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Long Range Scattering for
the Maxwell-Schrodinger System
with Large Magnetic Field Data and
Small Schrédinger Datal

By

Jean GINIBRE® and Giorgio VELO*™*

Abstract

We study the theory of scattering for the Maxwell-Schrodinger system in the
Coulomb gauge in space dimension 3. We prove in particular the existence of modified
wave operators for that system with no size restriction on the magnetic field data in
the framework of a direct method which requires smallness of the Schrodinger data,
and we determine the asymptotic behaviour in time of solutions in the range of the
wave operators.

81. Introduction

This paper is devoted to the theory of scattering and more precisely to the
construction of modified wave operators for the Maxwell-Schrodinger system
(MS)3 in 3 + 1 dimensional space time. That system describes the evolution
of a charged nonrelativistic quantum mechanical particle interacting with the
(classical) electromagnetic field it generates. It can be written as follows:

(11) DAO - 8t (8tA0 + V- A) = |U|2
OA+V (0:Ag+ V- A) =ImuV 4u.
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Here u and (A, Ag) are respectively a complex valued function and an IR**!
valued function defined in space time IR*™', V4 = V —iA | Ay = V2 and
O = 07 — A is the d’Alembertian in IR**'. We shall consider that system
exclusively in the Coulomb gauge V- A = 0. In that gauge, one can replace the
system (1.1) by a formally equivalent one in the following standard way. The
second equation of (1.1) can be solved for Ay by

(1.2) Ao = —A7ul?* = (dnfa)) ™« [ul* = g(|ul?)

Substituting (1.2) into the first and last equations of (1.1) yields the new system

(1.3) {M = —(1/2)Aau + g(|u)u

O0A = PImuVu

where P = 1-VA~!V is the projector on divergence free vector fields, together
with the Coulomb gauge condition V - A = 0 which is formally preserved by
the evolution. From now on we restrict our attention to the system (1.3).

The (MS)3 system is known to be locally well posed in sufficiently regular
spaces [11], [12] and to have global weak solutions in the energy space [9] in
various gauges including the Coulomb gauge. However that system is so far
not known to be globally well posed in any space.

A large amount of work has been devoted to the theory of scattering for
nonlinear equations and systems centering on the Schrodinger equation, in par-
ticular for nonlinear Schrodinger (NLS) equations, Hartree equations, Klein-
Gordon-Schrédinger (KGS), Wave-Schrodinger (WS) and Maxwell-Schrédinger
(MS) systems. As in the case of the linear Schrédinger equation, one must dis-
tinguish the short range case from the long range case. In the former case,
ordinary wave operators are expected and in a number of cases proved to exist,
describing solutions where the Schrédinger function behaves asymptotically like
a solution of the free Schrodinger equation. In the latter case, ordinary wave
operators do not exist and have to be replaced by modified wave operators in-
cluding a suitable phase in their definition. In that respect, the (MS)3 system
(1.1) belongs to the borderline (Coulomb) long range case, because of the ¢+
decay in L* norm of solutions of the wave equation. Such is the case also
for the Hartree equation with |z|~! potential, for the Wave-Schrédinger system
(WS)3 in IR**! and for the Klein-Gordon-Schrédinger system (KGS), in IR*™.

The construction of modified wave operators for the previous long range
equations and systems has been tackled by two methods. The first one was
initiated in [13] on the example of the NLS equation in IR'™" and subsequently
applied to the NLS equation in IR*™! and IR*"* and to the Hartree equation 1],
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to the (KGS)2 system [14], [15], [16], [17], to the (WS)3 system [18] and to the
(MS)3 system [19], [21]. That method is rather direct, starting from the original
equation or system. It will be sketched below. It is restricted to the (Coulomb)
limiting long range case, and requires a smallness condition on the asymptotic
state of the Schrodinger function. Early applications of the method required
in addition a support condition on the Fourier transform of the Schrédinger
asymptotic state and a smallness condition of the Klein-Gordon or Maxwell field
in the case of the (KGS)y or (MS)3 system respectively [14], [21]. The support
condition was subsequently removed for the (KGS)s and (MS)3 system and the
method was applied to the (WS)3 system without a support condition, at the
expense of adding a correction term to the Schrodinger asymptotic function
[15], [18], [19]. The smallness condition of the KG field was then removed for
the (KGS)2 system, first with and then without a support condition [16], [17].
Finally the smallness condition on the wave field was removed for the (WS)3
system, without a support condition or a correction term to the Schrodinger
asymptotic function [8].

In the present paper, we extend the results of our previous paper [8] from
the (WS)3 system to the (MS)3 system in the Coulomb gauge (1.3). In partic-
ular we prove the existence of modified wave operators without any smallness
condition on the magnetic potential A, and without a support condition or a
correction term on the asymptotic Schrédinger function. In addition, in the
same spirit as in [8], we treat the problem in function spaces that are as large
as possible, namely with regularity as low as possible. As a consequence, we
require only a much lower regularity of the asymptotic state than in previous
works.

