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The Harmonic Volumes of Hyperelliptic Curves

By

Yuuki TADOKORO*

Abstract

We determine the harmonic volumes for all the hyperelliptic curves. This gives
a geometric interpretation of a theorem established by A. Tanaka [10].
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81. Introduction

Let X be a compact Riemann surface of genus g > 3. A harmonic volume
I of X was introduced by B. Harris [5], using Chen’s iterated integrals [3]. The
aim of this paper is to determine the harmonic volumes of all the hyperelliptic
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curves, which are 2-fold branched coverings of CP'. As was already pointed
out by Harris, some important algebraic cycles in the Jacobian variety J(X)
are related to 21, which vanishes for all the hyperelliptic curves. The harmonic
volumes of hyperelliptic curves, however, have been still unknown. First of all,
we give the statement of the main theorem of this paper. We denote by H the
first integral homology group of X. Harris defined the harmonic volume I as a
homomorphism (H®3)" — R/Z. Here (H®3)' is a certain subgroup of H®3. See
Section 2 for the definition of (H®?)". We denote by C' a hyperelliptic curve.

Theorem 4.1.  For any hyperelliptic curve C, let {z;,yi}i=1,2,....4 be a
symplectic basis of H = H1(C;Z) in Figure 1, where v is the hyperelliptic
involution. We denote by z; either x; or y;. Then,

Izi®z; @2z) = 0 fori#j#k#i,
I(xi®yi®zk_xk+1®yk+1 ®Zk)

) 1/2 fori<k,k=2,3,...,9—1 and zx = yy,
Tl 0 fori>k+2,k=1,k=g orz = xy.

The elements z; @ z; @ 2z, and T; @ Y; @ 2k — Th41 @ Yp+1 @ 25 are the parts of
a basis of (H®3)" whose harmonic volumes depend on the complex structure of

zj
DY

Figure 1.

Riemann surfaces.

(&

By using the harmonic volume of the compact Riemann surface X whose

180°

coefficients are extended over C, Harris [7] studied the problem of character-
izing the condition when the cycles W; and W are algebraically equivalent
to each other. Here W; is the image of the Abel-Jacobi map X — J(X)
and Wy is the image of W under the involution (—1) of J(X). Harmonic
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volumes or extended ones tell us the non-triviality of Wy, — W in J(X) as
follows. If Wy — Wy is trivial as an algebraic cycle, then 21 = 0 modulo
Z. As is well known, if X is hyperelliptic, then W; — Wy is trivial. It is
known that I = 0 or I = 1/2 modulo Z for any hyperelliptic curve C by the
hyperelliptic involution. It has been still unknown which elements in (H®3)’
have nontrivial I or not. Our main theorem gives the complete answer for this
problem.

We have two ways to compute the harmonic volumes of all the hyperelliptic
curves in Theorem 4.1. One is an analytic way and the other is a topological.
In the first way, the computation of the harmonic volumes of all the hyperel-
liptic curves can be reduced to that of a single hyperelliptic curve Cy, which
is considered as a point of the moduli space of hyperelliptic curves, denoted
by Hy. The harmonic volume I varies continuously on the whole Torelli space
Z,, which is the space consisting of all the compact Riemann surfaces with a
fixed symplectic basis of H. Gunning [4] obtained quadratic periods of hyper-
elliptic curves. The periods are defined by iterated integrals of holomorphic
1-forms along loops. In general, iterated integrals are not homotopy invariant
with fixed endpoints. When we add some correction terms, they are homotopy
invariant. Because of the correction terms, the computation of harmonic vol-
umes is more difficult than that of quadratic periods. In the second way, we use
basic results on the cohomology of the hyperelliptic mapping class group. It is
denoted by A4. The following theorem is obtained in the second topological
way.

Theorem 5.9. We have
Homa, (H®?)',Z/2Z) = 7./2.

This theorem gives a geometric interpretation of a theorem established
by Tanaka [10]. It is concerning about the first homology group of A, with
coefficients in H.

Theorem 5.10 (Tanaka [10], Theorem 1.1).  If g > 2, then
Hy(Ay;H) =Z/27.

We denote by § a connected homomorphism HY(Ag; ((H®3)')*) —
H'(Ay; H*)®3 defined in Section 5. We may regard the restriction of 61|y
as the generator of Hq(Ay; H).
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§2. Preliminaries

In this section, we define a harmonic volume of a compact Riemann surface
X of genus g > 3. We begin with recalling the definition of an iterated integral
on X. Let v:[0,1] — X be a path in X, and A*(X) the 1-forms on X. The
iterated integral of 1-forms wq,ws, ... ,wy € AY(X) along v is defined by

/w1w2 W = / fi(t) fa(ta) - -« fr(te)dt dty - - - dity,
ot 0<t1 <to<--<typ<1

where v*(w;) = f;(t)dt in terms of the coordinate ¢ on the interval [0, 1]. The in-
tegral is not invariant under homotopy with fixed endpoints. But, the following
lemma is well known. See Chen [3] for details.

