. Moreover, if one of them exists,
then uP = p.

This theorem was proved in [5] in the case where V' > 0. The proof in
84 uses some ideas of [5], along with a property of comparison of resolvents,
essentially proved in [4], and which requires the hypothesis V_ € K.

Remark 1.5.  An analysis of the proof of Theorem 1.2 in [5] shows that
if ¥ € LM(r, A, B) (see the notation in [5]), Theorem 1.4 remains true if the
Dirichlet boundary conditions are replaced by Neumann boundary conditions.

The problem b) will be solved only in a special case. Let

1
B =da = 5 Z Bjkdﬂjj A dxg, Bjk = Bjak — 8kaj
1<5,k<n
be the magnetic field defined by the vector potential a. (B;; will be distribu-

tions on R™.) One considers a lattice I' in R™, generated by a basis ey, ..., e,
that is,

n
I'= Zozjej; o; €Z,1<j5<n
j=1

One denotes by F' a fundamental domain of R™ with respect to I'; for instance,

n
F = thej;ogtj<1,1§j§n
j=1
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We also remark that for every f € Co(R) and every €2 bounded open subset
of R™, Pof(h)Pq is the product of two operators from Z, (the space of Hilbert-
Schmidt operators). By the Fubini Theorem, the restriction of the integral
kernel Ky of f(H) to the diagonal set of R™ x R" is well-defined and is a
locally integrable function.

We suppose that the following two hypotheses hold:

iv’) For everye > 0 there exists my € N* such that, if Q € F and B(0;mg) C Q,
then one has

H{z € R"; dist(z,00) < 1} < £]Q].
v) V and Bji, 1 < j, k <n are I'-periodic functions.

Theorem 1.6.  Under hypotheses i)-iii), iv’) and v), the IDS of H exists
and, for every f € Co(R), one has

Tr (Pof(H)

Po) 1
(1.1) g Ql = W/Kf(H)(x,x)dx.
F

We shall see that the integral above represents a I'-trace of the operator
f(H), in the sense of Atiyah [1].

The theorem above is known in the case where B is a constant magnetic
field and V' € C*®(R™) (see [6]). The case of constant magnetic fields and
random electric potentials, possibly unbounded from below, was also studied
(see [7]).

The plan of the paper is the following: In the second section we prove
some properties of the operator H. Particularly, for the reader convenience, we
give the proof of the property of comparison of resolvents. The third section
is devoted to the study of the operator Hg: we prove the identity Ho = Hq
for domains with minimally smooth boundary and we generalize the aforemen-
tioned property of comparison to this case. In the last two sections we prove
Theorems 1.4 and 1.6, respectively.

§2. The Operator H = H(a,V)

Proposition 2.1.  Under hypotheses i) and ii), for every p > 1, there
exist M, 6 > 0 such that if A > max{d, —inf o (H)} (where o(H) is the spectrum
of H), then one has

(2.1) [(H+MN)"fI<M(pHy+A—308)""|f] a.e. onR"

for every r > 0 and f € L*(R™), where Hy := H(0,0).
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Proof. Firstly, one remarks that, following [2], for every f € L?(R") and
t > 0, one has the inequality

(2.2) ‘eftH(a’V)f’ < e OV £ g.e on R™.
Using the Feymann-Kag formula (see, for instance, [13]), we infer that
(2.3) e OV p| < o tHOVI) £ g on R™,

It is known (see Proposition B.6.7 in [14]) that e *#(%=V=) is an integral op-
erator whose integral kernel k: R} x R™ x R™ — R% is a continuous function
which verifies the following estimate: for every p > 1, there exist the positive
constants M and § such that, for every ¢ > 0 and =, y € R™, one has

(2.4) k(t, z,y)| < Me® ko (pt, x,y),

where kg is the integral kernel of e *Ho.
We also have

1 o0
(2.5) (H+)\)"f = 0 /tr—le—/\te—tHfdt7
0

forevery r > 0, A > —info(H) and f € L?(R™), where I'(-) is the Euler gamma
function.
If A > max{d, —inf o(H)}, the relations (2.2)—(2.5) imply the inequalities

e MO s
[(H + ) f|§m)/0 trtem A0t etHo| 1 qy

=M(pHo+A—0)""|f|] a.e. onR",

which finish the proof. o

Remark 2.2.  For the case V' > 0, one proves in [9] that for A > 0 and
f € L*(R™) one has

(H+ X)) f| < (Ho+N)7Yf|, ae. onR™
Tt is this equality (or rather an extension of it at Hq) which is used in [5].