For completeness and although we shall not make use of that fact in the
present paper, we mention that the same problem for the Hartree equation
and for the (WS)3 and (MS)3 system can also be treated by a more complex
method where one first applies a phase-amplitude separation to the Schrodinger
function. The main interest of that method is to remove the smallness condition
on the Schriodinger function, and to go beyond the Coulomb limiting case for
the Hartree equation. That method has been applied in particular to the (WS);
system and to the (MS)3 system in a special case [4], [5], [6].

We now sketch briefly the method of construction of the modified wave
operators initiated in [13]. That construction basically consists in solving
the Cauchy problem for the system (1.3) with infinite initial time, namely
in constructing solutions (u, A) with prescribed asymptotic behaviour at infin-
ity in time. We restrict our attention to time going to +o0o. That asymptotic
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behaviour is imposed in the form of suitable approximate solutions (ug, Ag)
of the system (1.3). The approximate solutions are parametrized by data
(uy, Ay, Ay) which play the role of (actually would be in simpler e.g. short
range cases) initial data at time zero for a simpler evolution. One then looks
for exact solutions (u, A) of the system (1.3), the difference of which with the
given asymptotic ones tends to zero at infinity in time in a suitable sense, more
precisely, in suitable norms. The wave operator is then defined traditionally
as the map Qy : (uy, Ay, Ay) — (u, A,8,A)(0). However what really matters
is the solution (u, A) in the neighbourhood of infinity in time, namely in some
interval [T, 00), and we shall restrict our attention to the construction of such
solutions. Continuing such solutions down to ¢ = 0 is a somewhat different
question, connected with the global Cauchy problem at finite times, which we
shall not touch here, especially since the (MS)s system is not known to be
globally well posed in any function space.

The construction of solutions (u, A) with prescribed asymptotic behaviour
(g, Ag) is performed in two steps.

Step 1. One looks for (u, A) in the form (u, A) = (us+v, A, +B) with V- A4, =
V - B = 0. The system satisfied by the new functions (v, B) can be written as

(1.4) {iatv = —(1/2)Aav + g(Jul*)v + G1 — Ry

OB =Gy — Ry
where GG; and G5 are defined by

(15) G1=1iB-Va,uq+ (1/2)B?uq + g (|v]? + 2ReU,v) uq
' G2 = PIm (0V av + 20V au,) — PBlu,|?

and the remainders are defined by

(16) {Rl = Dyt (/2D a0 — g ([0 ?) e

Ry =04, — PImu,Va,u,.

It is technically useful to consider also the partly linearized system for functions
(v, B')

(1.7) {iatv/ = —(1/2)A40" + g([ul)v' + G1 — Ry

OB’ = Gy — Ro.

The first step of the method consists in solving the system (1.4) for (v, B), with
(v, B) tending to zero at infinity in time in suitable norms, under assumptions
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on (ug, A,) of a general nature, the most important of which being decay as-
sumptions on the remainders R; and R,. That can be done as follows. One
first solves the linearized system (1.7) for (v, B’) with given (v, B) and initial
data (v', B")(t9) = 0 for some large finite ty. One then takes the limit ¢y — oo
of that solution, thereby obtaining a solution (v’, B’) of (1.7) which tends to
zero at infinity in time. That construction defines a map ¢ : (v, B) — (v', B’).
One then shows by a contraction method that the map ¢ has a fixed point.
That first step will be performed in Section 2.

Step 2. The second step of the method consists in constructing approximate
asymptotic solutions (u,, A,) satisfying the general estimates needed to perform
Step 1. With the weak time decay allowed by our treatment of Step 1, one can
take the simplest version of the asymptotic form used in previous works [6],
[19], [21]. Thus we choose

(1.8) Uq = M D exp(—ip)wy

where

(1.9) M = M(t) = exp(iz?/2t),

(1.10) D(t) = (i) "Do(t), (Do(t)f)(z) = f(z/1),

@ is a real phase to be chosen below and wy = Fu,. We furthermore choose
A, in the form A, = Ao+ A1 where Ag is the solution of the free wave equation
0OAp = 0 given by

1.11 Ao = coswtA, +w sinwtA
+ +

where w = (—A)Y/2, and where

(1.12) Ay(t)

/too dt' (wt') " sin(w(t’ — )P x|ug ()2

Substituting (1.8) into (1.12) yields

(1.13) Ay (t) =t Do(t) 4,

where

(1.14) A = / dvv 3w sin(w(v — 1)) Do (v) P x|w, |*.
1

In particular A, is constant in time. We finally choose ¢ by imposing

(1.15) p(1) =0, O =t (gllwy ) — 2 Ay)
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so that

(1.16) o= (nt) (g(wi?) — o Ar).

We shall show in Section 3 that the previous choice fulfils the condi-
tions needed for Step 1, under suitable assumptions on the asymptotic state
(ug, Ay, Ay).

