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Computations of Nambu-Poisson Cohomologies:
Case of Nambu-Poisson Tensors of
Order 3 on R*

By

Nobutada NAKANISHI*

Abstract

We compute Nambu-Poisson cohomology for Nambu-Poisson tensors of order
three which are defined on R?. In particular, we prove that Nambu-Poisson cohomol-
ogy of exact Nambu-Poisson tensors is equivalent to relative cohomology.

81. Introduction

A Nambu-Poisson structure was given by L. Takhtajan [14] in 1994 in order
to extend Nambu mechanics defined on R? to Nambu-Poisson mechanics defined
on an n-dimensional manifold, n > 3. One of the main objects of Nambu-
Poisson geometry is to study Nambu-Poisson cohomology and its related topics.
The notion of Nambu-Poisson cohomology was first introduced by R. Ibdnez
et al. [7], and it is an extension of Poisson cohomology (or Lichnerowicz-Poisson
cohomology) on a Poisson manifold. Let (M,n) be an m-dimensional Nambu-
Poisson manifold. (See Definition 2.1 for the precise definition.) Whenever
we mention a Nambu-Poisson manifold, m is assumed to be m > 3. Then a
Nambu-Poisson tensor n defines the so-called characteristic foliation, which is,
in general, a singular foliation on M. In case that 7 is a Nambu-Poisson tensor,
then the set of Hamiltonian vector fields becomes a Lie subalgebra of x (M),
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the Lie algebra of all vector fields on M. This Lie subalgebra will be denoted
by H.

Let Q% (M) be the space of k-forms on M, and let the order of 1 be n. (i.e.
n € I'(A"TM), where I'(A"T M) is the space of cross-sections M — A"TM.)
Here m > n > 3, and n > k. We define a mapping

fe s QF (M) — T(A" T M)

by tr(a) = i(a)y for a € QF(M). If k =n — 1, Q"~}(M) has a structure of
Leibniz algebra, which is defined by

{, 8} = Ly, (@B + (=1)"fn(da)B, a,f € Q"1 (M),

where £ stands for the Lie derivative. The image of f,,_1, which is denoted by g,
becomes a Lie subalgebra of x(M). (See Proposition 3.1 and its explanation.)
It is clear that H is contained in g. Nambu-Poisson cohomology is a cohomology
group of a Lie algebra g having C*°(M,R) as its representation space, which is
also called Chevalley-Eilenberg cohomology of g. It will be denoted by Hy p.
It is easy to see that HYp is equal to the space of invariant functions of g.
Moreover Hj p is deeply related to the modular class of (M,n) [7]. It will be
expected that other cohomologies Hy, p have also some geometric meanings.

If » does not vanish anywhere on M, it is said to be regular. Then R. Ibanez
et al. computed Nambu-Poisson cohomology of a regular Nambu-Poisson man-
ifold (M, n) [7]. If n has some singularities, it is quite difficult to compute its
Nambu-Poisson cohomology. As an example of a singular Nambu-Poisson man-
ifold, they also considered (R3,n = (z2+y2 +22) 2 A a% A &), and they proved
that the first Nambu-Poisson cohomology group H3 »(R?,7) is isomorphic to R.

On the other hand, P. Monnier [9] computed Nambu-Poisson cohomology
for germs at 0 of n-vectors n = fa%l Ao A % on K*"(K = R or C), with
the assumption that f is a quasihomogeneous polynomial of finite codimension.
His results contain the result of R. Ibdnez et al., (at least in the formal case).

As the next step, it is natural to consider the case that the order of a
Nambu-Poisson tensor 7 is smaller than the dimension of a space on which 7
is defined. In the present paper, along this concept, we will compute Nambu-
Poisson cohomology for the following three cases.

(a) Exact Nambu-Poisson tensors 7 of order 3 defined on R*(x,y,z,u). A
Nambu-Poisson tensor 7 is called exact if there is a function f such that
i(n)Q = df for Q =dx AdyAdz A du.

(b) Linear Nambu-Poisson tensors of order 3 defined on R*(z,y, 2, u).
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(¢) A quadratic Nambu-Poisson tensor n = (2% +y? + 22 + u?) 2 A a% AL of
order 3 defined on R*(x,y, z, u).

The computation for the case (a) naturally leads us to the notion of relative
cohomology which was studied by C. A. Roche [13]. In this case, we know that
HY = HE, for 0 < k < 2. In computing Nambu-Poisson cohomology of the
case (b), we will use the classification theorem of linear Nambu-Poisson tensors
which was proved by J-P. Dufour and N. T. Zung [3]. A part of this case is also
discussed in (a). In treating the case (c¢), we will take advantage of the results
of P. Monnier [9].

Here we computed Nambu-Poisson cohomology only for the case (R%,n),
where the order of 7 is three. But it is not so difficult to extend all the results
we have obtained here to more general situations. In fact let us consider a
Nambu-Poisson manifold (R™,n), where the order of 1 is n’. We can easily see
that if n —n’ > 1, then spaces of cohomologies are, in general, greater than
those of the case n — n’ = 1. This is because that the space of g-invariant
functions becomes greater if n —n’ > 1.

The author would like to express his deep thanks to Professors T.Fukuda,
H. Sato, Y. Agaoka and G. Ishikawa for helpful and stimulating discussions.
He is also grateful to P. Monnier for valuable communications.

§2. Reviews of Nambu-Poisson Manifolds

We will review some useful results of geometry of Nambu-Poisson man-
ifolds. Details are referred to [7],[10] and [14]. Let M be an m-dimensional
C*°-manifold, and F its algebra of real valued C'°°-functions on M. We denote
by I'(A™TM) the space of global cross-sections n : M — A"TM. Then for
each n € I'(A™T M), there corresponds the bracket defined by

{flu"'afn} :n(df177dfn)7 f17°~'7fn e F.

This bracket operation is an n-linear skew-symmetric map from F™ to F
which satisfies the Leibniz rule:

{f17 ~~7fnflvgl : 92} = {f17 "'7f’nflvgl} * g2 +gl . {f17 "°7fn71792}a

for all fq,..., fn—1,91,92 € F.

Let A=) fi, A==~ A fi,_,, fi; € F. Since the bracket operation satisfies
the Leibniz rule, we can define a vector field X 4 corresponding to A by the
following equation:

Xal(g) = Z{fil,m,fin_l,g}, gEeF.
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Such a vector field is called a Hamiltonian vector field. The space of Hamilto-
nian vector fields is denoted by H.

Definition 2.1. n € I'(A"TM) is called a Nambu-Poisson tensor of
order n if it satisfies Lx,n = 0 for all X4 € H, where £ is the Lie derivative.
Then a Nambu-Poisson manifold is a pair (M,n).

Let n(p) # 0, p € M. Then we say that 7 is reqular at p. Now we can
state the following local structure theorem for Nambu-Poisson tensors [5],[10].

Theorem 2.1. Letn € I'(A"TM), n > 3. If n is a Nambu-Poisson
tensor of order n, then for any regular point p, there exists a coordinate neigh-
borhood U with local coordinates (1, ..., Tn, Tty .-, Tm) around p such that

0 0

A A

= by dxy

on U, and vice versa.

Let (M,n) be a Nambu-Poisson manifold with volume form 2, and m >
n > 3. Put w = i(n)Q, where the right hand side is the interior product of n
and Q. Hence w is an (m — n)-form. The following theorem gives a necessary
and sufficient condition for 7 to be a Nambu-Poisson tensor. For the proof,
see [11].

Theorem 2.2. Letn € I'(A"TM). Then n is a Nambu-Poisson tensor
if and only if n satisfies the following two conditions around each regular point:

(a) w is (locally) decomposable, and

(b) there exists a locally defined 1-form 6 such that dw = 0 A w.

8§3. Nambu-Poisson Cohomology

Let (M,n) be a Nambu-Poisson manifold of order n and let & be an inte-
ger with k& < n. Denote by Q¥(M) the space of k-forms on M. If A*(T*M)
(respectively, A"~ ¥(T'M)) denotes the vector bundle of the k-forms (respec-
tively, (n — k)-vectors) then 7 induces a homomorphism of vector bundles
0 AR(T*M) — A"=F(T'M) by defining
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for B € A¥(T*M) and x € M, where i(8) is the contraction by 3. Denote also
by fx the homomorphism of F-modules from the space QF(M) into the space
I(A"=kTM) given by

for all a € Q¥(M) and = € M.

Next we define a Leibniz algebra structure on Q"~'(M). The Leibniz
algebra on Q" !(M) attached to M is the bracket of (n — 1)-forms {,} :
QL(M) x Q"1 (M) — Q" 1(M) defined by

{aaﬂ} = ‘Cﬁn,l(a)ﬁ + (*l)nﬁn(da)ﬂ
for all o, 8 € Q"= }(M). In particular, we have that

ﬁn*l({av ﬂ}) = “jnfl(a)ﬂ ﬁnfl(ﬁ)]

for all o, 8 € Q" 1(M).
Using Theorem 2.1, the following proposition was proved by R. Ibanez
et al. [7].

