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Hopf Bifurcation and Stability of a Competition
Diffusion System with Distributed Delay

By

Yanbin TANG™** and Li ZHOU*

Abstract

In this paper we investigate the effects of time delay and diffusion rate on the sta-
bility of the positive steady state for a competition diffusion system with distributed
delay. We obtain the condition of instability of the positive uniform steady state.
Regarding the time delay as bifurcation parameter, we reduce the original system on
the center manifold and get the stability of the Hopf bifurcation periodic solutions.
Finally, regarding the diffusion rate as a bifurcation parameter, we show that the one-
dimensional competition diffusion system with infinite delay and Dirichlet boundary
condition exhibits the spatiotemporal structures near the steady state of the system.

81. Introduction

Yamada and Niikura [14] considered the following semilinear parabolic

system
ou K

(1.1) Fri D(a)Au+ C(a)u+ / E(t — s, )u(z, s)ds + f(ug, a)(z),
% =0,t € R,x € 09,
on

where u € R", xz € Q, a bounded domain in RY with smooth boundary, « is a
parameter in an open interval I C R,u:(x,s) = u(x,t + s) for s <0, % is the
outward normal derivative on 9f). They established the existence conditions of
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nontrivial spatially homogeneous periodic solutions. J. H. Wu [13] illustrated
the above result with the following semilinear Lotka-Volterra diffusion equa-
tion, modelling the population density of a species which lives in {2 undergoing
diffusion and memory effects.

t
(1.2) 83_1: = dAu + ula — bu — / k(t — s)u(z, s)ds], (z,t) € Q X R,
ou
% = 0,(I,t) € 00 x R7

where a > 0,b > 0,d > 0 are some positive constants and k : [0, +00) — R is
given so that f0+oo(|k(t)| +tlk(t)|)dt < oo, for example, k(t) = Z‘—Qte*% with o >
0, p > 0. In this case, the Laplace transformation k(\) = f0+°o e ME(t)dt =

W. Consider « as a parameter, the nontrivial periodic solutions of (1.2)
bifurcate from the positive equilibrium u* = m as « passing through
0
*\ 2
the critical value ag = W

Delays are often incorporated into population models for resource regen-
eration times, maturing times or gestation periods [6]. Gourley et al. [1, 7]
considered reaction diffusion systems with delay terms. The system represents

two interacting species

6U1 82’“1
E = Fl(ul,u2, G11 * U7, G12 * *7_[,2) + DlW’
0 0?

% = FQ(Ul,’LLQ, G21 * U7, G22 * *7_[,2) + D2 axu;

for z € (—o00,4+00),t > 0, and the double convolution is defined by

—+oo t
(Gij * ), 8) = / / Gij( — .t — s)uy(y, s)dsdy, ij = 1,2,

and each of the kernels G;; satisfies that

(A) Gij(z,t) >0, (z,t) € (—o0, +00) x [0, +00),

(B) For each t > 0, G;;(z,t) is an even function of z,

(C) [T 7 Gyja, t)dtdr = 1,4,5 = 1,2.

Gourley et al. [1, 7] presented a computational method for determining
regions in parameter space corresponding to linear instability of a spatially
uniform steady state solution. Similarly, for the variety of kernels, Beretta et
al. [2], Hasting [10], Yamada et al. [14] discussed the corresponding mod-
els.
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In this paper we consider a competition diffusion system with distributed
delay

(1.3)
%—(t] = dAU + U {1 - /; f(t—7)U(r,2)dr — 1y /; ft=7)V(r, x)df} ;

aV t t
5 = dAV +rV [1 — 2 Lm f&—n)U(r,x)dr — Lm ft—7m)V(r, .Z‘)dT:| ,

where the positive parameters piq, po, 71, 72 satisfy that

(1.4) p1 <1<1/ps.