In order to state our results we introduce some notation. We denote by F'
the Fourier transform, by < -, - > the scalar product in L? and by | - ||, the
norm in L = L"(IR*), 1 < r < oo and we define 6(r) = 3/2 — 3/r. For any
nonnegative integer k£ and for 1 < r < oo, we denote by er the Sobolev spaces

WE=Qui W= Y gl < oo

r
a:0<|a|<k

where a is a multiindex, so that H* = W¥. We shall need the weighted Sobolev
spaces H** defined for k, s € IR by

R = s HE ) = (14 22)72(1 = 8)H2u], < oo}

so that H* = H*O. For any interval I, for any Banach space X and for any g,
1 < ¢ < o0, we denote by L9(I, X) (resp. L} (I, X)) the space of L7 integrable
(resp. locally L? integrable) functions from I to X if ¢ < oo and the space of
measurable essentially bounded (resp. locally essentially bounded) functions
from I to X if ¢ = oo. For any h € C([1,00), IR"), non increasing and tending
to zero at infinity and for any interval I C [1,00), we define the space

117) X(I)= {(v, B):vec(l,H*)nCY(I, L),
I (o B)s X (1) )= Sup ()~ (1 o(6)s H2 1L+ 1 0pe(e) I + [l s 25307, W) |
| B AW ||+ 1| 0B LA, LY || ) < oo}

where J = [t,00) N I.
We can now state our result.

Proposition 1.1.  Let h(t) = t71(2 + ¢n t)? and let X(-) be defined by
7). Let ug be defined by (1.8) with wy = Fuy and with ¢ defined by (1.16)
2) (1.14). Let A, = Ap + Ay with Ay defined by (1.11) and Ay by (1.13)
4). Letuy € H¥'NHY3 with || zwy |4 and || wy ||3 sufficiently small. Let
Ay, VA, V2(x-Ay) and V(z - A+) e Wl with Ay, z-A, € L? and A,
Ay

(1.1
(1.
(1.1
V2
v - Ay e L3? and let V- Ay =V - A, = 0.



SCATTERING FOR MAXWELL-SCHRODINGER 427

Then there exists T, 1 <T < oo and there erists a unique solution (u, A)
of the system (1.3) such that (v — uq, A — As) € X([T,0)). Furthermore
V(A - A,), 0,(A— A,) € C(|T, ), L?) and A satisfies the estimate

(118) [ V(A= A)(0) 12V | 9(A— Au)(2) l2< CE2(2 + tn 1)?
for some constant C depending on (u+,A+,A+) and for allt > T.

Remark 1.1.  The only smallness conditions bear on || 2wy ||4 and on
|| wy |l3 and are required by the magnetic interaction and the Hartree in-
teraction (1.2) respectively. In particular there is no smallness condition on

(A+7A+)'

Remark 1.2.  The assumptions A, - Ay € L3 and Ay, z- A, e L3/?
serve to exclude the occurrence of constant terms in Ay, z- A, Ay, z- A
and of terms linear in x in Ay, x - A,, but are otherwise implied by the W}
assumptions on those quantities through Sobolev inequalities.

Remark 1.3.  The assumptions on A, A, imply that w'/2A,, w™/2A
€ H' through Sobolev inequalities. As a consequence the free wave solution
Ag defined by (1.11) belongs to L*(IR,W}) by Strichartz inequalities, with
0y Ag € LA(IR, L*) [3]. In particular Ay satisfies the local in time regularity of
B required in the definition of the space X (-). Furthermore VA, A, € L? and
therefore VAg, 8;Ag € (CN L*>)(IR, L?), namely Ay is a finite energy solution
of the wave equation.

82. The Cauchy Problem at Infinite Initial Time

In this section we perform the first step of the construction of solutions of
the system (1.3) as described in the introduction, namely we construct solutions
(v, B) of the system (1.4) defined in a neighbourhood of infinity in time and
tending to zero at infinity under suitable regularity and decay assumptions on
the asymptotic functions (u,, A,) and on the remainders R;. As a preliminary
to that study, we need to solve the Cauchy problem with finite initial time for
the linearized system (1.7). That system consists of two independent equations.
The second one is simply a wave equation with an inhomogeneous term and
the Cauchy problem with finite or infinite initial time for it is readily solved
under suitable assumptions on the inhomogeneous term, which will be fulfilled
in the applications. The first one is a Schrédinger equation with time dependent
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magnetic and scalar potentials and with time dependent inhomogeneity, which
we rewrite in a more concise form and with slightly different notation as

(2.1) 10w =—(1/2)A v+ Vo + f.

We first give some preliminary results on the Cauchy problem with finite
initial time for that equation at the level of regularity of H2. The following
proposition is a minor variation of Proposition 3.2 in [7].

