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Abstract

Let s' «— L, — s be the K¢-versions of the moment maps associated to the
dual pair (U(p,q),U(r,s)) and N(s*) « N(L;) — N(s?) their restrictions to the
nilpotent varieties. In this paper, we first describe the nilpotent orbit correspondence
via the moment maps explicitly. Second, under the condition min{p, ¢} > max{r, s},
we show that there are open subvariety L, (resp. (s52)’) of L (resp. 52) and locally
closed subvariety (s*)’ of s such that the restrictions of the moment maps N ((s")") «
N(L) — N((s*)") give bijections of nilpotent orbits. Furthermore, we show that the
bijections preserve the closure relation and the equivalence class of singularities.

§0. Introduction

In [KrP1], H. Kraft and C. Procesi made a comparison of singularities
between closures of nilpotent orbits in gl(n, C) and those in gl(m,C) (n —m >
0), that is:

Theorem ([KrP1, Proposition 3.1]).  Let n and o be Young diagrams
with n boxes which have (non-empty) n —m rows. Let ' and o’ be the Young
diagrams with m bozxes which we obtain from n and o by erasing the coincident
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first column respectively. We write Cy, and C, (resp. Cyy and C,) the nilpotent
orbits in gl(n,C) (resp. gl(m,C)) corresponding to n and o (resp. n' and o’)
respectively. Suppose that C'_,7 D C,. Then C_n’ D Cyr and we have

Sing(Cy, Cy) = Sing(Cyy, Cor)

(for the definition of smooth equivalence class Sing( , ), see Definition 2.14).

On the singularities of nilpotent orbits, they proved a similar correspon-
dence between o(n, C) and sp(m, C) in [KrP2].

On the other hand, in [O1] and [O2], the author showed that the simi-
lar correspondence of singularities between closures of nilpotent orbits in the
following pairs of complex symmetric pairs:

(gl(n, C),0(n,C)), (gl(m, C), 0(m,C))) [O1],

gl(2n,C),sp(2n, C)), (gl(2m, C),sp(2m, C))) [O1],

gl(p + ¢,C), gl(p, C) + gl(q, C))) , ((gl(r + 5, C), gl(r, C) + gl(s,C))) [0O2],
o(p+4¢,C),0(p,C) +0(q,C)), (sp(2n, C), gl(n, C))) [02],

sp(p + ¢,C),sp(p, C) +5p(q, C)) , (0(2n, C), gl(n, C))) [O2].

Recently, we have come to understand that the quotient maps which give these
correspondences, are the moment maps associated to the dual pairs correspond-
ing to the pairs of complex Lie algebras (cases of complex dual pairs) and those
of symmetric pairs (cases of real dual pairs).

For the moment maps g* < L 5 g2 associated to the complex dual pairs
(G',G?*) — Sp(L) ((G',G*) = (GL(n,C),GL(m,C)),(O(n,C),Sp(m,C)),
(Sp(n,C),0(m,C))), by using the construction of [KrP1] and [KrP2],
A. Daszkiewicz, W. Kraskiewicz and T. Przebinda ([DKP]) showed that for
any nilpotent G2-orbit Oy in g? = Lie(G?), p(7~1(O3)) is a closure of a single
nilpotent G'-orbit O;.

For certain real dual pairs (G§, G%) in the stable range with G% the smaller
member, K. Nishiyama noticed that an analogue of the above correspondence
Oy +— O is injective (he call this a #-lifting of nilpotent orbits) and studied
the relation of the structure of the ring of regular functions on O; and that on
O, via the moment maps ([N1], [N2]).

It is known that, for some representations of G2 corresponding to small
nilpotent orbits, Howe’s correspondence of representations and 6-lifting of nilpo-
tent orbits are compatible via taking associated varieties(cf., [N3], [NOT], [NZ],
[Y]). The relationship of the restriction of a representation to a reductive sub-
group and the projection of the associated variety to the Lie subalgebra, was
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studied earlier by T. Kobayashi in [Kol] and [Ko02], and the similar results also
had been obtained as a consequence.

Let (, )r. be a non-degenerate symplectic form on a real vector space
Lg and (Gk,G2) = (U(p,q),U(r,s)) (dimg Lg = 2(p + q)(r + s)) be a dual
pair contained in the real symplectic group Sp(Lg) defined by (, )r,. Let
(G, K7)(j = 1,2) be the complex symmetric pair corresponding to the real
group G{& and Lie(G7) = g/ = ¥/ + s/ a complexfied Cartan decomposition
corresponding to G{Q. For z € Ly, we define a linear form u, € sp(Lg)* by

1
pa(z) = 5(22,2)r, (2 € 5p(Lr))-
By restricting to g{@ we obtain maps
Ly — (g{{)*a Z = ﬂz|gh§{ (] = 172)'
Via the usual identification (gﬁ)* ~ gﬂé, we obtain maps
1P T2
Or < LR — OR»

which we call the moment maps associated to the dual pair (G&, G2) — Sp(Lg).
By the complexification, we obtain complex moment maps

gl Lrpn g2.
By restricting to a suitable maximally totally isotropic subspace L, we obtain
K' x K?-equivariant maps

st & 562

For the simplicity, we also call these restrictions ‘moment maps’ associ-
ated to the dual pair (G§,G3) < Sp(Lgr). In this paper, we show that these
moment maps are obtained by a Z4-gradation of gl(p + g + r + s,C), and we
consider the nilpotent orbits correspondence among s', L., 52 via these maps
and genalalization of the 6-lifting of nilpotent orbits.

In §1, we describe the classification of nilpotent K*' x K2-orbits in L and
their closure relation due to Kempken [Ke].

In §2, we first give the explicit description of the nilpotent orbit correspon-
dence

N(sY)/K' — N(Ly)/K' x K? — N(s?)/K?

induced by p and w. The main theorems of this paper are the following:
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Theorem 2.9.  Suppose that min{p,q} > max{r,s} and, p—1r >0 or
q— s > 0. There exists an open subvariety L', with the following properties:
(s) := p(L',) is a locally closed subvariety of s* and (s*)' := m(L'.) is an open
subvariety of s2. Then we have the following:
(1) placery  N(LYy) — N((s')') is locally trivial in the classical topology with
typical fibre isomorphic to K?2.
(it) 7wz, s N(LY) — N((s?)') is smooth and each fibre of w|xr(rs,) is a single
K*'-orbit.
(iii) The induced maps

N((s"))/E" = N(L})/E' < K? — N((s*))/K*

are bijections.

(iv) The bijections in (ii

N(L,)/KY x K? (j = 1,2) and the corresponding orbits OF = p(O;) €
N((s"))/K', O3 =7(0;) € N((s?)')/K?, we have

i) preserve the closure relation. That is, for O; €
1,

Ol 50} = 0, 50y <= 02 5 02

Theorem 2.14. Under the assumption of Theorem 2.9, (iv), suppose
O1 D Oy. Then we have

Sing(0},0}) = Sing(01,05) = Sing(0%, 03).
Thus the correspondence
N((s"))/ B = N((s*))/ K*

obtained by the moment maps is considered as a good duality, which gives the
correspondence of nilpotent orbits of Kraft-Procesi type simultaneously.

