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The Topology of the Space of Holomorphic
Maps with Bounded Multiplicity

By

Kohhei YAMAGUCHI™*

Abstract

For a complex (quasi-) projective variety X € CP" with m3(X) = Z and an
integer d > 0, let Hol;}(SQ, X)) denote the space consisting of all basepoint preserving
holomorphic maps f from S? to X with degree d. We study the topology of certain
subspaces of Hol}(S?, X) defined using the concept of multiplicity of roots, and we
show that the Atiyah-Jones-Segal type theorem ([1], [11]) holds for these subspaces if
X is belong to a certain family of complex quasi-projective varieties.

81. Introduction

If d > 0 is an integer and X S CP™! is a complex (quasi-) projective
variety with the condition m3(X) = Z, we denote by Holj(S?, X) the space
consisting of all base point preserving holomorphic maps (i.e. algebraic curves)
f:58% — X with [f] =d € Z = m(X). The corresponding space of continuous
maps is denoted by Map;(5?, X) = Q2X. The principal motivation for this
paper derives from the work of G. Segal [11], in which he investigates the
topology of the space Hol;(S?, X) for X = CP™! as follows.

Theorem 1.1 ([11]). Let m > 2 and d > 1 be integers. Then the
inclusion iq : Holj)(S?, CP™ 1) — Q2CP™~! is a homotopy equivalence up to
dimension (2m — 3)d.
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Remark.  Wesay that amap f : X — Y is a homotopy equivalence (resp.
homology equivalence) up to dimension N if the induced homomorphism f, :
i (X) — m(Y) (vesp. fi: Hi(X;Z) — H;(Y;Z)) is bijective when ¢ < N and
is surjective when 7 = .

In this paper, we shall investigate whether a similar result hold for certain
subspaces of Hol;(52, X) introduced from the concept of multiplicity.

For a space X, we denote by SPd(X ) the d-th symmetric product of X. By
definition, this is the quotient space X /%4, where the symmetric group ¥4 acts
on the d-fold product X¢ in the natural way. An element of SPd(X ) may be
identified with a formal linear combination o = Zle d;x;, where x1,..., T are
distinct points of X and dy, ..., dy are positive integers such that Zle d; = d.
We shall refer to a as a “configuration” of points, the point x; having multi-
plicity d;. We shall be concerned with a subspace SP%(X) of SP%(X), defined
as follows. If n > 2,

k
SP(X) = {Z diz; € SPY(X) : di < n for all z}
i=1

Thus, SP?(X) is obtained by imposing a condition of “bounded multiplicity”,
namely that all points x; (of any configuration) have multiplicity less than n.
There is a filtration

Cy(X) =SP4(X) C---CSPLX)C--- CSPL, (X) == SPYX),

where Cy(X) denotes the space of “configurations of d distinct points” in X.
Note that SP?(C) can be identified with the space of complex polynomials of
degree d which are monic, and all of whose roots have multiplicity less than n.
(The polynomial Hf:l(z — x;)% corresponds to Zle d;z;.)

If we choose the point [1 : --- : 1] as the base point of CP™~! the
space Hol;(S2%, CP™~1) is identified with the space consisting of all m-tuples
(p1(2),...,pm(2)) € C[z]™ of monic polynomials of degree d such that the poly-
nomials p1(z),...,pm(z) have no common roots. It is also identified with the
space of m-tuples of positive disjoint divisors,

Holj(S%,CP™ 1) = {(&1,...,&m) €SPHC)™ 1 &N - Ny = 0.
In this situation, let Hol};(S?, CP™~1) denote the subspace defined by
Holjj ($?, CP™!) = Holj(5% CP™ ') N SP4(C)™
={(1,---.&m) €SPR(C)™ &N+ N &y =0},

Now we recall the following result.
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Theorem 1.2 ([13]). If n > 2, there is a map Holj(S? CP™ 1) —
Q2W,,(CP" 1) which is a homology equivalence up to [d/2] when n =2 and a
homotopy equivalence up to dimension Dy(d;m,n) = d — 2m + 2 when n > 3,
where [x] denotes the integer part of a number x and W,,,(X) C X™ denotes
the m-th fat wedge.