Proposition 2.1.  Let I be an interval, let A € C(I,L* + L*>°), O,A €
Li (I,L*+ L>), V € C(I,L* + L), &,V € L, (I,L*> + L>), f € C(I,L?)

and Oy f € L} (I,L?). Letto € I and vy € H?. Then

loc
(1) There exists a unique solution v € C(I, H*) N CY(I, L?) of (2.1) in I with
v(to) = vo. That solution is actually unique in C(I, H'). For all t € I, the
following equality holds:

t
(2.2) w(@) 12 = |l vo 3= / dt' 2Tm < v, f > (1.

to

(2) Let in addition A € L% (I,L>), VA € L}, (I,L>®) and V € L}, (I, L*>).

loc loc loc

Then for all t € I, the following equality holds:

(2.3)
t
I Bsv(¢) H%—H (=(1/2)A qvo+Vvo+f) (to) ||§:/ dt’ 2Im < O, f1 > (t)
to
where
(24) f1 =1 (8tA) . VA’U + (8,5V) v+ atf

Furthermore the solution is unique in C(I,L?).

We shall make an essential use of the well-known Strichartz inequalities
for the Schrédinger equation [2], [10], [22], which we recall for completeness.
We define

(2.5) U(t) = exp(i(t/2)A).

A pair of Holder exponents (g, r) will be called admissible if 0 < 2/q = 3/2 —
3/r < 1. For any v, 1 <r < oo, we define 7 by 1/r + 1/7 = 1.
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Lemma 2.1.  The following inequalities hold.
(1) For any admissible pair (q,r) and for any u € L?

(2.6) 1 U@)u; LR, L") [|< C' [ w |z -

(2) Let I be an interval and let tg € I. Then for any admissible pairs (q;,r;),
i=1,2,

(2.7) I /t dt'U(- =) f(t"); L™ (L,L™) | C|| f1L%(1,L™) ||

In addition to the Strichartz inequalities for the Schrédinger equation, we
shall need special cases of the Strichartz inequalities for the wave equation [3],
[10]. Let I be an interval, let ¢y € I and let B(tg) = 9;B(typ) = 0. Then

(2.8) || B;L*(I,L*) ||< C || 0B; L*Y3(1, L*3) ||,
(2.9) | VB;L*(I,L*) || V || 8, B; L*(1, L*) ||< C || vOB; LY3(1,L*?) |,
(2.10) Sup (| VB() [l2 v | :B(1) |12) <| OB; LY(1,L%) | .

S

We now begin the construction of solutions of the system (1.4). For any
T, to with 1 < T < tg < oo, we denote by I the interval I = [T,to] and
for any t € I, we denote by J the interval J = [¢,t0]. In all this section, we
denote by h a function in C([1,00), IR") such that for some A > 0, the function
h(t) = t*h(t) is non increasing and tends to zero as t — oo, and we denote by
7, k nonnegative integers.

We shall make repeated use of the following lemma.

Lemma 2.2. Let1<gq, qr < oo(l <k <n) be such that

MEl/q—Zl/QkZO.

k

Let f, € L% (1) satisfy
(2.11) | frs L% (J) [|< Ny ho(t)

for 1 <k <mn, for some constants Ny and for all t € I.
Let p > 0 such that nA+p > u. Then the following inequality holds for all
tel

(2.12) [ (H fk> tP L) |I< C <H Nk> h(t)™ th=r
k k
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where

~1/
(2.13) C = (1 - 2—‘1<“+p—ﬂ>) .

Proof. For t € I, we define I; = [t27,t2771] N I so that J = 'L>Jojj' We
3>
then rewrite LI(J) = £§(L9(I;)). We estimate

|| (H fk.) L) | < | (H | fis L(1;) ) | e L) |||
k k
< (H m) | h(e29)" 127) P H 01 |
k

< (H Nk> Rty Ame || 7 Ame R g |
k

from which (2.12) follows. O

Remark 2.1. In some special cases, the dyadic decomposition is not
needed for the proof of Lemma 2.2. For instance if all the g are infinite,
one can estimate

(2.14) I R@)" = [l < ™ (177 |l
<C h@t)" tmrmAYe = ¢ h(t)™ t—PHH
by a direct application of Hélder’s inequality in J. The same situation occurs
if p> p.
In order to estimate the Hartree interaction term (1.2), we shall use the

following Lemma. We recall that §(r) = 3/2 — 3/r.

Lemma 2.3.  The following estimates hold.

(1)

T4

(2.15) I9@iva)vs < C TT Ilwi

1<i<3
fOTOS(Si:(S(Ti)SL1§i§4,25i=1,0<51+62<1.
(2)

_ 1/2
(2.16) H g(v1v2) ||ooS C | va Hm (H U1 ||r1+|| U1 Hm_)

for0<3/r1=2-3/ry <2,1/r+=(1F¢)/r1, e >0.
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Proof. Part (1) follows from the Holder and Hardy-Littlewood-Sobolev
inequalities.
Part (2) is proved by separating |x|~! into short and long distance parts, apply-

ing the Holder inequality, and optimizing the result with respect to the point
of separation (see [1]). O

We can now state the main result of this section.