The system has a unique positive spatially uniform steady state (u*,v*), that
is,

(1.5) (u,v") = ((1 = p1) /(1 = papsa), (1 = p2) /(1 = prapra)).-

The distributed time delay should be viewed as the effects of past history [2, 10].
f(t) is the delay kernel or memory function such that f0+°° f(t)dt = 1. For ex-
ample, f(t) = ae™*" and f(t) = a*te~*! (which are called the weak and strong
generic kernels, respectively) have been used in the context of various spatially
homogeneous predator-prey models with delay [1-11]. The weak generic kernel
and the strong generic kernel have quite different behavior in terms of mod-
elling the memory or delay effects. While the former decays monotonically for
t > 0 and represents a memory that progressively becomes weaker as one goes
further into the past, the latter increases for a range ¢ < 1/«. Thus, for the
strong kernel, the most important moment in the past is 1/« units before the
present time ¢, and the effect of the past decreases as one goes even further
into the past [4]. The occurrence of spatial form and pattern evolving from a
spatially homogeneous initial state is a fundamental problem in developmen-
tal biology. For the memory function f(t) = 6(¢) with ¢ being the Dirac delta
function, one gets the case of the so-called zero delay, (u*, v*) is globally asymp-
totically stable for all positive initial values [16], for f(t) = 6(¢ — r), the case
of discrete delay, there exists a positive critical value rg such that (u*,v*) is
locally asymptotically stable for 0 < r < ry and the Hopf bifurcation periodic
solutions bifurcate from (u*,v*) as r passing through rq [15, 17, 18].

In this paper we consider the effects of time delay and diffusion rate on
Hopf bifurcations in competition diffusion system (1.3) with the strong generic
kernel. In section 2 we discuss the local stability of the positive equilibrium and
describe the condition for the Hopf bifurcation, regarding « as a bifurcation
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parameter. In section 3 we study the stability of the bifurcation periodic solu-
tions near the bifurcation value by applying the method published by Hassard
et al. [9] for unbounded delay functional differential equations. We prove that
a Hopf bifurcation occurs at «q for increasing values of «, toward stable peri-
odic solutions. In section 4 we discuss the effects of diffusion rate on stability
of spatially uniform steady state (u*,v*) of the one-dimensional competition
diffusion system with infinite delay. Regarding the diffusion rate d as a bifur-
cation parameter, we prove that a Hopf bifurcation occurs at dy for decreasing
values of d, and show that the system exhibits spatiotemporal structures near
the steady state of the system.

82. Local Stability and Hopf Bifurcation

We now consider the modification of competition diffusion system with
distributed delay and Neumann boundary condition

(2.1)

(?9_115] =dAU +nrU [1 —/ f(t—T)U(T,x)dT—ul/ f(t —T)V(T,x)dT] ,
aa‘t/—dAV—l—rgV[l—,ug/ fe—=7)U (TxdT—/ fE—nVv (TZ‘)dT:l,

ou ov
() = (1)

(Uv V) = (Spl(tv‘r)v SDQ(tvm))v (ta :C) € (—OO, 0] X ﬁ»

0, teR,zecdQ,

where  is a bounded domain in RY, for simplicity, we choose d = 1 and
assume that the positive parameters pq, g, r1, 7o satisfy that (1.4). Following
the usual linearization procedure, set

u(t,z) = U(t,x) —u™,v(t,z) = V(¢ z) — 0",
and substitute them into (2.1), we have
9 [ult,z)) _ (t—I—s x) 5
o 2 (400 = (1) [ i (72
ou ov
%(t,z):%(t,z)zﬂ, te R, xe€ o, -
(u,v) = (p1(t, @), pa(t, ), (t,2) € (—00,0] x €,
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where fa(s) = %6_57 s € [O,—|—OO), (4101’@2) € C((_OO7O]7X X X)a X = L2(ﬁ)a
and
B: < rlu** T1u13*> 9
To 2V T2V
Fo_ riu(t,z) ripau(t,x) / = u(t + s, ) s,
rougv(t,x) rou(t, ) v(t+ s, )

The associated linearized problem is

0 (u(t,x)) ; u(t +s,x)
&(v(t,x)>_A< ta ) / fal= (st))ds’

ou Ov
(2.3) 8n(t,a:) 8n(t,a:) 0, te R, x e i,

(U,U) = (‘pl(tax)#pQ(Lx))) (t7x) € (70070} x L)
In terms of the eigenvalues 0 = vy < v; < vy < --- for —A subject to the
Neumann boundary condition and their corresponding eigenfunctions eg(x) =
1,e1(x),ea(x), -, we introduce the operator A = ﬁg :DA) - X x X,

with domain

D(A) = {(i) € (H*(Q) x H&(ﬁ))?} .