In this paper, we would like to generalize the above result for another wider
complex projective varieties. For this purpose, let m,n > 2 be integers and let
X,, € CP™ ! denote the quasi-projective variety defined by

Xm=CP" ' — | ) Hy

1<i<j<m
where H; j = {[z1: -+ 2] € CP™ 12 2, = 2; = 0}.
It is known [5] that X, is simply connected and that 7o (X,,) = Z. If we
choose the point [1 : - -+ : 1] as the base point of X,,, Hol’;(52, X,,) is identified

with the space consisting of all m-tuples (p1(z), . ..,pm(2)) € C[z]™ of mutually
coprime monic polynomials of degree d. We can also identify

Hol(S?, Xon) = {(&1,...,&6m) € SPHC)™ 1 &N E =0 if i # 5}
We denote by Hol}j(S2, X,,,) the subspace of Hol;(5%, X,,,) defined by
Hol}(S2, X,,,) = Hol}y(S2, X,,,) N SP4(C)™
={(€1,--,&m) €SPRC)™ 1 &N E = Dif i # j}.
There is a filtration
) = Hol}(5?, X,,) € Hol%(S?%, X,,) € Hol3(S2, X,,,) C - -~
C Hold** (82, X,,,) = Hol%"2(S?, X,,,) = - -- = Hol}(S%, X ).

Let V™ X denote the m-times wedge of X, V"X = XV X V---V X (m-times).
Then our main result is stated as follows.

Theorem 1.3.  If m,n > 2, there is a map Hol}(S? X,,) — Q3 v™
CP™ ! which is a homotopy equivalence up to dimension D(d;m,n) whenn > 3
and a homology equivalence up to dimension [d/2] when n = 2. Here the number
D(d;m,n) is given by

d+n—4 ifd>n

(1.3.1) D(d;m,n) = {d Fd<n,
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Remark. (1) Since dlim D(d;m,n) = oo, the space Hol}j(S?, X,,) may
be regarded as a finite dimerolosional model for the infinite dimensional space
Q2 (vmCP™Th.

(2) Tt follows from [5] that there is a fibration sequence T" — X, —
VMCP>. Hence, using an easy diagram chasing as in [[13]; page 251] we ob-
tain a homotopy equivalence lim Hol}(S? X,,) ~ Q3X,,. So we obtain the

d,n—o0

stabilized version of the main theorem of [5] if n — .

Next we shall indicate the following generalization of Theorem 1.3 to the
case of certain quasi-projective varieties X;.

Let I be a fixed collections of subsets of {1,2, ..., m} such that card(A) > 2
for any A € I. We denote by X; C CP™~! the quasi-projective variety defined
by

X;=Ccpmt— U Ha,
Aerl
where Hy = {[z1: 1 2,,] €ECP™ 112, =0 for all i € A}.

It is known [5] that X is simply connected, mo(X;) = Z, and that there is
a fibration sequence 7™~ = (S1)"~! — X; & vICP>, where V! X denotes
the wedge of type I given by VIX = {(z1,...,2,,) € X™ : for each A € I, z; =
* for some ¢ € A}.

Example. (1) If I ={{1,2,...,m}}, X; = CP" ! and VIX = W,,(X).
Q) UI={{i,j}:1<i<j<m}, X;=X,, and VIX =Vv"X.

If we choose the point [1 : --- : 1] € X; as a base point of X, we can
identify Hol’(S2, X1) = {(&1,...,&m) € SPY(C)™ : Nica&i = 0 for any A € I}.
Then we denote by Hol;(S2, X ) the subspace of Hol;(52, X ) defined by

Hol’} (5%, X ;) = Hol’y(S2%, X;) N SP4(C)™

={(&,....&m) € SPL(C)™ : Nyen&; = 0 for any A € I}

There is a filtration

) = Hol}(52, X;) c Hol2(S?, X;) c Hol3(S?, X;) C ---
C Hol%*(S2, X;) = Hol4™2(S%, X ) = - - = Hol;(S?%, X;).

Theorem 1.4.  Let m,n > 2 be integers and I be a fized collections of
subsets of {1,2,...,m} such that card(A) > 2 for each A € I. Then there is
a map Hol’} (5%, X1) — Q3 vI CP™ ! which is a homotopy equivalence up to
dimension D(d;m,n) when n > 3 and a homology equivalence up to dimension
[d/2] when n = 2. Here the number D(d;m,n) is same as in (1.3.1).
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Since X; = CP™ ' if I = {{1,2,...,m}} and D;(d;m,n) < D(d;m,n)
when n > 2, the above theorem indicates that the main result of [13] can be
improved. Moreover, although the proof given in [13] only works for the case
X = CP™ !, the proof given in this paper works for all X; (and CP™ !, too).
So this permit us not only to sharpen the stability dimension, but also, more
importantly, to obtain the stability result for wider quasi-projective varieties.

Our results may confirm this Morse theory principle for another varieties
(e.g. various toric varieties cf. [8]). The explanation for these type theorems is
thought to be Morse theoretic in nature, i.e. the fact that the holomorphic maps
form the set of absolute minima of the energy functional on (a fixed component
of) the space of smooth maps. However, the existing proofs of these results are
topological in nature (cf. [3], [4]).