Lemma 2.1.  Let wy;,w2,1 = 1,2,...,m be closed 1-forms on X and

m
v a path in X. Suppose that Z/ wi; ANwa; = 0. Take a 1-form n on X
i=17X

m
satisfying dn = Zwu Aws ;. Then the integral
i=1
m
Z/Wl,iWQ,i - / n
¥ ¥

i=1

1s invariant under homotopy with fixed endpoints.

Using iterated integrals, Harris [5] defined the harmonic volume in the
following way. In order to define it, we have to define a pointed harmonic
volume for (X, zg), where zo is a point on X. We identify H;(X;Z) with
H'(X;Z) by Poincaré duality and call them H. Let K be the kernel of (, ) :
H ® H — Z induced by the intersection pairing. On the compact Riemann
surface X, the Hodge star operator * : AY(X) — A'(X) is locally given by
*(f1(2)dz + f2(2)dz) = —v/—=1f1(2)dz + /—1f2(2)dZ in a local coordinate z
and depends only on the complex structure and not the choice of Hermitian
metric. Let 7 denote the free abelian group of rank 2g spanned by all the
real harmonic 1-forms on X with integral periods. We identify H with 777 by
the Hodge theorem.

Definition 2.2 (The pointed harmonic volume [8]). The pointed har-
monic volume for (X, z¢) is a linear form on K ® H with values in R/Z defined
by

I, <Z (Zkai,k ® bi,k) ® Ck> = Z (Zk:/ @i 1bi g —/ 77k> mod Z,
Tk

k=1 “i=1 k=1 Yi=1"7k
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where vy is a loop in X with the base point x(, whose homology class is Poincaré
dual of the cohomology class of ¢, and 7 is a 1-form on X, which satisfies
de = Y15 aik Abig and [ n Asxa =0 for any closed 1-form a on X.

The harmonic volume is given as a restriction of the pointed harmonic
volume. A natural homomorphism p : H®? — H®3 is defined by p(a®@b®c) =
((a,b)c, (b,c)a, (c,a)b). We denote by (H®3) the kernel of p. It is a free Z
module and satisfies the following short exact sequence

p

0—— (H®3) ®3 He3 0.
The rank of (H®?) is (2¢) — 69 and (H®3) ¢ K ® H. Harris [5] proved
that the restriction of the pointed harmonic volume on K ® H to (H®3) is
independent of the choice of the base point.

Definition 2.3 (The harmonic volume [5]).  The harmonic volume I for
X is a linear form on (H®3)" with values in R/Z defined by

I(Zai®bi®ci) :IxO(Zai®bi®ci) mod Z.

The map I is a well-defined homomorphism (H®3) — R/Z. We have
I3 ho(1),i ®ho(2),i @ hoz)i) = sgn(o) (D, hii @ ha,i ® b3 i), where 3, hy ; @
ho; ® h3; € (H®3)" and o is an element of the third symmetric group Ss.
See Harris (Lemma 2.7 in [5]) and Pulte [8] for details. In the sequel, we
regard (H®3)" as an S3-module by this action. We choose a symplectic ba-
sis {xiyyi}izl,Q,...,g of H so that (l‘i,l‘j) = (y“yj) = 0 and (.Z‘i,yj) = 5ij =
—(yj,x;), where §;; is Kronecker’s delta. Let z; denote x; or y;. We define the
subset 2 C (H®3)' consisting of the following elements,

(1) z®z ®z (i #j#k#1)

(2) 2, QY 2z — Tpr1 D Ykt+1 ® 2k (i£kand i #k+1)
(Ba) @z @z (i #£k)

(3b) ¥ ®y; @z (i # k)

(da) z;, @z;

(4b) v ®yi @y

(5a)  Tip1 @ T @ Yig1 + Yir1 @ T @ Tiqy

(5b)  Yit1 @ Yi @ Tit1 + Tit1 @ Yi @ Yit1

(6a) 2 @x; @Y — Ti @ Tiy1 @ Yit1 — Tit1 ® Ti @ Yit1

(6b) ¥ @y ®Ti —Yi @ Yit1 @ Tig1 — Yiy1 @ Yi @ Tiy1.
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Here i,j,k € {1,2,...,9} and all subscripts are read modulo g. Then B =
{o(a);a € A, 0 € S3} is a basis of (H®3)'.

By the definition of the harmonic volume, it is obvious that I = 0 mod Z
for the type (3), (4) and (5). Furthermore, I = 1/2 mod Z for the type (6). So
it is enough to consider the type (1) and (2).

83. The Periods and Iterated Integrals of a Hyperelliptic Curve

In this section, we compute the periods and iterated integrals of a hy-
perelliptic curve of genus g > 3. First of all, we take a symplectic basis of
H.