Remark 2.3.  In [4], one gives an example which shows that the hypoth-
esis V_ € K, is necessary for the validity of inequality (2.1)



INTEGRATED DENSITY OF STATES 313

Proposition 2.4.  Under the hypotheses of Proposition 2.1, for every
r > mn/4 and X > max{0, —inf o (H)}, there exists a positive constant C such
that, for every open bounded subset Q of R™, we have that Po(H + \)™" € Iy
and the inequality

(2.6) 1Pa(H +X) "z, < ClQ*?

holds.

Proof. Using (2.1) we infer that for every f € L*(R"),
A—0
(2.7) |Po(H + )" f| < Mp~"Pq(Hop + T) "If| a.e.onR™.

On the other hand, (HO + ATT‘S)% is a convolution operator by a function
g € L?(R™); therefore the operator in the right hand side of (2.7) belongs to Zs,
since its integral kernel is Mp~"xq(x)g(x — y), where xq is the characteristic

= [ [1ste ~ ) Pdzdy = gl el

2 O Rn

function of €. Furthermore,
A—0
Pq (H o+ —)

To obtain the stated properties, it suffices to use (2.7), (2.8) and Theorem 2.13
n [12]. O

(2.8)

Corollary 2.5. Under the hypotheses of Proposition 2.1, for every m >
n/2 and X\ > max{d, —inf o (H)}, there exists a positive constant C such that,
for every open bounded subset Q of R™, we have that Po(H +\)"™Pq € 77 and
the inequality
(2.9) [Pa(H + X)"™ Pallz, < C|Q

holds.

Proof. It suffices to use Proposition 2.4 and the inequality
[Pa(H +X) " Pollz, < [Pa(H + A) ™"z, - [[(H + A) " Pallz,,

where 7, s > n/4 and r + s = m. O

Corollary 2.6.  For every f € L, (R), there exists a constant C' > 0,
such that for every open bounded subset Q) of R™, we have that Po f(H)Pq € 1
and the inequality

(2.10) | Pof(H)Pallz, < ClQ
holds.



314 VIOREL IFTIMIE

Proof. 1t suffices to write the identity
Pof(H)Pq = Po(H + \)""(H 4+ X)* f(H)(H + )" P,
where r > n/4 and A > max{d, —inf o(H)} and to apply Proposition 2.4. [

In order to state the last result of this section, we denote by B(E, F') the
space of all bounded linear operators from E to F' (E and F being normed
linear spaces). In particular, B(E) := B(E, E).

Lemma 2.7.  Let ¢ € C*°(R"™) be such that 0%p € L>*(R"™) if |a| < 2.
Then @u belongs to D(H) for every uw € D(H). Moreover,

(2.11) [H,¢] = -2(Vp)-(V—ia) — Ay onD(H)
and
(2.12) (H+ N 7YH, @] € BILAR™) if A> —info(H).

Proof. If w e D(H), then pu € D(h) and for every v € C°(R"),

h(pu, v) = h(u,pv) = 2((Ve) - (V —la)u,v) — ((Ap)u, v)
= (pHu =2(Ve) - (V —ia)u — (Ap)u,v),
where (-, ) denotes the scalar product of L?(R"). We deduce that pu € D(H)
and
H(pu) = pHu —2(Vyp) - (V —ia)u — (Ap)u.
This yields (2.11). To get (2.12), we endow D(H) with the graph topology.
Then [H, ] € B(D(H),L?*(R™)) and, by duality, [H, ¢] € B(L?(R"), [D(H)]*),
while (H + \)~! € B(L3(R"),D(H)) and (H + )"t € B([D(H)]*, L*(R™)) by
duality. O

§3. The Operator Hg = Hq(a, V).
We fix v € R such that h > ~. Then D(h) is a Hilbert space for the norm
[ulln = [P(u,u) + (v + Dl[ul’]'/?,  we D(h),

where | - || denotes the norm of L?(R™).