If (G§,G%) = (U(p,q),U(r,s)) is in the stable range (i.e. min{p,q} >
r+s), we see N'((s2)") = N(s?). Hence, via the bijection of Theorem 2.9, (iii),
each nilpotent orbit in 52 corresponds to some nilpotent orbit in A'((s!)’) which
coincides with Nishiyama’s #-lifting. Thus, in our general setting, the bijection
N((s?))/K? ~ N((s')")/K' given by Theorem 2.9, (iii), is considered as a
generalization of Nishiyama’s #-lifting.

On the other hand, if Cy € [N (s2)\N(s5)]/K?2, p(m~1(C2)) is not a closure
of a single K!-orbit in general (cf. Remark 2.15, (iii)) and hence the analogue
of the main result of [DKP] does not holds in our case. N'(s})/K? is considered
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as a domain on which a ‘‘good” correspondence

N((s*))/K? ~ N((s'))/K*, Oy Oy (p(r(Oz)) = Oy)

(generalization of 6 — lifting)

is defined.

In §3, we explain the reason why the maps s* < L, 5 s? constructed
in §2 can be interpreted as the K¢-version of the original real moment maps
g]}{ £ g = gi.

Finally we mention the generalization of the correspondences

N((s"))/ED — N(L) /K x K2 — N((s%)) /K.
These correspondences can be extended to the general orbit correspondences
(51)//K1 - L/Jr/Kl % K2 N (52)//K2

and the analogue of Theorem 2.9 and Theorem 2.14 also hold for these gener-
alizations. Furthermore these results also hold for all reductive dual pairs in
the real symplectic groups. These will be given in forthcoming paper ([03]).

81. Nilpotent Orbits of Z,,-Graded Lie Algebras

To understand the nilpotent orbits correspondence via the moment maps,
we give a combinatorial description of the classification of nilpotent orbits of ©-
representations in the spirit of ab-diagrams in [O1, O2]. With this combinatorial
description, we review the results by [Ke| on the closure relation of nilpotent
orbits in §1.

In §2, we shall use these results with m = 4(the order of ©).

81.1. Z,,-graded Lie algebras

Let G be a complex reductive algebraic group with Lie algebra g and m a
positive integer. Let © : G — G be an automorphism of G such that ©™ = id
and ©7 #id (1 < j < m). We write © : g — g for the induced automorphism.
We put ¢ := e2™/™,

G ={9€G;0(9) =g} and gs:={X € g;0(X)=0X} (J € (()),

where (¢) denotes the multiplicative group generated by ¢. Then g is decom-
posed as

9= Dse(c)¥s
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and we obtain a Z,,-graded Lie algebra. For each § € ({), the isotropy group
G1 acts on gs by the adjoint action. In this paper, we call the group G; a
©-group and the representation (G , g¢) of Gy on g¢ a O-representation.

81.2. Classification of nilpotent orbits of the ©-representation
defined by an automorphism of a vector space

Let V be a finite dimensional complex vector space and S : V — V an
automorphism of V such that S™ = id and S’ # id (1 < j < m), where
m is a positive integer. Put G = GL(V) and g = gl{(V). Then S defines
an automorphism © : G — G,0(g) = SgS~! (g9 € G). As before we write
¢ := €?™/™  Then we obtain a ©-representation (G; , g¢). For § € (¢), we
write V5 := {v € V; Sv = dv}. Then V decomposed as

Vle@Vg@V@@m@VCWl
and g¢ can be written as
gc ={X € g XV5 C Vs (6 € (O}

We write N (g¢) the set of nilpotent elements of g contained in g¢. To describe
the Gy-orbits in N (g¢), we introduce the following notion.

Definition 1.1. (i) For a Young diagram 7 for which an element of (¢)
is placed in each box, we say 1 a (()-signed diagram (called “word” in [Ke], a
generalization of “ab-diagram’ in [O1, O2]) if, for each box placed ¢ € (¢), the
right adjacent box is placed (4. e.g.

i 231 042
n= 1144214 in case m = 4.

i1 4 2
(ii) For a ({)-signed diagram 7 and ¢ € (¢), we denote by ns(n) the number
of §’s which occur in . We write D(ng,n1,n2,...nm—1) the set of ({)-signed
diagrams 7 such that ne;(n) =n; (0<j <m—1).
(iii) For a (¢)-signed diagram n, we write 7’ the ({)-signed diagram which we
obtain from 7 by erasing the first column. We define ) by () = (»l=1y.
e.g. for the (i)-signed diagram 7 of (i),

231 i 42 31 4 42
=143 1 i and nP =42 431
1 4 42 i 32

Write nj := dimV; (0 < j < m —1). Then the G;-orbits in N(g¢) are
classified by D(ng,n1,ne,...,nm—1) as follows:
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Proposition 1.2 ([Ke]). (i) For any x € N(gc), there exists a basis
{vf; 1<k<p,0<j<ri} of V ocontained in Vi UV U Ve UL U Vem-1 such
that

vggvfiv’gi...ivk -0,

pe, xof =k (0<j <rp—1) and zvf, = 0.

(i) For 1 <k <p, if vk € Vs, (6 € (¢)), we write

N = O COk C25k ENGLI TS

Thus we obtain a (C)-signed diagram 1 € D(ng,n1,n2, ..., Nm—1) with p Tows,
whose rows are N1, Na,. .., Np.
m

72
n=m+mt---+np= .
Tlp

Then n is independent of choice of the basis {vf} We write n = ng and call
N the (C)-signed diagram of x.

(iii) The correspondence
N(ge) = D(ng,ni,ng, ..., Nyp—1), T 10y
of (ii) defines a bijection
N(gc)/G1 ~ D(ng,n1,ng, ... Nypp—1).

For the reader’s convenience, we give a proof (which parallel to [02]).

Proof of Proposition 1.2. (i) For x € N(g¢) \ {0}, as in the proof of
[KrP2], Lemma 7.3], we can take h € g1, y € g¢-1 such that (h,z,y) is an
S-triple;

[h, ] =2z, [h,y] = =2y, [2,y] = h.

Since Sy = (~yS, K :=ker(y: V — V) is decomposed as
K = @6E<C)(K NVs).

Since each K N Vs is h-stable, we can take a basis {vf;1 < k < p} of K
consisting of h-weight vectors. Define 7, by 2™ v # 0 and z"*+1of = 0 and
write v := zuf (0 < j < ry). We obtain a basis {vf;1 <k <p,0<j <7}
of (i).
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(ii) Since 29V = C{v};1 < k < p,q < j} (¢ > 0), we have
ns(n'®) = u{U;-“; 1<k<p, ¢<jy, v;’? € Vs} = dim(z?V N V)

for § € (¢) and ¢ > 0. Hence 7 is uniquely determined by x.
(iii) Suppose {v¥} is a basis of V corresponding to # € N(g¢). We put 2’ =
Ad(g)z (9 € G1). Then clearly {gv¥} is a basis of V corresponding to z’ and
hence 1, = n,,. Therefore the map N(gc)/G1 — D(ng,n1,n2,...,Nm—1) is
defined.

For x,2" € N(g¢) such that n, = n,, take a basis {vF} (resp. {u}} ) of
V corresponding to z (resp. ') by (i). Here we can assume that v§ and uf
contained in the same Vs for each k. Defined g € GL(V) by gv;? = u;“ Since
gVs = Vs for each § € ((), we have g € G;. We easily see that 2’ = Ad(g)z
and hence the map N(g¢)/G1 — D(ng,n1,n2,...,Nm—1) is injective. The
surjectivity of this map is easily shown. O

§1.3. On the closure relation
Let us define an ordering of (¢)-signed diagrams as follows.