83.1. A homology basis of hyperelliptic curves

We define a hyperelliptic curve C' as follows. Let pg,p1,...,Dp2g+1 be dis-
tinct points on C. It is the compactification of the plane curve in the (z,w)

plane C2
2g+1

W = I (== p),
i=0
and admits the hyperelliptic involution given by ¢ : (z,w) — (z,—w). Let 7
be the 2-sheeted covering C' — CP*, (z,w) — z, branched over 2g + 2 branch
points {p;}i=0,1,....29+1 and P; € C a ramification point so that 7(P;) = p;.
On the curve C, we choose endpoints Qo, @1(= ¢(Qo)) as in Figure 2. We
g

define by Q the simply-connected domain CP*\ U D2;P2j+1, where pa;paji1 is
=0

a simple arc connecting po; and pgj4i. Then 7r’]1 () consists of two connected

components. We denote by g, Q; the connected components of 7~1() which

contain Qo, @1 respectively. Let e;,7 = 0,1,...,2g + 1, be a path in C' which

is to be followed from Qo to P; and go to @ along the arcs QoP; and P;Q.

See Figure 2. We write simply €; for m(e;). It is a loop in CP! with the base

point 7(Qop).

It is obvious that ej, - ¢(e;,) is a loop in C' with the base point @y, where
the product e;, - t(e;,) indicates that we traverse e;, first, then ¢(ej;,). So we
have the homotopy equivalences relative to the base point Qg

ej-tlej)~1, j=0,1,...,2g+1,

and

€ - tler) - - - egg - t(eggrr) ~ 1.
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nen

P2g+1P2:O P2g—1 Pj+1 Pj

P2g+1P2g Pi+1 pPj P1 Po
— L N ]

€ = m(e;)

m(Qo) = m(Q1)

CpP!

Figure 2.

We define the loops a;,b;,i =1,2,...,¢, in C with the base point Q¢ by

a; = egi—1 - t€2i),
b; = ei—1 - t(€2i—2) - e1 - t(eo).

So a symplectic basis of Hq(C;Z) can be given by {[a;], [b:]}i=1.2,....4, Where
[a;] and [b;] are the homology classes of a; and b; respectively. In fact, we have
(las], [bj]) = di5 = —([bs], [ai]) and ([ai], [a;]) = ([bi], [b;]) = 0. It is clear that
[a;] and [b;] are equal to z; and y; in Figure 1 respectively.

§3.2. The hyperelliptic curve C)

A hyperelliptic curve Cy is defined by the equation w? = 2292 — 1. We
take Q; = (0, (—1)"v/=1),i = 0,1, and P; = (¢%,0),j = 0,1,...,2g + 1, where
¢ = e2™V=1/(29+2)  We define a path e; : [0,1] — Cp,j =0,1,...,29 + 1, by

(2t¢7,v/=14/1 — (2t)%9+2) for 0 <t<1/2,
(2=2t)¢7, —v/—1y/1— (2 —2t)29%2)  for 1/2 <t <1.

We denote w; = 2~ tdz/w,i = 1,2,...,g, which are holomorphic 1-forms
on Cy. Then {w;}i=1,2, . 4 is a basis of the space of holomorphic 1-forms on
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Cy. Let B(u,v) denote the beta function fol 21 — 2)* "z for u,v > 0. It
is easy to show.

Lemma 3.1. We have

/.wi = 2V -1¢YB(i/(29 +2),1/2)/(2g + 2) = /( ‘)wi.
(29 +2)vV—1

3B(i/(2g + 2),1/2)~"" Lhe pe-

We denote by w; the holomorphic 1-form

riods of Cy are obtained by Lemma 3.1.

Lemma 3.2. We have

/ Wl = (eI (1 ¢y,

J

b Ci4+17

J

where 4,7 € {1,2,...,g}.

Remark 3.3.  Since wj} is a closed 1-form, the integral fv w! depends only
on the homology classes of ~.

In order to prove Lemma 3.5, we start with the following well known

lemma.

Lemma 3.4.  Let wy,ws be 1-forms on X and v1,72, - - -, Vm paths in X
so that Y172« +  Ym s a path. Then, we have

m
/ wiwg = E /wlwg—i— E /wl/ wa.
YiY2 Ym i=1 i i<y Y Vi

Since ¢ is a diffeomorphism of Cy and t(ey,) = e} ', we have

o ro_ o 1o / ’
/Wz'j—/ wij_/ilwiwj_ /%3 /%/71%-
e t(ek) e e e ey

k

1
Then/ w£w§ = 5/ w;/ w;». This formula, Lemma 3.2 and Lemma 3.4 give
€L €k €L

us iterated integrals of w} along ay and by.
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Lemma 3.5. We have

/ W, ; = %C(H'j)(?k—l)(l —207 + Ci+j)7
ak

1 .. . y
/b wgw; = Z 5C(Prj)(ﬂ*?)(l — 20t + CHJ)
k
+ Z (Cl _ 1)(4—] _ 1)<i(2m—2)+j(21—2)’

1<l<m<k
where i,j € {1,2,...,g}.

For the rest of this section, we compute the iterated integrals of real har-
monic 1-forms of Cy with integral periods. Let €, and €, be the non-singular
matrices

falw’l...fagw’l fblw’l...fbgwi
z S N A
falwg...fagw;] fblw;...fbgw;
respectively. It is clear that (ij)-entries of (2,)~" and ()~ " are given by
1 J(=1+¢) Lo j . :
, and ¢7*(1 4 ¢?) respectively. Then we obtain
g+1  1-G g+1

the period matrix (Q,)71Q denoted by Z. In general, it is well known that
Z € GL(g,C) is symmetric and its imaginary part SZ is positive definite. In
particular, Schindler [9] proved the theorem below. We deduce it directly from
Lemma 3.2.