This paper is organized as follows. In section 2, we shall recall the stabi-
lized theorem using scanning method originally invented by G. Segal [11]. In
section 3, we shall give the proof of Theorem 1.3. To prove this we shall show
Theorem 3.3, which is the key of this paper. In section 4, we shall indicate how
the proof of Theorem 3.3 can be generalized and give the proof of Theorem 1.4.
Finally, in section 5, we shall study the stability of s¢ : SP%(Cy,) — SP4T1(Cy)
using the geometric resolution ([12]) and we shall give the proof of Theorem 5.1,
which will be used in the proof of Theorem 3.3.

82. Stabilized Spaces

In this section, we recall the scanning map and its basic properties. Be-
cause this was now well explained in several papers (cf. [5], [6], [7], [8], [10],
[11]), we only sketch the rough idea.

Let I be a collection of subsets of {1,2,...,m} such that card(A) > 2 for
any A € I. For a connected space X, let Ei"(X ) denote the space defined by
Ey™(X) = {(&1,--,&m) € SPL(X)™ i Nicali = 0 for any A € I},

Remark that Eé"((C) = Hol}}(S%, X;) if X = C. If A C X is a closed
subspace, we define the relative configuration space Eé’"(X, A) = Eé"(X)/ ~,
where (&1,...,&m) ~ (M, ...,mm) if and only if {; N (X — A) = n,; N (X — A4)
for each 1 < j < m. Thus, for each Eé’"(X, A), points in A are ignored. When
A # 0, there is a natural inclusion E}™(X, A) — Eéfl (X, A) given by adding
points in A. We define B/ (X, A) = U EJ™(X, A).

d>1

Let sq: E7™(C) — Eéfl((C) denote the stabilization map given by adding

a point from the edge in a usual way (see [5], [6], [8], [11]), and let dlin;o Eé’n((C)

the colimit space induced from stabilization maps sq.
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Let lim s? Jim EJ™(@©) — Q2B (52, 00) be the scanning map defined

similarly as [[6]; page 99]. If we identify Eé’"((C) = Hol}}(S?, X1), then we have
the scanning map S : dlim Hol’} (5%, X;) — Q2E1™(S?, c0).
— 00

Theorem 2.1. §: dlim Hol’(S?, X;) = QZET™(5?, 00) is a homotopy

equivalence when n > 3 and a homology equivalence when n = 2.

Proof. This is similar to the proof in section 3 of [11] (cf. [7]). O

Lemma 2.1.  There is a homotopy equivalence ET"™(S?, 00) ~ VICP™ 1.

Proof. Tt I ={{i,j} :1 < i< j <mn}, the proof is completely same as
that of [[5]; Proposition 3.2]. For a general case, the similar method may be
used and we omit the detail. O

Corollary 2.1. S: dlim Hol’(S%, X7) = Q2 vI CP" ! is a homotopy

equivalence when n > 3 and a homology equivalence when n = 2.

83. Unstability Result

Theorem 3.1.  Let k > 1 be an integer and let C, = C — {1,2,...,k}.
If d > n > 3, the stabilization map s : SP%(Cy) — SPIH(Cy) is a homotopy
equivalence up to dimension N(d,n) =d+n—4 = D(d;m,n).

The proof of Theorem 3.1 is postponed to the last section and we prove
the following result.

Theorem 3.2.  Ifm,n > 2, sq : Holj(S%, X,,) — Holjj, (5% X,,) is a
homotopy equivalence up to dimension D(d;m,n) when n > 3 and a homology
equivalence up to dimension [d/2] when n = 2. Here the number D(d;m,n) is
same as in (1.3.1).

Before proving Theorem 3.2, we complete the proof of Theorem 1.3.

Proof of Theorem 1.3. The assertion easily follows from Corollary 2.1 and
Theorem 3.2. 1

Definition. Let V' C C be an open set and dy,...,d,;, > 1 be integers.
Let £] (V) be the subspace of SPU (V) x --- x SP¥" (V) defined by

,,,,
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Ifdy=dy =" =dn=d, wewrite Eg(V) =Ep , (V). If V=C, we also
write By, =E5 4 (C).

Let z1,...,2m € {w € C: 1 < |w] < 2} be any fixed points such that
zj # zj it i # j. For each 1 < k < m, define the map

Jk Egl,...,dk,...,dm({|w| <1}) — Egl,...,dk,l,dk+1,dk+1...,dm({|w| <2})

by (517"'75111) = (fla"'afk—lagk + Zkagk-‘rla"'?fm)' Up to hOHlOtOpy, jk

s . n n
defines the map jy, : Edlv'“)dky"'vd - Edly-~'7dk—17dk+17dk+17~~~7dm'

m

Theorem 3.3. Let min > 2,1 < k < m, and dy,...,d, > 2 are
integers. Then ji = Eg a4 = Edide 1 detldess,d, 5 @ homotopy

equivalence up to dimension D(dg;m,n) when n > 3 and a homology equiva-
lence up to dimension [dy /2] when n = 2.