Definition 1.3. For (()-signed diagrams n, u € D(ng,n1,n2,...,Mm—1),
we write 7 > p if ns(n1)) > ns(u)) for all § € (¢) and j > 0.

For the closure relation, we refer to [Ke] for the proof.

Theorem 1.4.  For two nilpotent orbits O; € N(g¢)/G1 (j = 1,2), we
denote by n; € D(ng,n1,M2,...,Nm—1) the (()-signed diagrams corresponding
to O;. Then Oy is contained in the Zariski closure O, of Oy if and only if
m > N2

0120, & m >n

82. Geometry of the Moment Maps Associated to the Dual Pairs
(U, a),U(r,s))
§2.1. The moment maps

Let V be a finite dimensional complex vector space and sy : V — V a
linear involution. We call such a pair (V,sy) a vector space with involution.
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Define an involution 6y of GL(V) by 0y (g) = sygsv (g € GL(V)) and put

Vai={veV;syv=u0}, Vy:={veV;spv=—v},
ng :=dimV,, np:=dimV,
K(V):=GL(V)1 ={g € GL(V);0v(g9) = g} = GL(Va) x GL(V),
E(V):=gl(V)1 = {X € gl(V); 0y (X) = X}
s(V)i=gl(V)_1 ={X € gl(V); 0y (X) = -X}.
Thus we obtain a symmetric pair (GL(V'), K(V')) which corresponds to the real
group U(ng, np).
By (1.2), nilpotent K (V')-orbits in s(V') are classified by (—1)-signed dia-
grams:
N(s(V))/K(V) ~ D(na, ny).
Via the identification ¢ = 1 and b = —1, we consider D(n4,np) as the set of
ab-diagrams with n, a’s and ny b’s.
Let (U, sy) be another vector space with an involution sy. Define 0y,
Uy, Uy, K(U), 8(U) and s(U) as above and put m, = dimU,, mp = dim Us,.
Then (GL(U), K(U)) is the symmetric pair corresponding to the real group
U(mg,mp).
For (V,sy) and (U, sy), we consider the vector space

L :=Homc (U, V) ® Homc(V, U)
on which GL(V) x GL(U) acts by
(9.1)(P,Q) = (gPh™",hQqg™") ((g,h) € GL(V) x GL(V), (P, Q) € L).
We also consider a subspace

Ly :={(P,Q) € L;sy Psy = P, syQsy = —Q}

on which K(V) x K(U) acts by the above action. We define GL(V') x GL(U)-
equivariant morphisms

gl(V) &£ L 5 gl(U), p(P,Q)=PQ, ©(P,Q)=QP ((P,Q)€L).

Then the restrictions of p and 7 to L defines K (V) x K(U)-equivariant mor-
phisms
s(V) £ Ly 5 s(U).

These morphisms were treated in [[O2], §3] and certain duality between nilpo-
tent orbits in (V) and s(U) was shown there. In §3, we explain that these
maps can be interpreted as the moment maps.
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In §3, we will construct the following:
(a) A non-degenerate symplectic form (, ), on L.

(b) A real vector subspace Lg of L such that dimg Lg = dim L and (, )r|Lr
is real valued and non-degenerate.

(c) A real form GL(V)r ~ U(ng,np) (resp. GL(U)r =~ U(mg,myp)) of GL(V)
(resp. GL(U)) with Cartan involution Oy |z vy, (resp. Ovlarw)g)-
We will show the following:

Proposition 2.1. (i) The commuting actions of GL(V)r and GL(U)r
on L stabilize Ly and preserve the symplectic form ( , )p;

(GL(V)r, GL(U)r) < Sp(Lr).

(i) —ip(Lg) C gl(V)g = Lie(GL(V)z) and in(Lz) C gl(U)g = Lie(GL(U)z).

(iii) By the identification gl(V)r =~ gl(V) = Homg(gl(V)g,R) (resp. gl(U)r ~
gl(U)x) via the trace form on V (resp. U), —ip|r, : Lz — gl(V)i (resp.

im|rg : Lr — gl(U)g) coincides with the moment map with respect to the action

of GL(V)r (resp. GL(U)r) on the symplectic manifold (Lr,( , )r|Ly)-

(iv) Ly is a mazimally totally isotropic subspace of (L, (, )r).

Then ‘ ‘
ol(V)e 2 pp R ()
are moment maps and _
al(V) <2 L 2= gu(U)
are the complexification. Since

7ip‘L+ iT{"LJr

s(V) <" Ly — s(U)
are the restrictions to the maximally totally isotropic subspace L of the com-
plexified moment maps, we may call p|r, and 7|z, the moment maps.

§2.2. Geometry of moment maps

Let (V,sy) and (U, sy) be as in (2.1). Weput W :=V @U, G := GL(W),
g = gl(W) and define a linear automorphism S : W — W by

o Sy 0
5= ( 0 —z‘sU)'
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S defines an automorphism
0:G—G, O(g)=S9S"" (g€ @)

of order 4 and we obtain a ©-representation (G4, g;). Clearly we have

Gy = { (g 2) g K(V), he K(U)} ~ K(V) x K(U).

@ A B - SvASV iSVBSU
C D n —iSUCSV SUDSU ’

Since

we have

9= { <g 15) ; P € Home(U,V), Q € Home(V,U),

SVpSU = P, SUQSV = Q} >~ L+.

It is easily verified that the isomorphism

Ly~gi, (P,Q)w <g g)

is G1 = K(V) x K(U)-equivariant.

Remark 2.2. (i) Since V, =Wy, Uy = W;, V, = W_4, U, = W_; and

gi ={X € End(W); XWs C W5 (d € (i)},

we can see g; as the set of quadruples of linear maps W5 — W5 (6 € (i));

(ii) For X = <g ﬁ) € g;, since

s (PQ 0 ) [p(X) 0
X‘(o QP>_< 0 W(X)>’

733
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we can see that
p(X) = X3y and 7(X)=X?|p.

By (1.2), we have the bijections

N(s(V))/K(V) ~ D(ng,mp), Cyp <1
N(s(U))/K(U) ~ D(mg,myp), Cy <0
N(gz)/Gl = N(gz)/K(V) X K(U) = D(naambanbama)v O,u - W,

where we consider D(ng,np) and D(mg,my) as the sets of ab-diagrams by the
identification ¢ = 1 and b = —1.

It is easy to see that the image p(O,,) (resp. 7(O,)) of O,, € N(g;)/K (V) x
K(U) is a nilpotent K(V)-orbit (resp. K (U)-orbit) in (V) (resp. s(U)). We
define ab-diagrams p(p) € D(ng,ny) and 7(p) € D(mg, myp) by

p(@u) = CP(H) and W(O#) = C,r(#).
Then p(p) and 7(u) are given as follows:

Proposition 2.3.  For a (i)-signed diagram p € D(ng, mp, ny, ma), p(14)
is the ab-diagram which we obtain from p by erasing +i and replacing 1 and
—1 by a and b respectively. On the other hand, 7(u) is the ab-diagram which
we obtain from p by erasing £1 and replacing —i and i by a and b respectively.