Let Cioo(R) := {f € C(R);limy— 100 f(t) = 0}. Then for f € Ci0(R)
and  open subset of R", we can define f(Hgq) € B(L*(R™)) in the following
way: f(Hgq) @) is the operator from B(L?(Q)) associated with Hg, as self-

adjoint operator on L2(£)), by the usual functional calculus, while f(Hg) = 0
on L?(Q)*.
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Proposition 3.1. Let f € Cioo(R), A > —info(H) and ¢ as in
Lemma 2.7. Then, for every open set 2 C R™, the operator Hq has the following
properties:

8) s — lima oo f(Ha) = f(Ha) in B(L*(R")).

b) s — limg_oe(Ha + A) 1 = (Hg + A) "1 in B([D(h)]*, D(R)).

¢) (Ho+A)"' = Po(Hg + )" = (Hq + \) ' Pa.

d) (Ha+ N 7'H, ¢, [H,¢l(Ho + )" € B(L*(R")).

€) 5 —lima—so[H, @] (Ho + )1 = [H, ¢](Hq + ) =" in B(L2(R™)).
f) (Ok —iar)(Ho+ N "' € B(L3(Q)), 1 <k <n.

Proof. a) The property follows from [3], §3.

b) The property is a consequence of Lemma 3.7 in [3].

¢) By the inequality (3.7) in [3], there exists a constant C' > 0 such that, for
every a > (0, we have

I(1 = Po)(Ha + X) " lp(rany < Ca™ /2,

whence we get the needed inequalities.
d) The property follows from the fact that

(Ho+ )" e B(L*(R"), D(h)) N B([D(h)]*, L*(R™))
(see b)) and
[H, ¢] € B(D(h), L*(R")) N B(L*(R"), [D(h)]")

(see (2.11)).

e) The property follows from b) and the fact that [H, ¢] € B(D(h), L?(R™)).
f) The statement follows from (Hg + \)~1 € B(L?(2), D(hq)) and 0k — iay €
B(D(hq), L?(2)), where D(hg) is endowed with the norm induced by the one
of D(h). O

We shall also need to write under a certain form the difference between
the resolvent of H and the pseudo-resolvent of Hg,.

Lemma 3.2. Let A\ > —info(H) and ¢ be a function as in Lemma 2.7,
p=1o0nR"\ Q. Then

(H+MN"' = (Hq+ N1
(3.1) =[(H+XN""=(Ha+ N [p+ [H ¢ (Ho+ )]
=[le—(H+N'H @] [(H+XN "= (Ho+N)""]
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Proof. We have

(H+XN) ' (Hg+ )N t=5— lim [(H+ X' = (Ha+N)71]
=s— lim (H + N ra(l = Po)(Hy + M)t
=s— lim (H + N la(l = Po)p(Hy + M)t
=s— lim [(H + N7 ta(l = Po)(Ha +2)"'e
+(H + )" a(l = Po)(Ha + N) ' [H, ¢](Ha +2) 7]
=[(H+XN"' = (Ha+ M) ']p
+H[(H + N7 = (Ho + N7 [H, @] (Ho + )7,

where in the last equality we have used the property e) from Proposition 3.1,
as well as the fact that (H, + \)~! is bounded in B(L?*(R")) uniformly with
respect to a > 0.

In the same way we prove the equality between the first and the last term
of relation (3.1). O

Now we can generalize the inequality (2.1) to the operator H.

Proposition 3.3. Under the hypotheses 1) and ii), for every p > 1 there
exist M, 6 > 0 such that if A > max{d, —inf o (H)}, we have

(3.2) [(Ho+A)7"| < MPq(pHo+ XA —0)""Pa|f| a.e on R,

for every r > 0, Q open subset of R™ and f € L?*(R").