Before giving the proof of Theorem 3.3, we complete the proof of Theo-
rem 3.2.

Proof of Theorem 3.2. If we may identify Hol}(S?, X,,) = E7(C), we
have sq = j10j20---0j,, (up to homotopy). Hence the assertion easily follows
from Theorem 3.3. O

Definition. We say that a map f: X — Y is acyclic up to dimension
N if for any local coefficient system L on Y, f, : H;(X, f*L) — H;(Y,L) is
bijective when ¢ < N and is surjective when ¢ = N, where f*L is the induced
local system on X.

Lemma 3.1 ([9]). Let f: X — Y be a continuous map between con-
nected CW complexes such that m(X) and 71 (Y) are abelian groups. If the
map f is acyclic up to dimension N, it is a homotopy equivalence up to dimen-
sion N.

Lemma 3.2.  Ifdy,...,dn > 2 and n > 3 are integers, mi(Ey ;) is
an abelian group.

Proof. Geometrically 7T1(Egl7_“7dm) may described as the group of m-
tuples (dp-strings, do-strings, ---, d,,-strings) of braids such that i-th braids
are allowed to pass until (n — 1)-crossings. Hence, the assertion may be proved
in a similar way as in [[5]; appendix]. O

Now we can give the proof of Theorem 3.3.
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Proof of Theorem 3.3. It suffices to give the proof when & = 1. Let
™ By 4 — Ej . be the projection map given by m(£1,...,6m) =
(&2,...,&m). If n >3 and d; < n, Theorem 3.3 follows from [[5]; Theorem 1.8]
and Lemmas 3.1, 3.2. If n = 2, we have a homotopy commutative diagram

Sd
Ca,(Cr) ——  Ca,+1(Cy)

l |

2 J1 2
Eiydw = L1,

| |

2

where we take k = Y7, d; and C, = C — {1,2,...,k}, vertical sequences are

fibrations and s? is a stabilization map. Since s?

is a homology equivalence up
to dimension [dy/2] ([[11]; appendix]), j1 is also a homology equivalence up to
dimension [d;/2]. Hence the assertion holds when n = 2.

So without loss of generalities, we may assume that d; > n > 3. Then
it follows from Lemmas 3.1, 3.2 that it suffices to show that j; is acyclic up
to dimension N(dy,n) = d; + n — 4. Let L be a local coefficient system on
Ef 1.d,....4,,- We shall use the letter L to denote its restriction to any (closed
or open) subspace. In this case, we also consider the commutative diagram

n J1 n
Edl,dg,...,dm Ed1+l,d2,...,dm

| |

Byt —  EBi, _d,
If vertical maps were fibrations, we could prove the assertion in a similar way
as above. However, they are fibrations only over certain subspaces as we shall
now explain.

Since EJ 4. 4 CSPU(C)x---xSP™(C) 2 C% x---xC¥ = C?is an
open set, Ej , ; is an open complex manifold of dimension d = S d
and the Poincaré duality isomorphism Hy(E}, ,, 4 ;L) %Hfd_k(Egl’d%__’dm;
H(L)) holds, where H(L) denotes the orientation bundle and H? denotes the
cohomology with compact supports ([2]).

From now on, we may identify E7 , ;= with the space consisting of
all m-tuples (p1(2),...,pm(2)) € C[z]™ of monic polynomials satisfying the
following two conditions:
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(a) pi(2) is a monic polynomial of degree d; and has no roots of multiplicity
>n for each 1 <i <m.

(b) pi(z) and pg(z) are coprime whenever i # k.

Let Ekl’kj’ m be the subspace of Ej , = consisting of all m-tuples
of polynomials (p1 (2),--,pm(2)) € EF g4, . 4, which satisfies the following
condition:

(c) pj(2) has at least k; distinct roots for each 1 < j < m.

1,k2,... 1k2’ 1,ka,....k;+1,. . ..
Let X’ . dm Ey o Edhdz, N ,dm ™ i.e. the subset consisting

of all m-tuples (p1(2),.. .,pm(z)) E B} 4, such that each p;(2) (2 <i<m)
has exactly k; distinct roots.

m
ko,..okm 1,ka,....km kay..okm ko,..oki+1,.. km
Let Yd2)"~7d7n - W(Xdl,dg,.,.,d.,”) Ed27 dm - U Ed2,...,di,..., N The map
i=2
Lko,okm Easookm :
m restricts to a map 7 : X;” a” e Ydf and we obtain the homotopy
) dm

commutative diagram

SPH(Cy) —— SPHTL(C)

l l

1,k2,....km J1 1,ka,...km

dy,da,....dm di1+1,da,....dm
g d
k'27...7k'm k27 km,
oy T Y

where we take k = Y", k;, C,, = C — {1,2,...,k}, and vertical sequences are
fibrations.