The operator A is an infinitesimal generator of a compact Cy—semigroup [12].
The study of the stability of (u*,v*) leads to the investigation of the eigenvalue
problem

(2.4)

Ala, \) (Z) = (A— B/_Ooc fal—s)e*ds — /\I> (g) =0,0# (Z) € D(A).

Or the study of the point spectrum P, (A; (), where A; (@) is the infinitesimal
generator of the semigroup induced by solutions of equation (2.3)([8, 13]) with

(2.5)
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where C! = C((—00,0]) N C*((—00,0)). The set of point spectrum of A con-
sists of a sequence of real numbers {—v,|0 = vy < v; < vy < ...} with the
corresponding eigenspaces

ESy = Span{(é) , (?) } ,ES, = Span{ <enéx)> , <e ?x)) } n=1,2,....

Therefore, (2.4) is equivalent to a sequence of eigenvalue problems

(7% — [ _ _ ’ —8 6)\8 s — o =
(2.6) A(n,a,\) <ﬂn> = < vl B[m fa(=s)e™*d )J) <5n) =0,
R

then we obtain a sequence of characteristic equations
0
(2.7) det [()\ + )l + B/ fa(_S)€A8d5:| =0,n=0,1,2,....

1

For the strong generic kernel f,(s) = Sze™a, fi)oo fa(—s8)eMds = T

then we have

(2.8)
[N+ ) (X2 + 20a + 1) + My][(A 4+ v,) (02N + 2 a + 1) + My = 0,

n=20,1,2,..., which are equivalent to (2.9) and/or (2.10)

(2.9) XN+ piXN2+pA4ps =0, n=0,1,2,....
(2.10) N piA2 +pd+p3 =0, n=0,1,2,....
where
2 2u, 1 Vp + M Up + Mo
PL=Vn+—, P2=—+—, Pa1=—5  DPx2=— 5
« [0 « (0% (0%

1
Mo = 3 [rlu* + 790" T/ (riu* 4 rov*)2 — drre(1 — ,ulug)u*v*} .

The condition (1.4) implies that 0 < M; < Ms. By the Routh-Hurwitz crite-
rion, the necessary and sufficient conditions for the characteristic roots of (2.9)
and (2.10) to have negative parts are (i) p1 > 0, (ii) ps1 > 0 or psz > 0, (iii)
p1p2 > P31 Or p1p2 > p32. Obviously, (i) and (ii) are satisfied. Since

1
p1p2 — P31 = 5(2042%2, + dav, + 2 — ab),

1
(202V2 + dav, + 2 — aMy),

Pip2 — P32 = —5
o
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ifo<a<ao = Miz, then for any n > 0, pips — p3s1 > pip2 — P32 > O.
According to the Routh-Hurwitz criterion, all roots of (2.9) and (2.10) have
negative real parts, this implies that the positive steady state (u*,v*) is locally
asymptotically stable.

If o = g, then we have

pip2 —p31 >0, n=0,1,2,...;
pip2 —p32 >0, n=12,..; p1p2 —p32 =0, n=0.

The Routh-Hurwitz criterion implies that all roots of (2.8) have negative real

parts for n = 1,2,.... For n =0, all roots of (2.9) have negative real parts and
(_2.10) has three roots, a pair of complex, simple eigenvalues A(cg) = aio and
AMao) = — - and one negative real root Az(cp) = —a%.

Therefore, we know that a = aq is a critical value and some consequences
as follows.

(1) All eigenvalues of (2.8) have negative real parts for a < ap;

(2) If & = ayp, (2.8) has a pair of pure imaginary eigenvalues A(ap) = aio
and A(ag) for n = 0, and other eigenvalues have negative real parts for n > 0.

Hence we have the following result about the Hopf bifurcation.