Proposition 3.1.  Let (M,n) be an m-dimensional Nambu-Poisson
manifold of order n, with n > 3. Then the center of the algebra (Q"~*(M),{,})
is the F-module

kerfl, 1 = {a € Q" H(M) | #,_1(a) = 0}.
By the above proposition, we know that Q"~*(M)/ker #,_; is isomorphic

to a Lie subalgebra of x(M). This Lie algebra is often denoted by g. And F is
a (Q"1(M)/ker,,_1)-module relative to the representation:

QM) /kerfoy x F— F, ([al, f) = [o]f = (Hn-1(e)(f).

According to [7], one can define the skew symmetric-cochain complex

(C* (@ () Ker 15 F) = @D CH@"H (M) Ker 1 F), 0)
k

where the space of the k-cochains C*(Q"~1(M)/ kert,,_1;F) consists of skew-
symmetric F-linear mappings

QM) ker ) X oo x (QVH(M)/ ker 1) — F
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and the coboundary operator 0 is given by

k
dc* ([, -wws [an]) = Z(—l)i(ﬁnfl(ai))(ck’ﬂao}, o i) [an])
+ Y (D E({ar ag)]s [aol, e [, s [], e [

0<i<j<k

for all & € C*( Q"1 (M)/ker #,,—1; F), and [ao), ..., [ax] € Q*"1(M)/ker f,—1.
Then we have 9 o 0 = 0. The cohomology of this complex is called Nambu-
Poisson cohomology and denoted by Hy p(M,n).

Remark 3.1.  Since a Nambu-Poisson tensor 7 satisfies [,n] = 0
(Schouten bracket), we can define three cohomology spaces H))(M), H}(M)
and H7(M) as in the case of usual Poisson manifolds. We see that these three
spaces appear as parts of Nambu-Poisson cohomology spaces. (See [9].)

The first attempt at the computation of singular Nambu-Poisson coho-
mology was carried out by R. Ibanez et al. In [7] they considered a Nambu-
Poisson manifold {R3,7 = (2% +¢? + 22)Z A 2 S A Z}. They obtained that
HJIVP(R3a 77) =R.

In [9], P. Monnier studied Nambu-Poisson cohomology from slightly more
general viewpoint, which includes the case of R. Ibafiez et al. [7]. That is to say,
he computed Nambu-Poisson cohomology of Nambu-Poisson manifolds of the
form (R",n = fa%l ARERWA %)7 where f is a quasihomogeneous polynomial of
finite codimension. Using his results, We compute Nambu-Poisson cohomology
of R:n=(22+y*+22+u?)Z nZ 5\ £Z) in the last section.

84. Computation of Nambu-Poisson Cohomology: Exact Case
84.1. Notation and general remarks

Let F be the space of C*-functions on R*. Throughout this section, we
suppose that F > f satisfies f(0) = 0, and is of finite codimension, which means
that F/(f) ((f) is the ideal spanned by fz, fy, f2, fu) is a finite dimensional
vector space. Here we simply write, for example, f, for 2 —x

Let 7 be a Nambu-Poisson tensor of order 3 on R*(x,y, z,u). 7 is said to
be exact if n satisfies i(n)Q) = df, where Q = de Ady Adz Adu. Then 7 is written

as follows.

f,fg/\g/\ngfg/\g/\g,fg/\g/\ngfQ/\g/\g
Yoy 0z Ou “YOr 0z ou FOxr Oy Ou ““0x Oy 0z
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A Lie subalgebra g = #i2(Q2%(R*)) of x(R*) is spanned over F by the following
six vector fields.

p) o p) p) p) p)
X1 =fagy — Jugm Xoe=Jeg; = fovg Xs=fogy — fuzs
o f) ) ) f) f)
Xo=Jfyg: — fomgr Xs = fyga — Juzy: Xo = fogy — Jugs-

It is easy to see that A*g = 0. Hence HY , = 0, for k > 4.

84.2. Relative cohomology

In this subsection, we show that Nambu-Poisson cohomology of exact
Nambu-Poisson structure is equivalent to relative cohomology which was studied
by C. A. Roche [13].

In the first half of this subsection, all objects are considered on R®. And
we simply write QF for QF(R*). Suppose that C>(R*) > f satisfies f(0) = 0
and is of finite codimension. That is to say, an ideal generated by coefficients
of df is of finite codimension in C*°(R?).

First note that df A QF is compatible with the exterior differential d: i.e.,
d(df A QF=1) C df A QF. Hence the linear mapping

drey - QFJdf NP1 — QFFL/df A QF
is well-defined.

Definition 4.1. The following sequence defined on R? is called relative
complex of f.

0 — Q0“2 QU/df A Q0 4 Q2/df A Q! T 00 df A QT — 0,

The cohomology of complex defined above is called relative cohomlogy of
f, and is denoted by H,,(f) or H},

* ;- In the above sequence, if we put Z-QF into

0%, then we have flat relative cohomology H* where Z denotes the space

ocorel?
of flat functions of F at the origin. Moreover if we consider formal differential

k-forms instead of QF, we have formal relative cohomology flfel.

To state the structure of H® it is convenient to introduce the following
notations: For a positive small number c,

vt =dim H*(X ., R), b* =dim H*(X_.,R),

m® (1) = the space of flat functions at the origin of 1-variable,

mZ ={hem™>(1) | h(RT) =0},

Xi.= f"Y(£c) N B, where B is a small ball centered at the origin.
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Then C. A. Roche [13] proved the following theorems. All objects are
considered on R”.

Theorem 4.1.  The m*™(1)-module H® _, is isomorphic to (mf)bi X
k
(me=)~.

Theorem 4.2.  There are the following mutual relations among three

cohomologies.
Hﬁelngorel ifo<k<5—1
Hyet/ Hioper = F(1), HiG JH3G o = HIGH = F(DY,

where F(1) is the space of formal functions of 1-variable, and u = codim f.
F(1)* denotes the free F(1)-module of rank p.

In the latter half of this subsection, let us return to the case of R*. We
simply write Q% for QF(R*).
Definition 4.2.  We define the subspace I* of QF by
k
1" ={ce Q%c(a, ... 9) = 0},
for 1 <k <4. Put I° =0.

It is clear that I* = Q% since A*g = 0. In the rest of this subsection, we
give a characterization of I* for k = 1,2, 3.

Proposition 4.3. I*={ce QFlcAdf =0}, for0<k<4.

Proof. In case of k = 1, put ¢ = Adx + Bdy + Cdz + Ddu € Q.
Then ¢(g) = 0 implies that f,B = f,A, f.C = f.A, f.D = f,A, f,C =
f=B, f.D=f,C,and fyD = f,B. On the other hand,

cANdf = (Adx + Bdy + Cdz + Ddu) A (fedz + fydy + f.dz + f,du)
= (fyA— foB)dz Ndy + (f.A — f,C)dx ANdz + (fuA — fuD)dz A du
+ (f.B— f,C)dy Ndz + (fuB — fyD)dy A du+ (f,C — f.D)dz A du.

Thus we have that ¢(g) = 0 if and only if ¢ A df = 0.
For cases of k > 2, we can prove in the same way as the case of k = 1. [

Now let us recall G. de Rham’s division lemma [2]. We will explain this
lemma in the general situation, s-dimensional Euclidean space R®. (Our case
is, of course, s = 4.)
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Definition 4.3.  An element w of Q! is said to possess the property of
division in Q* if for any o € P, 1 < p < s — 1, which satisfies w A o = 0, there
exists B € QP71 such that o = w A .

Definition 4.4. Let w € Q! and let I(w) be the ideal of Q20 = C°°(R?)
spanned by the coefficients of w. Then 0 is said to be algebraically isolated zero
of w if Q°/I(w) is a finite dimensional vector space over R.

Lemma 4.4. Let w be an element of Q'. If 0 is algebraically isolated
zero of w, them w possesses the property of division.

Since f is of finite codimension in our situation, w = df satisfies the con-
dition of Lemma 4.4. Hence by Proposition 4.3, we know that I* = df A QF—1
for 1 <k <3.

Recall that a k-th cochain ¢ € C* is F-linear skew-symmetric mapping
from g x .-+ x g to F. The natural inclusion ¢ : g — x(R*) induces the
surjective mapping ¢ : QF — C* as the dual mapping of the natural inclusion
t. Note that ker ¢ = IF for 1 < k < 3. Then it is easy to obtain the following
proposition.

Proposition 4.5. Ck = QF/I* = Qk/df A QF~L for 1 < k < 3. For
E=0,C"=Q%=7F, and for k=4, C* = 0.

Now by Proposition 4.5, we have obtained the following commutative di-
agram. In particular, note that d,o : QF/I*¥ — QF+1/[F+1 coincides with
9:CF = CFtlfor0 < k < 2.