Proof. Using Proposition 3.1 a), we see that for every t > 0

(3.3) s — lim e~ tHo = g~ tHa

a—0
We also note that the Feymann-Kag formula allows us to derive the inequality

(3.4) e tHOVHall=xa))| f| < e tHO=V2)| | g e on R™.

Hence, using (3.3), (3.4) and the first part of the proof of Proposition 2.1, we
get

(3.5) lemt o f| < Mete ol f| q.e. on R™.
We infer from Proposition 3.1 a) that, for every r > 0,

(3.6) s — lirr})(Ha +A)T=(Ho+ A"
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Hence, from the equality (2.5) for H,, from (3.5) and (3.6), it follows that
(3.7) |(Ho+A)"f| < M(pHo+A—6)""|f| a.e. onR"

To get (3.2) it suffices to write (3.7) for P f instead of f and to use Proposi-
tion 3.1 b). O

The proof of Proposition 2.4, with (2.1) replaced by (3.2), allows us to
obtain the next proposition.

Proposition 3.4. Under the hypotheses of Proposition 3.3, for every
r > n/4 and X > max{0, —inf o(H)}, there exists a positive constant C such
that for every U and §2 open subsets of R™, U bounded, we have that Py (Hgq +
A)~" € Iy and the inequality

(3.8) |Py(Ha+ A"z, < C’|QﬁU|1/2
holds.

The next two corollaries follow directly from the proposition above (see
the proofs of Corollary 2.5 and 2.6).

Corollary 3.5. Under the hypotheses of Proposition 3.3, for every m >
n/2 and X > max{d, —inf o (H)}, there exists a positive constant C' such that
for every Q open bounded subset of R™, we have that (Ho + \)~™ € Z7 and the
inequality

(3.9) [(Ha + )"z, < C|Q
holds.

Corollary 3.6.  For every f € Lgg,,,(R) there exists a constant C' > 0

such that, for every Q0 open bounded subset of R™, we have that f(Hgq) € Th
and the inequality

(3.10) |f(Ha)llz, < C|9Q
holds.

The last result of this section will be the equality Hp = Hq for open
subsets of R with minimally smooth boundary. This equality is a consequence
of the following proposition.
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Proposition 3.7.  Let ) be an open subset of R™ with minimally smooth
boundary (cf. Stein [15]). Then C§°(R2) is a core of the sesqui-linear form hq.

Proof. The proof is divided in three steps, in each of them obtaining
partial results.

i) D(hq) N L>(Q) is a core of hq.

We use an idea from [11]. Tt is obvious that the range of e~ is a core
of Hgq, hence also for hg. On the other hand, for every p > 0, e 0 is a con-
volution operator by an L?(R")-function, hence e~Ho ¢ B(L?(R™), L>(R")).
The inequality (3.5) implies therefore that the range of e~ /2 is contained in
L>(Q).

i) D(hq)NLZ, .(Q) is a core of hg.

comp

There exist (see [15]) N € N, a sequence (£2;);>1 of open subsets of R” and
two sequences of functions (¢;);>1 and (¢;);>0 with the following properties:

1. o c Q.

i>1
2. The intersection of NV + 1 open sets €2; is void.

3. The functions ¢;: R"~' — R are Lipschitz and the sequence of their Lips-
chitz constants is bounded.

4. We may suppose that QN Q; = {& € Q2. > @i(2))}, i > 1, where
x=(2',7,) ER"I xR =R"

5. ¢; € C®(R™), ¢; > 0, supp g € 2, and suppy; € §; for i > 1.