Theorem 3.6 (Schindler [9], Theorem 2).  Let Z be the period matriz
on the curve Cy as above. Then its (if)-entry is given by

R S (S Y (S
g—l—lkz::1 1—¢?k '

Furthermore, all the entries are pure imaginary.

Remark 3.7. We need some steps for another presentation of Z by
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Schindler as follows.

4 R(gR —1)(CHT 1)

_ 2k
k=1 1 C

1= ()
oo

<2k] Z C*Zku
Zg:( - 2u+2j (<172u)k>

1

¢H(¢HT — 1)

1

M- WFH% 1M

Il
=

v

k
< 4-1721/%»2] 1+ <12u>

1—2v+25 1 _ /1—2v
- 1-¢

I
Ms

1

v

Then we have

L e - e -
g+1 Z

1— C2k
1 2(j—v)+1
_V—l(z g+17r+1+cosng )
- 2v—1 . v °
g+1 y— sin gF1 ™ sin %ﬂ'
We define real harmonic 1-forms «;, 8;,i = 1,2,...,g, by
aq wy B1 wy
= (%Z)*% (Qq)71 : and : =-R| () !
Qg W; By w;]

Using Theorem 3.6, we have SZ = —/—1(Q4) " 1Q. Then
ay wi
=R (Qb)_l

!/
Qg w

9
Itis clear that [ o; = [, B; =0and [, a; =0d;; = — [ (3 by Lemma 3.2. Let
PD denote the Poincaré dual Hy(Co;Z) — H'(Co;Z). We have PD([a;]) = a;

and PD([ ]) /81 for i = 1727 < g Hence? {a%ﬂi}i:l,l...,g C Hl(COaZ) is a
symplectic basis.

g
Let t,, be a complex number Z ¢"? for any integer u. It is obvious that

p=1
g foru € (29 + 2)Z,
RS foru ¢ (29 + 2)Z and u : even,
for w : odd.

1—¢v
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Moreover, t, is pure imaginary and t_,, = —t,, when u is odd.
Using Lemma 3.5, we can calculate iterated integrals by means of ¢, as
follows.

Lemma 3.8.  On the curve Cy, we have the equations

1 i

J
+(tor — tor—2:) z t2k2u+2}a

u=1

k
(4) /bk, Qo = 2(9"‘1)2{ Z(tQu—2jt2u—2i — 2loy—2j—otou—2

u=1
Ftoy—2j—atou—2i—2)

k
+ Z 2(t2v—2i — tav—2i-2)(t2v—2j—2 — t(—2j))}-
v=2

Here i, j, k€ {1,2,...,9}.
Remark 3.9. For k = 17 2522 2(152@,21‘—tQU,Qi,Q)(th,Qj,Q—t(,gj)) =0.
Proof. We compute fak Bi8; in the following way. Let A; ; be the (i, j)-

entry of (Q,) 1. By the definition of 3;, we have 3; = —§R( > Ai,lwl’). Using
this, fak BiBj can be given by

/ %(i Ai,lw{>8‘ﬁ<iz4j,mw;n>
Ak =1 m=

g
1 § : ’ - /—1
= Z (Ailejymwlwm + AiJAjﬂnwlwm
a

kElm=1

A — /] A Y ——
+Ai 1Ay, + Ait A @,

1 - T /—1
=S 58%{ Z <Ai,lAj,m /ak wl/w;n + AiylAj’m /ak wlwm> }

l,m=1
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Lemma 3.5 gives us

(g4 1) ZA”AJM/ wwh,

l,m=1

1-2¢™ 4 (1)

g L .
C=14H PN (1™ L hmy2h-1)
I;I 1—! 1—(¢m §§+ i

1 9 1_C2jmm . 9 1_<2il i . .
:52 ——— (e 2”21_70@“% (1 —2¢m + ¢
=1
g 2k—1
Z Z Clu(1_2<m_’_cl+m)
1 u=2k—21

:éﬁf > 0W{2F1(mu—2@w+mﬂcﬂ}

m=1v=2k—2j u=2k—21
1 g 2k—1 2k—1
) > > Cmv{ tu(1=¢") + (f2k — tzkzi)Cm}
m=1v=2k—2j u=2k—21
1 2k—1 g 2k—1
=3 22 { g™ (L= ™) + (tan tzk_zad”“’*”}
v=2k—2j m=1 \u=2k—2i

= m=1
] 2kl 2k—1
=3 { Z tu(te — tog1) + (tor — t2k2i)tv+1} .
L, )
So we obtain

/7
E AitAjm wlwm

l,m=1
1 2k—1 2k
= 5{(t2k—2j — tok) Z tu + (tar — tox—2:) Z tv}-
u=2k—2i v=2k—2j+1

Using fak Wi = %g(i—j)(%—l)(l —2¢79 + ¢*77), the value (g + 1)2
AiiAjm fak wjw,, can be computed by

1 2%k—1 2%
5{@(21@2;‘) —t_(21)) Z tu + (tor — tog—2:) Z t—v}~

u=2k—21 v=2k—2j5+1

lml

Since t,, = t_,, for u € 27 and t,, is pure imaginary for v € 2Z + 1, we have (1).
The values fbk BiBj, fak a;a; and fbk a;a; are calculated similarly. O
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8§4. The Harmonic Volumes of Hyperelliptic Curves

In this section, we consider the harmonic volumes of hyperelliptic curves.
They can be reduced to the computation for the hyperelliptic curve Cy.