0 Q —4 Qt d Q2 d Q3 d Qf  —— 0
H | | - |

0 0O drel Q1! drel Q2/12 dyel Q313 drel Qt/df A Q3 0
| H | | |

0 o — ot 9 c? 9 c? 0

Using the above commutative diagram, we can get the following theorem.
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Theorem 4.6.  Let n be the exact Nambu-Poisson tensor corresponding
to f € F defined on R*, where f is of finite codimension. Then

HYp = HE, for 0<k<2,
Hip = H2 © QY df NOP,
HYp =0 for 4 <k.

To compute some examples of exact Nambu-Poisson cohomology, let us
recall the results of C. A. Roche [13]. (See Theorem 4.1 and Theorem 4.2.)

Examples. Let f = 2% +y?+224+u?, k > 3. Then if k is an odd positive
integer, both X, . and X_, are homeomorphic to D3, where D3 denotes a three

dimensional ball. Hence by Theorem 4.1 and Theorem 4.2, we have
Hgorel - 1= 0 H =0.
H = OO( ) XCOO(R_)’ Hiel:O’ Hzel :0 3 :‘7:( )

rel — rel

1 _ 2
m+ X m Hoorel - 0 Hoore ocorel T

Moreover if we use Theorem 4.6, we have
HYp = C®(RY) x C*(R™), Hyp =0, Hyp=0, Hyp = F(1)" T oR"L

On the other hand, if k is an even positive integer, then X . is homeomorphic
to S% and X_, = ¢. Hence we have

HO

oorel -

rel = COO(RJr)a ngl =0, H72*el =0, H} (COO(R+))

rel

~m, Hl,,=0, H. . =0, HS

oo
oore ocore ocorel — m+
Moreover if we use Theorem 4.6, we have

HYp = C®(RY), Hyp=0, Hyp=0, Hyp = (C*[R")*" T oR"

§5. Computation of Nambu-Poisson Cohomology: Linear Case
85.1. Notation and general remarks

In this section we consider linear Nambu-Poisson tensors which are of
order 3 on R*(z,y, z,u). By the classification theorem of linear Nambu-Poisson
structures [3],[6], we know that there are the following four types of linear
Nambu-Poisson tensors.

D n=—fo ANor Ny NN — o N N+ fus Ny N
where f is a homogeneous quadratic function on R*.
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(II) n= Bx /\ = /\ {(CLHZ + algu)é‘? + (aglz + G/QQU)%}, (aij S R)
(IIT) ny = P2 55 N 5g az’ where ¢ is any linear function on R%.

(IV) ny = {px+(q—1) — b3z —bau} Z A E A G —{(g+ Dz +ry+azz+
a4u}am N5z 9 N\ 5 au’ where p, q,r, a3,a4,b5,b4 S R Put a = dz/J—i—(x—i—agz—l—
agu)dy — (y + b3z + byu)dx, where 1) = pr + qxy + 2ry . Then 7, is
defined by i(ny)dz Ady Adz Adu = .

n (IV), recall that 7, becomes a Nambu-Poisson tensor if and only if
a Ada = 0. Thus seven constants must satisfy azby = aqbs,asp + bs(q + 1)
=0,a3(q—1)+bsr =0,a4p+ bs(qg+ 1) =0,a4(q — 1) + byr = 0.

In considering type (II), since a matrix (a;;) can be chosen to be in Jordan
form, there are five classes with nondegenerate Jordan forms (7, ~ 75) and two
classes with degenerate Jordan forms (ng ~ 77) as follows.

(i) m =& A& Aez+ )L + (au) &}, a#0,

e = ge A gy M) &+ (Bu)gp), a#0, B#£0, a#p,
=35 A gy AM(az = Bu) g + (B2 + au) g}, a#0 B#0,
n4=%Aa—yAa(a@+ua) a0,

N5 = a5 A gy NB(ugs —zg0), B#0,

M6 = 35 A gy Aaz) g5, a#0,

(i

(iii
(iv

(v

(vi

i)
)
)
)
)
)

(vii) n7 = 2 A a%/\“%'
A linear Nambu-Poisson tensor of type (I) is one of exact Nambu-Poisson
tensors. And this case was already considered in the previous section. Hence
in this section we will only give the results concerning nondegenerate Nambu-
Poisson tensors (i.e. f = 2% £ y? £ 22 £ u?) for type (I). And here we will
mainly study the computation for type (IT).

Throughout this section, we will use the following notations:

F is the algebra of real-valued C°° functions on R*(z,y, 2, u);
G is the algebra of real-valued C'*> functions on R3(y, 2, u);
F is the algebra of real-valued C*° functions on R?(z, u);
F(1) is the algebra of formal functions of one variable;

x(R*) is the Lie algebra of all vector fields on R*;

QF is the space of k-forms on R*.
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§5.2. Computation of Nambu-Poisson cohomology of type (I)

In this subsection, we confine ourselves to nondegenerate linear Nambu-
Poisson tensors of type (I). This means that f = 22 4 y? 4 22 £ u? and it
is clear that f is of finite codimension. We get the following results by using
Theorem 4.1 of C. A. Roche [13]. We use the same notations as those of the
previous section. Let 1 be a linear Nambu-Poisson tensor of type (I) defined
by ()2 = df. Then we get the following flat relative cohomology. In Table 1,
D? denotes an i-dimensional ball.

Table 1. Flat Relative Cohomology

f Xpe X . HY ey Hy el HY o | H et
2+ + 22+ 2 g3 é mse 0 0 ms°
2 +y° 422 —w® | SPx D' | SOxD? | mP xm® xm> 0 m° 0
2% +y? — 22 —? S' x D? | 8 x D? m x m> my x m> 0 0
22 —y? — 2% — W2 S0 x D? | 8% x Dt m® X m x m> 0 m° 0
—a? —y? — 2% 2 ) s3 m 0 0 m=

Combining the results in Table 1 with Theorem 4.2 and Theorem 4.6, we
can compute cohomology of type (I). In computing H3; 5, note that Q*/df AQ3 =
R, and p = 1. We collect the results in the following table.

Table 2. Exact Nambu-Poisson Cohomology

f HYp Hyp Hip HYp
12+y2+z2+u2 COO(R+) 0 0 COO(R+)®R
2?4 y? 422 —u? | CPRY) X CPR™) x C°(R7) 0 m F1) @R
22 4 y? — 22— C>=(RT) x C>®(R™) ms x m 0 F() @R
2?2 —y? — 22 2 C®RY) x C°(RT) x C®(R™) 0 m> F(1)®R
P C>=(R7) 0 0 C*(R7)DdR

§5.3. Computation of Nambu-Poisson cohomology of type (II)

In this subsection, we compute Nambu-Poisson cohomology of type (II).
Denote by g; the Lie algebra corresponding to n;, ¢ =1,2,...,7. Recall that g;
is defined by g; = i(Q2?)n;. Then each g; is spanned over F by several vector
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fields as follows.

0,0 .0 0

g1 = <8 p 8 8 (ozz+u)a—+aua—>,
0,0 .0 9 0 0

g2 = <8 o 8 8 043&4'[3“%%

0= (g g s s (0 = Bu) 5+ (B2 + au) )
0,0 .9 9 0 0

= zgugig g i, gy
0,09 9 5 0

R ek Wk L i Wik
0,9 .0

g6 = < 8 3 8 >

9 0 0
o7 = (ug g g )

As is easily seen, we know that
Alg; =0, for 1<i<7.

Denote by H ]’f, p(n;) the k-th cohomology group corresponding to the
Nambu-Poisson tensor ;. Then for 1 <i <7, Hﬁp(ni) =0if4 <k.

For 0 < k < 4, I* C QF is similarly defined as in the previous section (see
Definition 4.2). Then we also have C* = QF /T*. First let us determine explicit
forms of all I*. They are summarized in the following lemma.

Lemma 5.1. Let A,B,C,D, E,F be elements of F.
(a) In case of m,

I' ={Cdz + Ddu | (az +u)C + auD = 0},
I? = {Bdx A dz + Cdx A du + Ddy A dz + Edy A du
+ Fdz ANdu | (az+ u)B+ auC =0, (az + u)D + auFE = 0},
I3 = {Adx A dy A\ dz + Bdx Ady A du+ Cdx A dz A du
+ Ddy Ndz Adu | (az+u)A+ auB = 0},
' = a4



336 NOBUTADA NAKANISHI

(b) In case of na,

I' = {Cdz + Ddu | azC + puD},

I? = {Bdxz A dz + Cdx A du + Ddy A dz + Edy A du
+ Fdz ANdu | azB+ puC = 0,azD + SuE = 0},

I? = {Adx Ndy A dz + Bdx A dy A du+ Cdx A dz A du
+ Ddy ANdz ANdu | azA+ fuB = 0},

I* =0t

(¢) In case of ns,

I' = {Cdz + Ddu | (az — Bu)C + (B2 + au)D = 0},
I? = {Bdx N dz + Cdx A du + Ddy A dz + Edy A du
+ Fdz ANdu | (az — pu)B + (Bz + au)C =0,
(az — Bu)D + (Bz + au)E = 0},
I* = {Adx Ndy A dz + Bdx A dy A du + Cdx A dz A du
+ Ddy Adz ANdu | (az — Bu)A+ (Bz + au)B = 0},
"=

(d) In case of ng,

I' ={Cdz + Ddu | zC +uD = 0},

I? = {Bdx A dz + Cdx A du + Ddy A dz + Edy A du
+ FdzANdu | zB+uC =0,zD +uE = 0},

I? = {Adx A dy A dz + Bdx A dy A du+ Cdx A dz A du
+Ddy ANdzANdu | zA+uB = 0},

It =

(e) In case of ns,

I' ={Cdz + Ddu | zD —uC = 0},

I? = {Bdx A dz + Cdx A du + Ddy A dz + Edy A du
+ Fdz ANdu | uB — 2C =0,uD — zE = 0},

I? = {Adx A dy A dz + Bdx A dy A du+ Cdx A dz A du
+ Ddy ANdz ANdu | uA —zB =0},

I =
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(f) In cases of ng and n7,

It = Fdu,

I? = Fdx A du + Fdy A du + Fdz A du,

I = Fdx ANdy A du+ Fdx A dz A du+ Fdy A dz A du,
I =

Proof. Straightforward computation. O

In linear cases, we also have the following commutative diagram which is
similar to that of relative cases. (Its proof is obtained as a direct consequence
of the definition of the operator 9.)