Proposition 2.2.  Let h be defined as above with A\ = 3/8 and let X (-)
be defined by (1.17). Let ug, A, R1 and Ry be sufficiently regular (for the
following estimates to make sense) and satisfy the estimates

(2.17) | 8/ VFuq(t) [|,< e t™°0 for2 <r < oo

and in particular

(2.18) o l3< es t72 || Vg [la < eq 732,
(2.19) | V2ua(t) |4 V || 8 Vua(t) [|4< ¢ t73/4,
(2:20) | ] V*Au(t) lo< a ™,

(2.21) | V" Ry; L' ([t, 00), L?) [|< 71 h(t),

(2.22) | Ro; L3 ([t, 00), Wy 3) 1< 72 h(1),

for 0 < j 4+ k <1, for some constants c, c3, cq4, a, r1 and ro with c3 and cy
sufficiently small and for all t > Ty > 1. Then there exists T, Ty < T < oo
and there exists a unique solution (v, B) of the system (1.4) in X ([T,00)). If
in addition

(2.23) | Ra; L' ([t, 00), L?) ||< 72 t71/% h(t)

for allt > T, then VB, 8;B € C(|T, ), L?) and B satisfies the estimate
(2.24) | VB() ||2 V|| 0:B(t) |l2< C (t*1/2 +t1/4h(t)> h(t)

for some constant C and for all t > T.

Proof. We follow the sketch given in the introduction. Let T < T < oo
and let (v, B) € X([T,00)). In particular (v, B) satisfies

(2.25) | w(t) o< No h(t)
(2.26) v LA, L2) |V o Y3, L9) < N A ()
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(2.27) | B; L*(J, L*) ||< N» h(t)

(2.28) || Ov(t) l2< N3 h(t)

(2.29) | Vo; L*(J, L) || V || Vo; L¥3(J, L*) ||< Ny h(t)
(2.30) | Av(t) [|2< N5 h(t)

(2.31) | VB; L*(J, L*) || V || 9:B; L*(J, L*) |< N h(t)

for some constants N;, 0 <4 < 6 and for all ¢ > T, with J = [t,00). Further-
more from (2.25) (2.30) it follows that

(2.32) I Vo(t) lla< (NoNs)'? () = Nujs h(t)

for all ¢ > Tp. We first construct a solution (v’, B’) of the system (1.7) in
X ([T, 00)). For that purpose, we take tg, T < tg < oo and we solve the system
(1.7) in X(I) where I = [T,to] with initial condition (v’, B)(tg) = 0. Let
(vi,, Bi,) be the solution thereby obtained. The existence of v; follows from
Proposition 2.1 with V = g(|ul?) and f = G1 — R;. We want to take the limit
of (v}, Bi,) as to — oo and for that purpose we need estimates of (v , Bj ) in
X (I) that are uniform in ¢y. Omitting the subscript ¢y for brevity we define

(2.33)  Ng=Sup h(t)™" [ v'(2) |2

tel
(234)  N{=Sup h(t)"* (|| LG L) |V 5 LY 14 )
(235)  Nj=Sup h(t)"! || B LA LY |
(236)  Nj=Sup h(t)" ]| 0/(1) |
(237) Nj=Sup h(t)"* (I V5L L) |V || 905 L 14 )
(238)  N{=Sup h(t)"" || A1) |
(239)  Nj=Sup h(t)"* (| VB L (L) |V | B’ L1, LY) )

where J = [t,00) NI and we set out to estimate the various N/. We also define
the auxiliary quantities

(2.40) Nis = Sup h(t) =V (2) Il
te

(241) N3 =Sup h(t) ™ | Var'() [

so that in particular Nj , < (NyNL)/2,
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We shall use the notation

A LACLLT) = A s LA = S Dl

namely with the inner norm taken in L"(IR®) and the outer norm taken in
L%(J). Furthermore we shall use a shorthand notation for two important cases,
namely

| SINLI =l s and - LY3 L) | = | -
We first estimate N{, defined by (2.33). From (2.2) we obtain
I (8) 2<]l G [l+ + [ Ra [l+
with G defined by (1.5). We estimate
I B - Vg [|+<[[[| B llall Vta [la]1< CeaNo h(t)
by Lemma 2.2,

| B+ Aaua |+ <[l B llall Aa llooll ua [l4ll1
< calNah || /4 lla/3< caNyt™b h(t),
| B*uq |+ <Il BN tta llsclli< eN5B? || 732 ||l2< eN3t™ h(t)?,

I 9(@av)ua 1+ < C [l v |2l wa [3]1< Cc3No A(t)
by Lemma 2.3, part (1) and Lemma 2.2,

I g([o)ua [+ <C Il v I3l 0 ll2ll wa ll3]ls
< CegNoNyt/* h(t)?