Since s is a homotopy equivalence up to dimension N (d1,n) by Theorem
3.1, j1 : Xélkjgkg:n — X;;Ifl’;éf."fﬂ 4, s also a homotopy equivalence up to
dimension N(d;,n). Now we remark the following:

. . 1ka,eeskim Lkg,o ko -
(tk) If 1 < k; < d; (i =2,...,m), then j; : Edl,le,‘..,dm — Ed1+21 b g, 08
acyclic up to dimension N(dy,n).

‘We postpone the poof of (Tk) and complete the proof of 3.3. If (i) is true,
then j; : E;;lt’b” . E;ilh Ua....d, is acyclic up to dimension N(dy,n).
- 11,1 . - -
Since gl 0.7 dp = By dy,.. s T By d 7 i 1,s,... 4, 18 2CYCliC

up to dimension N(di,n). This completes the proof of Theorem 3.3. O
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Proof of (11): The proof of (1) is by downwards induction onk=>3", k.
The induction begins with k = S/, d;. Since E}’ d;; ", = Xif;;fg , the

m

assertion is clearly true. As a next step, we assume that (11) holds for any I > k
and we shall prove that (f;) is true. We remark that for any 2 < j < m the
following statement holds:

j
(1) Ji: U E;llf’dm U E;llil . (2 is a homology equivalence up to

i=1
dimension N(di,n) whenever Yoo le(i) > k for any 1 < j < m.

Proof of (;): We can prove (f;) easily by induction on j. In fact, if

j = 1, (f;) holds, because (f;) is true when [ > k. Now assume (f;_1) is
true and we shall show that (f;) is true. Since E;;kfl;"_‘_’.kgm N E;;k(i;";’_kgm =

1,max(ka,k5),...,max(km, . . .
pmax(kaky) (k. m) using the Mayer-Vietoris exact sequence and

d1,da,... ,d
5—le1112ma, ;nve can prove the assertion (I;) easily. O
m
It follows from ({,,) that j; : U E;ffl; ki ":1 — U E;ffi dg’f i k’dm
is a homology equivalence up to ld_iinension N(dy,n).
Since E;f;;’ kdfl " C EY 4y .di,.. .4, isan open subspace, the space
m

1,k kit 1, . . . . .
i TP open complex manifold of dimension d. Hence it
dy,da,...,di,... ;dm

i=2
follows from Poincaré duality that there is a commutative diagram

1,ks,.. k+1 & LTI 1,ko,.. k+1, kL
(U o). 3 L> (U Eoiiay, ) ,rélm’L)
m - m
2d—j Lka kit Ly B g1 2d42—j 1k ,eekit Lk
He <U By, i ) — H: <U By ad ,A.A,dm>
i i=2
where H¥(Y) = H*(Y; H(L)). Hence, the induced homomorphism
; J 1Lka,...k; +1 k 42 1,ko,..ki+1,.. km
(@) P H (U Eoy ) — H Ed1+1,d2,...,di,... o
=2

is bijective when j > 2d — N(d1,n) and surjective when j = 2d — N(dy,n).
Similarly, because j; : X Clllka’ X ;in d; 4, 1s also a homotopy
equivalence up to dimension N(d;,n), the induced homomorphism

.. 1,k2,. s km Lka,...km
(i) Hj(Xdl 52 dm ) H]+2(Xd1+21d2, Jdm )

is bijective when j > 2d — N(dy,n) and surjective when j = 2d — N(dy, n).
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Consider the cohomology exact sequence with compact supports of the pair
m
Lkaskm U Lka,..ki+1,...km Lko,.okm _ plka,...km
(Eayay e \J Balds o, d,, ). Then because X 7am0 = B0 0
i=2
m

U E;;kfl;“_'_’.k;j}j“éim7 it follows from 5-lemma that we see that (as in [11]) j1* :
=2

HI(Eyarkn ) — HIV2(Ey" 0k | ) is bijective when j > 2d—N(dy,n) and
surjective when j = 2d — N(dy,n). Then using Poincaré duality isomorphism,

y lvk 7---7km . 1ak 7--~7k7n . iQ 13 3 -
Jre s Hi(BEp gm0 s L) — Hy(Bg2p™ 4 3 L) is bijective when i < N(dq,n)

and surjective when i = N(dy,n). Hence j; : E;lk(zkdm — Ecllilffi'é;kf’_" 4, s
acyclic up to dimension N(d;,n) and this completes the proof of (). |

84. Generalizations

Let I be a collections of subsets of {1,2,...,m} such that card(A) > 2 for
any A € I. We denote by Eéﬁ..,d (X) the space

m

Ey™ o (X)={(&1,-- - &m) t Niea& = 0 for any A € I,& € SPF(X)}.