Theorem 4.1.  For any hyperelliptic curve C, let {Z’i,yi}izl’g’m’g be a
symplectic basis of H = Hy(C;Z) in Figure 1, where v is the hyperelliptic
involution. We denote by z; either x; or y;. Then,

I(Z¢®Zj®2k)= 0 fori#j#k+#1,
I(z; @ i @ 2k — Th1 @ Ypt1 @ 2k)

_ 1/2 fori<k7k:273a"'7g_1andzk:yk7
10 fori>k,k=1,k=g or z = z}.

In order to prove Theorem 4.1, we need the following two lemmas. Let 577
be all the real harmonic 1-forms on Cy with integral periods.

Lemma 4.2.  On the curve Cy, let n be a 1-form on Cy satisfying the
conditions

dn = th N ho g,
%

/ n A xa =0 for any closed 1-form a on X,
X
L =1,

where ¢ is the hyperelliptic involution of Cy and hi i, hor € F such that

Yoehighor) =24 fcg hix A hay =0.
Then for any j
/ n=0.

J

Proof. We will have n explicitly. For any Zth A ha, there exist
k

1 2 _ 1 — 2
a; j,a;; € C such that E hig Ahoy = E a; jwi AWy + a; ;w; A w;, where
k

,J

i-137 71
i, €{1,2,...,g}. The (1,1)-form w; AW, is =—————dA A d\ in a coordinate
o
A satisfying p? = A2972 — 1. Take a polynomial f(), ) of degree at most 2g — 2
_ A _
which belongs to C[\, \] so that L_)d)\ Ad\ = Zhl’k A ho. It is clear
o -

fN)

that Z-"2d\ A d)\ is invariant under the action of the hyperelliptic involution
oy
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L ) (A, —p), since it = 2] = N2 — 1] = |(—)?|. So we regard
A _

L_)d)\ A dX\ as a 1-form on CP!. On the curve Cy, Harris ([5] in Section 5,6

WL

and [6]) gave 7 in the following explicit forms.

- R TN\ ndx
2w AeCP? Zz — )\ |A29+2 — 1|

411 1 f ~
_2ﬂ2ﬁ<dz/zA|A2g+21|dAAdA

1 f) X
_dz/ (Z - A) e g d)\>,

in a coordinate z satisfying w? = 22972 — 1. It satisfies

t'n =n.

This equation allows us to have

oL v
e t(er)t t(ex) ek ek

Then we obtain [, 7 =0. O
J
Lemma 4.3. On the curve Cy,

I(zi®2z;®@zp) =0 fori#j#k#i,
Iz ® yi @ 2k — Tpg1 @ Ypg1 © 2k)

J1/2 fori<k,k=2,3,...,9—1 and z, = yy,
1l 0 fori>k+2k=1k=g orz, = .

Proof. 1t is enough to consider the iterated integral part of the harmonic
volume by Lemma 4.2.

Type (1)
Lemma 3.8 gives us I(z; ® z; ® z,) =0 for i # j # k # 1.
Type (2)
We compute I(x; @ y; ® 2k — Tht1 Q Yk41 ® 2x) for ¢ # k and i # k+ 1. When
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1<k k=23,...,9—1and z, =y,
I(2; @Y @Yk — Thy1 © Y1 @ Yi)
:/ BBk — Br+15k

aq A1

1 k 1 k
= 72(9 12 {—(9 +1) Zt2i2u+2} - W{—(g +1) Z tQ(kH)QuH}

u=1 u=1

- SRl D=k 1) -

= 1/2
=1/2 mod Z.

W{—(9+ D(=k)}

It is similarly shown that I(z; ® y; ® 2k — Ttr1 Q@ Y41 ® 2;) =0 for i > k + 2,
k=1, k=gor z; = zg. d

Before the proof of Theorem 4.1, we recall some results about the moduli
space of compact Riemann surfaces. Let ¥, be a closed oriented surface of
genus g. Its mapping class group, denoted here by I'y, is the group of isotopy
classes of orientation preserving diffeomorphisms of >,. This group acts on the
Teichmiiller space 7, of ¥, and the quotient space M, is the moduli space of
Riemann surfaces of genus g. The group I'; acts naturally on the first homology
group Hy(X,;Z) of 4. Let #; be the subgroup of I'y, which acts trivially on
H,(X4;Z) and we call it the Torelli group. Its action on 7, is free and the
quotient Z, = .#,\7T,, called the Torelli space, is the moduli space of compact
Riemann surfaces with a fixed symplectic basis of Hy(X4;Z). There is a natural
projection pr : Z, — M,.

