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Structure of Solutions of Nonlinear
Partial Differential Equations
of Gérard-Tahara Type

By

Hidetoshi TAHARA™ and Hiroshi YAMAZAWA**

Abstract

Let us consider the following nonlinear singular partial differential equation

(1) 0= (03 (), )

in the complex domain. When the equation is of Fuchsian type with respect to ¢,
holomorphic and singular solutions were investigated quite well by Gérard-Tahara
under some assumptions on characteristic exponents. In this paper, the same type
of equations is solved in the general case without any assumption on characteristic
exponents.

81. Introduction

Let C be the complex plane or the set of all complex numbers, ¢ be the
variable in C;, and « = (z1,...,2,) be the variable in C? = C,, x --- x C,, .
We use the notations: N = {0,1,2,...}, N* = {1,2,...}, a = (a1,...,a,) €
N |a| = a1 + -+ + an, and (9/0x)* = (9/0x1)* -+ (0/0x,)*. For o =
(a1,...,a0) € N" and 8 = (f1,...,0n) € N" we write 8 < « if §; < a; holds
foralli=1,...,n.
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Let m € N* be fixed and set

I ={(j,a) e Nx N"; j+|af <m and j < m},
N = #I,, (the number of elements of I,,,),
Z = {ZLQ}(]-’Q)G[TH eCV.

Let F(t,z, Z) be a function in the variables (¢,x, Z) defined in a neighborhood
A of the origin of C; x C? x CY. Let us consider the equation

(E) (t%>m“ - F<t’z’{(tgt)j(iz)au}(m)efm)

with the unknown function u = u(t,x). Set Ag = AN{t =0,Z = 0}. Our
main assumptions are:

Ay) F(t,z,Z) is a holomorphic function on A;
A2) F(O,I,O)EO on Ao.

In the study of singularities of solutions of nonlinear partial differential
equations of the normal form, the investigation of the above type of equations
has become very important (see Kobayashi [9], Lope-Tahara [12] and Tahara
[15]). If we set I, (+) = {(j,&) e Nx N"; j+ |a]| <m,j < m and |a| > 0}
the situation is divided into the following three cases:

Case 1: 68Z—F(O,x,0) =0 on A for all (j,«) € I,(+);
7,0
oF .
Case 2: 8Z—(O’O’0) # 0 for some (4, ) € L, (+);
7,0

Case 3 : the other cases.

In Case 1, equation (E) is recently called a Gérard-Tahara type partial
differential equation (or before it was called a nonlinear Fuchsian type partial
differential equation) and it was studied by Gérard-Tahara [5], [6] under some
assumptions on characteristic exponents. In Case 2, equation (E) is called a
spacially nondegenerate type partial differential equation: Gérard-Tahara [7)
discussed a particular class of Case 2 and proved the existence of holomorphic
solutions and also singular solutions of (E). In Case 3, equation (E) is called
a nonlinear totally characteristic type partial differential equation, and it was
studied by Chen-Tahara [2],[3] and Tahara [16].

In this paper we will discuss Case 1 again and determine all the singular
solutions of (E) under no assumptions on the characteristic exponents.
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82. Main Result

We will consider only Case 1 and so we assume:
OF

Az) ——(0,2,0) =0 on Aq for all (j,a) € L, (+).
0Z; o
Then, the indicial polynomial C' (X, z) of (E) is defined by
oF ,
= \" _ J
CA\z)=A s (0,z,0)A

j<m
and the characteristic exponents A1 (z),..., Am(z) of (E) are defined by the

roots of the equation C(A,z) =0 in A.
We denote by:

- R(C\ {0}) the universal covering space of C\ {0},

- Sp the sector {t € R(C\ {0}) ; |argt| < 0} in R(C\ {0}),

- S(e(s)) the domain {t € R(C\ {0});0 < |t| < e(argt)}, where (s) is a
positive-valued continuous function on Ry,

- D, the polydisk {z = (z1,...,2,) € C"; |z;| <rfori=1,---,n},

- C{z} the ring of convergent power series in x, or equivalently, the ring

of germs of holomorphic functions at the origin of C7.

We will determine all the singular solutions of (E) belonging in the class (’3+,
which is defined by:

Definition 1.  We denote by O, the set of all u(t,z) satisfying the
following i) and ii): i) u(¢, ) is a holomorphic function on S(g(s)) x D, for
some positive-valued continuous function €(s) on Ry and » > 0; and ii) there
is an a > 0 such that for any 0 < r; < r and 6 > 0 we have

max lu(t, z)| = O(]t|*) (ast — 0 in Sp).

Let us first recall the result in Gérard-Tahara [5]. Set
w=#{ie{1,2,...,m}; ReX;(0) > 0}.
When p = 0, this means that Re A;(0) < 0 holds for all ¢ = 1,...,m. When

> 1, by a renumeration we may assume

; <<
(2.1) {Re)\Z(O) >0 forl1<i<y,

ReX;(0) <0 for p+1<i<m.
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Theorem 1 (Gérard-Tahara (1993)). Assume the conditions Ay),
As) and A3z). Then we have the following results.

(I)(Holomorphic solutions) If \;(0) ¢ N* holds for all i = 1,...,m, the
equation (E) has a unique holomorphic solution ug(t, x) satisfying ug(0,z) = 0.

(II) (Singular solutions) Denote by S4 the set of all O -solutions of (E).
Then:

(I1-1) When p = 0, we have

St = {uo}

where ug is the unique holomorphic solution obtained in (I).
(I1-2) When p > 1, under (2.1) and the following additional conditions:

c-1) Ai(0) # A;(0) for 1 <i s j <y,

c-2) C(1,0) £0,

c-3) C(i+ 71 A1(0) + -+ 7,2.(0),0) # 0 for any (i,7) € N x N#
satisfying i + |j| > 2,

we have
Sy ={U(p1,-- -, 0u) 5 (91,5 0u) € (C{z})"},

where U(p1,...,0u) is an O, -solution of (E) depending on (P15--,0u) €
(C{z})* and having an expansion of the following form:

(22) Ulprsepu) = D pp(@)t™® + 3 wy(a)t!
1<p<p i>1
Y Gl M@ A (og 1),
i+2mlj|>k+2m
17121, (4,7 #(0,1)

If one of the conditions ¢-1) ~ ¢-3) is not satisfied, the expansion of
the solution will be much more complicated as is seen in the case m = 1 by
Yamazawa [17], and it seems difficult to describe the expansion in a concrete
form. But we can still get the following theorem.

Theorem 2 (Main result).  Assume the conditions A1), As), As) and
w > 1. Denote by S4 the set of all O -solutions of (E). Then we have

(2:3) Sy ={U(e1, - 00) 5 (p1,--,0) € (C{z})},
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where U(p1,...,pu) is an O, -solution of (E) depending on (¢1,...,¢u) €
(C{z})* and having an expansion of the following form:

(2'4) U(Qplv A @M) = Z (pp(flﬁ)’l)p(t, :)3) + Z Z d)k,l(x)wk,l(tﬂ 3?)
1<p<p k>11<i<my,

Here, vy (t, z), my and wy,(t, ) are as follows: (1) {vi(t,x),...,v,.(t,x)} is a
fundamental system of solutions of C(t0/0t,x)v = 0 in Oy, (2) my (k > 1)
are positive integers determined by the equation (E), and (3) wy,(t,z) (k> 1
and 1 <1 < my) are functions also determined by the equation (E) satisfying
the following property: there is a o > 0 such that wg (¢, z) = O(t°* . 0,) (as
t — 0) holds for all (k,1). The coefficients pp(x) and ¢i(x) are as follows: (4)
wp(x) (1 < p < p) are arbitrary holomorphic functions, and (5) ¢r(z) (k>1
and 1 <1 < my) are holomorphic functions determined by (p1(x),...,ou(x)).

In the above condition (3) the notation
w(t,z) =0t*,04) (ast — 0)
means that the condition t—*w(t, z) € (5+ holds.