6. For every a € N 9%; are bounded uniformly with respect to i > 0.

7. Y t;=1on Q.

i>0

Let u € D(hg) N L>=(Q). Then suppu C Q and u = Y, u; the
series converges in D(hg), by the dominated convergence theorem. It suffices
to prove that for every i > 0, ¢;u is the limit in D(hg) of a sequence from
D(hq) N LS, (82). We can construct a partition of unity on a neighborhood
of supp (1;u), that is a sequence (5;);>1, with 3; € C°(R™), B; > 0, the
family (supp 3;);>0 being locally finite and ijo B; = 1 on a neighborhood
of supp (¢;u). We may also suppose that for every o € N™ the sequence
(0%Bj)j>o0 is uniformly bounded. Then ¢u = >, Bj(¢¥iu), the series being
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convergent in D(hg). It then follows that we may henceforth suppose ¥;u to
be compactly supported.

We have that you € D(hg) N Lg,,,(€2); hence it remains to show that for
every v € D(hg) N L>(Q), whose support is a compact subset of QN €, is the
limit in D(hgq) of a sequence from D(hq) N Loy, (§2)-

Let x;: R™ — R™ be the homeomorphism defined by y = x;(z) if and only
if y =2/, yn = xn — (a’). It is clear that v € H,,,,(R™) (the Sobolev space
of order 1 on R™, whose elements are compactly supported). Then w := voxlfl
belongs to HY,.. (R™) and suppw C R}. We consider a function ¢ € C§°(R"),

comp

6 >0, [6(y)dy =1, and such that |y| <1and y, > 0onsuppf. For0 <e <1
Rn

we define 6. € C§°(R™) by 0.(y) := e "0(y/e). Let w. be the convolution of
w by .. Then w. € C§°(R™), suppw. C R}, supg..<; ||wel[ o @®n) < 00 and
lim.w o we = w in H(R™). -

If ve = weox;, then ve € Hyp, (R™), supg <y [[ve]| Lo (mry < 00, limex o ve
= v in ‘HY(R"), and there exist g € (0,1] and a compact K contained in
QN Q; such that suppv. € K NQ for all 0 < € < gy. It is clear that v, €
D(hq) N L,y (€2) and we easily infer the existence of a sequence (g;);>0,
0 <ej <eo, limj o g5 = 0 such that lim; . ve; = v in D(hg).

iii) C§° () is a core of hq.

Let u € D(hq) N LgS,,,(2) and (0:)o<c<, be the sequence constructed in
ii). If g is small enough, u. := u* 6, € C§°(€2) and there exists a compact
subset M of ) such that suppu. C M for all e € (0, &g]. Moreover, the sequence
(ue)o<e<e, is uniformly bounded and lim o u. = u in H'(Q), since u € H ().
Hence, there exists a sequence (£;);>0, 0 < €; < &g, lim;j_.o €; = 0 such that

lim; o0 ue, = u in D(hg). O
84. Proof of Theorem 1.4

The main ingredient of the proof will be the following result.

Proposition 4.1.  Under the hypotheses of Proposition 3.3, for every
meN, m >n+2 and A > max{d, —inf o(H)}, there exists a positive constant
C such that we have

(4.1) 1Po(H +A) " Po — (Ha + X)"||lz, < C1Q[Y2[Q)'/?

for every Q bounded open subset of R™, where Q := {z € Q;dist(z, Q) < 1}.
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Proof. We have the identity

(4.2) PQ(H + A)imPQ — (HQ + A)im = Pq [(H + /\)7m — (HQ + A)im] Pq
m—1
= 3" Pa(H + X" [(H +X) ™! = (Ho + )] (Ha +2) 7 Pa.

Jj=0

Let ¢ € C>°(R™) be such that ¢ =1 on R”\ Q, ¢ = 0 on Q\ Q, and for every
a € N" 9%y is bounded by a constant independent on Q (we may construct it
by considering the convolution of the characteristic function of a neighborhood
of R™\ Q by a appropriate function from C§°(R™)).