0 Q % ot 4 g2 4 g3 4 o 0
H - | dl d)
0 o 2 .01t 9 2 9 3 9o 0

Now let us compute Nambu-Poisson cohomology for Nambu-Poisson ten-
sors m;, 1 <1 <7. Recall that I* = Q*. This means that C* = 0 in the above
commutative diagram. Hence we have only to compute H¥ »(n;) for 0 < k < 3.

We denote by Z* the space of cocycles and by B* the space of coboundaries
in C*. Clearly it holds that B* C Z*¥  C*, and by definition, HY, » = Z*/B*.

Definition 5.1.  We define the subspaces Z* and B* of QF as follows.
ZF = {c € OF|dc € TF1Y,
BF = daF .

Note that it holds I* ¢ Z*,

Proposition 5.2. HYp = ZF/(B* +1%) for 1 <k < 3.

Proof. We first prove that 7= (Z*) = Z*¥. For ¢ € 7~1(Z*), we have
0 = d(wc) = 7(dc). Hence de € I*1 and this implies ¢ € Z*. The converse is
clear. Hence the linear mapping = : Zk — 7k is surjective. Since kerm = I*,
we have ZF = Z¥ /T%. Next note that B* = dC*~1 = §(zQF 1) = n(dQF—1) =
7B*. Hence n~1(B¥) = B¥ + I*, and B* = (B* 4 I*)/I*. Finally we have

Hlyp = 28/BY = (2} 1%) /(B + 1) /1*) = Z* ) (B* + I*).
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To compute Nambu-Poisson cohomology for linear Nambu-Poisson tensors,
the following lemma is useful. After the preparation of this paper, T. Fukuda
informed me that J. Mather [8] and T. Fukuda and S. Janeczko [4] had already
proved an analogous kind of result in a more general situation. So we omit the
proof.

Lemma 5.3.  Let f(z,y,2,u) and g(x,y,z,u) be C*®-functions on R*
(z,y,2,u), and let A(z,u) and B(z,u) be linear functions of two variables z,u
such that O(A, B)/0(z,u) # 0. If f(z,y,z,u) and g(z,y,z,u) satisfy the con-
dition:

(1) A(z,u)-f(x,y,z,u) :B(z,u)~g(x,y,z,u),

then there exists a function h(z,y,z,u) € C*°(R*) such that

x,y,z,u) = B(z,u) - h(x,y, z,u),
@ {f(y)()(y)

g(x,y,z,u) = A(z,u) - h(z,y, z,u).

Let us begin with computing Nambu-Poisson cohomology for Nambu-

Poisson tensor 1 = 2 A a% AM(az+u) 2 +aul}, where a # 0. Then the cor-

responding Lie algebra g is spanned by (z%, u%, za%, ua%, (az—i—u)%—i—au%)

over F. It is clear that HY »(1m1) = 0 for k > 4 since A*g; = 0.
Lemma 5.4.
(a) Put ¢ = Adzx + Bdy + Cdz 4+ Ddu. Then ¢ € Z' if and only if

B, =A,,
(az +u)(Cy — Az) = au(Ay — D),
(az+u)(Cy — B,) = au(By, — Dy).

(b) Put ¢ = Adx Ady+ Bdx ANdz+ Cdx Adu+ Ddy ANdz+ Edy Adu+ Fdz A du.
Then ¢ € Z2 if and only if (az +u)(A, — By + Dy) = —au(A, — Cy + E,).

(c) 7% = Q3.

Proof. We have only to recall that ¢ € Z* if and only if de € I**1. Then
direct computation shows the above results. O
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Theorem 5.5. Letn = % A a% A {(az—&—u)% —|—ozua%}. Then we have

HYp(m) =R,
Hyp(m) = F/F1 = Iz /Fy 0 Tz,

where Fy = {(az + u)h, + auh, +2ah | h € F},
H}p(m) =2 G/G1 = Ips /Gr N Tns,

where Gy = {(az + u)j. + auj, +2ag | § € G},
HYp(m) =0 for k> 3.

In the above results, Ig» (resp. f]Rs) stands for the space of functions defined
on R?(z,u) (resp. R3(y,z,u)) which are flat at the origin.

Proof. Let f be an element of HY 5 (n1). Then f = f(z,u), and it holds
that (az + u)f, + auf, = 0. The solution is f(z,u) = (b(%log“), where
¢ is any C*°-function of 1-variable. Hence smooth solutions f(z,u) are only
constants.

For the computation of H p(n1), put ¢ = Adz + Bdy + Cdz + Ddu € A
Then by Lemma 5.4(a), there exists a function h € F such that A = h,, B = h,,.
Then the last two equations in (a) can be rewritten as follows.

au(hy, — D)y =(az+u)(C — h,)q4,
au(hy, — D)y =(az +u)(C — h;)y.

Hence by Lemma 5.3, there exist k,l € F, such that (C — h,), =
auk, (hy, — D), = (az +wk, (C —h;)y = aul, (hy — D)y, = (az + u)l.
Then we have

C —h, :au/kdx+¢1(y,z,u) = ozu/ldy—&—qﬁz(x,z,u),
hu = D~z + ) [ Kdo 1,200 = (02 +0) [ tdy +ali,z,0).

By the integrability condition, it holds that k, = l,. And we have (C' —

hz)y = auf kudf + ((bl)'u = au f lwdx+ (¢1)y = au(l - <51 (ya Z, u)) + ((bl)y for
some function ¢1(y, z,u). On the other hand, since (C' — h.), = aul, we must

have (¢1)y, = aug1(y, z,u), and hence ¢1(y, z,u) = au [ ¢1(y, z,u)dy+ ¢1(z, u)

for some function ¢;(z,u). By the same way as above, we have (h, — D), =
(az+u) [ kydr + (Y1)y = (az+u) [lodz + (P1)y = (az+u)(l—Y1(y, z,u)) +
(¢1)y = (az 4+ u)l. Hence we have ¢1(y,z,u) = (az +u) [¢1dy + ¢1(2,u)
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for some functions 91 (y, z,u) and ¢1(z,u). Now C and D can be written as
follows.

C=h,+ au/kdm + au/q?ldy + ¢1(z,u),
D =hy — (az+ u)/kda; — (az +u) /w}dy — (2, u).
Then we have
au(B, — Dy) = au (hyu + (az +u) / kydr + (z + u)ihy — hyu>
= au(az + u) </ kydx + w1> ,

(az +u)(Cy — B.) = (az +u) <hyz + au / kydx + audy — hyz)

= au(az + u) </ kydx + ¢1> .

Since au(B, — D) = (az +u)(C, — B,), we get ¢y = ¢1. Thus ¢ € Z' has the
following expression.

¢ = Adx + Bdy + Cdz 4+ Ddu

= hydaz + hydy + (hz + au/k:dx +ou / é1(y, 2, u)dy + é1(2, u)>dz
+ (b 0z ) /kda: ~(az +u) /zﬁl(y, 2 u)dy — (2, w))du
= dh+ au (/ kdz + /qﬁldy) dz + ¢ (2, u)dz
— (az+u) (/ kdz + /qidy) du — Py (2, u)du.

Note that dh + au(f kdx + fqgldy)dz — (az +u) (f kdx + fqgldy)du is
contained in B! 4 I'. Hence by Proposition 5.2, we can consider Hx p(11) as
{h1(2,u)dz — Y1 (z,u)du | ¢1,1 € F} modulo B' + I'. Let A; be the space
of 1-forms on R?(z,u), A be the space of 2-forms on R?(z,u), and B; be the
space of exact 1-forms on R?(z,u). It is clear that A;/B; = Ay = F. We also
define the subspace Cy of A; by

Oy = {auhdz — (az +u)hdu | h € F}.

Note that B; C B! and C; C I'. Then we have
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HJI\/P(nl) > Al/(Bl + Cl)
=~ (Ay/B1)/((By + C1)/By)
= (A1/B1)/(C1/Bin Cy).