Example. For

i -1 —i 1 i —1
p=1 i —1 —i1 i €D(4,5,4,3),

- 1 i -1
babd babd
p(u)=a b a and w(u)=0b a b.
a b a b
Now we write d, := n, — mq and d, := ny — my. To obtain a good

duality between nilpotent orbits in s(V) and those of §(U) via the moment
maps s(V) & g; = s(U), from now on, we assume the following:

Assumption 2.4. (i) min{ng, ny} > max{m,, my}, and

(ii) dq > 0 or dp > 0.
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Then we have the following:

Proposition 2.5 ([[02], Proposition 3]). (i) 7 : g, — s(U) is surjective
and

p(gz) = {X S 5(V);rk(X|Va V, — %) < mgp, l“k(leb Vy,— Va) < ma}.

(ii) m: gi = s(U) and p : g; — (V) are quotient maps under K(V') and K(U)
respectively, that is

©*(Cls(U)]) = Clgi] ™) and p*(C[s(V)]) = Clgi] .

Let us consider the following subsets g}, s(V)', s(U)" of g;, s(V), s(U)
respectively:

g = { <g 1;) ;tk(P) and rk(@) attain their maximum}

Qa
Va — Ub
=<J(P, 7 | Pp;Qq4, Qp are surjective and P,, P, are injective » ,
Us — Wy
Qv

s(V):={X € s(V);rk(X|v, : Vo — Vo) = my, tk(X|y, : Vi — Vo) = mg},
s(U) :={Y €s(U);vk(Y|y, : Uy — Up)
2 mp — da, rk(Y|Ub : Ub — Ua) 2 Mg — db}

Then g, (resp. s(U)’) is an open subvariety of g; (resp. s(U)) and s(V)' is a

locally closed subvariety of (V') which is open in p(g;). We have the following;:

Proposition 2.6 (cf. [[O2], Lemma 9]). (i) n(g;) = s(U)" and p(g}) =
s(V).
(ii) The restriction ply : g; — s(V)

" 4s locally trivial in the classical topology

with typical fibre isomorphic to K(U).

(iii) 7lg; : g7 — s(U)" is smooth.

Proof. (i) follows from elementary computation of linear algebra. The
proofs of (ii) and the smoothness of (iii) are similar to that of [[KrP1], Lemma
5.2). O
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Remark 2.7. Let f: X — Y be a smooth morphism of complex varieties
of relative dimension r and f(z) =y (x € X). Then some neighbourhoods (in
the classical topology) of z € X and (y,0) € Y x C" are analytically isomorphic
(cf. [[KrP2], 12.2]).

Let us consider an ab-diagram

with a single column, and subsets of signed-diagrams:

D(ng, my, np,my) :={u € D(ng, mp, np, mg); each row of
u starts with = 1 and ends with + 1}
D(ng,np)" :={n € D(ng,np); first column of 7 coincides with d}
D(mg,mp) :={0 € D(mg, mp);ng(o1) < dp, np(o1) < dg},

where o7 denotes the first column of o. For o € D(mg, my), we easily see that
o € D(mg,myp) if and only if there exists n € D(ng,np) such that ' = o
and the first column of n coincides with d. We write N (g}) (resp. N(s(V)),
N (s(U)")) the set of nilpotent elements in g} (resp. s(V)’, s(U)"). Then we
have the following

Lemma 2.8. (i) For a nilpotent orbit O, € N(g;)/K(V) x K(U) (pn €
D(ng, my,np,my)), O C g if and only if p € D(ng, my, ny, my)';

N(g))/K(V) x K(U) =~ D(ng,my, np, mg)".

(ii) For C, € N(s(V))/K(V) (n € D(ng,m)), C, C s(V) if and only if
n € D(ng,np)’;

N(s(V))/K(V) ~ D(ng,np).
(iii) For C, € N(s(U))/K((U) (0 € D(ma,mp)), Co C s(U) if and only if
o € D(mg,mp)’;

N(s(U))/K(U) = D(mg,mp)".
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Proof. For
Qa
Vo — Uy
(PaQ)_ Pa T l Pb GOM,
Us — W
Qv
we see

Q is surjective < each row of p starts with +1

and
P is injective < each row of pu ends with + 1.

Hence (i) follows.
For n € D(ng,np), we write n; the first column of . Then for X € C,,
since rk(X |y, : Vo, = V) = np(n') and k(X |v;, : Vo — Vi) = na(n’), we have

C, Cs(V)
& np(n') = mp, na(n') = ma
S ng(n) =ng —mg =do, np(m) =np —mp =dp & n1 = d.

Hence (ii) follows.
For Y € C,, since tk(Yy, : Uy — Up) = np(0’) and tk(Y|y, : Uy — U,) =
nq(o”), we have n,(o1) = mg — ng(o’) and ny(o1) = mp — np(c’). Then

C, Ccs(U)
< ny(o’) > my — dg and ng(o’) > my — dy

© na(o1) < dp, ny(01) < dg
Hence (iii) follows. U

Theorem 2.9. (i) pln(qg;) : N(g}) — N(s(V)') is locally trivial in the

(2

classical topology with typical fibre isomorphic to K(U).
(ii) 7largr) : N(g7) — N(s(U)") is smooth.

(iii) There exists bijections

P ™
N(s(V))/K(V) e N(g;)/K(V) x K(U) —= N (s(U)")/K(U)
1 p 1 ™ 1 ’

D(ng,np)  “—— D(ng,mp,np,mg) —  D(mg,mp)



738 TAKUYA OHTA

(iv) The bijections in the first row of (iil) preserve the closure relation. That is,
for Oy, € N(g;)/K(V)xK(U) (j =1,2) and the corresponding orbits Cp,,,y =
p(Op;) € N(s(V))/K(V), Criu,y = 7(Op;) € N(s(U)')/K(U) respectively, we
have

Cotur) 2 Cpuz) = Opy D Opy = Cr(py) O Crpuy)-

Proof. (i) Since plg : gj — s(V) is locally trivial and (p|g/) =" (N (s(V)")
= N{(g}), (i) follows.
(if) Since (7[g,) " (N (s(U)")) = N(g7),

N(g;) — g

TIvey L Iz
N(s(U))—sU)

g’

is a fibre product. Since 7|y : g; — s(U)" is smooth, so is 7|xr(g) : N(g}) —
N(s(U)").
(iii) The subjectivities of

D(naa nb)/ ‘ﬁ D(na; mbvnbvma)/ l) D(maamb),

follow from Proposition 2.6, (i).
For n € D(ng,ns)’, since n has d, + dp rows, we write n as a sum of rows;

n=m-+n+-+nd, +Nd,+1+ -+ Ndy+dy»

where each 7; (1 < j < d,) starts with a and each 7; (do +1 < j < dy + dp)
starts with b. For each 7;, we define an (i)-signed diagram 7; with a single row

as follows:
ok 4k—1
—— B - ] \
nj=ab---ab—1n;=1i—-1---1i-1,
2k+1 4k+1
—— B - -
nj=ab---ba—1n;=1i—-1--- —1—il,
2k 4k—1
—— B
nj=ba---ba—1n;=-1-41--- =1—-i1,
2k—+1 4k+1
—— B - -
nj=ba---ab—1n;=-1-i1---1¢-1.