Let Hy C My be the moduli space of hyperelliptic curves of genus g. The
hyperelliptic mapping class group A, is the subgroup of I'y defined by

{p €Lyt = 1p},

where ¢ is the hyperelliptic involution of ¥,. We choose 7‘~lg a connected com-
ponent of p;l(Hg) with the symplectic basis in Figure 1. 7?(9 is a complex
submanifold of dimension 2g — 1 of Z,. Let ng denote the group Z; N A,.
The moduli space H, is known to be connected and has a natural structure of
a quasi-projective orbifold. Hence we have H, = pT(ﬁg). The group A, can
be considered as its orbifold fundamental group and ng is the fundamental

group of ﬁg.

Proof. (Theorem 4.1) One of the key points of this proof is that the
harmonic volume of C' belongs to Homa, ((H®?),Z/2Z) = Homgz((H®?),
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Z/27)"s. Let E — H, be a flat vector bundle with a fiber Homy ((H®3), Z/27)
and (pT|ﬁg)*E the pullback of the flat vector bundle E. Harris [5] proved that
I varies in Z,; continuously. For any hyperelliptic curves, I = 0 or I = 1/2 mod-
ulo Z. Hence the flat vector bundle (pT|ﬁg)*E has a locally constant section I

associated to I. Moreover, 7'~lq is arcwise connected and the monodromy repre-
sentation .#f — Aut(Homy((H®?)',Z/2Z)) is trivial. Therefore I is constant

on Hy. Since Hy = pr(H,), the harmonic volumes of hyperelliptic curves can
be reduced to the calculation of Cy. The result follows from Lemma 4.3. [l

85. The Harmonic Volumes of Hyperelliptic Curves
from a Topological Viewpoint

In this section, we study Homa , ((H®?)’, Z3) which contains the harmonic
volume I. Let Zy denote the field Z/2Z.
Birman and Hilden proved the following theorem.

Theorem 5.1 ([2], Theorem 8).  The hyperelliptic mapping class group
Ay admits the following presentation;

o generators: o1,02,...,02g+41
o relations:

(1) 0pom = omon, |n—m| > 2,

(2) 0nOnt10n = On41000n41,1 < n < 2g,
(3) %912 =1,

(4) (0r)* =1,

(5) 01(0k) = (0K)oq,

where 0 = 0102 -+ 02941 ANd K = 02441024+ 071.

Remark 5.2.  The generator g;, 1 < i < 2g + 1, is equal to the Dehn
twist along the simple closed curve [; in C' in Figure 3.

Let Hz, denote H,(C;Z2). A homomorphism p : A, — Sp(2g; Zs) is given
by the action on the homology group Hz,. So Hyz, is a ZyAgz-module, where
Zyg is the group ring of Ay. We consider e;,a; and b; for 0 <7 < 2g+1
and 1 < j < g in Section 3.1. The first homology classes of a; and b; are
denoted by z; and y; € Hgz, respectively. Let B denote the branch locus
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Figure 3.

{pi}i=0.1,...29+1. We deform e;, denoted by e}, to avoid P; in a sufficiently
small neighborhood of P; so that m(e}) surrounds p; and {7(€})}i=o.1,... 2941 is
a generator of H;(CP! — B;Zs,). Since the coefficients are in Zs, the homology
class of €/ is independent of the choice of €. See Figure 4.

7(e;)
)
m(Qo) = m(Q1) .

CcpP!

Figure 4.

Arnol’d [1] proved the following. A linear map v : Hz, — H;(CP' — B; Z,)
defined by v(w;) = m(ep; 1) + m(en;), v(yi) = w(ep) +m(ey) + -+ +m(ey ) is
injective. This map gives the short exact sequence

0 — Hy, —~— H,(CP' — B;Zy) — Zy — 0.

Here the map Hy(CP! — B;Zy) — Z is the augmentation map (e}) — 1. Let
fi denote w(ep) + m(e}) for i = 1,2,...,2g + 1. Using v, we identify Hz, with
the subgroup of H;(CP! — B;Zs) generated by fi, fa,..., fog+1. It is clear
that fi + fo 4+ -+ + fog+1 = 0. A surjective homomorphism g : Ay — Sagy0
is defined by p(o;) = (j — 1,7). Let p’ : Sagra — Sp(2¢;Zz) be the homo-
morphism induced by the action on H;(CP! — B;Zs) given by the permuting
m(ep), m(e}), ..., m(eg, ). Arnol’d [1] obtained the commutative diagram

ploy)
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We identify the actions of 01, 02,...,024 and og441 on Hz, with those of the
transpositions (0, 1), (1,2),...,(29—1,2¢g) and (2g,29+1) on H;(CP! — B;Z,)
respectively.