Let auhdz — (z + u)hdu be any element of By N C;. Then h has the form
(az 4 u)h, + auh, = —2ah. Any solution has the form h = ufqu(%log“)
with an arbitrary function ¢ of 1-variable. Hence C*°-solution is only h = 0,

and By N C; = 0. This means that C; = dC4, and we know that C; is
isomorphic to the space

Fi = {(az 4+ u)h, + auh, +2ah | h e F}.

Let F be the space of formal functions on R?(z,u). Each element [h] of F is
obtained by the formal Taylor expansion of h € F at the origin. It is easy to
see that the mapping T : h — [h] is linear and surjective. The kernel of T" will
be denoted by Zg2. Put

[il] = Z CLijZin e F.
i,j>0
Then we have
[(az + u)h, + quh, + 2ah]
=Y ali+j+2)a;z"
4,520
+ ) (4 Dag gz,
120,521

and we know that T'(F) = T(F;) = F. This means that for any f € F, there
exists g € Fy such that f — g € Zgz, and it holds that F = F; + Zg2. Thus we
obtain that

Hyp(m) = (A1/B1)/Cy & FJFy = Ipa [Fy N Ipe.

For the computation of H% (1), let v = Adx A dy + Bdx A dz + Cdx A
du+ Ddy Ndz + Edy A du + Fdz N du be any element of Z2. Then by Lemma
5.3 and by Lemma 5.4(b), there exists a function k(z,y, z,u) € F such that

A, — By + D, = auk,

A, —Cy+ E; = —(az +u)k.
Then there exist two functions ¢; and ¢o of G such that D and F have the
following expressions.
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D:au/k‘d:c+/Byd:cf/Azdergbl(y,z,u),
= f(az+u)/kdx+/0ydxf/Aud:c+¢2(y,z,u).

Define a 1-form @ by w = Pdz+Qdy+ Rdz+ Sdu. If we put Q = [ Adx, R =
[ Bdx, S = [Cdz, then

dw =(A — Py)dz Ndy + (B — P,)dz ANdz + (C — P,)dz A du
/B dz — /Azdx)dy/\dz—&- /Cydx—/Audx)dy/\du
/C’zdac— /Budx>dz/\du.

Thus we have

v=dw+d(z-dP)+ (au/kdx)dy/\dz+ (f(azqtu)/kd:c)dy/\du
+ (F+/Budxf/C’zd:c>dz/\du+¢1dy/\dz+¢2dy/\du.

The first five terms of v belong to B2 + I2. It will be denoted by BI. Then
v = BI + ¢1dy A dz + ¢ody A du. By Proposition 5.2, we can consider H% p (1)
as {¢1(y, z,u)dy A dz + ¢o(y, 2, u)dy A du|¢y, ¢o € G} modulo B2+ I2. Let us
define some subspaces of the space of 2-forms on R3(y, z,u) as follows.

Us = {¢rdy A dz + dady Ndu | ¢1,¢2 € G},
Vo ={p1dy Ndz + ady Ndu € Uz | (¢1)u = (¢2)-},
Wy = {augdy A dz — (az +u)gdy Adu | § € G}.
Moreover put
Us = {hdy NdzNdu | heG}.
Since dUs = Us, we know that Uy /Vo & Uz G. Note that Vy C B2 and
Wo C I?. Then we have
Hip(m) = Us/(Va + Wa)
= (U2/V2) [ (Vo + W2)/V2)
= (Uz/Va) [ (W2/V2 N W3).
Let augdyNdz—(az+u)gdyAdu be any element of VaNWs. Then § must satisty

the equation (az + u)g, + aug, = —2ag. Any solution of this equation has

the form g(y, z,u) = u‘%/)(%logu, y), where 9 is any function of 2-variables.
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Hence C*°-solution is only g = 0. This means that Vo N W5 = 0. We define a
subspace Gy of G by

G = {(az +u)g, + augy, +2ag | g€ C;}.

Then it is clear that Wy /Vo N Wy = Wy & Gi. Let Zps be the space of flat
functions at the origin defined on R3(y, z,u). By the analogous consideration
as the case of Hj p(m1), we obtain

Hip(m) = G/G1 = Tps /Gy N Tps.

For the computation of H3; (1), let 6 = Adx Ady Adz+ Bdx Ady A du +
Cdx A dz A du + Ddy A dz A du be any element of Z3 = Q3. For this 8, put
p = —([ Ady)dx Ndz— ([ Bdy)dx Adu and put A = (C'— [ B.dy+ [ A,dy)dz A
dz Adu+ Ddy Adz Adu. Then by Lemma 5.1(a), we have § = dp+\ € B34 I°.
This implies Hy p (1) = 0. O

Remark 5.1.  In computing Hx p(n1) and H% p(11), we mentioned the
last isomorphisms by using Zg2 and Zgs. The same facts also hold for 7,5, 73
and ny.

For other Nambu-Poisson tensors 7;, 2 < ¢ < 7, we can compute the
corresponding Nambu-Poisson cohomologies by using the analogous methods
as in the case of 7; except for the slight modification. So we state only the
results of computations by emphasizing the differences between the cases of
1;, 2 < i <7 and that of n;.

The results including Theorem 5.5 are summarized in the following table.
Each Hy p is described under “isomorphism”. For example, in 7;-case, we
should read that Hy p is “isomorphic” to F/Fj.

Table 3. Nambu-Poisson Cohomology of Type (II)

cohomology HYp Hp H%p HYp, k>3
m R ﬁ/ﬁl G/g~1 0
2 UCC®R) | F/F G/Go 0
13 R -7:—/.7‘13 Q~/Q~3 0
o R F|Fs G/Ga 0
- CR®Y) | (R | OF(R) 0
M6 C*(R) 0 0 0
7 C>=(R) 0 0 0
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In the above Table 3, we used the following notations:

e U is a subspace of C*(R);

o Fi = {(az+u)h. + auh, +2ah | h e F};

e G = {(az+u)j. +ougu + 207 | §€G};

o Fo={(a+ B)h+azh, + Buh, | he F};

o Gy = {a2§z Bug. + (a +ﬁ)g | ge g}a

. ]—"3 = {(az — Bu)h, + (Bz 4+ au)h, +2ah | h e F};

o G3 = {(az — Bu)g. + (B2 + auw)gu + 203 | § € G;

o Fa={zh. +uh,+2h | heF)

L g4 ={20. tug. +29 | g€ g},

e C°(R") is a subspace of C*°(R) consisting of functions which are
defined on RT;

e C*(R2) is a subspace of C*(R?) consisting of functions whose second
variable is defined only on R*.

Remark 5.2.  If we compute H} p in the category of formal functions (in
short, in the formal category), we have the following results.

(1) In cases of 11, n3 and 7y, then we have Hyp = H3p = 0.

(2) In case of mo, put U = HYp. If a8 > 0, then U 2 R. On the contrary, if
a and [ are integers which satisfy a8 < 0, then U = C*°(R). Let o = ¢/p and
B = s/r be two irreducible rational numbers with a8 < 0, and put d =L.C.M of
{p,r}. Then U is a subspace of C*(R) generated by ¢(t) = tk¢ k=0,1,2,...

If 3/ is a negative rational number, then Hip and H%p are infinite
dimensional in the formal category. Hence they are also infinite dimensional in
the C*-category. If 8/a is a positive rational number or an irrational number,
then HY p = H% p = 0 in the formal category.

§5.4. Computation of Nambu-Poisson cohomology of type (III)

By an easy consideration, we know that f2(Q?) = g, is spanned by (gf)%,
qba%, qS(%} over F. Moreover we know that each I?, 1 < i < 4 coincides with
(f) of Lemma 5.1. Hence each Nambu-Poisson cohomology of H ,(14) of Type
(IIT) is completely isomorphic to that of HY p(n6). Thus we have

Proposition 5.6.  Let ng = (;Sax = a , where ¢ is a linear function

on R*. Then we have

Hip(ng) =0, k> 1.
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§5.5. Computation of Nambu-Poisson cohomology of type (VI)

We will only treat here the generic case. Namely we suppose that there
exists non-zero constant k such that b3 = kas, by = kas. Then we have
p=—k(qg+1)=—k(—kr+2) and ¢ — 1 = —kr. Now a Nambu-Poisson tensor
My can be written as

8 3 0 5‘ 0] 0]

Then the Lie algebra g corresponding to 7y, is as follows.