Remark 1. If the condition c-1) is satisfied, we can choose {v;(t,x),...,
vu(t, )} as vp(t,x) =t forp=1,..., .

For m = 1, Theorem 1 was by Gérard-Tahara [4] and the general case as
in Theorem 2 was by Yamazawa [17]. In this paper we will prove Theorem 2
in the general case for m > 1 by a method a little bit different from [17].
Note that our equation (E) is expanded into the form

e5) c(2a)u=t@i+ ¥ b T [(2)(2)")""

p+lg|>2 (J,)€lm

where b(z) and b, 4(z) (p + |g| > 2) are holomorphic functions in a common
neighborhood Ay of the origin of C}, and p € N, ¢ = {gj o }(j,a)er,. € NV and
|Q| = Z(j,a)elm dj,a-

The rest part of this paper is organized as follows. In the next section
3 we will define the system of functions {wy;(¢t,z); k > 1 and 1 <1 < my }
on which our formal solution (2.4) is based. The properties of these functions
wg,i(t, ) will be investigated in Sections 4 and 5. After these preparations, we
will construct a formal solution (2.4) in section 6, and prove the convergence
of this formal solution in Section 7: up to this step we have a family of O-
solutions U (1, ..., ¢,) of (E) and

Sy D {U(e1,-,00) 5 (015, 04) € (C{z})*}.
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In the last Section 8 we will prove the equality (2.3); that is, we will prove that

every O -solution u(t, z) of (E) is expressed in the form u(t,z) = U(es, . . ., ©u)
for some (¢1,...,9,) € (C{z})".

§3. Definition of the System {wy ;}

Assume the conditions A;), Az), Ag) and p > 1. Without loss of generality
we may assume:

(3.1) Redo,1(0) < -+ < Redou (0) <0 < ReAi1(0) = -+ = ReAr, (0)
< Re>\2,1(0) == Re)‘l#z (O)
< e < ReAdJ(O) == ReAd,Md (0)7

where po =m —p, p; > 1 (i=1,...,d) and py + -+ + pg = p. Set
(32) a; = Re/\i,l(O) == Re)\iym(()) 1= ].7 [N ,d.
We have 0 < a1 < ag < -+- < ag < oo. We choose a constant o such that 0 <
o <min{l,aj,as—ay,...,ag—aq—1} and {ck; k =1,2,.. .}n{a1,as,...,aq} =
@. Then we have integers N; (i = 1,...,d) such that 1 < N3 < Np < -+- <
Ny < oo and that
(3.3) oN; <a; <o(N; +1), i=1,...,d.

It is easy to see that for i =0,1,...,d

(34) CilAx) = (A= Xia(2) - (A = Ai, (@)

is a polynomial of degree p; in A with coefficients being holomorphic in a
neighborhood of x = 0 € C7. We have a holomorphic decomposition

(3.5) C(\x)=Co(N2)Cr(A ) -+ - Ca(A, x).
Let i € {1,...,d}. Since the equation
0 PN
(3.6); C; (ta,x>v =0 in Oy

is an ordinary differential equation in ¢ of Euler type with a holomorphic pa-
rameter z and since ¢ = 0 is a regular singular point, we have a fundamental
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system {v; 1(t,),..., v, (t,z)} of solutions of (3.6); in the following sense:

v-1) v; ;(t,z) is an O_-solution of (3.6),;

77

v-2) if v(t,z) is an O-solution of (3.6),, v(t,x) is expressed in the form

Zgo] x)v; ;(t, x)

for some unique (¢1(z),...,pu,(x)) € (C{z})"

Moreover, by the conditions (3.2) and (3.3) we have v; ;(t, z) = O(t7Vi, 0,) (as
t —0) for j =1,..., ;. Since the equation is defined on (C; \ {0}) x Dp for
some R > 0 we see that these v; ;(t,x)’s are holomorphic on R(C; \ {0}) x Dg.
For details, see Lemma 1 in Section 4. We will choose such a fundamental
system {v; 1(¢,2),..., v, (¢, )} and fix it from now.

Fori=0,1,...,d we set

1
B @) = —1 30 (1) er 0 (7, ) Aertan ()
fi: TESy,;

where S,,, is the group of permutations of {1,2,..., ;}. By the theory of sym-
metric entire functions we see that E;(7y,...,7,,,2) is a holomorphic function

n (R(C\ {0}))* x Dg. For a function f(¢,2) on R(C; \ {0}) x Dr we define
Ri[f](t,x) and S;[f](t,x) by the following:

t dr,, wi dry,, -
(3.7 Rilflt,2) :/O lel / T,fl,ll
/ ”dn [E (E,.._,T‘;Zl, T?,%)f(n,x)} ;
(3.8) Si[f](t,l') — (,1)#7:/26 dTm / dTm—l

T Tui—1
Ldrn sl Tiui=1 Tu,
NEEE — |E; e T T flm,x)] .
™ Tl T2 Thi

The condition under which the integral (3.7) (and also (3.8)) makes sense will

be investigated in Section 4. If these integrals are well defined, it is easy to see
that R;[f](t,z) (and also S;[f](¢,z)) gives a solution of the equation

(3.9); c; (t%,x)w = f(t, ).
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We define the integral Q[f](¢,z) by the following:

RoS1Ss - -~ Salf](t, ), if 1 <k < Ny
RoR1S2 -+ Salf](t, ), if Ny +1 <k < No;

(3.10) k[t x) =

Ro - Ra—18Salfl(t,x), if Ng—1 +1 <k < Ng;
RO . 'Rdfle[f}(ﬂl‘), if Nd +1 S k.

If every integral is well defined, by (3.5) we easily see that Q[f](t,z) gives a
solution of

0
(3.11) C(ta,x)w = f(t,2).
By using these integrals, we define:

Definition 2.  We define finite sets F (k =1,2,...), Gx (k=1,2,...)
and Hy (k=1,2,...) of holomorphic functions on R(C;\{0}) x Dg inductively
by the following procedure (1)~(3):

(1) Weset F1 ={Qq[t]}. Itk > 2and if Hy, ..., Hi_1 are already defined,

we set

A= U U {Qeltrwn v, ] v € e, (v=1....1a) },
2<p+g|<k  kitetkg
peN, geNY =k—p
Lyeeny k|q|€N

where N = #1,,,. If |q| = 0 we have p = k; in this case Q[tP¢x, - - -k, | should
be read as Qy[t*]. Note that in the right hand side we have 1 < k, < k — 1 for
v=1,...,|q| and therefore Fj, is well defined by the above formula.

(2) If Fy, is already defined, we set

g _ 7 it k£ Ny, Ny
ke F U{’Uiﬁl,...,vi’#i},ifk = N;.

(3) If Gy is already defined, we set
m= U U () () wiwea).
(J,a)€ly 0<Bj,a<a

Definition 3.  We define the system of functions {wy (¢, z); k> 1,1 <
I < my} by the following: set my = #F, (the number of elements of the set
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Fi) and
}'k:{wk,l(t,x)7...,wk,mk(t,m)} for k=1,2,....
It is clear that mq =1 and Fy = {w11(¢, 2)} with w1 = Q1[t].

Remark 2. (1) The sets Hy (k > 1) are introduced only to avoid the
confusion of subscripts in (1) of Definition 2.

(2) In the above finite sets F, G and Hy, every two elements with different
labels (i.e., p,q, k1, ..., k|q and so on) are regarded as different elements, even
if they are the same function. Hence, if we set My = #Gi, Jn = {(j, o, B) €
N x N" x N*;: (j,a) € I,,,0 < 8 < a} and

(812) 2= {(p.a M0 (1 (G (), B0)N,) € N x NV x
X (N9)191 x (N*)l x (N x N* x Nl ; 2 < p+ Jg| < k,
p—|—k1+---+k‘|q| =k, 1<, <M, (i=1,...,|q]),
(s (i), B(0)) € Joni =1, lal) }
we have my = #2Z.
The basic properties of these functions are as follows:

Proposition 1.  Let o > 0 be the one in (3.3). If R > 0 is sufficiently
small, we have:
(1) wia(t,z) (k>1,1<1<my) are holomorphic on R(C, \ {0}) x Dg.
(2) For any 6 > 0 there is a 6 > 0 such that
1

(3.13) ](t%)j(%)awk,l(t,x)| < IH on S6(8) x Dr

holds for any k > 1, 1 < 1 < my and (j,a) € I, where Sg(0) = {t €
R(C\ {0}); |argt| < @ and 0 < |t| < 4}.