We denote by A} = {0 € Ay; o(Py) = P} and Ay = {0 € Ay; o(Py) =
Py and o(Py) = Pl} We have p(Ay) = Sagi1 and (AY) = Sz, where
Sag+1 = {0 € Sygrai0(m(ey)) = m(ep)} and Szg = {0 € Sygiai0(m(ep)) =
m(ep) and o(w(e})) = w(ef)}. As in the proof of Theorem 4.1, the pointed
harmonic volume Ip, is an element of Homa, (K ® H,Zs). For a ZAj-module
M, we denote M* = Homy (M, Zs), which is naturally regarded as a ZQA;—
module. Clearly we have H* = Hj .

The homomorphism of short exact sequences

(,)®id

0—=K®H H®3 H 0
0 —> (H®3Y H®3 p H®3 0,

induces the homomorphism of long exact sequences,

(5.1)
HO(S2g41; H*)——— HO(S2g415 (H®?)*)— HO(S2g415 (K ® H)*)—— H'(S2g41; H*)

HO(S2g41; (H)*)— HO(S2g415 (H®?)*)— HO(S2g41; (H®?)')*)—H (S2g41; (HH%)").

Lemma 5.3. We have
HO(S2g+1§H*) =0.

Proof. We take ¢ € HY(Sa441; H*). Since ¢ is Sog1-equivariant, o(f1) =

o(f2) = -+ = ©(fag+1). Using fi + fo + -+ + fog41 = 0, we have 0 =
o(fitfat- -+ fogr1) = 29+1)p(f1) = (f1). From p(f;) =0, 1 <i < 2g+1,
HOY(Sa441; H*) = 0 follows. O

We recall the notion of induced and co-induced modules. Let Indiij“Zg
denote the induced module ZS211®z,s,, Z2 and Coindiigﬂ Zs the co-induced
module Homsg, (Z2S2g11,Z2). They are (2g + 1)-dimensional vector spaces
over Zs. We denote by r; = (i,1) ® 1 € Indgzzﬂzg for i = 1,2,...,2g + 1.
Then {r;}i=12
we have a natural isomorphism \ : CoindSQQHZQ — Inds2g“Zg given by
A(s) = S22 1) @ s((3, 1)) for s € C01nds2g“Zg Let s; be the element of

. ) s .
2g+1 1s a basis of Indszz“ZQ. Since [Sagq1 @ Sag] < o0,

.....
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CoindgzZ“Zg such that A(s;) = r;. We have a natural exact sequence
¢ . 1S2g41 X
(5.2) 0 —=Hz, —— ComdSQQ Ty ——>Tp —> 0,

where ¢(nafa+nafs+- - +nogr1fogr1) = n2s1+nzsa+- -+ nogr182, + (N2 +
n3 + -+ Nagi1)S294+1 and x is the augmentation map.

A transfer map is defined as follows. The canonical surjection 7 of Sag41-
modules Indgg‘g’“Zg — Zs is defined by 7(0®a) = oa = a. By Shapiro’s lemma,
we obtain H'(Sag1; CoindgzZ“Zg) = H%(S24;Zs) for any i. A transfer map
corgi;j“ : H'(Sa24;Z2) — H'(S2411;Z2) is induced by Shapiro’s lemma and the
following composite mapping

. S A S.
ComdSzZ“Zg — Indszz“Zz — > 7.

It immediately follows that x is equal to 7 o A.

Lemma 5.4. We have

H'(Sog41; H*) = 0.
Proof. The exact sequence (5.2) induces the exact sequence
0—— H%(S2g1; Hz,) N H°(S29+41; COind%lez)L H(S2g+1; Z2)
s HY(Sag41; Hog ) HY(Sag41; Coind20™ Z)— > H(Sy1: Z).

By Shapiro’s lemma, we obtain Hi(Sgg+1;Coind§25“22) = H'(S24;Z2) for
i=0,1. We have H%(Sa441;Z2) = Zo and H°(Say;Z2) = Zs, since the actions
of Sog4+1 and Sy, on Zy are trivial. Let sign; be the signature map S; — Zy for
i =2g,2g + 1. Since 29,29 + 1 > 6 > 5, we obtain H'(S;;Zs) = Zy and sign;
generates H'(S;;Zs) for i = 2¢g,2g + 1. In order to prove H'(Ss,11; H*) =
H'(S5411; Hz,) = 0, it is enough to prove that y* is an isomorphism. Let 1;
denote the nontrivial element of HY(S;;Zy) for i = 2g,2g + 1. Since x = 70 ),
we have y* = corgzz+1 : H%(S24;Z2) — H°(S2441;7Z2). Lemma 5.3 gives
HO(Sog413 Hz,) = H°(Syg41; H*) = 0. Then we obtain corgjg“(lzq) = logu
and the isomorphism x* : H%(S24; Z2) — H®(S24+1;Z2). We apply the transfer
formula

S2g+1 S2g41 ¢ o S2g+1
corg,”"" (resg, " (signgy ) U 12g) = signyy U cors ¥ (124)
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2g+1_  S2g+1 (

to signy, and lagy. So corg ?"'resg sign,,) = signy,. Since x* is surjective,

29 2¢
we have the isomorphism y* = corgzz“ : HY(Sa4;Z2) — H'(S24+41;Z2). Then
Hl(Sgg+1;H*):H1(529+1;HZ2):O. O

Using the diagram (5.1), Lemma 5.3 and Lemma 5.4, we get the homo-
morphism of the commutative diagram

HO(Sag41; (H®?)*) —— H°(S2g41; (K @ H)*)

T T

HO(Sog41; (H®?)*) ——= H°(S2g+1; (H®?)')*)).