by Lemma 2.3, part (1) and Lemma 2.2 again.
Collecting the previous estimates yields

(2.42) N, < Cy (04N2 + caN, T~ + 2Ny + eN2T~1 h(T)
FeNo NI T~ Y8R(T) + 7"1)

which is of the form

(2.43) N{ < Co (caN2 + 3Ny + 11 + (0o(1); No, N1, No))

where (o(1);-,---,-) denotes a quantity depending on the variables indicated
and tending to zero as T — oo when those variables are fixed.
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We next estimate the Strichartz norms of v/, namely N7 defined by (2.34).
By Lemma 2.1, in addition to the contribution of G; — R; estimated above, we
need to estimate

iA -V 4 (1/2) A% + g(|u)®)v
in some L9(J, L") for admissible (¢,r). We estimate

| Ag - V' |1 < aNj,y |t h 1< 3aN] 5 h(2),
| A2 ||+ < a®N§ || t72h 1< a® Nt~ h(t),
| B-Vo's L2 (1, L*3) || ||| B |lall V' [l2lls/s< C Na Ny ;5h(t)h(t),

by Lemma 2.2,
| B2 L2, L) < C Il B VB I o Jlalla< ONY/* NG/ Ny h(t)?
by Sobolev inequalities and Lemma 2.2,
I 9(ltal2)" 11+ I 9(Jtal2) llooll @' lall1 < Ce2NG (1)
by Lemma 2.3, part (2),
Fg(fo?)o's L2 (I, L272) < Ol o lls] v ll2ll " llzllajs< CNoNuNgt'? h(t)®

by Lemma 2.3, part (1) and Lemma 2.2. The term g(@,v)v’ need not be
considered because it is controlled by the previous ones.
Collecting the previous estimates yields

(2.44)
N| < 01{C4N2 + caNoT™4 + 2Ny + eN2T™1 h(T) + eNo Ny T~ Y3h(T)

+ (02 +a?T '+ N23

PNV h(T)? + NONlT—l/‘*E(T)?) N+
+alN 5 + NoN] /QE(T)}
which is of the form
(2.45) N} < C1(eala + ENo + NG + alN] g + 11
+(o(1); No, N1, Na, N, N, {/2)>.

We now turn to the estimates of B’. We first estimate B’ in L*(J, L*), namely
we estimate Nj defined by (2.35), by the use of (1.5) (2.8). For that purpose
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we estimate Gy in L*/3(.J, L*/?). The linear terms in v are estimated by

19V [« < |l v ll2]l Vua llallazs
< caNo || 73R [|4/3< 2¢4No h(t),

| VAatq [[« <l v 2]l Aa llooll ua [l4lla/s
<acNy || t77/*h ||ay3< acNot ™" h(t).

The linear term in B is estimated by

| Blual? 1« < 1 B llall wa [I3]la3
< ENyh || 732 ||a< ANt h(t).

2

The quadratic terms in v* are estimated by

1590 <l 0 llall Vo llallas < CNiNy o h(R(E),
by Lemma 2.2,

| Aalol? [l < v lall v ll2ll Aa llollays
<aNoNih ||t h |lg/3< aNoNit=>/® h(t)%.

The quadratic terms in Bv need not be considered because
2[0Bua| < |Blua|?| + |Blv[?|.
The cubic term B|v|? is estimated by
| Blol* 1. <II Bs L*(LY) || | o; LA(L7) ||2/2]] w3 L(L) |12
< CNNY2NY)S h(t)®

where 3 < r = 18/5 < 4 so that (3,r) is an admissible pair and that the middle
norm is controlled by Nj.
Collecting the previous estimates yields

(2.46) N, < Cy {C4N0 +acNy T~ + ENyT ' 4 19
+NL Ny o h(T) + aNg N\ T =5/ h(T) + No NP2 N2 h(T)2}

1/2

which is of the form

(2.47) N < Cq (C4N0 + 12+ (0(1); No, N1, N1/, Nz)) .
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We next complete the estimates of B’ by estimating VB’ and 9; B’ in L*(J, L*),
namely we estimate N} defined by (2.39), through the use of (1.5) (2.9). For
that purpose we estimate VGy in LY/3(J, L*/?). Now

(2.48) VG5 =2PIm ((W)VAU + (V0)V aug + (Vﬂa)v,w)
—P(VA) (Jv]* + 2Reu,v) — P(VDB)|u,|* — 2PBRe T, V.