In the next Section 4, we will present some preparatory lemmas which are
needed in proving Proposition 1; then in Section 5 we will give a proof of this
proposition.

84. Some Lemmas

We will present some preparatory lemmas for the proof of Proposition 1.
In this section we use the following notation:



348 HIDETOSHI TAHARA AND HIROSHI YAMAZAWA

Definition 4. Let R > 0 and s € R.
(1) Let # > 0 and § > 0. We denote by Os(Sg(d) x Dg) the set of all
holomorphic functions f(¢,z) on Sp(d) x D satisfying

(4.1) |f(t, )] < CJt]° on Sp(d) x Dg

for some C' > 0.

(2)  We denote by O,((Cy \ {0}) x Dg) the set of all functions f(t,z)
which satisfies the following i) and ii): i) f(¢,z) is a holomorphic function on
R(Cy\ {0}) x Dg, and ii) for any # > 0 and any ¢ > 0 there is a C > 0 such
that | f(t,z)| < C|¢|® holds on Sp(d) x Dg.

Let p € N*, let a;(x) (i = 1,...,p) be bounded holomorphic functions on
DR, let
P& ) =&+ ar(2) 4 -+ ap 1 (2)€ + ap(2),

denote by &1(x), ..., &p(z) the roots of P({,z) = 01in &, and let us consider the
following Euler type homogeneous equation:

(4.2) P(t%,x)v =0

with the unknown function v(¢,x). By the theory of ordinary differential equa-
tions (or by Proposition 6.3 of Mandai [10]) we know:

Lemma 1. Set

1 gpk
27(\/—_1/1‘ P(&.T)

where T is a simple closed curve in the complex plane which encloses the set
{&(x);i=1,...,p and x € Dr }. Then we have the following results.

(1) vp(t,z) € Oy((Ce\ {0}) x Dg) (k=1,...,p) hold for any s satisfying
s <inf{Re&;(z);i=1,...,p and = € Dg}.

(2) If p1(x),...,pp(z) € C{z} satisfy

tde, k=1,...,p,

vg(t,z) =

P
> p(@)or(t, ) = O(t*,04) (as t —0)
k=1
for some b with b > max{Re&;(0);i = 1,...,p}, then we have pi(x) = 0 in
C{z} fork=1,...,p.
(3) If Re&;i(0) > 0 holds for all i = 1,...,p, the system {v1(t,z),...,
vp(t,x)} is a fundamental system of O -solutions of (4.2).
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Next, let us consider

9 .
(4.3) P(ta,x)u: F(t.z) in O4(Se(8) x D).
Set
E(r1,...,7p, ) |Z 7)) (1) e (@)

p: TES)

The following result is due to Baouendi-Goulaouic [1]:
Lemma 2. Lets € R and L > 0. Assume that
s—Re&(z)>L on Dr fori=1,...,p.

Then, we have:

(1) For any f(t,z) € Os(Sp(d) x Dg) the equation (4.3) has a unique
solution u(t,z) € Os(Se(8) x Dr) and it is represented by the following integral
formula:

u(t, ) /dTp/TpdTp 1 ,./72@[]5(1,__,,7” L x)f(T17l‘):|'
T T2 ™ot

(2) If f(t,x) satisfies the estimate (4.1), the solution u(t,x) satisfies

(4.4) (tﬁ)j (t,z)| < Se(8) x D for j=0,1
. e u(t, x on Sy r for j=0,1,...,p

for any constant A > 0 with

A> 1
_max[—i— i

1<i<p

g 6]

Proof.  Since the equation (4.3) is written as

(10 ~&@) - (1, ~ &l )u=ft,)

(1) is obtained by integrating this directly. Let us show (2). Set

o —6(@) dr
ul(tvx):/o (71) f(ThSC)?ll

E oy (@) dr;
u;(t,z) = / <2> i1 (73, ) T for i= 2,...,p.
0 T,

t i

and
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Note that (t0/0t — & (z))ur = f(t,x) and (t0/0t — &(x))u; = ui—1(t,x) (i =
2,...,p) hold.

Let us first estimate uq(t, ) on Sp(d) x Dg. By taking {r; 7 = rt,0 <
r < 1} as the path of integral we have

1
(4.5) luy (t, )| = / 8 @=L et 2) dre

0

1 1
< / T*Rc&(m)fl CT’S|t‘S dr — OMS/ TS*RCEl(I)*l dr
0 0
! 1
< C\t|s/ ri=tdr = C|t|sz on Sy(0) x Dg,
0
and by using (t0/0t)u; = &1 (x)uy + f (¢, z) we see

@ (g m)| = @) + 0.0

SUPyepy [61(2)]

1| Ctf*

1
< | sw @] clle} + 1 =
r€DR

< AC|t)® on Sy(d) x Dg.

Let us next estimate ua(t, z) on Sp(d) x Dr. Since (t0/0t — &3(x))ue =
uy(t,x) holds and since uq (¢, z) satisfies the estimate (4.5) on Sy(d) x Dg, by
the same argument as in the case u; we have

1 s d A
lug(t, z)| < ﬁC|t|‘ and (ta)ug(t,:r) < ZCM on Sp(d) x Dg.

Moreover, by using (t0/0t)?us = &(z)(td/0t)ug + (t0/0t)u; and (4.6) we have

0\ 2 o P
'<t§> uz(t, )| < |€2(z)| <t§>uQ(t,x) + ‘(tg)m(t,x)
< [Sup |§2(33)] %C\tls+AC\t|S: wJﬂ] ACH!
rz€EDR L

< A2COJt]* on Syp(d) x Dg.
Thus, by repeating the same argument as above we can obtain the estimate

A

< -
= [p—J

‘(t%)jup(tyf) C|t]* on Sg(6) x Dr for 7=0,1,...,p.

Since uy(t,z) = u(t,z) holds (by the uniqueness of the solution in (1)), this
completes the proof of the part (2). O
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Let us also consider the Cauchy problem with initial data on {t = d}:

p(t%,x)u = f(t,x) in O,(Ss(6) x D),

(1)

Lemma 3. Let s € R and L > 0. Assume that

(4.7)
=0 for j=0,...,p—1.
t=48

s—Re&(z)<—-L on Dr fori=1,...,p.

Then, we have:

(1) For any f(t,x) €
solution u(t, ) € Og(Sp(0)
formula:

= [

Tp

x/ n E(E =t Tlﬂ:)f(ﬁ )
m Tl - S A g

(2) If f(t, x) satisfies the estimate (4.1) and if [Im & (x)| < M (i=1,...,p)
hold on Dp, the solution u(t,x) satisfies

O4(Sp(0) x DR) the equation (4.7) has a unique
x DR) and it is represented by the following integral

(4.8) ‘(t%)ju(t,x) <4 (eM(0+ %))H Clt* on Se(6) x Dr

for 7=0,1,....p

for any constant A > 0 with

1
Mo — )
Az 1Igza<xp |:1 (e (0 L)) aféquR |§z("’3>] .

Proof. (1) is obtained by a direct integration. Let us prove (2). Set

5
71\ —61(2) dr
ul(t7x) = 7/ <71> f(Tlax) -
t t T1

O i\ (@) dr;
ui(t,z) = —/ (2> wi—1 (75, ) i for 4 = 2,...,p
: T,

%

and

Note that (t9/0t — & (x))u1 = f(t,z) and (¢0/0t — &(x))u; = ui—1(t,x) (i =
2,...,p) hold.
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Let (t,x) € Sp(d) x Di and set ¢t = |t|exp(v/—1¢). Then, by taking the
path {r1; 71 = [t|exp(vV/—1¢), 0 < o <Y} U{r; 71 =1, [t| <7 < §} we have

—&1(x)
P |t‘€\/j1¢ —
|u1(t7m)| < /0 <W f(|t|€ﬁw,x) dy

—&1(x
+ /6 S ( )f(r x) ﬁ
o\ [tlev=Tv o

o s —s—1L d
g/ eM90|t\5d<p+/ eM"<L) ors &
0 I¢] [t] T

t —-L 5—L
_ €M0C|t|59 + €M90|t|S+L | ‘

L
1
<Ct* (M 0+ -
_C'|(6 (+L>),

and by using (t0/0t)u; = &1 (z)uy + f(¢, z) we see

‘ (12 ) (t,)| = la(ehuns (0,2) + 10, )

1
< [ sup 51(33)@ <6M0 (9 + )> C|t]* + C|t|*
x€DR L
< AC|t)® on Sy(d) x Dg.