We use Propositions 3.4, 3.1 d), Lemma 2.7 and the first equality in (3.1)
to estimate the Z;-norm of the terms in the sum in (4.2) corresponding to
j > n/2. Everything reduces to the following two estimates:

|[Po(H + X" (H+ X)) = (Ho + N e(Ho + A) 7 Pylz,
< C|le(Ha + X)77/2||z, ||(Ha + X) /? Pz, < C2 Q"2 Q]'/?

and

[Po(H + A~ H(H + N7 = (Ho + X1 [H, ¢] (Ho +X) 77~ Pallz,
< C3||Po(Ho +A) 77z, < CalQV2 102,
where the constants C;, 1 < j < 4, do not depend on (2, and we should consider
the fact that the derivatives of ¢ have supports contained in Q.
The terms with j < n/2 (hence m — j — 1 > n/2) are estimated in the

same way, using the other equality of (3.1) and the identity p(H + \)~! =
(H+XN)to+ (H+N"1H,o(H+ N1 ad

The assertions of Theorem 1.4 will follow from the next proposition.

Proposition 4.2.  Suppose that hypotheses i)-iv) hold. Then, for every
f € Co(R) and e > 0, there exists mo € N* such that we have

(4.3) |Tr (Pof (H)Po) — Tr f(Ha)| < €[]
for every Q € F with B(0;mg) C Q.
Proof. The proof follows [5]. For a fixed p > 1, we consider § > 0 as in

Proposition 3.3, and let a := max{d, —inf o (H)}+1. Tt suffices to prove (4.3)
for real functions f with supp f C [-a+1/2,00). The functions [—a+1/2,00) 3
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t— (a+t)""2f(t) eRand [0,2] 57 — 77" 2f(r7! — a) € R are continuous.
For every € > 0 there exists a polynomial P such that

7" 2f(r ' —a) = P(7)| <e for 0<7<2.

Then

(a+0)"*2f(t) - P. (

Let Q:(t) :== (a + t)_"_QPE(a%rt). Then, in form sense,

)’ge for t>—a+1/2.
a+tt

—e(a+H) " ? < f(H) - Q:(H) <e(a+H) "2,
hence

—ePo(a+ H) ™" ?Pq < Pof(H)Po — PaQ.(H)Pq
<ePola+ H) " 2Py,

Using Corollary 2.5 we infer

(4.4) |Tx (Pof(H)Pq) — Tr (PoQ-(H)Po)|
<eTr (PQ((L + H)_n_2PQ) <Cie |Q|,

where C} is a constant independent on € and €2 € F.
Similarly we prove that there exists another constant C5, independent on
¢ and Q € F, such that we have

(4.5) |Tr f(Ho) — TrQ:(Hq)| < eTr(a+ Hq) "% < Coel9.

Therefore (4.3) follows from (4.4), (4.5), Proposition 4.1 and hypothesis iv). O

85. Proof of Theorem 1.6

We shall identify the I'-periodic distributions on R™ to the distributions on
the torus T" = R™/T. The duality bracket for the dual pair (D’(T"), D(T"))
is denoted by (-, ), while {-,-) is the scalar product of R™. Let

" ={y* e R"; (v*,v) € 27Z for every v €'}
be the dual lattice of T'.

Proposition 5.1. Let B = % > Bjgdz; Adxy be a differential
1<j,k<n
2-form whose coefficients Bj, = —By; are real I'-periodic distributions on
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R™, and such that dB = 0. Then, there exists a differential 1-form A =
> Ajdzj, with coefficients A; real T'-periodic distributions on R"™ and such

1<j<n
that dA = B, if and only if
(51) <Bjk,].>p :0, 1 §]7k <n.
Moreover, if the coefficients Bjj belong to the Sobolev space H™(T"), 1 <
J,k < n, we can choose A; € L*(T"), 1 < j <n.
Proof. We may write

1 :
(Bjk, e %),

Bu= 3 B, B o

acl'*

the series being convergent in D’(T"), which means that there exists a constant
C > 0 and p € Z such that we have

(5.2) BF| < C(1+a))!, ael* 1<jk<n.
The condition dB = 0 means that 9;B;; + 0xBj; + 0; By = 0, hence
(5.3) B* 4 aBY +a;B =0, 1<y kl<n,

where a = (a1, ... ay). Similarly, we may represent A in the form

jLi(o j 1 —i(-,a
(5.4 A= 3 AT AL Ay,
acl*
and we have to find C' > 0, ¢ € Z such that
(5.5) AT | < C(A+a))l, ael* 1<j<n.