= :Eg—&-kxa 0 +k 4 4 kz2 ug—l—ku2
8=\ "0r "oy Yor T oyt oy “or T oy

oz
0.,0.,0 .0 0 0 0
v .

acg———— 2, U
0 du’ Ou

Vo702 "0 Tow
Recall that I* is a subspace of QF whose element ¢ € I* satisfies c(g, ... ,g)
=0.
Lemma 5.7. Let A,B,C,D,E € F. Then we have

I' ={Adx + Bdy | A+ kB =0},

I? ={Adx A dy + Bdx A dz + Cdx A du + Ddy A dz
+ FEdyANdu | B+kD =0, C+kE =0},

I* ={Adx A dy A dz + Bdx A dy A du + Cdx A dz A du
+ Ddy ANdz ANdu | C+ kD = 0},

It =0*
Proof. Straightforward calculation. O
Theorem 5.8.
Hp () = C(R),
Hy p(ny) = C%(R*)/C*(R),

= F/C=(®),

(1)
(1)
HY p(ny) = C(R?)/C*(R?),
(1)
() =0, k=4,

where F = C*®(R*).
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Proof. To compute Hxp(ny), we will use Proposition 5.2 again. The
space HYp(ny) is consisting of functions f € F which are g-invariant. Hence
each f € HYp(ny) must satisfy f = f(z,y) and 7+ fo + k-7 f, = 0 for any
linear function r on R*. These conditions are easily lead us to the fact that
f = ¢(kx —y), where ¢ is any C*°-function of one variable. Hence HY, (1) =
C>(R).

Next let us compute Hx p(ny). Put ¢ = Adx + Bdy + Cdz + Ddu. Then
¢ e Z' if and only if

Dz = Cua
C,— A. +k(C, — B.) =0,
Dy — Ay + k(D, — B,) = 0.

By the first equation, there exists a function h € F such that C = h,, D =
h,. Substituting these equations into second and third equations, we have

)
5 (he = A+ k(h, — B)) =0,
)

(e = A+ k(hy = B)) =0,

Hence we know that there exists a function S(z,y) such that
A= hy + khy — kB — S(z,y).
Then ¢ € Z' can be rewritten as follows.

¢ =(hg + khy — kB — S(z,y))dx + Bdy + h,dz + h,du
=dh + khydz — hydy — kBdx + Bdy — S(x,y)dx.

Since dh+ khydx — hydy — kBdx + Bdy is an element of B +1' by Lemma 5.7,
we have ¢ = —S(x,y)dz (mod B'+I'). Moreover S(z,y)dz € B' if and only
if S(x,y) = S(x). Hence we finally obtain that HJ\ p(n,) & C°(R?)/C*(R)
by Proposition 5.2.

Next let us compute H% p(ny). By Proposition 5.2, ¢ = Adx A dy + Bdxz A
dz+ Cdx A du+ Ddy A dz + Edy A du+ Fdz A du is contained in Z2 if and only
if

B,-C,+F,+kD,—-E,+F,)=0.

This equation is equivalent to

B+kD:/(C’—FkE)zdu—/(Fx+kFy)dU+¢($»y72),
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for some C*°-function ¢(x,y, z). Since Adx A dy — kDdx A dz — kEdx A du +
Ddy A dz + Edy A du is an element of I2 by Lemma 5.7, we have

c= (B+kD)dx Ndz + (C + kE)dx A du+ Fdz Adu (mod I?).
Thus ¢ € Z? can be rewritten as follows.
c E(/(C + kE),du — /(FZ + kFy)du+ ¢(z,y, z))dm Adz
+(C + kE)dz Adu+ Fdz A du (mod I?).

Put p = —([(C + kE)du)dz, and 6 = —( [ Fdu)dz. Then

B? 5 dp =(C + kE)dx A du—l—( /(C + k‘E)ydu) dz A dy

+(/(C + KE).du)dz A dz,
and
B2>ds :—(/Fmdu> dz A dzf(/Fydu>dy A dz
+ Fdz A du.
Hence

cz—(/(c+kE)ydu)dmdy—k(/Fydu)dmdz
+(/Fydu)dy/\dz+¢(x,y, z)dz Adz (mod B? +I?).

Recall that —k( [ Fydu)dzAdz+ ([ Fydu)dyNdz, and —([(C+kE),du)dx Ady
are elements of I2. Thus ¢ = ¢(z,y, z)deAdz (mod B2+I?). ¢(z,y,z)dzAdz
is an exact 2-form if and only if ¢(x,y, z) = ¢(x, z). Thus we have Hz p(ny) =
C>(R?)/C>(R?).

To compute H3;p(ny), put ¢ = Adz A dy A dz + Bdx A dy A du + Cdx A
dz ANdu+ Ddy Adz Adu € Z3 = Q3. Since Adxz A dy A dz + Bdz A dy A du —
kDdxz A dz A du + Ddy A dz A du is contained in I? by Lemma 5.7, we have
c¢=(C+kD)dx ANdz Adu (mod I?). Note that 3-form (C + kD)dx A dz A du
is contained in B? if and only if 6%(C’ + kD) = 0. Then using Proposition 5.2,
we have H3,p(ny) = F/C>(R3).

For k > 4, it is clear that HX p(ny) = 0, since A¥g = 0. 0
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86. Computation of Nambu-Poisson Cohomology: Quadratic Case
8§6.1. Notation and general remarks

In this section we compute Nambu-Poisson cohomology in the case of
quadratic Nambu-Poisson tensor. Let us consider n = (22 +y2?+2%+u?) 6%/\8%/\
%, which is a Nambu-Poisson tensor of order 3 on R*(x,y, z,u). As usual, we
denote the Nambu-Poisson cohomology of (R*, 1) by H% p(R*,1). To compute
Hp(R*, 7)), we will essentially use the result of computations of Hj »(R?, 1),
where 1/ = (2% +y? + 22) 2 A 8% AL

First of all we review an equivalent cohomology to Nambu-Poisson coho-
mology, which is due to P. Monnier [9]. Let M be an m-dimensional C*°-
manifold with a volume form Q. For h € C*°(M), we define the operator

dp, : QF (M) — QFFL(M)
a +— hda — kdh A a.

It is easy to prove that dj, odj, = 0. We denote by H; (M) the cohomology
of this complex. Let n be an element of I'(A™(TM)). Recall that such n
becomes always a Nambu-Poisson tensor [10]. Then P. Monnier proved the
following [9].

Proposition 6.1.  If we put h = i,Q2, then H} p(M,n) is isomorphic to

Remark 6.1. Tt is easy to see that if g is a function on M which does not
vanish on M, then the cohomologies Hj; (M) and Hj; (M) are isomorphic.

Throughout this section, we will use the following notations:

F is the algebra of real-valued C*° functions on R*(z,y, z, u);
F' is the algebra of real-valued C* functions on R?(z,y, 2);
x(R%) is the F-module of vector fields on R?;

X'(RY) = {AZ + B + CL|A,B,C € F;

o f=a24+y? 422+

o fl—a? 4?4 22

e OF =the space of k-forms on R*;

[ )

[ )

[ )

Q) = {Adz + Bdy + Cdz|A, B,C € F};
Q) = {Ady Adz + Bdz Adx + Cdx ANdy|A, B,C € F};
Q% = {Adx ANdy Ndz|A € F}.
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If we choose Q = dz A dy A dz as the volume form on R2, then we have
f' =iy Q. First we compute Hy p(R?,7), which is isomorphic to H},(R?) by
Proposition 6.1. In the formal category (i.e. all coefficients of differential forms
are formal power series), the following results were obtained by P. Monnier [9].

Proposition 6.2.  In the formal case, HJQ, =R, H}, =R, HJ%, =0 and
H} =R.

We want to compute H ;, in the C'*°-category, and we will show that Propo-
sition 6.2 still holds even in the C'*°-category. First it is clear that H})/ = R.
R. Ibénez et al. [7] proved independently of P. Monnier [9] that H}, = R.
Hence it only remains to compute H]%, and H;’,. To compute them, we use
Proposition 6.2.

Let 8 be a 2-cocycle. Then by definition, 3 satisfies f'd3 = 2df’ A3. Denote
by [3] the formal Taylor expansion of 3 at the origin. Then by Proposition 6.2,
there exists a formal 1-form [o] such that [8] = f'd[a] — df’ A [a]. Hence
we can find a 1-form «, whose formal Taylor expansion at the origin is [a].
Put 3 = 3 — (f’da df’ A ). Then [3’ is flat (i.e. [#] = 0) and satisfies
flag =2df' nG'. f/2 is also flat and d(f,2) f% (f'd3 —2df' AB’") = 0. Hence
f’2 =da. Put a = —: Then o/ is a flat
1-form, and we get 3 = f'?dé = f'da’ — df’ A . Finally we have

there exists a flat 1-form & such that

B=fldla+ad)—df' A(a+a).

This means HJ%, =0.

Next let us compute H ;’,. The space of 3-cocycles Z3, is clearly isomorphic
to F’'. And the space of 3-coboundaries B?‘/ is isomorphic to the following space
Fi.

flz{f (g—A+g—§+g—C) —4(xA+yB+ZC);AyB7C€7:/}~

Lemma 6.3.  Let Z be the subspace of F' consisting of functions which
are flat at the origin. Then T C JF7.

Proof. For q € Z, put

A:(f’)Q/(fq,)gdx, B=0, C=0.