As the sum of 7; (1 < j <d, + dp), we obtain an (i)-signed diagram

n=m+2+ -+ 04, +Tde+1+ "+ Tdy+dy-
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Then it is easy to see that

ni (1) = m(n;), n—i(ilj) =na(n;) —1 (1 <j < da),
n_i(;) = na(n;), ni(ij) =np(n;) =1 (do +1<j < do +dp).

Thus we have

da dgq+dy
ni(i) =Y mi(i) + Y nili)
j=1 Jj=do+1
dq da+dp
—Z%(%)‘*‘ Z {ro(n;) — 1} =np —dp = My
j=1 j=do+1

Similarly we have n_;(7) = m,, and hence 7 € D(ng, mp, np, mg)’. It is clear

that p(77) = n. If p(u) = n for u € D(ng, mp, np, My), p must contain 7 in part

and hence pu = 7j. Therefore p : D(ng, my, np, my)’ — D(ng,np)’ is injective.
For o € D(mg,my)’, as before we write

o=01+t02+ - +04, t 041t "+ 04,14,

as a sum of rows such that each o; (1 < j <d,) is empty or starts with b and
each 0 (d,+1 < j <dg+dp) is empty or starts with a. For each o, we define
an (i)-signed diagram &, with a single row as follows:
2% ak+1
—— ) B
oj=ba---ba (1<j<d,, k>0) —d;=1i—-1—i---i-1—41,
2k+1 4k+3
/—/A B
oj=ba---bab (1<j<d,, k>0) -5;=1i—-1—i--- —ili—1,
2%k 4k+1

——
oj=ab---ab (dg+1<j<dg+dy k>0) —&;=—1—ili- —ili—1,
2k+1 4k+3

——
oj=ab--ba (do+1<j<dg+dy, k>0) —&;=—1—ili---i—1—il.

As the sum of &; (1 < j <d, + dp), we obtain an (i)-signed diagram
6 =01+02+ - +04, +0d, 41+ + 0dy+d,-
Then it is easy to see that

n1(6;) =ng(o;) + 1, n_1(6;) =np(oj) (1<j<d,),
n_1(5;) =np(0j) + 1, n1(5;) = na(0j) (da+1<j <dg+dp).



740 TAKUYA OHTA

Thus we have
dq+dy

da
Z{”a oj) +1} + Z na(0;)

Jj=da+1
= na(Uj)+da:ma+da:naa

da da +db

n_1(6)=>» ny(oj)+ Z {ne(oj) + 1}

j=da+1

= nb(Uj)erb:merdb:nb.

Hence 6 € D(ng, mp,np,mg)" and w(5) = o. It is easy to see that & is the
unique element of D(ng, mp, np, me) which maps onto o via w. Therefore
7 D(ng, my, np, my) — D(mg, mp) is injective.

(iv) Since p is quotient map under K (U), p(O,,) is closed ([MF, Chap. 1, §2])
and hence

p(o—m) = p(olh) = Op(ul)-

Therefore, if O—m D O,.,, we have

M2
Cou) = p(0u) D p(O,;) = Colusz)-

Conversely, suppose that Cp(m) D Cpypy)- Take z € Oy, and put 21 :=
p(2) € Cp(uy)- Since plnrg) : N(g;) — N(s(V)') is smooth of relative dimen-
sion r := dim K (U), there exist neighborhoods (in the classical topology) N, of
zin N(g}), N, of z; in N(s(V)), No of O in C" and an analytic isomorphism
t: N, — N, X Npo such that the diagram

L
N, = N,, x No

p L/ P1
N,

is commutative, where p; is the projection to the first factor (cf. Remark 2.7).
Then we easily see the implication 21 € Cp(,,) = 2 € Oy, . Therefore we obtain

CP(M) o CP(#2) A O—#l ) Ouz'

Similarly we have
Om D Ouz <~ Cvr(m) ) CTF(M)'
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Remark 2.10. By the definitions of D(n,,np)" and D(mg,my)’, the cor-
respondence 1 — 1’ defines a bijection

D(na,np)' =D(mg,myp)".

By the proof of Theorem 2.9, (iii), the bijection D(ng,ny)’ =D (mg, myp)’ defined
in the second row of (iii) coincides with the above bijection:

W((P|D(na,mb,nwna)’)_1(77)) = 77/ (n € D(na, nb)/)’

Proposition 2.11.  For an ab-diagram n € D(ng,np)’, denote by 7 €
D(ng, mp,np,mg) and i’ € D(mg, mp)’ the diagrams which correspond to n by
the bijections of Theorem 2.9, (iii) respectively. We write C,, € N (s(V)")/K(V),
05 € N(g})/K(V)x K(U) and C,y € N(s(U)")/K(U) the corresponding nilpo-
tent orbits respectively. Then we have
(i) p~1(Cy) = Oz
(i) m(p~H(Cy)) = C
(i) p(r(Cy)) = Cf
(

iv) 7=YC,) = Og. In particular, 7=(C,y) is irreducible.

Proof. 'The proofs of (i), (ii) and (iii) are essentially the same as those of
[02, Lemma 10], hence we omit them.
(iv) Let O C O; be a K(V) x K(U) orbit. Since  is a quotient map and Oy
is a K (V)-invariant closed subset, we have

T(0) C 7(05) = m(O05) = Cr(zy = Cy

Hence O C 7~ 1(C,/) and we have Oz C 7= 1(C,y).
Next suppose that O, C 7~ (C77 )isa K(V) x K (U) orbit corresponding
to a diagram g € D(ng, mp, np, Mg). Put o := 7(p). Then we have 0 = 7(p) <

n(f) =n'. Take z € Oz and y € O,. Write X := n(z) = 2%y € C,y and
Y :=7(y) = y*|luv € C,. To show that p < 7, it is sufficient to show that
k k
ns (7)) = 1k(Wiig = W) = n5(1®)) = rk(Wirg = W)
)

and k > 1.
If k = 20 is even, we have

for any 6 € (1

ni (7329) = rk(Wj—2e; W) =rk(W_1) & Ub)

(W,
=rk(W_1ye; 5 Ub) —nb((ﬁ/)(z))

ni (139 = rk(W;—2e; —>WZ)_rk(W( He: Ub)
(

=rk W 1)% —> Ub) = nb(J(Z)).
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Since n’ > o, we have

i (7) = np () 9) = ny(09) = n;(u®9).
Similarly we have n_;(79) > n_;(u(9).

We also have

£2(6=1) z

22
iy (7P9) =1k(Wi-2e > Wh) = tk(W_1ye 5 Wi_pye; " — Uy = V)

£2(6=1)

Xe—1 _
:rk(W(71)zi — Ua):rk(W(il)ei N Ua):na((n/)(z 1))7

2(0—1)

1 (u?0) = k(W_pye 5 Wieaye ' = Ua 5 Va)
£—1
<tk(Wiayey = Ua) = na(0!Y),
Since ' > o, we have

n1(7%9) = na (")) 2 na (oY) 2 n1 (u®9).

Similarly we have n_1(7(9) > n_;(u9).

Suppose that £ = 2/+1 is odd. Then by the similar computation as above,
we have

n([7PHD) =0y (7)) > na(00) > ny (WD),
n_1 () = ny () 9) > ny(09) > n_y (WD),

ni(F2D) =y (7)) > np () > my (D),
n_i (7Y = ng (1)) > na(0®@) > n_; (D).