The equation dA = B, that is, the differential system
0j A, — OLA; = By, 1<j,k<n,
is equivalent to the algebraic system
(5.6) ;AR — oAl = —iBI* 1< kl<n, acl™"

The condition (5.1) means ng =0,1 <4,k <n,and it is a necessary condition
for the existence of a solution to the system (5.6). Considering (5.3), it is also
sufficient, since the general solution to (5.6) is

Cy for a =0,
—ila|™2 Y axBM +iq;C, for a#0,

1<k<n

(5.7) Al =
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where C,, are arbitrary constants with C,, = C_,. If we choose C, = 0 for
a # 0, we may take ¢ = p— 1 in (5.5). We have BN = ija, therefore also
Ag = A7 «» and the distribution A; is real.
To prove the last assertion, it suffices to note the fact that Bj, € H~'(T")
means
S+ Jal) 2B < .
o

Then the solution (5.7) with C% = 0 for a # 0 verifies

Z |A{;|2 < 00,

hence A; € L*(T™). O

Corollary 5.2.  Assume that hypotheses i), ii) and v) hold. Then there

exists a vector potential A = Y. Ajdz; with A; € L} (R",R) and T'-
1<j<n

periodic, 1 < j < n, and a constant magnetic field B® = %1<§< B?k dzjAdzy,
<jk<n

BY, = =By, € R, such that if A® = > AYda; with A9(x) :_% > B9,
1<j<n 1<k<n
the operators H(a,V) and H(A + Ao, V) are unitarily equivalent.

Proof. We first choose the form B® with BY, = —B}; € R such that we
have (Bj, — B?k,1>p =0, 1 < j,k <n. Itis obvious that Bj, € H~*(T"),
and therefore, using Proposition 5.1, we infer the existence of a 1-form A =

> Ajdx; with A; € L2 (R™, R) and I-periodic, such that dA = B — B,

loc
1<5<n
If_j/IO is the 1-form from the statement, we shall have d(A + 4y) = B = da.
Using Lemma 1.1 in [8], we deduce the existence of a real function g € H], .(R™)
such that a — (A4 A°) = Vg. If U is the multiplication operator by e'9, which
is unitary on L?(R™), Theorem 1.2 in [8] implies U H(a,V)U ™! = H(A +
A0 V). O

Remark 5.3.  Considering the definition of the density of states, we see
that it suffices to prove the existence of this measure for H(A+ A% V). There-
fore we may henceforth assume that a = A + A°.

Let T, v € I, the magnetic translations defined by B° in Corollary 5.2.
Hence T, = U,L,, where L. are the usual translations in R": (L u)(z) =
wx—7), x € R", v €T, and (Uyu)(z) = (B2 /24 (), B being viewed
here as a linear form on R™ A R"™.

Using the model in [1] (even if {7}, is not a group) we can define a I'-trace
on a class of operators from B(L?(R™)).
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Definition 5.4.  An operator S € B(L?(R")) commuting with the mag-
netic translations 7', v € I' is said to be of I'-trace class if for every functions
@, 1 € L, (R™) we have pStp € T1. We write S € I} .

Lemma 5.5. Let S € I and ¢, ¢, 1, w’ e L2, (R") such that

comp

> Ly(py) = 2 Ly(¢'¢') = 1. Then Tr (pSy) = Tr (¢'SY').

~yel ~yel

Proof. We have

Tr (pSv) =Tr | D _[Ly (@' Y)]eSy | =) Tr[(Ly (') pSY]
~yel yel
=) T (L))o S (L)) = > Tr [Ty (Ly ') ptb S (Lyt ) T3
~yell ~yel
=D Tr (L5 (ew)le'sw) = Tr | 1L (pv)]e' St
~yer ~yer
::TT(¢/Sd/%

where one should keep in mind the fact that the sums are finite and that 7T, is
a unitary operator on L?(R"). O

Thus, the following definition is justified.