Theorem 2.1. A Hopf bifurcation of the steady state (u*,v*) occurs as
« increasingly passes through aq.

Proof. According to the Hopf bifurcation Theorem, it suffices to verify
the transversality condition. For n = 0, (2.10) can be rewritten as

2 1 M.
N+ I 4 A+ =2 =0,
o o? o?

Find the derivative on both sides with respect to «, we have

d\ 2(aN? + X+ M)

da (302X +4aX+1)

Since A(ap) = aio, we have

2y Los o dRer 1
da'“="  5a’ da '“7% " 5a2 '

This implies that the transversality condition holds true. Therefore, a Hopf bi-
furcation of (u*,v*) occurs as « increasingly passes through «g. This completes
the proof. O
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Remark.  The above result shows that for system (2.1), if the time delay
« is less than a critical value «q, there is no spatial, temporal or spatiotemporal
structure and the effect of delay is to make the species distributed uniform over
the region 2 as t — +0o0. When « passes through the critical value, the Hopf
bifurcation occurs and demonstrates that the system exhibits certain temporal
structures.

In the problem (2.1), we use the strong generic kernel f,(s) = a‘—Ze_i,
s € [0,400). For the weak generic kernel f,(s) = e~ %, s € [0,+00), we have

fi)oo fa(=s)e*ds = 5L, then (2.7) becomes

1 24 M 1 24+ M.
(2.11) [/\24— (EJ”’”)AJF%} [A2+ (aJrVn)AJF %} -0,

where n = 0,1,2,...,a > 0,7, > 0,0 < M; < Ms. Using the Routh-Hurwitz
criterion, we obtain that for every n > 0 the roots of (2.11) all lie in the left
half complex plane, that is, the steady state (u*,v*) is linearly stable. This
illustrates that the weak generic kernel and the strong generic kernel exhibit
quite different behavior in terms of modelling the memory (or delay) effects

3, 4, 5.

83. Stability of the Hopf Bifurcation Solutions

We now investigate the stability of the Hopf bifurcation periodic solutions.
Rewrite (2.1) into the operator differential equation

(3.1) T = Aq (a)xt + Xoxs

where z = (u,v)T,2,(0) = x(t + 0),0 € (—00,0]. The linear operator A;(a) is
defined in (2.4) and the nonlinear one Xj is defined as follows.

(8) , 0 € (—0,0),

[ m1e1(0) riper(0)Y o ot )
<T2#2<P2(0) r2¢02(0) )foo fa(=s)p(s)ds, 6 =0.

(3:2) Xop(d) =

The adjoint operator Aj(ayp) is defined as follows.

(33 Ailao)(e)=-,

D(Ai () = {w € ¢t 4b(0) € D(A), —(0)

0<0 <+,

= av© - 8" [ OOO fao(—s)w(—s)ds} |
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here C' = C[0, 4+00) (N C!(0,+00). In order to determine the Poincaré normal
form of operator A;(ap), we need to compute the eigenvector g(6) of the op-
erator A (ag) belonging to the eigenvalue ai‘(), and the eigenvector ¢*(#) of the
operator A7 (ap) belonging to the eigenvalue — QLO We know that the eigenvalue
problem A; ()¢ = £4-¢ has the eigenfunctions

1

(34)  @(0) = (4(0),4(0)),  q(0) = <ﬁ0

£
e, —oo<0<0,

where the vector (1, 3y)7 satisfies that

A0 1) ( 50) o

MQ*T‘l’U.*
riprut .
Similarly, the eigenvalue problem Aj(ag)y = F o> % has the eigenfunctions

then we have [y =

1

(3.5) () =(¢"(0),7°(0), " (0)=D <5> e®s’, 0<0< +oo,

where the vector (1, 3*)7 satisfies that

(17ﬁ*)A (0,0{O, _OKLO) = 07

then we have §* = %, D is a free constant which can be determined by

the condition (g*,¢) = 1, where (,-) is the scalar product which is defined by

0
—0oo

(3.6) <w7¢>:ET(0).¢(0)f/ </SOET(ts)Bfao(s)<p(t)dt> ds.