Therefore we have 7 > u and hence O,, C (’)_;, by Theorem 1.4. Thus we have

7~ YCy) C O;. O
Remark 2.12.  In the setting of Proposition 2.11,

(i) #=1(Cyy) is not a single K (V) x K(U)-orbit in general.

(ii) It holds 7(p~1(C,)) D C, but the equality does not holds in general.

Example. Let us consider the case when n, = 5, ny = 3, mg = myp = 2.
Thusd, =5—2=3and d, =3—2=1. For
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since the number of a’s (resp. b’s) in the first column of 1 is 3 = d, (resp.
1=dp), n € D(5,3)". Then

1 ¢ -1 =1

1 ¢ -1

i = € D(5,2,3,2)
O R ( )
1

is the unique element pu € D(5,2,3,2) such that p(u) = 7. Hence p~1(C,) =
Oj. Clearly
b a
(i) =1 = b €DE2)
a

is the ab-diagram which we obtain from 7 by erasing first column. We see that

v —1 —
1 4 -1
-1 —i 1
i em )
1
1

and hence 7~1(C,y) is not a single K (V) x K(U)-orbit. Take
b a

€ D(5,3)\ D(5,3)".

>~ >~ o o 8

We easily see o < n (< C, C C,). Since

-t 14 -1 —11%4

pi= €p (o)

and m(p) = abab € D(2,2), we have

m(p~1(Cy)) D Criy & Coyr-
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Thus (o~ (Cy)) # Co.

Definition 2.13 ([KrP2]). Consider two varieties X, ¥ and z € X,
y € Y. The singularity of X at x is said to be smoothly equivalent to that of YV’
at y if there exists a variety Z, a point z € Z and two morphisms Y’ Lzhx
such that p(z) = z, ¥(z) = y and @, ¥ are smooth at z. This clearly defines an
equivalence relation among pointed varieties (X, z). We denote by Sing(X, x)
the equivalence class to which (X, z) belongs.

Suppose that an algebraic group G acts on a variety X. For a G-orbit O
of X, the equivalence class Sing(X, ) is independent of the choice of xz € O.
We denote this equivalence class by Sing(X, O).

Theorem 2.14.  For two (i)-signed diagrams 7,6 € D(ng, mp, np, my)’,
let n = p(7),0 = p(&) € D(ng,m)" and n' = n(7),0" = w(5) € D(mg,my) the
corresponding ab-diagrams by the bijections of Theorem 2.9, (iii). Suppose that
05 C (9_;, Hence C, C C'_,7 and Cyr C C_n’ by Theorem 2.9. Then we have

Sing(Cy, Cy) = Sing(Oz, O5) = Sing(Cyr, Cov).

Proof. Since 7 and p are quotient maps and Og is a K(V) x K(U)-
invariant closed subset of g;, we have

m(O5) = m(05) = Cy, p(O5) = p(O5) = Cy

and we obtain morphisms
T, L0 T

Since p(Os) = C, and 7(Os) = Cyv, it is sufficient to show that p\o—ﬁ and 7T|O—ﬁ
are smooth at a point Y € Cs. Since 7|y : g; — 5(U)" is smooth and

ginm HCp Ns(U)) — g;
T 1 | m

Cy Ns(U) —s(U)

is a fibre product,

gi N7 (Cy Ns(U)) = Cy Ns(U)

is also smooth. By Theorem 2.9, (iii) and (iv), we have

g;n7 H(Cp Ns(U)) = 05N,
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and hence
051 = Ty 15(U)

is smooth. Since Y € 05 C Oz N g, 7T|07I is smooth at Y. Similarly, we can
show that p|0f7 is smooth at Y € O5. O

Remark 2.15. (i) Let us consider the condition s(U) = s(U)’, that is,
s(U) coincides with the image of the smooth morphism 7|y : g; — s(U)".
Then we have

s(U) =sU)

@mb—dago, mg —dp <0

& mg +mp < min{ng, np}

< The dual pair (U(ng,ny), U(mq, mp)) is in the stable range.

(ii) When the dual pair (U(ng,np),U(mg, mp)) is in the stable range, K.
Nishiyama showed that for Cy € N(s(U))/K(U) (s(U) = s(U)’), there exists
C1 € N(s(V))/K(V) such that

p(n=1(C2)) = C1

and called the correspondence Cy — C the #-lifting. By Proposition 2.11, (iii),
this correspondence coincides with the bijection

N(s(U))/EU)=—=N(s(V))/K(V)

given by Theorem 2.9, (iii) (the inverse of the map of Remark 2.10). Thus,
in our general setting (Assumption 2.4), the above bijection is considered as a
generalization of Nishiyama’s 6-lifting.

(iii) Under Assumption 2.4, for any Cy € N (s(U)")/K(U), 771(Cy) is a closure
of a single K (V') x K(U)-orbit in N'(g}) (Proposition 2.11, (iv)) and p(7~*(C2))
is also a closure of a single K (V)-orbit Cy in N'(s(V)). But if Cy € [N (s(U)) \
N(s(U))]/K(U), m=1(Cy) is not a closure of a single K (V) x K (U)-orbit and
p(m~1(Cy)) is not a closure of a single K (V)-orbit in general (see the following
example) and hence the analogue of the main result of [DKP] does not hold in
our case. Thus N (s(U)")/K(U) is considered as a domain on which a “good”

correspondence
Cy — O (generalization of 6 — lifting)

is defined.
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Example. Let us consider the case when n, = 2, n, = 1, m, =
mp = 1. For a diagram 7 in D(2,1), D(2,1,1,1) or D(1,1), let us denote
also by 1 the corresponding orbit in M (s(V))/K(V), N(g;)/K(V) x K(U) or
N(s(U))/K(U). We have the following:

W) N(s(V))/E(V) ={a b a}, N(g))/K(V) x K(U) ={1 i -1 —i 1},
N(s(U))/KU) ={b a}.

The correspondence of Theorem 2.9 is given by
aba—1¢-1—-11—=0ba.

By Proposition 2.11, we have

-1 (b a) =1i -1 —i1, p(z * (ﬁ)):a b a.

(2) W(s() \N(s(U))]/K(U) = {a b, Z}~

By Proposition 2.3 and Theorem 1.4, we have

—_— _ _'1' _ _1 SR
7r_1<ab)= 1 — iy zlz 7p<7r b):baua ,
1 a a

7r_IZ_—1—¢1U11—1 _ba ab
b 1 i —i1 F a a'

. plry ey
§3. Relation Between s(V) «— L; — s(U) and the Moment Maps

of the Dual Pair (U(ng,np), U(mae, msp))

. . . ple, mlL,
In this section, we give the reason why the maps s(V) «— L, — s(U)

constructed in §2 can be interpreted as the Kc-versions of the original real
moment maps u(ng, ny) < Lrg — u(mg, my).

§3.1 Let V be a finite dimensional vector space and (, )y a non-degenerate
hermitian form on V/;

(u,av)y = alu,v)y, (u,v)y = (v,u)y (u,v € V,a € C).
Then we can take complex vector subspaces V, and V;, of V' such that
(a)V=V,aV,
(b) (Va, Vo)v = {0}
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(¢) (, )v]v, is positive definite and (, )v|y, is negative definite.

We define a linear involution sy of V' by sy |y, =idy, and sy |y, = —idy,. For
A € EndV, we define the adjoint A* € EndV of A by

(Avy,ve)y = (vi, A"v2)y (vi,v2 € V).
Then we easily see the following:

Remark 3.1. (1) (syv1,v2)v = (v1, syv2)y (vi,v9 € V).
(2) (syAsy)* = sy A*sy (A € EndV).