Then f’ (%;1 —|— —|— %S) 4(xA+yB+2C) = q. Hence we have that g € 1. O
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Denote by F’ (resp. Fi) the formal algebra corresponding to F' (resp.
F1). Let T be a mapping from F' to F’, where T'(h) is the formal Taylor
expansion of h at the origin. Let 7 : F/ — F’/F; be the canonical projection,
and put T =7oT. Then T is a surjective linear mapping and it is clear that
ker T = F; by Lemma 6.3. Since F’/F; = R by Proposition 6.2, we get that

H} =2F|F =F[F =R
Thus we obtained the following proposition.

Proposition 6.4. In C*-case, it still holds that HJQ, =~ R, H}, ~ R,
H} =0 and H}, =R.

For the Nambu-Poisson tensor n = f % A 8% A % defined on R*, we know
that

£2(27) = {fX]X € X' (RY)}.

#2(Q?) is denoted by g, which is isomorphic to Q%/kert;. Note also that
02/ ker f5 is isomorphic to 2. g is, of course, a Lie subalgebra of x(R%).

Since HYp(R4Y,n) = {g € F| Xg = 0 for all X € g}, it is clear that
HY (R, ) = C<(R).

In computing Nambu-Poisson cohomology, we use Proposition 6.4. To do
this, we need the formal Taylor expansion of a function A € F with respect
to the variable u, which is denoted by A. In other words, three variables z,y
and z are regarded as parameters. And we say that A is the u-formal Taylor
expansion of A. This terminology will be also used for differential forms and
vector fields. Thus we can express A (similarly B and C) as follows.

A =ap+uar +vlaz + -,
(3) B = bo +uby + u’by 4 - - -,
C =co+uey +ulea+ -,

where ay, by, c, € F'.

To compute HY »(R*, ), k > 1, let us define a linear mapping d’ : F — )
by
9g g 9g
g 22 “J
oz "" + y 0z
This operator d’ is naturally extended to a linear mapping from € to @} _ ;.
Moreover we define d’ : ) — €, by

dg= dy + ~Zdz.

di(a) = fd'a—kd' f Ao, a€ Q.
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Then d’f 5 d’f = 0, and we denote by H;} the cohomology space with respect to
dy.

If we define b : x'(R*) — Q% by b(X) = i(X)dz A dy A dz, then we ob-
tain that 2(b(X)) = £X and that £({(X),b(Y)}) = [2(b(X)), £a(b(Y))] =
FX, fY].

Following the similar method of P. Monnier [9], if ¢ : C*(Q, F) — €} is
defined by

() (X1, Xi) = F(0(X1), ... ,b(XE)), Xi,..., Xk € X (RY),
then ¢ is a linear isomorphism and we can prove the following.
Proposition 6.5. The following diagram is commutative.

ChQ, F) —2 Q)

)| Js

CHHH (@ F) —— Yy
Hence Hy p(R*,n) = H;,f.

Proof. We prove only for the case k = 1. For ¢ € C1(Q%, F), put ¢(c) = a.
For any X,Y € x/(R%), we can directly get

{o(X),6(Y)} = f-b([X,Y]) = (X f) - b(Y) + (Y f) - b(X),
from the definition of the bracket {,} on Q). Using this equation, we have

9(9e)(X,Y) = (9¢) (b(X), ()
= [X - e(b(Y)) ~ fY - e(b(X)) — e({b(X), b(Y)})
— fX - alY) = fY - a(X) — e(f - (X, Y))
+(XF)-b(Y) — (Y f)-b(X))
— fX - alY) = fY - a(X) - fa([X,Y))
— (X)) a(Y) + (Y]) - alX)
=f-da(X,Y) = (dfAra)(X,Y)
= (da)(X,Y) = (d} 0 6(c)) (X, Y).

Thusqﬁoa:d}oqﬁ. O
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§6.2. Computation of H\ p(R* n)

In this subsection, we compute H} »(R* 7). In order to do this, we have
only to compute H!, by Proposition 6.5. The space of 1-coboundaries, which
is denoted by B, is the set of 1-forms fd'g, g € F. Let Z{ be the space of
1-cocycles. Then for a = Adx + Bdy + Cdz € Q}, « is an element of Z] if
and only if fd'a = d'f A a. This equation is equivalent to the following three
equations.

f'(a—B—%>:2xB—2yA,

or Oy
oC 0B

4 = =) = _

(4) f <8y o) = 24C - 2:B,
0A 0oC

Note that the u-formal Taylor expansion of « is written as @ = ag +uay +
u?ag+- -+, where ay, = apdr+b,dy+cydz, ap, by, ¢y € F'. And three equations
(4) induce the u-formal Taylor expansions. Comparing constant terms with
respect to w in them, we have

’ 8[)0 3a0 o
I (T)x oy ) = 2xby — 2yao,
860 8b0
) ro = - 22 = —
(5) 1 (G~ 52) = 2we0 —22bo,
(90,0 860
4 e —
- (E B %) = 22t — 2ucp.

These three equations (5) essentially appeared in computing Hi p(R?, 7' =
f/a% A a% A %) By Proposition 6.4, Hxp(R3,7') is isomorphic to R. The
generator of Hi p(R3,7) is df’ and this means that there exist a real number
ko and a function gg € F’ such that

aozk0-2x+f’-%,

ox

990

6 bo = ko - 2 o=
() 0 0 y+f ay7
cozko-2z+f’-%.

0z

Since ag = agdx + body + codz, we obtain that ag = kodf’ + f'dgo. Similarly
if we compare the coefficients of u in the u-formal Taylor expansions, we can
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get oy = kidf’ + f'dg1, where k1 € R and g; € F'. But if we compare the
coefficients of u2, the situation is slightly different. In fact, we have

12 (3’?2 3a2) (% _ %) = 2xby — 2yas,

ox Jy ox y
862 abg 880 (9()0
7 4 _ = 0 _ ) = _
@ r ( Jy 0z > + ( dy 0z ) 2ycz — 2o,
(90,2 862 6(10 880
/ vi2  ve2 geo Yooy _
! ( 0z ox ) ( 0z ox ) 2zaz — 2wcs.

These equations (7) can be rewritten as follows.

p(M B GQ_M) 2 (b2 -

) (o= 52).

9g0
oz dy
dgo (by — 920

®) y(Oes — Fo)  O(b2 _ _ 990\ _ _ 990
f( dy ) (2 9z ) 22(”2 8y>’

Olaz — 292) s 200 996

! ox / — A — =
! ( 0z ) <a2 x) 2z ( 2 0z >

Thus we can apply Proposition 6.4 to (8), and we have that there exist a real

number ko and g € F’ such that

990 1092

27 gy TR A SHn

990 1092

— Y — ko -2 7=

9) b= G = ket G
990 , 092

2=, ~ke2zA S

Hence as = kodf’ + f'dgs + dgyg. By the same methods, we know that each
ap, (p > 3) has the form «, = kydf’ + f'dg, + dgp—2, where k, € R and
gp—2,9p € F'. These mean that & has the following expression. Note that
df' = d'f and that f' +u’ = f.

& = (ko + by + hpu? - )d f + f - (go +ugy +uPgy + ),

To obtain the final result, we need the following lemma, which is a gener-
alization of E. Borel theorem. This will be proved in the analogous way as
K. Abe and K. Fukui, Lemma 4.4 [1]. (See also R. Narasimhan [12], §1.5.2
and §1.5.3.) We put 7 = (z,9, z,u) and |[f] = /22 +y2 + 22 +u2. Then a
function F(7) € C*°(R*) is said to be m-flat as a function of u at (z,y, z,0) if
ek F(z,y,2,0) =0 for a<m.

ou™




354 NOBUTADA NAKANISHI

Lemma 6.6.  For each integer p > 0, let cp(x,y,z) € C®(R3). Then
there exists G(7) € C™(R*) such that the partial derivatives with respect to the
last variable of G at any point (z,y, z,0) € R* are

orG
Sur &Y% 0) =plep(a,y,2) p20.

Proof. Let T,,(7) = Z;nzo cp(z,y, 2)uP for 7 € R Let H(F) € C°(RY)
such that H(7) =0 for |7] < 1/2, H(r) =1 for [f] > 1 and H(7) > 0 for any
7 € R*. For a positive number §, put

77
95(7) = H (5 ) (T2 () = T ().
Clearly gs € C*°(R*) and vanishes near 0. Moreover T}, 11 — T}, is m-flat as
a function of u at any point (z,y, z,0). Hence as in the proof of Lemma 1.5.2
[12], there exists a positive number 4, such that

Lo T T, 2 m
> 31| 0on = Tos =T <27
=

Put g, = gs,,. If we define

G:TO+ Z(Tm+1 _Tm _gm)a

m=0

then as in the proof of Lemma 1.5.3 [12], we get that the function G is the
desired function. O

By Lemma 6.6, we obtain that there exist a C°°-function k(u) and a C°°-
function g(z,y, z,u) such that k(u) = ko +kiu+kou® +--- , and g(z,y, z,u) =
go + ugr + ulga +---. Put o/ = k(u)d'f + fd'g, and put o — o/ = ay. Then
ay is a l-cocycle and it satisfies @y = 0 (u-flat 1-form). Let k;(u) be a flat
function of one variable u. Then (ay — k1 (u)d' f)/ f is a well-defined 1-form on

R*, and it satisfies

d/(%ﬂ“)df) - %(fd’af —d'f A (ap —ki(w)d f)) = 0.