—Tr
Here ¢~ denotes the transpose of the complex conjugate of ¢». Hence (¢*,q) = 1

1+5oﬂ*—(175*)3<1>ﬂ

implies that

E =

fo) (1+i)°

Since (1, 8*)2 = (1,3*)B, we have

g
— 2—1
D=—+—"—.
5(1+ Bof3*)
Now we reduce the vector-valued function z; € (C(—o00,0](C(—o0,0))? to
the two dimensional case. It is obvious that (¢*,q) = 0, so we consider the

(3.7)

transformation

(38) z = <q*a xt>a w =Ty — 2q — 2q,
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so that z and Z are the local coordinates for the center manifold Cy in the
directions of ¢ and g. In the variables z and w, the operator equation (3.1)

becomes
(39 f= s (g (0), o(w + 2Relq(0))),
w = Ay (ag)w — 2Re{(q"(0), Xo(w + 2Re{zq(0)}))q(0)}
+X (w + 2Re{zq(0)}).
On the manifold Cy, w(t,0) = w(z(t),z(t),0), where
(3.10) w(z,z,0) :wgozj +w1125+w02§ 4.

According to the definition of the nonlinear operator Xy, we have
(a"(8), Xo(w + 2Re{2q(6)})) = "7 (0) - Xo(w(2,%,0) + 2Re{2q(0)}) =: g(z,2),
denote H(z,z,0) = Xp(w + 2Re{zq(8)}) — 2Re{g(z,Z)q(0)}, then

(3.11) t= Lzt g(z2),
o7

w=A;(ap)w+ H(z,%,0)
z

Now we expand the functions g(z,%z) and H(z,%,60) in powers of z,Z on the

center manifold Cy:

_ 2 _ z2 2%z
(3.12) 9(2,z) =920 +9112’Z+902?+921—2 +-
2 =2
(3.13) H(Z,E,e):H20?+H1132+H02?+... ,

then, according to the definition of ¢(z,%) and H(z,Z,0), we can determine the
coefficients of the expansions (3.12)(3.13).

For simplicity, we just calculate the Hopf bifurcation direction with the
coefficients of (2.1) in a special case: r1 = 7o, 1 = ps. On the case, we have

1
3.14 * =t = My =11,8 = 5" = 1.
( ) U v 1+ 2=r11,00=0
Since

8) 6 € (—o0,0),
Xo(w + 2Re{q(6)}) =

( &) _ ((w“)(o) + 24 2)[r (@Y — Zi+ Zi) + (0@ — Zi + gm)
[ )

2 (w®(0) + z 4+ 2)[r p1 (@) — i+ %z) +r(w® — i+ %z)]
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where w = (w0, w7 = fi)oo fao(—8)w(s)ds. Use the result fy = 8* = 1,
we have
fo

g(Z,E) :b(]-Vﬁ*) : (fg

) = D(fo + 5" f3) = D(fs + f3),
H(z,%,0) = —2Re{D(f; + f3)a(0)} +

Now we calculate Hao(6). Since

821 0°F) o
8z20 |l2=z=0 = aZQO lo=z=0 = r1(1+m)i, j=12,

we have
o P2 ) ZI‘Dq(Gl) +2I'Dg(6), 6 € (—00,0),
20( )_le:E:O— —%F <1>’ 0 =0.

where I' = —r1 (1 + p1)i. Similarly, we have Hyz(6) = —Hz0(0) and Hy41(0) = 0.
In fact )
013 _ 2T

5707 """ = 320z

On the other hand, near the origin, we use the chain rule and get

|z:E:O =0, j=12

w=w,(2,2)2 +wz(z,2)z

= (w20(0)z + w11 (0)Z2+---) (iz + g(z,?))