For the vector space (V, sy/) with involution, we use the notations K (V'), ¢(V),
5(V) of (2.1). We define a real group GL(V)r and its Lie algebra gl(V)r by

GLV)g ={9€ GL(V);g* =g}, gl(V)g = {X € gl(V); X* = —X}.

Then GL(V)g ~ U(dimV,,dim V}) the indefinite unitary group. Clearly the
restriction Oy |qrvy, of Oy : GL(V) — GL(V) (0v(g) = sygsv) to GL(V)g is
a Cartan involution of GL(V)g.

83.2 Let V and U be two vector spaces with non-degenerate hermitian forms
(, )v and (, )y respectively. Then

<<Zi> ’ (ZZ)) = (v1,v2)y + (ur,u2)v (v; €V, uj € U)
Veu

is also a hermitian form on V & U. We put n, = dimV,, n, = dimV, m, =
dim U,, mp = dim Up,.

For A € Hom(U,V) (resp. A € Hom(V,U)), we define the adjoint A* €
Hom(V,U) (resp.A* € Hom(U,V)) by

(Au,v)y = (u, A*v)y (resp. (Av,u)y = (v, A*u)y) foru e U and v € V.

A B

Remark 3.2.  For X = cp| € End(VeoU) (A € End(V), B €
Hom(U,V), C € Hom(V,U), D € End(U)), the adjoint X* of X with respect
to the hermitian form ( , )ygu is given by

A B\ (At
¢ D) \B* D)
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We define a complex conjugation 7 : GL(V&U) — GL(VaU) by 7(g) = (¢%) 7!
(g € GL(VaU)). We also denote by 7: gi(V@U) — gl(VaU) the differential
of 7. Then 7 defines a real form

GL(V & U)s = {9 € GL(V @ U)ni 7(g) = g} = Ui + ma, my + m)
and its Lie algebra
gl(VelUgr={Xecgl(Val),r(X)=X}.
As in (2.2), let us consider a linear automorphism S : V@ U — V @ U by

S = (SV O . Now we define a bilinear from (, ) on
0 —isy

L :=Hom¢(U,V) & Homc(V,U)
0 A
= B o ;A€ Home (U, V), B € Home(V,U)

={X ecgl(VaU);Ad(S)X = X}

0 A 0 A .
(3 4)-(3, %)), st

= i{trv(AQBl) — tI‘\/(AlBQ)}.

by

Since 7 stabilizes L, we can consider the real subspace

Ly ={XeL;7(X)=X} = {(21* 13) 1Ae HomC(U,V)}

of L whose dimension is dimg Lg = dim¢ L. Then we have the following:

Lemma 3.3. (i) For z € L, 7(Ad(S5)z) = Ad(S)(7(2)).
(i) (, ) is a GL(V) x GL(U)-invariant symplectic form on L.

(i) (7(21),7(22)) = (21,22)L (21,22 € L).
In particular, (, )r is real valued on Lg.

(iV) (Ad(S)Zl,Ad(S)ZQ)L = (Zl,ZQ)L (21722 S L)
(v) For z € Lg, we have
(Ad(S)z,2)L <0

and it holds (Ad(S)z,2)r = 0 if and only if z = 0. In particular, ( , )r|p s
non-degenerate and so is ( , ).
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Proof. (i) For z = (g ﬁ),

B 0 isyAsy ) 0 (—isyBsy)*
T(Ad(S)Z) -7 (—iSUBSV 0 ) n ((ZSVASU)* 0

0 isy B*s 0 B*
T (-iSUASV ' 0 U) - _Ad(S) (A* 0 ) = Ad(S)(T(Z))

A
(ii) For z; = (38] OJ> €L (j=1,2), since

0 A 0 A )
<<B1 0 ) ’ <32 0 ))L = i{try(AaB1) — try (A1 B2)},

(, )z is symplectic. It is clearly GL(V) x GL(U)-invariant.
(iii) For the above z;, we have

0 B: 0 B
o= (- (5 ) (4 ),

= i{try(B; A7) — try (B143)}

= i{try ((A1B2)") — try ((A2B1)")}
=i{try (41 Bs) — try (A2 B1)}

= —i{try (A1 By) — try (A2B1)}

= (Zh ZZ)L

(iv) (Ad(S)z1,Ad(S)z2) 1,

. 0 iSVAlsU 0 iSVAQSU
n —’iSUBlsv 0 ’ —iSUBQSV 0 I

= i{trv((iSVAQSU)(—iSUBlsv)) — tI‘V((iSVAlsU)(—iSUBQSV))}
= i{trv(AQBl) — trv(AlBQ)} = (2’1, ZQ)L.

(v) Let vj (1 <j <ng+np) (resp. uj (1 <j<mg+mp)) be an orthogonal
basis of V' (resp. U) such that

1 0<j<ng
(vj,v5) = ( . )
-1 (ng+1<j<ng+mny)

oy 1 (0< 5 <myg)
resp. (uj;,u;) = -1 (ma+1§j§ma+mb) .
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Then, by the obvious identification V = C"«*" (resp. U = C™a1™t) via this
basis, we see

an=a (3 ) errev—emm i = (0 )

(resp. (u,u) ="u <17g"' 0 ) o (u,u’ € U = CmMatme)
b

_1m
and sy = lm, 0 ,
0 *lan

where v denotes the ordinary complex conjugation of v. The adjoint A* €
Hom(V,U) of A € Hom(U, V) can be written as

P R 1 T B
0 _1mb 0 _17‘Lb

0 A
B0

S O O A S 0 0 A
(Ad(S)Z,Z)L:<<(‘; —isU> (B 0) <(‘)/ isU>’<B 0>>L
o 0 ’iSVASU 0 A
o —iSUBSV 0 ’ B 0 I

=i{—itry(syBsy A) — itry (sy AsyB)}
= 2try (syBsy A) = —2try (syA*sy A)
= 2try(sy(sytAsy)sy A)

= 2ty (*AA).

Then for z = ( ) € Lg (B =—A"), we compute (Ad(S5)z, z)r as follows:

Thus (v) easily follows from this. O

Since ( , )1, is a non-degenerate symplectic form on L and 7: L — L is an
antilinear involution such that (7(z1),7(22))r = (21,22)r (21,22 € L), (, )L
and 7 define the symplectic group

Sp(L) ={g € GL(L); (921, 922)1 = (21,22)1 (21,22 € L)}
and a real form
Sp(Lr) ={g9 € GL(Lr); (921, 9%2)1 = (21,22)1 (21,22 € Lg)}

={geSp(L);rogor! =g}
~ Sp(dimg Lg,R) = Sp(2(ng + np)(mq + mp), R).
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Asin (2.1), GL(V) x GL(U) acts on L.

Lemma 3.4.  The real subspace Lg of L is stable under the action of
GL(V)r x GL(U)g.

Proof. Let us consider the involution
o:=Ad(S?) : GL(VaU) - GLVaU).