Thus, by the same argument as in the proof of Lemma 2 we obtain

'(taat)jup(t,z)

for 7=0,1,....p.

"Clt]* on Sy(8) x Dr

p—

< A (eM"(e + %))

This completes the proof of the part (2). O

The following result is also very important in the asymptotic analysis (as
t—0):

Lemma 4. Let f(t,z) € 6+ and let us consider
o o~
(4.9) P(t§7m>u = f(t,x) in O4.

(1) If f(t,z) = O(t*,04) (as t — 0) for some s > 0 and if s >
max{Re&;(0);i = 1,...,p} holds, the equation (4.9) has a unique solution
u(t,z) € Ot satisfying u(t,x) = O(t*,04) (ast — 0).
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(2) If u(t,x) € O, is a solution of (4.9) and if the following conditions
i) u(t,z) =0(t*,0,) (ast —0),
i) f(t,z) =0(" O4) (ast — 0), and
iii) b>s>max{Re&(0);i=1,...,p},
then we have u(t,z) = O(t*, OL) (as t — 0).
(3) If f(t,z) = Ot*,04) (as t —> 0) for some s > 0 and if s <
min{Re&(0); i = 1,...,p}, every solution u(t,xz) € O of the equation (4.9)
satisfies u(t,x) = O(t*,04) (ast — 0).

Proof. (1) is almost the same as Lemma 2. The proof of (2) is as follows.
By (1) we have a solution w(t,z) € O, of (4.9) satisfying w(t,z) = O(t*, O,)
(as t —> 0). Then, P(td/0t,z)(u — w) = 0 and (u — w)(t,z) = O(t%,O4) (as
t — 0). Thus, by the uniqueness part of (1) we obtain (v — w)(¢,z) = 0 and
sou=w=O0("0,) (as t — 0).

Let us show (3). Assume that f(t,2) = O(t*,0,) (as t — 0) and that
0 < s < Re&;(0) holds for all ¢ = 1,...,p. By Lemma 3 we know that the
equation (4.9) has a solution w(t,z) € O, satisfying w(t,z) = O(t*,04) (as
t — 0). Moreover, since (4.9) is an ordinary differential equation with a
holomorphic parameter x, we know by Lemma 1 that (4.9) with f(¢,x) =
0 has a fundamental system {uv;(t,2),...,v,(t,z)} of O -solutions such that
vi(t,z) = O(t5,0,) (as t — 0).

Now let u(t,z) € O, be any solution of (4.9). We have P(td/dt, z)(u —
w) = 0 and therefore (v — w)(¢,z) is expressed in the form (v — w)(t,z) =
b di(x)vi(t,z) for some ¢;(x) € C{z} (i = 1,...,p). This leads us to
u(t,z) = w(t,z) + >0 ¢i(x)vi(t,z) = O(t*, 0,) (as t — 0). O

For a function ¢(z) on D, we define the norm ||¢||,- by

[6llr = sup [¢(z)].
z€D,

In the proof of Proposition 1, we need also the following Nagumo’s lemma (see
Nagumo [11] or Lemma 5.1.3 of Hérmander [8]):

Lemma 5. If ¢(x) is a holomorphic function on Dg and if

C
|- < Na=sh forany 0 <r <R
holds for some C > 0 and s > 0, then we have
1
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85. Proof of Proposition 1

Let us return to the situation in Section 3. Let 0 < a1 < as < -+ < aq
be the ones in (3.2), and let 0 > 0 and 1 < N; < Ny < -+ < Ny be the ones
in (3.3). Under these fixed constants, we choose now a >0, R > 0, L > 0 and
¢ > 0 so that the following properties h-1)~h-4) hold:

h-1) o0 <a <min{l,a;};

h-2) aN; <a; <a(N;+1) for i=1,...,d;

h-3) for k=1,2,..., Ny we have

lak —Re\; p(z)| > L on Dgr for all (i,p);
h-4) for any k > Ny + 1 we have
ak —ReX; p(z) > ck on Dg for all (i,p).

Note that this is possible by choosing a sufficiently close to ¢ and by choosing
R, L and c sufficiently small. Without loss of generality, we may assume that
0 < R <1 holds and so 1/(R —r) > 1 holds for any r € (0, R).

Let Qf be the operator defined by (3.10). By Lemmas 2 and 3 we have:

Lemma 6.  For any k = 1,2,... we have the following properties (1),
and (2),, in which the constant Ag > 0 is independent of k, f(t,x), r and j.

(U IF J(t,2) € Our((C \ {0}) x D), we have Qu[f)(t, ) € Oun((C: \
{0}) x Dg) and C(t0/0t,z)Qk[f] = f on R(C¢\ {0}) X Dg.

(2), Moreover, if f(t,x) satisfies

(5.1) 1F @)l < Clt[** on Sp(1)

for some 0 <r < R and 0 > 0, we have the estimate

(5.2) H(t%)ij[f](t)H < A0 it on Sy(1) for j=0.1,.. . m—1

km—J
Proof. Since h-3) and h-4) hold, by applying Lemmas 2 and 3 (d + 1)-
times we easily see the property (1),. Moreover, if k = 1,..., Ng and if f(t,x)
satisfies the estimate (5.1) we have

< Ag;COt|*™™ on Sp(1) for j=0,1,...,m—1

T

(t5) @l

where the constants Ay ; >0 (1 <k < Ngand 0 <j <m—1) depend on § in
general but are independent of f(¢,z) and r. If kK > Ny + 1, by (3.10) we have
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=RoR1 - Ra[f]; therefore by h-4) and Lemma 2 we obtain
A; ak )
1) SkaC\ﬂ on Sp(1) for j=0,1,...,m—1
where the constants 4; > 0 (0 < j < m — 1) are independent of 6, k, f(t,z)

and 7.
Thus, by setting

Ay = max max A ;K77 max Aj
1<k<Ng 0<j<m—1
0<yj<m-—1
we obtain the estimate (5.2). O

Now, let us give a proof of Proposition 1.  Recall that {v;1(¢,2),...,
Vi, (t, )} is a fundamental system of solutions of (3.6),. Since alN; < Re A, ,(x)
holds on Dpg for p = 1,..., u;, by taking a smaller R > 0 if necessary we see
the following i) and ii): 1) v, 4(t,z) € Oun, (C\ {0} x Dg) (h=1,..., 1),
and ii) for any 6 > 0 there is a B}, > 0 such that

O\ s 0\ v luaN:

(5.3) H(tat) (%) th(t)HR < By |t on Sy(1)
for any (j,a) €Iy and h=1,...,p

Therefore, by using the condition 0 < R < 1 and by setting B; g = B;QNZ-’” we

obtain the following estimates:

ONJ/ O\o 1 Bi,@ aN;
(5-4) H(’E) (32) ”i’h(t)Hr S Nl (R =y 117 on So(D)

forany 0 <r <R, (j,a) € I, and h=1,..., p;.