If dy = -+ = dy, = d, we write E;"(X) = Ej" , (X). If X = C, we also

m

yeryUm

.....

Theorem 4.1.  If m,n > 2, sq : Holj(S? X;) — Holjj,, (5% X;) is a
homotopy equivalence up to dimension D(d;m,n) when n > 3 and a homology
equivalence up to dimension [d/2] when n = 2. Here the number D(d;m,n) is
given in (1.3.1).

Proof of Theorem 1.4. The assertion follows from Corollary 2.1 and
Theorem 4.1. O

Proof of Theorem 4.1. If n = 2, the above theorem easily follows from
[[11];appendix] as in the proof of Theorem 3.3. So we consider the case n > 3.
If d < n, Holl}(S%, X;) = Hol}(S?, X;). So in this case, the assertion also easily
follows from [[5]; Theorem 4.1]. So we assume that d > n > 3. Then the proof
is reduced to show the following Theorem 4.2. So it remains to show:

Theorem 4.2. Letm > 2,1 < k < m, and dy,...,d,, > 2 are in-
tegers. Then if di > n > 3, the stabilization map j : Eéﬁ‘.,dkw..,dm —
In

dh e 1 odit Lot 1sedim is a homotopy equivalence up to dimension N (dy,n),
where N(d,n) =d+n —4.
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Proof. 1t suffices to show the case k = 1. The proof is similar to that of
Theorem 3.3 and we shall sketch the main idea here.

Since dy,...,d; > 2, the modified proof of Lemma 3.2 shows that the
fundamental group of EI’" .d,, 1s an abelian group. Hence it suffices to show
that jp : Ed; dondyy Edlzl do....d,, 18 acyclic up to dimension N(dy,n). Let
L be a local coefficient system on Eéﬁ—l, dooondy (and hence on any subspace).
We denote by I’ the set I' = {AN{1,2,...,m—1}: A € I} and let Eé;’77_7dm(X)
be the space defined by

EcIlgn ( ) _{(5277§m) :mieAfi:Q)for a’nyAEIlvgi S SPZZ(X)}

If we consider the projection 7 : Ed dgndy ECIIQZ" .4, (C) given by

(€182, 5 &m) = (§20- -5 &m),

we have a commutative diagram:

I,n EI n
dy,da,...dm di+1,d2,...dm

| |

Ep" . (C) —— E,™ . (C)

Let EX , CEy" , denote the subspace defined by

B g =G &) €EY" y ceard | | {ngGi1#£ic A} >k
1eA A€l

I'n

Similarly, let X% ¢ E}" , and Y}, C Ey™ , (C) be subsets
defined by
_ 1k k+1
{Xdl, vdo = Bdyd — Eay
Yd’;.“,dm = W(incl,‘..,dm)'

Then the map 7 restricts to a map = : X% — Yk and we have a
di,...,dm da,..ydm
commutative diagram

d

SPIt(Cy) —— SPUTHCy)

! !

k J1i k
Xdy do,nd —— Xdi41,ds,....d

| |

Y} =

= k
25 0dm YdQ,...,dm

m

where vertical sequences are fibrations.
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Since s is a homotopy equivalence up to dimension N(di,n), the stabi-
lization map jy : X5 ;. — X§ ., isalso a homotopy equivalence
up to dimension N(dy,n).

As in the proof of Theorem 3.3 we can use the Mayer-Vietoris exact se-
quence, 5-lemma, Poincaré duality and this to prove, by downwards induction
on k, that the following statement holds:

(tr) J1: E(’jl’d%__?dm — E§1+1,d2,...,dm is acyclic up to dimension N (dy,n).

The statement of the theorem is given by (1;). |

85. Proof of Theorem 3.1

We need the following result.

Theorem 5.1. Ifd >n >3 and k > 1, s¢ : SPY(Cy) — SPL(Cy)
is a acyclic up to dimension N(d,n) = d+ n — 4, where we take Cp, = C —
{1,2,...,k}.

Proof of Theorem 3.1. If n = 2, the assertion follows from [[11]; appendix].
If d <n and n > 3, then SP%(X) = SP%(X). Hence the assertion follows from
[[5]; Lemma 2.4]. So without loss of generalities, we may assume that d > n > 3.
A similar proof of that of Lemma 3.2 shows that 71 (SP%(Cy)) is abelian. Hence
the assertion follows from Lemma 3.1 and Theorem 5.1. O

Proof of Theorem 5.1. Let L be a local coefficient system on SPZT(Cy).
Since Cy, is orientable, it extends to a local coefficient system on SP%(C), which
is denoted by the same letter L. We shall also use the same letter L to denote
its restriction to any (open or closed) subspace. Define the subspace X%(k) C
SPY(C) by X&(k) = SPY(C) — SP4(Cy).