The estimate of VG in L*/3(J, L*/3) proceeds exactly as that of Gy in the
same space, with one additional gradient acting on each factor in each term,
except for two facts. First because of the symmetry of the quadratic form
P Im (71 V av2), we can always ensure that no terms occur with two derivatives
on v or u,. Second, the quadratic terms coming from vBu, have to be estimated
explicitly because they are no longer estimated by polarization. When hitting
v, and additional gradient produces a replacement of Ny by Ny /o and of Ny by
Ny in the estimates. When hitting B, it produces a replacement of No by Ng.
When hitting u, or A,, it only requires higher regularity of these functions,
but does not change the form of the estimates. With those remarks available,
only the terms from V(vBu,) and from BV|v|? need new estimates.
The linear terms in v are estimated by

I (VO)Vug [« < 2¢aNy s h(t),

| (VD) Aqua ||+ < acNyjot™ h(t),
| T(VA) g +TANVUq ||« < 2acNot ™t h(t).

The linear terms in B are estimated by
I (VB)lua|* | < ¢*Net™" h(t),
| BtiaVug ||« < c2Not™t h(t).

2

The quadratic terms in v are estimated by

1V 1 <l I Vo llall Vo llollajs< CNaNi 5 h(ER(D),
| (V8)Aav [l </ Vo ll2ll Aa llsoll 0 lallajs< alNy2Ni >/ h(t)?,
| (VA0 [l < aNoNut=/% h(t)>.

The quadratic terms in Bv are estimated by

| (VO)Bug ||« <[l [| Vv [l2]| B [la]l ta llsollass
< Ny jaNoh || t73/2h [|l2< ¢Ny o Not ™ h(t)?
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and similarly

| 9(VB)ug ||« < cNoNgt™* h(t)?,
| TBVug ||« < cNoNaot™ h(t)?.

The cubic terms from B|v|? are estimated by

3/2A71/2 4
| (VB)[v]? || < CNeN{ N3 h(t)?,

| BoVo || < C || B LA(LY) ||[| v L*(LP) [IV2]) Vo LA(L) |22
< CNoNYPNB2 ()3,

Collecting the previous estimates yields

(2.49)
N < CG{C4N1/2 + ac(Nyjz2 + No)T ™' + *(Na 4+ No)T ™" + r2 + Ny joNsh(T)
+a(Ny /2 + No)N1T /8 W(T) + ¢ (NaNy j2 + NaNo + NgNo) T~ h(T)

n <N6Nf’/2N11//§ + N2N11/2N§’/2) h(T)Z}

which is of the form
(2.50) Ng < Cs (calN1ja + 12 + (0(1); No, N1, Ny 2, Ny, Na, Ng)) -

We now come back to the estimates of v/ and we first estimate 0;v' in
L?, namely we estimate N} defined by (2.36) by using (2.3). Here however
we encounter a technical difficulty due to the fact that B a priori does not
satisfy the assumption VB € L}, (I, L>) needed in Proposition 2.1, part (2)
in order to derive (2.3). We circumvent that difficulty by first regularizing B,
introducing the associated solution v’ which then satisfies (2.3), deriving the
N/ estimate for the auxiliary solution, and removing the regularization by a
limiting procedure, which preserves the estimate. Here in order not to burden
the proof with technicalities, we provide only the derivation of the estimates
from (2.3) and we refer to the proof of Proposition 3.2, part (1) in [7] for the
technical details. From (2.3) (2.4) with V' = g(|u|?) and f = G1 — Ry, we obtain

(2.51)
| 0" [l2< [ i(9: A) - V av"+(Deg(ul?)) o' +0,Gr =Ry || +]| (G1 — Ra)(to) |2

with G defined in (1.5).
We first estimate the terms containing v’, starting with ¢(9;A) - V4v'.
1 (0eAa) - Vav' [l4 <[l 9 Aa [losll Vav [l2]ln
§aﬁ{/2 | t='h [[1< 3aﬁ{/2 h(t),
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1(8:B) - Vo' [l < ||| 8:B [lall V' |l4l1< CNgNj h(t)h(t),
1 (8:B) - Aav” ||+ < | 9B [lall Aa llool " llal1
<aNgN{h? || t71 ||g/3< aNgN{t /% h(t)?,
1/4
| @:B) B [« <C Il 2B a (I B llall VB )" || o' [l
< CON*NYANIEE h(t)?
by Lemma 2.2.
We next estimate the terms coming from (9;g(|u|?))v’.
I 9 (@adrua) v |1+ <[l g (@abrtia) ool V" [l2ll1< CNg h(t),
I g (@d0) 0" [+ <Illl g (@adev) [looll " |21 < CeNsNg h(t)?,
I g ((Ba)v) o' ||+ < CeNoNg h(t)?

by Lemma 2.3, part (2) and Lemma 2.2,
I @00) " 4=l v 5]l Bsv [l2ll v s 1< ONLNsNTEY? h(t)?

by Lemma 2.3, part (1) and Lemma 2.2.