Recall also that F1 = {w1,1(¢,2)} with wy1 = Q1[t], and that 0 < a < 1
holds. Therefore, we may assume that wi 1 € O, ((C;\{0}) X Dg) and that for
any 6 > 0 there is a Ky > 0 which satisfies

< Ky |t|* on Sp(1) for any (4, a) € Ip,.
R

69 [ () w0

By induction on k we have:

Lemma 7. For any k = 1,2,... we have the following properties (1),
and (2),, in which the constant Cy > 0 is independent of (j, ), k and l.
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(1), wr(t,x) € Oue((Cy \ {0}) x D) for any 0 < r < R and | =
1, e, M.
(2), We have the following estimates for any 6 > 0:

INI DN\ 1 Okt ok
(56) H('ﬁ) (%) w’“’l(t)Hf km—i=lal (R — p)m(=1) [t on Sp(1)

forany 0 <r <R, (j,a) €L, andl=1,... ,my.

Proof. We set

2N;—1)
.

(57) 09 = max {K@, (Bl,g)l/( cey (Bd 9)1/(2Nd71), 1, (me)mAg s

)

where Ky, B; g and Ay are the constants in (5.5), (5.4) and Lemma 6, respec-
tively. Since Cy > Ky holds, the case k = 1 is clear from (5.5). Let us prove
the case k > 2 by induction on k.

Suppose that & > 2 and that (1), and (2), are already proved for i =
1,...,k — 1. Then, by the definition of Fj, = {wr1(¢, ), ..., wem, (¢, x)} we
see that wy (¢, ) is expressed in the form

(58) U}k,[(t, 37) = Qk’ [tpwk’l e wqul]

where ¢, € Hy, (v =1,...,]q]),2 <p+ gl <kandp+ki+---+ kg =k
(by Definitions 2 and 3). Also we know that each ¢y, (¢, ) is expressed as

i (13) = b, el (12 (D) g

for some (j,a) € Ly, 0 < B0 < a and W (t,x) € G, (by Definition 2). Since
1 <k, <k —1 holds, in the case W (t,z) € Fj, by the induction hypothesis

we have
)

1 092/6,,—1

(5.9 n, @), = k7]

< kylﬁj,al

= (R _ T)m(kl,—l)

In the case k, = N; and W(t,z) = v; 5 (¢, x), by using (5.4) and the inequality
B;g < Cp*Mi71 we can obtain the same estimate as (5.9).
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Therefore, by the conditions k1 +---+kjq =k —p, p+1q/ >2,0<a <1,
Cyp>1and 1/(R—r) > 1 we have

092k1—1 x 002k|q|—1 x
P, (8) - (D] < [Pl ek O |yjaki
H ¢k1( ) wkm( )HT = | ‘ (R— T)m(k171)| | (R — T‘)m(k|‘1|71)| |
C02k*217*“ﬂ ralk—
RS e
09216—2

< e on So(0).

Since 6 > 0 is arbitrary, this implies that tP¢y, -+ -9y, € Our((C:\ {0}) x D)
for any 0 < 7 < R. Thus, by (1), of Lemma 6 we see that wy (t,z) €
Our((C; \ {0}) x D) holds for any 0 < r < R.

Moreover, by applying (2), of Lemma 6 to (5.8) we have

(tﬁ)J AQ C@2k_2
a1 k3 (R — k)

forany0<r< Rand j=0,1,...,m—1

[t|°*  on Sy(1)

w1 (t) H <
T

and by using Lemma 5 and Ay (me)!®! < Ag(me)™ < Cy we obtain

|(2) ()i
Ag_(m(k—2)+1) - (m(k —2) + |a])el*!Cy*

< - |twk
km—J (R _ r)m(k72)+|a\
oAy (me)l ||k
= m—i—lal (R — rym(=1)
1 09216—1 ok
< Fr=i—Ta] (R = r)=D |t] on Sp(1)
for any 0 < r < R and (j, @) € Ip,. Thus, we have proved (2),. O

Completion of the proof of Proposition 1.  We set r = R/2. Then we see
that wy (¢, ) € Oax((Ct \ {0}) X Dgy) for all (k,1), and that
NI [0\ 1 Co* !
V(= <
H (tﬁt) (81:) () Ry RmoI-1al (R2)mT)

‘ﬂak

1 (( CbQ

k
< a—o ok
S e \(Rj2ym ) 477 on So(1)
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holds for any (j, @) € I, and (k,). Thus, if we take § > 0 so that

Cp?
(R/2)™

5(1—0’ S 1
we obtain the estimate (3.13) with R replaced by R/2. This completes the
proof of Proposition 1. O

By the proof of Proposition 1, we have:

Corollary to Proposition 1.  We have v; ,(t,x) = O@t°Ni,0,) (as
t — 0) for all (i,h), and wy,(t,z) = O(t°%, O4) (as t —> 0) for all (k,1).

86. Construction of a Formal Solution

Let us construct a formal solution u(t, z) of the equation (E) in the form
(6.1) u(t,z) = u(t,z)
k>1

with

M

Zqﬁk,l(m)wk’l(t,x), ifk#Nl,...,Nd,
(62)  w(tw)=q % mi
Z (pi’j(l‘)’l)i’j(t, .’L') + Z q’)k’l(aﬁ)wk’l(t, {)3)7 if k= Ni;
j=1

=1

where ¢; ;j(z) and ¢ (z) are suitable holomorphic functions in a common
neighborhood of x = 0. If such a formal solution is constructed, by Corol-
lary to Proposition 1 we have

(6.3) up(t,z) = 0(t°%,0,) (ast — 0) forall k> 1.

Let us decompose our equation (E) under the condition that the solution
u(t, z) is expressed in the form (6.1) with the property (6.3). By substituting
(6.1) into (2.5) we have formally

6 Y o(gau=twrs 3 b 1 [Sowu]

k>1 p+lg|>2 (J,a)ely, k21

in which we used the following notation

Dy~ () (2)w
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Therefore by comparing the asymptotic behavior (as t — 0) of each term in
the both sides of (6.4) we have:
o _
c(ta,x)ul = b(a)t+ O(t,0,) (ast — 0)
and for k > 2

Z C(t%,x)ui

1<i<k

=b@)t+ > b S I Il Prews,.e

2<p+|q|<k p+1k(q)|<k (j,0) €l 1<i<qj,a
+0(** N 0,) (ast — 0),

where

E(q) = {(kja(i); (J,@) € Iy, 1 <i < gj o}, and
‘k(q” = Z (kj,oz(l)"_"'+kj,a(qj,a))'

(J,)€lm

Thus, from the view point of asymtotic analysis (as ¢ — 0) the following
decomposition will be reasonable:

0
(6.5) C’(ta,x)ul = bzt
and for k > 2
(6.6)x
9 P
C(ta,x)uk = Z bp,q(z)t Z H H Dj ok, . (i)
2<p+|q|<k p+lk(q)|=Fk (j,0)€Tm 1<i<gj,a

It should be remarked that in the right hand side of (6.6), only the terms
U1, ..., up—1 and their derivatives appear and that (6.5) and (6.6), (k =2,3,...)
give a recurrent family of equations.

Now, we write Wy, (¢, z) = wy,(t,z) for all (k,1), and in the case k = N;
we set Wi m,+j(t,2) = v;;(t,x) for j =1,..., ;. Also, we set My = my, if
k# Ni,...,Ng, and set My = my + p; if kK = N;. Then we have

(6.7) Gk ={Wky;1<1< My}

{wig; 1 <I<mg}, ifk+#Ny,...,Ng,
{wig; 1 <U<mgtU{via(t,z),... vt 2)}, k=N,
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and ug(t,z) in (6.2) is expressed in the form

(6.8)4 Zd)kl YWia(t, x)

where in the case k = N; we set Qﬁk,nLk+j(x) = i(t,x) forj=1,..., .
Recall that v; ;(t,z) is a homogeneous solution of C(t9/0t,z)v = 0 and
therefore we have

(t* I)Z¢kl YWia(t,z) = Zd?kz [ (t* I)wkl(t l‘)}

for all k > 1. Since m; = 1, by substituting (6.8), into (6.5) we have:

$1,1(x) {C’ (t%, x) w1 (t, 9:)] = b(2)t.