The stabilization map s¢ : SP%(Cy) — SP?T(C},) naturally extends the
map s? : SP(C) — SP*(C). We also use the same letter s to denote its
restriction to any subspace. Remark that s¢ : Xd(k) — X2+1(k) naturally
extends to the open embedding s : XZ(k) x C — X2+ (k). This also induces
the map s% : XI*(k); — (XZ(k) x C)4, where X denotes the one-point
compactification of a locally compact space X.

Because SP¥(C) = C4, it follows from the Alexander duality that for any
1 < i < 2d — 2 there is an isomorphism H;(SP%(Cy), L) 5 H2d=1=1(Xd(k))
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such that the following diagram is commutative:

d
Hi(SP?(Cy); L) —=— H;(SPLY(Cy); L)

= | =|

sd)* .
H21 (X))~ B2 (X (1)
where HY(X) = H(X; L) and (s%)* denotes the composite of homomorphisms

L d
suspension iso. (s)”
—— G N

HE (X5 (k) HEF(X (k) % C) HEP2(XH (K)).

oy

Hence it suffices to show the following;:

(1) (sd)* « H(X(k)) — HIT2(XITY(k)) is bijective when i > M(d,n) and
surjective when i = M(d,n), where M(d,n) =d —n+ 3.

Define the subspaces A% (k) and X4 (k) of X2(k) by

k
A(k) = [J{i} +SPITHC)), Si(k) = Xii(k) — A (k).
i=1
Similarly, s : Ad(k) — A4*T1(k) and s¢ : X4 (k) — £+ (k) naturally extend to
the open embeddings s®1 : AZ(k) x C — Ad*1(k), s42 : Xd(k) x C — Xd+1(k).
We note the following two results.

Proposition 5.1.  (sT')* : Hi(AL(k)) = HI2(A%Y(k)) is an isomor-
phism for any i > 1.

Theorem 5.2.  (s2°)* : Hi(24(k)) — HIP2(23H(k)) is bijective when
i > M(d,n) and surjective when i = M(d,n).

We postpone the proofs of the above two results and complete the proof
of Theorem 3.1. Consider the commutative diagram

Hi(Zh(k)  ———  HUXA(k) ———  H{(AL(K) ——

<si’2>*l (si)*l <si’1>*l

—— HP(S(K) ——— HIP(X(K) ——— HEP (AT (K))

where horizontal sequences are exact. It follows from Proposition 5.1, Theorem
5.2 and 5-lemma that (s%)* : H{(X4(k)) — HIP2(X3(k)) is bijective when
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i > M(d,n) and surjective when ¢ = M(d,n). This completes the proof of
Theorem 3.1. O

Proof of Proposition 5.1.  We prove by induction on k. If k = 1, A4 (1) =
C?~! and the assertion trivial. If we assume that the assertion holds for A% (m
if m < k, then we can prove the assertion for A4 (k) using Mayer-Vietoris exact
sequence. d

Proof of Theorem 5.2. From now on, we shall identify SP*(C) with the
space consisting of all monic polynomials f(z) € C[z] of degree d. Then X4 (k)
may be regarded as the space consisting of all monic polynomials f(z) € C[z]
of degree d such that f(j) # 0 for any 1 < j < k and that it has at least one
root of multiplicity > n.

We write N = [d/n]+1 and let ¢ : C — CY be the Segre embedding given
by ¢(t) = (t,t%,¢3, ..., tN). Let f(2) = g(2) -, (2 — i)™ € Z%(k) be any

element, where
(i) a; € Cforeach1 <i<s, and a; # o if ¢ # j.

(i1) g(z) € C[z] is a monic polynomial of degree (d — ns).

Define the open (s — 1)-dimensional simplex A(f;a1,...,as) in C"* by

Alfiaq,...,a;) = {zs:tiqﬁ(ai) : zs:ti =1,t; > 0 for each z}
i=1 i=1

We denote by G(X4(k)) the geometric resolution of ¥4 (k) defined by

GELkR) = U Alfien.. ) x {f} CC x o (k).
fexg (k). {a:}
Let ¢? : G(X4(k)) — X% (k) be the second projection. Then it is known [12]
that ¢? : G(X%4(k)) = 2¢(k) is a homotopy equivalence. It also extends to
a homotopy equivalence ¢¢ : G(2%(k)); — 2¢(k)4, where Xy = X U oo
denotes the one-point compactification of a locally compact space X. Let Fg C
G(34(k)), denote the subspace defined by