Hence, as is easily seen, there exists a flat function §(z, y, z, u) such that (o —
ki(u)d' f)/f = d'g. And we obtain that o € Z] has the following form:

a=ay+ao = (k(u) + ki (w)d f+ fd'(g+ g).
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a is, by definition, cohomologous to (k(u) + k1 (u))d’'f. Moreover l(u)d'f is
contained in B} if and only if I(w) is a flat function at u = 0. In fact, note that in
this case I(u) log f is a C*°-function and it holds that l(u)d' f = fd'(l(u)log f) €
B}. Thus we obtain that H3 »(R*, n) is isomorphic to R[[u]], which is the space
of formal power series of one variable u.

§6.3. Computation of H% ,(R*,n)

We will compute HZ p(R*, 7). By Proposition 6.5, we will compute H2,f.
Every computation proceeds in the analogous way as the case of H 1,f . The
space of 2-coboundaries B} is, by definition, the set of 2-forms d'f'y = fd'~v—
df Ay, ve Q. Let Z be the space of 2-cocycles. Then for f = Ady A dz +
Bdz ANdx+ Cdx Ndy € U, [ is an element of Z} if and only if fd'8 = 2d' f A S.
This is equivalent to
f- <8A oB oC

L4 S0+ S = 4@A +yB + 20).

(10) or OJy 0z

The u-formal Taylor expansion (with respect to u) of 3 is written as 3 =
Bo+upfy+u?Bo+-- -, where Bp = apdyNdz+bpdzNdx+cpdzAdy, ap, by, c, € F'.
Then the equation (10) has the u-formal Taylor expansion.
Comparing constant terms in it, we have

f/ ) (% 8b0 360

+ —) = 4(zag + ybo + zco).

(11) ox @ 0z

This is equivalent to d/3y = 0 for By = aody A dz + bodz A dx + codx A dy.
Recall that H% p(R3,n') = 0 by Proposition 6.4. In other words, if ds3y = 0,
then By must be a coboundary. This means that we can find a 1-form g such
that By = f'dag — df’ A ayg.

Comparing the coefficients of u, we can also find a 1-form «; such that
61 = f'da; —df' A ai. Moreover if p > 2 we can find p-form «, such that
Bp = f'da, —d'f A ap + day—o. The u-formal Taylor expansion of 3 is as
follows.

B = Z upﬂp
p=0

— Zup(f’dap —d'fAap)+ Zup+2dap

p=0 p=0
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uP (f'dey, — df' Ay, +u?day,)

M 10

uP(fday, —d'f N ay)

3
Il
=)

fd (i upap> —d fA (i upap>.
p=0 p=0

Put & = Z;O:O uPay,. Then B = fd'é —d'f A & By Lemma 6.6, there exists a
1-form o’ € ] such that o/ = &. Put ' = fd'o’ —d'f Aa’. Then = 3’ and
hence if we put B = f3—/4', then B is a flat 2-form of Q. Moreover it is easy to
see that fd'3 = 2d'f A 3, which means 3 € Z). Then by the same method as
the proof of H2, = 0 (C*-case), we can prove that there exists a flat 1-form
o such that 8 = fd'as — d'f A as. Hence 8 has the following form:

B=p+0=fd(a+a2) —dfA( +az),
and thus 8 € B). Hence we get Hy p(R*,n) = 0.

§6.4. Computation of H3 (R* n)

Let Zj5 be the space of 3-cocycles. Since Q) = 0, it holds that Z5 = Q5.
Hence Z} is isomorphic to F. Let Bj be the space of 3-coboundaries. Then
every element of B} is written as

(0= fdB—2dfNB
0A 0B 0C

=+ 2+ ) —4(zA+yB
{f(8w+8y+8,z) (A + yB + 20)}dz A dy A dz,

where 8 = Ady A dz + Bdz A dx + Cdx A dy is an arbitrary element of €.

Put B = {f(%2 + 2L + 9%) — 4(zA + yB + 2C)|A, B,C € F}. Then, by

Proposition 6.5, H3; (R4, 7) is isomorphic to F/B.
Lemma 6.7. PutZ = {h € F|ZL(z,y,2,0) =0, p > 0}. i.e., each

ouP

element h of T is u-flat. Then T C B.

Proof. For h € Z, it is clear that h/f3 is an element of F. Put A =
2f %dm,B =0 and C = 0. Then we have

0A 0B oC

Hence h € B. O
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Put I = {A|]A € F} and B = {A|A € B}. We also denote by F} the
subspace of functions g(x,y, z) € F' with ¢(0,0,0) = 0.

Proposition 6.8. F/B = R[[u]].

Proof. For any element g = f(g—’;‘ + % + %—S) —4(zA+yB +20) € B,
its u-formal Taylor expansion is

g= (22498 80)_4(:3A+y3+zé)

29= "o
i{ { (% %iy + %) — 4(za, + yby +ch)}
+u1’+2(% + %—by” + %)]

Put g, = f’ (Bap +Z abp %) — 4(zay, + yb, + zcp) and h, = % + 2 abp aa%
for non-negative 1nteger p. Then every g € B has the following expression.
= (g0 + u?ho) + u(gy + uhy) + - + uP(gy + uhy) +

First recall that H3 p(R3 1) = R by Proposition 6.4. Hence for any non-
negative integer p, it holds that

{gp | ap,bp,cp € F'} =F.

If we put W, = {g, +u?h, | ap,by,c, € F'}, then g is contained in Wo+uW; +

+ u?W, + ---. Note that h, is not completely determined by g,. To show
this precisely, let us consider the following linear partial differential equation
with three unknown functions a,b,c € F' :

(00, O 0
(+) f(8x+6y+6z

We define a subspace F of F' by

)—4(aca+yb+zc):0.

da 0b  Oc . . .
F = {8_ + o + E | atriplet (a,b,c) is a solution of (*)}

Since (a,b,c) is a solution of the differential equation (), there exist three
functions A, B,C € F’ such that

a=f"(Cy— B,)+2(zB—yC),
(12) b= f'(A, — Cy) +2(xC — zA),

c=f'(By — Ay) + 2(yA — xB).
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Recall that this fact is equivalent to H2, =0. Put h = g; + + gc If his an

element of F, then it is clear that h vamshes at the origin and hence h € F.
Thus Ff becomes a subspace of F.

Let g, have the following two expressions:

Oa, ~ Ob, Ocp

w=1(Ge+ 5 5

day, (%’ dc,

— 7 (

Tr) _y
ay Ly 8z> (zag, + ybj, + zc)

for two triplets (ay, by, c,) and (ay,, by, ). Then we have

) — 4(zap + ybp + 2cp)

dap,—al) O(b,—b) Ocp,—c)
/ P p p i4 14 D
! ( Jr + dy + 0z )

Y x(ap —a ) +y(b, — 0 ) +2(cp — c;,)} =0.
Hence , , ,
d(ap — ay,) N by — bj,) N d(ep —cp)

or y 0z

8b 30'

hy — by =

is an element of 7y, where hj, = . Then it is easy to see that

69:
hy, + F{/, which denotes a coset of h, in .7: / fo , is uniquely determined by g,.

And each Wy has the following expression:
Wy ={gp +’“2(hp +F9) | 9p € Fo}-
Let ¢, : W, — F{ be a surjective linear mapping defined by ¢, (g, + u(h, +
Fi)) = gp. It is clear that ¢, is well-defined and that g, = 0 means h, € Fy.
Hence W, /u?F} = F), and we have W, = F} + u*F}. Now B becomes as
follows. (Recall that F is a subspace of F.)
B =Wy +uWy +u*Wy + - +uPW, + -
= (Fy +u?Fy) + u(Fy + P Fy) + o (Fg + u* Fy)
4 UP(F WP F) +
= Fo+ uF) + W Fy+ -+ uPFy +
= R{[u]] Fo.
Since
F=F +uF +u*F +
=R+ F) + u® + Fp) + u*(R+ Fp) +
= R([u]] & R[u]] 7o,
we obtain that F'/B 2 R[[u]]. O
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Let T : F — F be a linear mapping defined by T(A) = A. For any
qe€ T‘l(E), there exists Q € B such that T(¢q) = Q. On the other hand, since
T(B) = B, there exists ¢; € B such that T(q1) = Q. Hence ¢ — 1 € Z. By

3)

Lemma 6.7, we have q € B, and hence T~1(B) = B. Thus by Proposition 6.8,

F/B=F/B~R|[u]].
Now we summarize the results obtained in this section.

Theorem 6.9. Letn = (22 +y? + 2% + UZ)% A a% A % be a Nambu-

Poisson tensor on R*(z,y, z,u). Then

Hy p(RY, ) 2 C=(R),
Hy p(R*, 1) = R[[u]],
Hyp(RY,n) =0,
Hip(R*, 1) = R[u]],
Hyp(RYn) =0, k>4
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