Since w1 1(t,z) = Qi[t] we have C(t0/0t,x)wi,1 = t and so ¢11(x) = b(x).
Thus, we obtain a solution us (¢, z) of the equation (6.5).

Let us suppose k£ > 2 and that a solution w;(t,x) of the equation (6.6), is
already obtained in the form (6.8), for i = 1,...,k — 1. Under these assump-
tions, let us solve the equation (6.6), and find a solution uy(t,z) in the form
(6.8),. By substituting (6.8),,...,(6.8), into the equation (6.6), we have

% Gri(x) [C’ (t%, 1:) w1 (t, x)]
=1
- Z bp,q ()17 Z Z H H {1X

2<p+lq|<k p+1k(9)|=F q)eL(q,k(q)) (J,0)E€lm 15iZgj.a

XD (9001000 (@ Wi 00,00 (02)) | |

where

1q) = {(1a(D); (@) € Iy and 1< < g0}, and

L(g, k(q)) = {l(@); 1 < (i) < My, i)
holds for all (j,a) € I, and 1 <@ < gj o}

Hence, if we set
Tk(p,q) = {(k(q),U(q)); p+ |k(q)| = k and I(q) € L(q, k(q))},

B(q) ={(Bj,a(?); Bja(i) e N*, (j,a) € I;, and 1 <i < g},
I'(q) = {B(q); Bj,a(i) < a holds for all (j,a) € I, and 1 <i< g},
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equation (6.6), is expressed in the form

(6.9)
lz:; d)k,l(m) |:C (t%, x) wkyl(t, .’t)}
= Y byl > D Ukia)ia).8) (@)X

2<p+lq|<k (k(q),1(q)) €Tk (p,9) B(a)ET(q)

I I 5@ D00 (Wm0 t0)

(j,0)€lm 1<i<gj,a

and Yy (q),i(q),8(¢) ()’s are known functions; precisely they are given by

(6.10)

Vk(g),1(9),8(q) (T)

- I I (o) igmm ) ono@

(4,@)€ly 1<i<gj,a

We remark again that in the right hand side of (6.9) (and (6.10)) the inequality

1 < kj.o(7) < k—1holds for all (j, o, i) and therefore the right hand side of (6.9)

(and (6.10)) can be considered as a known part by the induction hypothesis.
Here we note the following lemma:

Lemma 8. Let k > 2 and set Ay, = {(p,q,k(q),1(q),08(q));2 < p+
lg| < &, (k(q),1(q)) € Tx(p,q) and B(q) € T(q)}. Then by a suitable injection
7 Ay — {1,2,...,my} we have the following equality:

(611) Qk‘ tP H H kj@( )WJ a(l)‘D],a Bj.a (i) (WkJ NORTING) (t, x))]

(J,@) €l 1<i<gj,a

= wk’l(t, .’t)

under the correspondence m(p, q,k(q),1(q), 5(q)) = 1.

Proof. Let Zj, be the set in (3.12). For ¢ = {gj.a}(ja)er,, € NV we set
S(q) ={(j,,1); (j,a) € I, and 1 < i < gjo}. Then we have |q| = #S5(q).
Therefore, by

Ak > (pa q, k(Q)v l(q)v B(q)) — (pa q, k(Q)v l(q)v {(]a Q, ﬁj,a(i)}(j,a,i)ES(q)) € 2y
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we have a natural injection from A into Zj;. Since my = # 2 (see Remark
2), by the definition of Fj, we easily obtain this lemma. O

Thus, to solve the equation (6.9) it is sufficient to determine the coefficients
Pr1(x) by

o, if | & mp(Ag),
(6.12) Pra(r) = {bp,q(m)wk@),z(q),ﬂ(q)(x% if I € mp,(Ay)

under the correspondence | = 7 (p, ¢, k(q),1(q), 5(q))-
It is clear that in the case k = N; the coefficients ¢; 1 (), ..., @i (x) of

i my,
ug(t,x) = Z @i j(@)v; (¢, x) + Z Or1(z)wi (T, x)
j=1

=1

can be chosen arbitrarily.
Thus we have proved.

Proposition 2.  We can construct a formal solution u(t,z) of the form
(6.1) with (6.2). Moreover we see the following: (i) the coefficients ; ;(x)
eC{z} 1 <i<dandl <j<p) can be chosen arbitrarily, (ii) ¢1,1(x) =
b(x), and (iii) all the other coefficients ¢y 1(x) € C{x} are determined by (6.12)
with (6.10) and therefore they are all holomorphic in a common neighborhood
ofx =0¢€C".

87. Proof of the Convergence of a Formal Solution

We will prove here the convergence of the formal solution constructed in
Proposition 2.

Let a fixed constant R > 0 be sufficiently small with R < 1. We take
B >0, By, >0 (p+]ql > 2) so that the coeflicients b(x), b, 4(z) (p + |q| > 2)
of (2.5) satisfy

[bllp < B and ||bp7qHR < By, (p+ld=>2),
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and that the power series

Bt+ Z By t? H [Z;.0]""

p+lgl>2 (4,0)€Im
is convergent in a neighborhood of (¢, Z) = (0,0) € C x CV.
Let
(7.1) ult,z) =Y up(t,z) with u(t,z) Zmz YWii(t, )
k>1

be the formal solution constructed in section 6 and assume that ¢y (z) (k =
1,2,...and 1 <[ < My) are all holomorphic on Dg. By the construction we
know that mq = 1 and ¢1,1(z) = b(z) and that ¢y (x) (I = 1,...,my) for
k > 2 are defined by (6.12). Since Wy ;(t,z) (k = 1,2,... and 1 <[ < My)
are defined by (6.7), by Proposition 1 and (5.3) we know the following: for any
6 > 0 there is a § > 0 such that

(7.2) [Wia()llr < [t17F on Se(8) for all (k,1).

Therefore, for any 0 < r < R we have

Jur(E)]lr < Z||¢kl|| [Wea(@®)]lr < Z||¢kl|| [t[7* on Sp(d).

Thus, in order to estimate the term u(¢,2) in (7.1) it will be convenient to use
the following norm ||ug ||}

My,
(7.3) lurlls = > lwl-
1=1
Note that this is expressed also in the form
d i mp
(7.4) lurlly = "k, | D leislle | + > lowillrs
i=1 j=1 1=1

where di n, denotes the Kronecker’s delta (that is, dx n, = 1 if & = N;, and
SN, =0if k # N;).
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Moreover, in the case k > 2, by substituting (6.12) (with (6.10)) into (7.4)
we have

d i
lurlly < Sk, <Z %w) + > 16p.qllr 19k (0).00).8(0) I
=1

J=1 (9,9,k(9),L(a),B(q)) €A

d Hi
< Z(sk,m <Z ‘PLjr)

i=1 =1

o T ()

(p,9,k(q),1(q),8(q)) €Ak (J,0)€Ly, 1<i<gj,a

1 H O \ Bi,a(i)
X —— || =— N ORPNG
k‘j,a(i)lﬁj’“(l)' (8.’E) K (8) g, (8) r

)

therefore if we write
Mp,

(7.5) D [unlll; =D

=1

(72) oul,

we obtain

d i
(76)  lully <D0k | D il
i=1 J=1

D SHE T SR | A | BN RPN B

2<p+lq|<k pHk(g)|=Fk (J,a)€lm 1<i<4gj,a
B(a)el(q)
1 ; *
X W\\Df”‘“(l)[ukj,a<i)] r
Since ¢; ;(z) (i =1,...,d and 1 < j < ;) are known holomorphic functions
on Dg, we can find A; >0 (i =1,...,d) so that
Hi
(7.7) A=) leiglle (i=1,....4).
j=1