The two horizontal and one left-hand vertical homomorphisms are isomor-

phisms. Then the other right-hand vertical homomorphism is an isomorphism.
We have HO(Szg11; (H®)*) = HO(S2g11; (H®®)')*)) = H%(S2g41; (K @ H)*).

Lemma 5.5.
H(Sag41; (H®)*) = Zs.

Moreover, the unique nontrivial element ¢ € H°(Say11; (H®3)*) is an Sogq1-
homomorphism H®? — Zo defined by

0 fori#j#k+#i,
Y(iRfi®fr)=R0 fori=j=k,

1  otherwise.

Proof. Let 1 be an element of H®(S2,11; (H®?)*). Since ¢ is Sagy1-
equivariant, there exist a,by,be, b3 and ¢ € Zy such that ¥(f; ® f; ® fi) = a,
V(@ fi® fi) = b, 0(fi @ f;® fi) = b2, ¥(fi @ fi @ fj) = b3 for i # j
and Y(f; ® f; ® fr) = cfor i # j # k # i. The dimension of Zy-vector space
HO(SQngl; (H®3)*) is not greater than 1. Since I(z; @1; @y; — ;@411 QYir1—
Tip1@x;@Yip1) = 1/2, Ip, € HO(AL; (H®?)')*)) = H(Sag41; (H®?)*) is not
0. We obtain H%(Sa4+1; (H®3))*)) # 0. Hence we have H°(So,41; (H®3)*) =
Zs. 1t is clear that the generator of HY(Sa,41; (H®3)*) is 4 as above. O

Corollary 5.6.
HO(Sag 2 (HE)) = 0.

Proof. Take ¢ € H°(Syq41; (H®3)*) in the proof of Lemma 5.5. Let b
denote by = be = bs. Using p(o1)(fi) = f1+ fi for i = 2,3,...,2g + 1, we
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have 0 = ¥(fo ® f3 @ f1) = ¥(p(o1)(fa ® f3 ® f1)) = 3b = b. The equation
a=b; =by=0bg=c=0 gives H*(Sa12; (H®3)*) = 0. O

Using the diagram (5.1), Lemma 5.3, Lemma 5.4 and Lemma 5.5, we have
Proposition 5.7.
HO(N: (K @ H)') = HO (A (H))") = o,
This gives us the following theorem.
Theorem 5.8.

HO(Ag; (H®?))) = Zo.

Proof. We have a natural injection HO(Ay; ((H®3))*) — H°(Al;
((H®3)")*). Using Proposition 5.7, the dimension of Zs-vector space HY(Agy;
((H®3)")*) is not greater than 1. As in the proof of Lemma 5.5, the harmonic
volume I € H(Ay; ((H®3)")*) is not 0. Hence HO(Ay; (H®3))*) =Zo. O

Proof (The second proof of Theorem 4.1). Using Theorem 5.8, Propo-
sition 5.7 and Lemma 5.5, we identify H%(Sz,41;(H®3)*) with HO(Ay;
((H®3)")*), whose generator is regarded as ¢ in Lemma 5.5. We substitute

z; = foic1 + foi,
Yi = fi+ fat+ -+ faic,

for elements of the type (1) and (2) in Section 2. Then the direct computation
of 1 gives us Theorem 4.1. O

The harmonic volume I gives a geometric interpretation of a theorem es-
tablished by Tanaka.

Theorem 5.9 (Tanaka [10], Theorem 1.1).  If g > 2, then
Hl(Ag;H) = ZQ.

Tanaka obtained the generator of Hy(Ag; H), using the relations of Ay
in Theorem 5.1. Since A, acts transitively on H, Ho(Ay, H) = 0. By the
universal coefficient theorem,

HY(Ay; H*) = Homg (Hy (Ay; H); Zo) = Zo.

We have H'(Ay; H*) = Zo.
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By Corollary 5.6, it is clear that H°(A,; (H®3)*) = 0. The short exact

sequence
p

00— (H®3)/ H®3 H@S 0

gives us a connected homomorphism § : HO(Ay; (H®3))*) — H'(A,; (HP3)*)
and it is injective. Since I is Ss-invariant, we may consider I = (01 |y, dI|m,
§I|g) € H' (Ay; H*)®3. Here 61|y is the restriction HO(Ay; (H®?))*) —
HY' (A, H*).

Proposition 5.10.  The generator of H'(Ag; H*) is 61|p.

Proof. 1f 61|y is not the generator of H'(A,; H*), we have I = 0 €
HY(Ag; (H®3)*). This contradicts that § is injective. O
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