+(wi1(0)z + wo2(0)Z + -+ -) (—LE +g(z, 2))

%]
22 z2 22 z2
= A (o) |:w20?+w1123+w027 + - } +H203 + Hi12Z + HOQ? +oeee
Equating the coefficients on both sides, we have
2
(315) <a—0I — Al (Olo)) ’LU20(0) = H20(9)a
(3.16) —Ai(ao))wi1(8) = Hi1(0),

(317) <02;I - .Al (010)) wog(a) = HOQ(G)
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Since Hy1(6) = 0, according to the definition of A; (o), we get w11 () = 0. Tt is
easy to check that wgs(0) = Wp2(d). Now we solve the first equation. Explicitly
writing the equation (3.15), we have

) mes) — bi —bi
(3.18) (2—0 - d%) < %%EZ;) = (2FDeao +2I'De ao) G) ,0 € (—00,0),

Wag

with the initial condition at 6 =0

(3.19)
2i (wly)(0) O rifao(=8) (wlf) () + mwl)(s)) , 1 (1
— | @0 T —_ 1) @, |ds=—=I" |-
a0 \ wyy (0) —oo Lt p \pawyg (s) +wyg (s) 5\l

The general solution of (3.18) is given by

(1) 04 _ 00 20i
wyqy (0) Tie=oo +The =0 + Tzeo
(320) (2) = i __ 03 203 9
wyy (6) Sie~o + Sse @0 + Sze o
where
— 2
(321) T1 = Sl = —2Fa0Di, T2 = SQ = —gFOéQDZ

In the problem we must require that w(6) is continuous in 6 € (—o0, 0], that
is, we have limg_,g_ wa(0) = wa(0). Therefore

(3.22) Ty =wld)(0) — (Ty + Tz), Ss=wS(0) = (Sy + Sa).

Now we put (3.20)—(3.22) into (3.19) to get

i 1 1
(3.23) 3—0 +rmA 2?“1#114 wég)(()) _ Cég) 7

rmA 2 +nA) \w ) \cf
where A = —% and

Cll\ _ 3B —4)(1+m) (1
c@ ] 125 1)

Denote A = (5—; +1r1A4)% — (r1u1A)?, the solution of (3.23) is

(1) .
wyy (0)\ _ (L+9)(A+pm) (1
(3.24) ( %3)(0)> = <1> .
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~(1) 0 (1) .
w3 (0)) _ who'(s)) (4D +m) (1
(@%@)‘ | Jee(e) <wg§><s)> e <1>

and g(z,%z) = D(fd + f2), we obtain

52 ..
= D 1 ~(1 21 Zi
9(2,%2) = =Dy (w )(0) 5 wsg (0 +z+z> (w20 2 Sy S 2 3+5)
.2 A
- 1 1 nZ2 oz F
D (B0 +elf 0y o) (5 vl -5+ 3)
- 2 2 1 _MZ2 oz F
—Dryp (wéo)(o)g + w} )(0 +z +z> <wé0) 5 (()2) -5+ 5)

2 2 -2 . —.
- 2 z 2 ~(2) % 21 Z1
—Dry (wéo)(O)E +w(()2)(0) 5 +z+z) ( §)2 +wéz)?—5+5>

Equating the coefficients of both sides, we have

920 =2Dr (1 + p1)i, go2 = —2Dri(1+ 1)1,

ri(1+ 2 .
911=0, g0 = —%(1 +1).

For determining the Floquet index, we transform equation (3.11) into the
Poincaré normal form [13, 9, 8]

£= et CL 088 +o(l€),
0

where

gt
C1(0) = 5 |920911 — 2|g11]* — —|902|2 g;1’

1 _ (4 m)?
ReCl(O) = 2R6921 = 740 <0,

ReC(0)
_ 2 2 _ 1 _

Qa — (g = U2€ +0(6 ), Mo = —m > O, 52 = 2R601(0) < O7

where (s is the coeflicient of the main part of the Floquet index and uo deter-
mines the bifurcation direction, the bifurcating periodic solutions are orbitally
asymptotically stable with asymptotic phase, and bifurcate from the steady
state (u*,v*) for @ > ag. It should be observed that these bifurcating periodic
solutions are spatially homogeneous:

U u* a—« 1 t
(£)- () (ot
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the period is T'(€) = 2may.
Summarizing the above analysis, we have the following theorem.

Theorem 3.1. A Hopf bifurcation occurs from the steady state
(u*,v*) as a increasingly passes through «g. Moreover, the bifurcating peri-
odic solutions are orbitally asymptotically stable with asymptotic phase.