Now, let us consider the following analytic equation with respect to Y:

d A B
i ; R— N0 T (R ym
L Bpq m lq]
s > T (27 Cme)Y)

p+lg|>2

where 7 is a parameter with 0 < r < R.
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By the implicit function theorem we see that (7.8) has a unique holomor-
phic solution Y (¢) in a neighborhood of t = 0 € C satisfying Y (0) = 0, and
that the Taylor coefficients Y3, (kK =1,2,...) of the expansion

(7.9) Y =) Vit

E>1

satisfy the following recurrence formulas:

(7.10) Y = 51(’;\]%1147171;;13
and for k > 2
(7.11)

Y, = Z5k N; %

1 B,y
+ B—rm > (R — rymCrria-2)
2<p+lq|<k

X Z H H (2m(2m€)mykj)n(i)) .

p+lk(9)|=k (§,0)€lm 1<i<gj,a
Moreover, by induction on k we can easily see that Y; has the form

Ck

(7.12) Y, = e

k=1,2,...

where Cf, > 0 (k=1,2,...) are constants independent of the parameter r.
The following lemma asserts that the Taylor series (7.9) of Y (¢) is a ma-
jorant series of our formal solution (7.1).

Lemma 9. Forany k=1,2,... we have

(7.13)g ’Dg[ukm: < (2me)™Yy,  for any 0 <r < R and |a| < m.

1
7t |

Proof. We will prove this by induction on k. When k£ =1 we have

1(t,z) =6 le@ly x)v1;(t, ) + b(x)wi1(t, x);
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therefore by (7.7), ||b]|g < B and by using Lemma 5 we have

M1
I d\o d o
ozl = o 22 (55) enal, + [ (52)
j=1
51N |aflelel A n lalel*l B ! o] 01,8, 41 + B
- ot (R_T)|a\ (R—r)|0‘| (R—r)|0‘|
771,6 lA +B m

which proves (7.13);.
Let k£ > 2 and suppose that (7.13), is already proved foralli =1,...,k—1.
Then, by (7.6), (7.7) and the induction hypothesis we have

d
lurlls < 3 Sen Ay

i=1

ORI TD VR | B | (N (A LUt s

2<p+lq|<k p+lk(q)|=Fk (j,0)€lm 1<i<qj,a
B(a)€T (q)

Hence, if we note that 1/(R — r)™2=2) > 1, 1/(R — r)™rtlal=2) > 1 and

Z (g) — 2\a| < 27n7

0<B<a
we see

A;
(7.14) |Uk||r<25k1v( — r)ym(2k-2)

BP’I
+ Z (R — r)m2p+lal- 2~
2<p+lql<k

< > I IT ereme™i,.q).
pHk(@)|=Fk (j,a)€lm 1<i<gj.a
Therefore, by comparing (7.11) and (7.14) we obtain
Ck

(R — r)m(2k—2)
Thus, by applying Lemma 5 to (7.15) we obtain

o 1 (m(2k—2)+1)--- (m(2k —2) + |a]) el Cy,
Hr = Llal (R — r)ym2k=2)+la

< (2me)lel Cy, < (2me)™ CY,
= (R — r)ym(k=2)tla] = (R — p)m(2k-1)

(7.15) ||Ulc||:j < (R-71)"Y = for any 0 < r < R.

1
a7 12 [a]

= (2me)™ Yy
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which proves (7.13),. O

Proof of the convergence of the formal solution (7.1). Let r be fixed; for
example, we set r = R/2. By (7.3) and (7.13) we have

D lu®lle < D lunllF (617" < (2me)™ Y Vi t]™ on Sp(0).

E>1 k>1 E>1

This asserts that the formal solution u(¢,z) in (7.1) converges on Sy(d1) X D,
if 6 > 0is suﬁi(nently small. Since 6 > 0 is arbitrary, we can conclude that
u(t, z) converges in O, and gives an O-solution of (E). O

Summing up we have obtained

Theorem 3.  The equation (E) has a family of O, -solutions which is
expanded into the form

(7.16)  wu(t,x) Z Zék N, Z(pm i (t,x) +Z¢;€7l(a:)w;€7l(t,x) ,
E>1 | i=1 =1

where (i) the coefficients ; ;(x) € C{z} (1 < i < dandl < j < p;) can
be chosen arbitrarily, (i) ¢11(z) = b(z), and (iii) all the other coefficients
ori(x) € C{z} are determined by the data ¢; j(x) (1 <i<dandl < j < p;)
and they are all holomorphic in a common neighborhood of x =0 € C™.

From now we will write the solution (7.16) as
u(t, o) = U (@, @a)

with @; = (¢i1,...,¢ipu) € C{a}# for i = 1,...,d. By the construction of
U(@i, ..., Pa) and (2) of Lemma 1 we see:

Proposition 3. (1) U(@1,...,34) = O(t%,04) (as t — 0).
(2) We have

U(@lw"a@p-l ggpa(_)’w"a(_)’)_U(¢17"'a¢p—17676a"'76)
—Zwm Upi(t,2) + 0N ) (ast — 0)
where @p = (Op,1,-- - Ppu,) € (C{x}“P

(3) IfU(Br, .-, Pa) = U, ..., va) we have Gi(x) = v;(x) in Cla}
fori=1,...,d.
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§8. Completion of the Proof of Theorem 2
Denote by Sy the set of all 6+-solutions of (E). We already proved that
S D {U(@’l,...,@’d); B; € C{a}* for i = 1,...,d}.
Therefore, to complete the proof of Theorem 2 it is enough to prove

Theorem 4.  Every solution u(t,z) € S is expressed in the form

(8.1) u(t,w) = U (P, @)
for some unique @g; € C{z}* (i=1,...,d).

The proof of this theorem is almost the same as that of Théoréeme 4 of
Gérard-Tahara [5]: but, for the sake of convenience of readers we will give here
a refined version of the proof.

Let ay,...,aq be the ones in (3.2). Set ap = 0 and ag41 = oo. Our proof
of Theorem 4 is based on the following proposition:

Proposition 4.  Let ui(t,x) € S+ and us(t,z) € Sy.

(1) We have ui(t,z) = O(t°,04) (as t — 0) fori=1,2.

(2) If s salisfies a;—1 < s < a; for some i € {1,...,d} and if uy —ug =
O(t*,0,) (as t — 0) holds, we have uy —uy = O(t"Ni, O, (as t — 0).

(3) If uy —up = O(t°Ni,04) (as t —> 0) holds for some i € {1,...,d},

we have

uy —uy = Zsou Joij(t,2) + O N 0,)  (ast — 0)

for some ; j(x) € C{z} (j=1,..., ).
(4) If s > aq holds and if uy —ug = O(t*,04) (ast — 0), then we have
up = ug in Of.

Let us admit this proposition for a moment. By using this result we can
give a proof of Theorem 4 as follows.

Proof of Theorem 4. Let u(t,z) € Sy. Set ug = U(0, . ..,0). Then, by the
definition we see that u—uy = O(t*, 04) (as t — 0) for some ap =0 < s < a;.
Therefore, by (2),(3) of Proposition 4 we have

(8.2) u—uO—Zgolj z)vy4(t, x) + O(t7 N+, O)) (ast—0)
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for some 1 ;(z ) € (C{J:} (j=1,...,p1). Using this @1 = (p1,1,-..,P1,u,) We
set uy = U(1,0,...,0). Then, by (8.2) and (2) of Proposition 3 we have

uw—uy = (u—ug)— (ug — up)
= (u— ) — (U(1,0,...,0) = U(0,0,...,0))

[Zsﬂly p)vy;(t,x) + 0" O )]

H1
- [Z p1.j (@) (t, @) + 07N+, oﬁ}

j=1
= 0o@t"W™it) 0,) (ast —0).