Definition 5.6. If S € I}, we call I-trace of S the quantity Trp.S :=
Tr (pSv), where @, ¢ € Lcomp(R”) and ) L,(¢¢) = 1.
~yel
Lemma 5.7.  If S is a self-adjoint operator from B(L?*(R™)) and S €
I¥, then Kg, the integral kernel of S, is an L
diagonal of R™ x R™ is well-defined and locally integrable and, moreover,

be-function, its restriction to the

(5.8) TrpS = /Ks(z,x) dz.

Proof. The first assertions of the statement are consequences of the fol-
lowing remark: if ¢ ¢ € C5°(R™), we have Sy € Z;, therefore there exist @,
VU € T, such that ¢Sy = ®V. But Kg, Ky € L?*(R" x R") and

mwmm:/&m@mmmw,
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and, by the Fubini Theorem, the function R" 5 # — K gy (z, ) € C belongs
to Li.(R™). Hence, as K,gy = (p®@1)Kg, we infer that the functions Kg and
R™ 5 2 — Kg(x,z) € C are locally integrable.

We now take ¢ =1 = xp. Then >  L,(p9) =1, and
yel’

TrrS =Tr (pSY) = /gp(x)Ks(x,x) dz
R’Vl

=y /(L,ng)(x)Kg(m +7,z+7)dz

yel’ F

- Z Ks(z, ) da.

For the last equality we have used the relation Kg(z + v,z +7v) = Kg(z, ),
z € R", v €I, a consequence of T,,S = ST,. O

Now we are able to prove Theorem 1.6, having already a meaning for
the integral in (1.1). It suffices to check the existence of the limit, and the
relation (1.1). By Corollary 2.6, if Q € F and f € Co(R), then Pof(H)Pq € T4

and we have Te (Pof(H) Po) )
r (o Q
Q

Let us consider the following sets:

M:={yeT;(F+{y})nQ#0},
OM = {y € M;(F + {7}) noQ # 0},

o= | Feihce
YEM\OM
@r:= |J (F+{.
YEOM

We remark that in iv’) the inequality
{z e R™;dist (z,00) < 1} < ¢|Q]
may be replaced by

{z € R";dist (x,00) < a} < €|Q].
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Indeed, let x, be the characteristic function of the set {x € R™; dist (z,90Q) < a}
and py the characteristic function of the open ball of radius b and center 0. Then

Pb * Xa, (T) = / Po(T = Y)Xay () Y > Wa, Xa, (7)

whenever b > a1 + ao, where w,. denotes the measure of the ball centred at 0
and of radius ¢. Hence, an integration in x in the above inequality will give

wp [{z € R";dist (z,00) < a1} > wq, |[{z € R™;dist (x,00) < as}.
Consequently we may suppose that diam F' < 1, and therefore
Q\ Qr € (9Q)r € Q = {z € R dist(z, Q) < 1}.

By hypothesis iv’), we get that for every € > 0, there exists my € N* such that
if B(0;mg) C €, we have [(9Q)r| < €[, and hence [Q\ Qr| < |Q|. For such
an 2, we have

(5.9)
Tr(Pof(H)Po) Q| 1

o g | ] Se@ndas [ K
Qr Q\Qr

The operator H commutes with the magnetic translations T’,, v € I', whence
T, f(H) = f(H)T,, v €L, and then Ky (z+7,2+7) = Kpm)(z,2), € R,
~v € I'. Hence, we infer that

1 1
(5.10) m/Kf(H)(x,x) dz = W/Kf(H)(x’x) dz.
Qr F
We also have |Qp| = || — |\ Qr|, hence
€|
A1 1l—-e<—<1.
(5.11) c< g <
Finally,
(5.12) / K¢y (z,z)de | < / |K¢(mry(z, )| do
Q\Qr (0)r
o0
F
it

Now, the equality (1.1) follows directly from (5.9)—(5.12). O
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Remark 5.8.  We have that f(H) € Z¥ and then, by Lemma 5.7, we see

i D(Fef(H)Po) 1
Q—R™,QEF 1€ |F|

Tr Ff(H)
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