Fd = U A(f;or, ... as) x {f}

s<p;fexd(k),{a:} +

There is an increasing filtration

{oo} = F§ C F{' C -+ C i1 C Fliyn) = Fliynyor = -+ = G(En (k)4
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and if 1 < p < [d/n], there is a fibre bundle ¢ : (Ff—F¢ ) — Cy,(Cy,) with fibre
RP~1 x SP?~"P(C;). The open embedding s%2 : ¥4 (k) x C — %41 (k) induces
a stabilization map G(X%(k)) x C — G(Z4+1(k)) which preserves filtrations.
In particular, if 1 < p < [d/n], there is a commutative diagram

d—np
Rp_l ~ SPd_np((Ck) 1><5—> Rp_l x SPd—i—l—nP((Ck)

l !

oA

Fg*Fg—l - Fzlerl*Fﬁll
qﬁl qg“l
Cp(Ck) — Cp(Ck)

where vertical sequences are fibrations.

Since s¢~" : SPY"P(C,) — SPYTIT"P(Cy) is a homotopy equivalence
up to dimension (d — np) ([5]; (2.4)), s& : Ff — F, — Fft! — Fgfll is also
a homotopy equivalence up to dimension (d — np). Because qg is a locally
trivial, if 1 < p < [d/n] F;f — F;f_l is an orientable open manifold of dimension

(2d — (2n — 3)p) and there is a commutative diagram

(s)-
H2d*(2n73)pfi(F1§l - F;il) - H2d7(2n73)p7i(F£l+1 - F;fll)
P.dl% P.d.l%
i (s5) i
HYF{—Fl,)  —  HIPR(E - R

Because 2d — (2n — 3)p —i < d —np if and only if i > d — (n — 3)p, we obtain
the following:

(1,) 111 < p < [dfn], then (s8). « HI(FY — Fily) — HIP(FQ — B s

bijective when i > d — (n — 3)p and surjective when i =d — (n — 3)p.

Consider the commutative diagram

—  H{(F!-F!)) —— HYFY) —— H(FL,) —

] | |

s HIP(ES B s HIP(FSY) —— HIP(PH) ——

where horizontal sequences are exact. Then we have:
(1,) If 1 < p < [d/n], then (s8). : H(FY) — HIT2(F$T) is bijective when
i> M(d,n) =d—n+3 and surjective when i = M(d,n).
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In fact, we can prove (f,) easily by induction on p. Since F§ = 0, the case
p = 1 follows from (f;). Next we assume that (f,_;) is true. Then (f,) follows
from the above diagram and 5-lemma. Now we can prove Theorem 5.2 as
follows.

First, assume [d/n] = [(d + 1)/n] = D and consider the commutative
diagram

i) < mieEik) T HAE)

(si’z)*l (s%)*l

HE(S () L HERAGEER) —— B (FS)
Then it follows from the above diagram and (i) that the induced homomor-
phism (s7%)* : Hi(Z(k)) — HIP2(2%1(k)) is bijective when i > M(d,n)
and surjective when ¢ = M(d,n). Hence Theorem 5.2 is proved when [d/n] =
[(d+1)/n].
Next, assume D = [d/n] < [(d+1)/n]. Consider the commutative diagram

d)*

Hi(S4(k) <= HUGAW) = Hi(Fp)  ———  Hi(FD)

<512)*l <s%)*l
. d+1y* . . el .
HIP2(58 (k) L g (Gt (k) = HIA(FRTY) —2 HIP(FET

Now remark the following:

Lemma 5.1.  Ifi > 3D + 1, j5 : H2(FSH) S HIF2(FE) is an
isomorphism.

We postpone the proof of Lemma 5.1 and complete the proof of Theorem
5.2. Since M(d,n) > 3D + 1, it follows from the above commutative diagram,
(1p) and Lemma 5.1 that (s2%)* : H:(Z4(k)) — HIF2(23H1(k)) is bijective
when ¢ > M(d,n) and surjective when ¢ = M(d, n). O

Proof of Lemma 5.1. Since there is a fibre bundle Fgfl - Fjdj+1 —
Cp11(Cy) with fibre R, using the Thom isomorphism and Poincaré dual-
ity, there is an isomorphism HI*2(Fptl — Fitt) = HIF2=P(Cpiy(Cy)) =
H3p_i(Cp41(Cy)).

Hence, if i > 3D + 1, Hsp_;i(Cp41(Ck)) = 0 and HIF2(Fpt! — FAtY) =
HI3(F gj_ll - Fg“) = 0. So the assertion follows from the cohomology exact

sequence with compact supports of the pair (ng_ll, F]dD'H). O
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