Since a1 < 0(Ny + 1) < ag holds, by using (2),(3) of Proposition 4 again
we see that u — u; is expressed in the form

(8.3) u—up = Zcpg’j z)vg ;(t, x) + Ot N2+, O.) (ast—0)

for some 9 ;(z) € (C{ }

Jj=1,...,p2). Using this Fo = (@2,1,...,P2,u,) We
set uy = U(71, P2, 0, )-

(J
.,0). Then, by (8.3) and (2) of Proposition 3 we have
u—uy = (u—u1) — (uz — uq)

—,

:(u_ul) ( (30179027(1-"70)_U(ﬁlvﬁvaa”'va))

lZQOZJ T)va,(t, x) + O(t7 (Na+1) 6+)

[Z% vz (t,2) + 07N+, 0, |

=0@t°W*) 0,) (ast — 0).

Repeating the same argument as above we can find @; = (@i 1,..., Qi) €
C{z}* (i=1,...,d) so that if we set
U’P:U(@la" a@pv 5 6) p:]-vvd

we have the asymptotics
u—u, = 0N 04) (ast—0), p=1,...,d

Thus, if we take the case p = d we have u — ug = O(t°Wat1) O,) (as
t — 0): then, by the condition o(Ng+1) > ag4 and by (4) of Proposition 4 we
obtain the result u = ug in Oy.
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This proves that u(t,z) € S; is expressed in the form (8.1) for some
Bi(z) € C{z}* (i = 1,...,d). The uniqueness of G;(x) (i = 1,...,d) follows
from (3) of Proposition 3. O

Now, let us give a proof of Proposition 4. We note:

Lemma 10.  Assume that w(t,z) € O and f(t,z) € O, satisfy the

equation

(8.4) C(t%,x)w = f(t,x).

(1) If a1 < s < b < a; holds for some i € {1,...,d}, if w(t,z) =
O(t*,04) (ast — 0) and if f(t,z) = O(t*,0,) (as t — 0), then we have
w(t,z) =0, 0) (ast — 0).

(2) If a1 < s < a; <b< a1 holds for some i € {1,...,d}, ifw(t,z) =

Ot*,0,) (as t — 0) and if f(t,z) = O(t,O4) (as t — 0), then we have
i N
w(t,e) =3 i (@i, (t,z) + O, 04) (ast — 0)
j=1

for some ; j(z) e C{z} (j=1,..., ).

Proof. Set

i—1 9 d 9
P1:HCk(t§,a:>, PQZHCk(tE,QT),
k=0 k=i

and we = Pyw. Then we have C(t0/0t,xz) = PP and Pyws = f. Since
f(t,z) = O(t',0,) (as t — 0) and since b < aj holds for all k = i,...,d,
by applying (3) of Lemma 4 to the equation P,ws = f we have wa(t,x) =
O(t", O,) (as t — 0). Since w(t,z) = O(t*,0,) (as t — 0) and since ay < s
holds for all k = 0,...,4 — 1, by applying (2) of Lemma 4 to the equation
Piw = wy we obtain w(t, ) = O(t*, O,) (as t — 0). This proves the part (1).

Next let us prove (2). Assume that a;—1 < s < a; < b < a;41 holds for
some i € {1,...,d}. Set

d
0
3 kgﬂ k(at )

and P; = identity if i = d. Set also wy = C;(t9/0t, x)w and ws = Pyw;. Then
we have C(t0/0t,xz) = P3P1C; and Psws = f. Since a;—1 < s < a; < b < a;41
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holds, by the same argument as above we see that ws(t,z) = O(t?,O4) (as
t — 0) and wy (t,2) = O(t*, O4) (as t — 0).

Now let us consider the relation Cyw = w;. We already know that
wy(t,z) = O(t, O4) (ast — 0) and s < a; < b hold. Hence, by (1) of Lemma
4 we have a unique solution W (¢, ) of C;W = w satisfying W = O(t*, 0,) (as
t — 0). Then, we have C;(w—W) = 0 and therefore by using the fundamental
solutions {v;1(t,x),..., v, (t,2)} we can express (w — W)(t,«) in the form

Hi
w—W = Z @i ()i ;(t, )
j=1

for some ; ;(z) € C{z} (j =1,...,p;). This leads us to the conclusion of the
part (2). O

Proof of Proposition 4.  First we will prove (1) only in the case i = 1.
Note that our equation for u; is written in the form

(8.5) C’(tg

8t,x>u1 = Hluy]

where

H[Uﬂ = b(CE) t+ Z bp’q(x)tp H I:Dj,aul}qj,u.

p+lg|>2 (J,0)E€Lm

It is easy to see that the operator H[f] with f € O, satisfies the following
properties: v-1) H[] is a mapping from O to O, and 7-2) if f = O(t5,0,)
(as t — 0) for some £ > 0 we have H[f] = O(t",O,) (as t — 0) for any
r < min{l, 2¢}.

Let uy(t,z) € Sy. By the definition we have ui(t,z) = O(t*,0) (as
t — 0) for some s > 0. If s > o we have nothing to prove. If s < o we
choose a sequence sg, $1,...,8p such that sp =s<s1 <---<s, =0 (<1)and
that s; < min{1,2s;_1} holds for kK = 1,...,p; then we can prove the property
uy(t,z) = O(t7,04) (as t — 0) in the following way.

Note that ag = 0 < s < a1 for Kk =0,1,...,p and that u; = O(ts°7(’3+)
(as t —> 0) is known. Therefore, by 7-2) we have H[u;] = O(t5',0,) (as
t — 0) and by applying (1) of Lemma 10 to (8.5) we have u; = O(t%1,0,)
(as t —> 0). Then, by 7-2) we have H[u] = O(t*2,0,) (as t — 0) and
by applying (1) of Lemma 10 to (8.5) again we obtain u; = O(t52,6+)~(as
t — 0). Thus, by repeating the same argument we obtain u; = O(¢°», 0,)
(as t — 0). Since s, = o, this completes the proof of the part (1).
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Next let us show (2). By (1) we have u;(t, ) = O(t°,0,) (as t — 0) for
i=1,2. Set w = u; — uy. Then we have w(t,z) = O(t?,04) (as t — 0) and
we see that w(t, z) satisfies the equation

(8.6) c(tﬁ,x)w = G[uw]

where

Glwl = Z bp,q(2)t” [ H (Dj,aw + Dj,aug(t,x))qj’“

p+1q|>2, [q|>1

— ] Djaus(t,z)™*

(J o) €lm

We see easily that G[-] is a mapping from (5+ to (5+ and that if f = O(¢t®, 6+)
(as t — 0) for some & > 0 we have G[f] = O(t",0,) (as t —> 0) for any
r < min{o + ¢, 2¢e}.

Assume that a;—; < s < a; holds for some i € {1,...,d} and that w =
w —uy = O(t5,04) (as t — 0). If s > oN; we have nothing to prove in
(2). If s < oN; we choose a sequence Sg, S1,...,Sp such that sp = s < s1 <

- < sp = oN; and that s; < min{o + sx_1,2s,x_1} holds for k = 1,...,p;

then, applying the same argument as in the proof of (1) to the equation (8.6)
we obtain w(t, z) = O(t*»,O4) (as t — 0). This proves the part (2).

The proof of (3) is as follows. Assume that w = u; — uy = O(t°N:, O,)
(as t — 0). Then we have G[w] = O+ O, (as t — 0) and therefore
by applying (2) of Lemma 10 to the equation (8.6) we obtain the conclusion of
the part (3).

Lastly, we note that the part (4) is the same as Proposition 3 of Gérard-
Tahara [5] and so we omit the proof. We remark that the part (4) can be
proved also by the same argument as in Tahara [13],[14]. O

Remark 3.  Let {v;1(t,x),...,viu,(t,x)} be a fundamental system of
O -solutions of (3.6), as before. The following assertion will be easily veri-
fied: the system {v; ;(¢t,2);1 <3 <d, 1 <j < p;} is a fundamental system
of O -solutions of the equation C(td/dt,z)v = 0. See the condition (1) in
Theorem 2.
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