84. Hopf Bifurcation and Spatiotemporal Structure

We now consider the one dimensional competition diffusion system with
distributed delay and Dirichlet boundary conditions

(4.1)
%—g =dAU +nmU [1 f/ f& =1 U(r,x)dr — uy Lm f(tT)V(T,l‘)dT] ,
88‘; =dAV + 1V [1 ,ug/ ft—7)U(r,x)dr 7/7 flt— T)V(T,.Z‘)dT:| ,

Ut,z) =u",V(t,x) =v", te R,x=0,m,
(Uv V) = (Szl(tvx)vSZQ(tvm))v (L:L’) € (_0070} X [Oaﬂv

where f(s) = a?se”*, s € [0, +00). Here we use Dirichlet boundary conditions
at the boundaries of the domain. On the boundaries of the process, both
populations are maintained at the density level corresponding to the stationary
state (u*,v*). Following the usual linearization procedure, set

u(t,z) =U(t,x) —u*v(t,z) = V(t,z) — v",
and substitute them into (4.1), we have
0 (u(t,z)) ; t"‘Sl’)
o 2[5 s (46) o [ s (2w
u(t,z) =v(t,z) =0, te R,x=0,m,
(U‘?U) = (<P1(ta$)7<P2(ta$))7 (t’x) € (700’0] x [O,Tl'],

where (1, ¢2) € C((—00,0], X x X),X = L?([0,7]), and
B: ( Tlu** Tlul?j*> )
Tof2V" T2V

Fe_ riu(t,z) ripu(t,x) / e u(t+ s, x) ds
rousv(t, x) rov(t, ) v(t + s, )



HoPF BIFURCATION AND STABILITY 593

The associated linearized problem is

u(t, ) A g [MEEsE)
(43) ( (t ,£)> = da < ,x)) B/_oc /(=) (v(t+s,x)> ds,
u(t, ) = o(t, z) = teRax=0,T,
(u,v) = (501(t7x)’902(t>x))’ (t>33) € (_O0,0] X [0,71’}.

0%/0x® 0
0 0?%/0x

D(A) = {<y> e Hy([0.7]) HS([O,ﬂ)}-

In terms of the eigenvalues and eigenfunctions of the operator 92 /dz? subject to

We introduce an operator A = ( ) : D(A) - X x X, with

domain

the Dirichlet boundary conditions, the operator A has the eigenvalues —k2, k =
1,2, -- and corresponding eigenspaces

ES; = Span sinkz , ,O Jk=1,2,---.
0 sinkx

The operator A is an infinitesimal generator of a compact Cp—semigroup [12].
The study of the stability of (u*, v*) leads to the investigation of the eigenvalue
problem

(4.4)

A(d, \) (Z) = (dA—B/O f(—s)e’\sds—/\1> (Z) =0,0# <Z> € D(A).
Let

v) = O sinkx

()2 ()

then (4.4) is equivalent to a sequence of eigenvalue problems

(4.5) A(k, d, ) (m) = (—deI— B/_O f(=s)ereds — )\I) (g:) —0,

then we obtain a sequence of characteristic equations

(4.6) det {(A +dk*I + B /0 f(—s)e“ds] =0,n=1,2....
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For the strong generic kernel f(s) = a?se™*, fi)oo f(—s)erds = ﬁ, then
we have

4.7 (AN dEH N+ ) + Mia?)[(A + dk?) (A + a)? + Ma?] =0,
k=1,2,..., which are equivalent to (4.8) and/or (4.9)

(4.8) N ApA2 +pA+ps =0, k=1,2,....
NApA +pA+p; =0, k=12,....
where
p1 =20+ dk2, P2 = o+ 2adk:27 P31 = a2dk? + M1a2,
p3g = odk? 4+ Mya?,

1
Mo = 3 [rlu* + 190" T/ (r1u* 4 rov*)2 — drry(1 — ,ul,ug)u*v*} .

The condition (1.4) implies that 0 < M; < Ms. By the Routh-Hurwitz crite-
rion, the necessary and sufficient conditions for the characteristic roots of (4.8)
and (4.9) to have negative parts are (i) p1 > 0, (ii) ps1 > 0 or ps2 > 0, (iii)
P1P2 > P31 OF P1pe > p3a. Obviously, (i) and (ii) are satisfied. Since

pipe — p31 = a(2k*d® + dak?d + 20° — alMy),
pip2 — P32 = a(2k*d® + dak?d + 2% — aMy).