We easily see that 0 o7 = 700 and hence (GL(V @ U)g, o) is a real symmetric
pair. Furthermore, we see

GL(VeU)z ={g9 € GL(V & U)r;o(g) = g} = GL(V)r x GL(U)r
and
SV & U)57 = {X € gl(V & U)gi o(X) = —X} = L.
Thus GL(V)r x GL(U)g stabilizes Lg. O

Since the symplectic form ( , )p is GL(V) x GL(U)-invariant and the
actions of GL(V) and GL(U) on L are clearly faithful, we obtain embeddings
GL(V) — Sp(L) and GL(U) — Sp(L). Clearly the actions of GL(V) and
GL(U) on L commute. Since Ly is stable under the action of GL(V)g x GL(U)g
and

(U(ng,np), U(mg, mp)) ~ (GL(V)gr, GL(U)r) — Sp(Lr)

(G
Sp(2(ng + np)(mq + myp), R),

R

we obtain a dual pair

As in §2, we consider the automorphism © : gl(V e U) — gl(V & U), O(X) =
Ad(S)X. Then sg := —iAd(S)|L defines a linear involution sy, : L — L and

we have
gi={z€L;sp(2) =2} and g_; ={z€ L;sp(z) = —z},

so that L = g;®g_;. Later we will show that g; are maximally totally isotropic
subspaces of L and hence L = g; & g_; is a polar decomposition of L.
Clearly we have the following:

Lemma 3.5. (i) 7os(z) = —spo7(z) (2 € L). In particular 7(g+;) =

OFi-
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(ll) (SLzl,SLZQ)L = —(Zl,ZQ)L (2’1,22 S L)

For g € Sp(L), we see 01(g) := spgsy € Sp(L) by Lemma 3.5, (ii) and
hence obtain an involution

61 : Sp(L) — Sp(L).

By Lemma 3.5, (i), 8, commutes with 7 : Sp(L) — Sp(L). Furthermore, we can
verify that 01 |Sp(Lg) is a Cartan involution of Sp(Lgr). By the emmbedding
(GL(V),GL(U)) — Sp(L), we see

(K(V), K(U)) = Sp(L)" = {g € Sp(L);0L(g) = g},
(s(V),s(U)) < sp(L) 7% := {X € sp(L);0(X) = —X}.

§3.3 Recall the GL(V) x GL(U)-equivariant morphisms

p o m 04\ 04\
al(V) £ L5 gi(u), p<B 0>_AB, W<B 0>_BA

’

of (2.1). Let us consider the GL(V') x GL(U)-equivariant morphisms gl(V') &
L= gl(U),

(0 A (o0 A , (oA (o 4\ |
'”(Bo> ”’(Bo S5 T ABo) T Bo) !

instead of p and w. Then we have the following:

Lemma 3.6.  We have p'(Lg) C gl(V)r and 7' (Lg) C gl(U)r. Thus we
obtain GL(V)r x GL(U)g-equivariant maps
Py 7|y

gl(V)r « Lr — gl(U)r.

0 A
B 0

. (oB)
T(X) = —X* = <A*0)_X,

we have B = —A*. Then p'(X) = iAA* and

Proof. For X = ( ) € Lg, since

P(X)* = (iAA*)" = —i(A*)" A" = —iAA* = —p/(X).
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Hence p/'(X) € gl(V)g.
Similarly we have 7'(X) € gl(U)g. O

For z € L, we define a linear form pu, € sp(L)* by

1
(i) = 5(22,2)1, (& € sp(L)).
Then we obtain a map
il —sp(L), 2 p.

Since (, )r is real valued on Lg, we see u, € sp(Lr)* = Homg(sp(Lg), R) for
z € Lr. Hence we obtain a map

ploe o Lr — sp(Lr)*, 2z p..

It is known that p|r, is the moment map with respect to the action of Sp(Lg)
on the symplectic manifold (Lg, (, )r|rs) (see for example [[CG], Proposition
1.4.6)).

Via the embeddings

gl(V) = sp(L), ol(U) — sp(L),
we can define linear forms p% € gl(V)*, n% € gl(U)* by
Pz = ,Uz|g[(v), 772 = Hz\g[(U)
and we obtain
§ L= gl(V)" (20 p0), 75 L— gl(U) (0 0.

If z € Lg, we easily see pf € gl(V)x = Homg(gl(V)gr,R) and 7} € gl(U); =
Homg (gl(U)g, R). Thus

P+ Lr — gl(V)g (resp. m*|r, : Lr — gl(U)g)

is the moment map with respect to the action of GL(V)g (resp. GL(U)r) on
the symplectic manifold (Lg, (, )r|Lg)-

Now let us show that p’ : L — gl(V) (resp. 7’ : L — gl(U) ) coincides with
p*: L — gl(V)* (resp. n* : L — gl(U)* ) via the trace form on V (resp. U).

Proposition 3.7. For X € L, we have

try (¢ (X)z) = pk (2) (x € gl(V)) and try(x'(X)y) = 7x(y) (y € gl(U)).
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0 A

Proof. For X = (B 0

) € L (A € Hom(U,V), B € Hom(V,U)) and
z 0
x = (0 0) € gl(V), we compute

px (@) = px(z) = 1((adx)X X)p = % ([(g 8) <g fé) ’<§; 161))
L
-3 <( %x 0 ) ( )) = *{trU —BzA) —try(zAB)}

= ff{trv(xAB) + try (zAB)}
= —ztrv(xAB) = try ((—iAB)x) = try (p/ (X)z).

For y = (8 0) € gl(U), similarly we have
Y

== e ([05). (53] (3)),

:;<<;;sy)@g*)):;WA>—wv<<—Ay>B>}

= {ro(yBA) + o (yBA)} = tros(y(iBA))
=try (yr' (X)) = trp (7' (X)y).

|

By Proposition 3.7, p'|r, : Lr — gl(V)r (resp. 7’|L, : Lr — gl(U)g) coincides
with the moment map p*|r, : Lr — gl(V)5 (resp. « |LR Lg — gl(U)%) via the
above identification. Thus we can see that p’ and 7’ are the complexification
of the moment maps.

Finally we show that

Li=g={Xecgl(VaU);0(X)=iX}
is a maximally totally isotropic subspace of (L, (, )r).

Lemma 3.8. L, is a mazimally totally isotropic subspace of (L, (, )r).

Proof. 1If 21,20 € Ly = g;, we have

(Zl,ZQ)L = (Ad(S)Zl,Ad(S)ZQ)L = (’iZl,iZQ)L = —(Zl,ZQ)L
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by Lemma 3.3, (iv). Hence (z1,22)r = 0. Thus g; is totally isotropic in L.
Similarly g_; is also totally isotropic in L. Notice that L = g; & g_; and
T(g+i) = ggi- Therefore dimg; = dimg_; and we have dimg; = dim L/2.
Therefore g; is maximally totally isotropic in L. ]

In such a way, our maps

’TI'I‘L+

s(V) " L, T s

are the restrictions to the maximally totally isotropic subspace L., of the
complexified moment maps

g £ L% guu).

Remark 3.9. For the map p : L — sp(L)*, if 2z € Ly = g; and = €
sp(L)%:, we have p,(z) = §(IZ7Z)L = 0, since zz € Ly and Ly is totally

isotropic. Thus the restriction of p to Ly defines a map

ple, s Ly — (sp(L)~%%)".

Then our maps
Ploy 7L,

s(V) « Ly — s(U)

are obtained by the restrictions of the above maps to (V') and s(U) respectively
via the embedding (5(V),s(U)) — sp(L)~%=.
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