If a > %, then for any d > 0,k > 1, p1p2 — p31 > p1p2 — p32 > 0. According to
the Routh-Hurwitz criterion, all roots of (4.8) and (4.9) have negative real parts.
This implies that the positive steady state (u*,v*) is locally asymptotically
stable. Analysis of these shows that no diffusive instability occurs.

If % > a > %, then for any d > 0,k > 1,pips — p31 > 0. Denote

do =4/ % — «a, we have the following results.

k=1 k>1

d=0 | pip2 —p31 > 0,p1p2 — p32 <0 | p1p2 — p31 > 0,p1pa — p32 <0
d>dy | pip2 —ps1 > 0,p1pa — p32 > 0| pip2 — ps1 > 0,p1pa — p32 > 0
d=do | p1p2 —p31 > 0,p1p2 —p32 = 0| pip2 — p31 > 0,p1p2 — ps2 >0

where the critical value

do = max {d > 0|p1p2 — P32 = 0, k> 1}

:max{(”ajg[z—o) /k2k>l}: a];&—a
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Ifa< %, then we can also get the above table, where

dop =max{d > Olpips —p31 =0 or pip2 —ps2 =0,k >1}

:max{(@—a) k2, (@—OJ /K2 |k > 1} = MQWQ —a

Therefore, for d = dy, the above table shows that all roots of (4.8) for k > 1
and (4.9) for k > 2 have negative real parts, and for £k = 1, (4.9) has three
roots, a pair of complex, simple eigenvalues \(dg) = woi, A(dg) = —woi, wo =
Va2 + 2ady and one negative real root A\3(dg) = —(2a+dp). Thus, for a < %,
we know that d = dj is a critical value and some consequences as follows.

(1) All eigenvalues of (4.7) have negative real parts for d > dy;

(2) If d = dp, (4.7) has a pair of pure imaginary eigenvalues A(dp) = woi
and \(dp) for k = 1, and other eigenvalues have negative real parts for k > 1.

Hence we have the following result about the Hopf bifurcation.

Theorem 4.1. Ifa < %, then a Hopf bifurcation of the steady state
(u*,v*) of system (4.1) occurs as the diffusion rate d decreasingly passes through

do.

Proof. According to the Hopf bifurcation Theorem, it suffices to verify
the transversality condition. For k = 1, find the derivative on both sides of
(4.9) with respect to d, we have

B —(A% + 20\ + a?)
C 32 +2(2a + d)A + a2 + 2ad’

Since A(dp) = woi,wp = Va2 + 2ady, we have

N (d)

72Q(O[+d0) < 0

/ _
ReXN (d)|g=d, = G+ (20 + do)? )

This implies that the transversality condition holds true. Therefore, a Hopf
bifurcation from (u*,v*) occurs as d decreasingly passes through dy. This
completes the proof. O

Remark. Ford=d,,n=2,3,---, the instability of the Hopf bifurcation
periodic solutions is due to the fact that the center manifold for d ~ d,,,n =
2,3, -+ is unstable.

The above-mentioned result shows that the system (4.1) exhibits spa-
tiotemporal structure when the diffusion rate d passes through the critical value
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dp.
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That is, the Hopf bifurcation occurs as d decreasingly passes through the

critical value dy and has the asymptotical expressions

d—d
of (1 cos(wpt)sinz + o(+/|d — dp)),

1) Bo
(d — do — 0)

It should be observed that these bifurcating periodic solutions are spatially

inhomogeneous. We omit the detailed proof for the stability of the bifurcation

periodic solutions and their asymptotic expressions as the calculation is tedious.

Readers interested in the details of these arguments are referred to [8, 9, 13, 18],

where a detailed discussion of these stability results is given.
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