We next estimate 9;G1. The estimates are similar to those performed when
estimating v’ in L2, with an additional time derivative acting on each factor in
each term. This has the effect of requiring more regularity on (Ag,u,) when
that derivative hits (Ag, uy), without changing the form the estimate, and of
replacing one factor Ny by Ng when that derivative hits B and one factor Ny
by N3 when that derivative hits v. Thus we obtain

| (9:B) - V.a,ta I+ < No(Cex + act™) hb),
| B0V a,tall+ < eNao(C +at™) h(t),
| (0:B)Bug ||+ < eNaNgt ™' h(t)?,
| B?0yuq ||+ < ceNit™t h(t)%
| 0¢ (9(Tav)ua) ||+ < Cez (e3N3 + cNo) h(t)
10: (9([0*)ua) [+ < ONi (eaNa + cNo) ¢1/* h(t)>.
We finally estimate || 0;v'(to) ||2 and for that purpose we need pointwise (in
time) estimates of Ry and of B. Now from (2.21) it follows that

(2.52) | Ri(t) [l2<[| Ry [|+< 1 h(t)

while from (2.27) (2.31)

(o]
1B i< [ dt' | B 2] 0B() < ANE N h(t)*
t
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and therefore
| B(t) la< N h(t) = V2 (N§Ne)* h(t).
We then estimate

(2.53)
I Gilla <l Blla (| Vaa la + || Aa llooll wa lla) + 1| B 121l va [l
+ [l g (lf* +2Rewqv) [l6ll wa |l
< eNy(1+ at=")t=3/% h(t) + eN2t=/? h(t)?
+C<C§Not’1 h(t) + csNg > Nyt~ 1/? h(t)2)
by Lemma 2.3 for the terms containing g and the definitions.
Collecting the previous estimates and in particular (2.52) (2.53) taken at
to > t, we obtain
(2.54)
Né < Og{aj\?{/Q + c4Ng + ¢Noy + ca(N6 + N2)T71 + C%Ng, + CZ(NO + N(I)) +7r1
+NgN4R(T) + aNgN{T=3/® h(T) + cNa(Ng + No)T~ h(T)
+¢ (N3 + No) N h(T) + ¢ (N5 + No) NyT~/5h(T)
+NIANYANIT VA W(T)R(T) + Ny NN, T~V 4R(T)?
+eNo(1+ aT™ T3/ 4 eN2T—3/2 )(T)
+ENGT ™ + caNy/ >N, /27172 h(T)}

which is of the form
(2.55) N, <Cs (aﬁ{ /3 + ealNe + cNa + ANy + ¢ (No + Np) + 11
+(0(1); No, Ng, N1, N{, Nuja, Na, N3, No, Nj, Ng) ).
We next estimate || A0’ ||2. From (1.7), we obtain

[ Aa0" | <2(] 0" [l + | g([ul*)v" [l + || G [l2 + || Ru l2)
<2(Ng+71) h(t) +2 [ g(lul*)v" [l +2 | G1 |2 -
Furthermore
(2.56) I g(Jul)o" [la + | Gy 2<[F g(Jul®) ool o' ll2 + 1| G1 [l2
< eNo(1+ at=)t=3/* h(t) + cNZt3/% h(t)?
+c(c2N(;flh(t) + NoNy o NG h(t)® + 2Not ™" h(t)

+es N PN 31 n(0)?) = My h(e)
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by Lemma 2.3 for the terms containing g and by (2.53), so that

(257) || Aav'(t) [l2 <2 (N + 71+ M) h(t)
—2 (Né +ry+ (0(1);N27N0,N5,N1/2)) h(t).
As a consequence,
(238)  Nijp < @NG(VG + o+ M (T))
< <2N6 (Ng T (o(l);]\72,N0,N6,N1/2))>1/2 :
We next estimate || Av'(t) ||2, namely N{ defined by (2.38). From
Aav = Av' —2iA, -V av' —2iB -V + (A2 — B*)v

we obtain

AV 2 <[ Aav |2 +2 | Aa llooll Vav' ll2 + I Aa 5] 0" [l2
+2 || B llall V' [la + | B3] v oo -

Now

| Vo' [la <C || AV (1530 |15/°,
[V oo <C Il AV 3 0" 11372

and therefore

AV 2 < (1+e) | Aav fl2 +(1+e71) || Aa 15010 |12
+e | A [lo +Ce || B 5]V 2 -

Taking ¢ = 1/3 yields

| A0 2< 2 (| Ao |2 +C (| Aa 1% + I BIE) [ " |2
and therefore by (2.38) (2.57)
(2.59) N, < A(N,+ 711+ M)+ C (a2T_2 + Ngh(:r)s) N,
which is of the form

(2.60) N, <4 (Ng + 71+ (o(1); N%NO,N(S,NUQ)) .
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We finally estimate the Strichartz norms of Vv'. For that purpose, by
Lemma 2.1, we have to estimate the following quantity in the sum of spaces of
the type LI(J, L7) for admissible pairs (¢, r):

(2.61)
Q=V (iA-Vv' + (1/2) 4% + g(|ul*)v" + G1 — Ry)

=iA -V +iVA- Vv + (1/2) A2V + V(g(|[u*)v') + VG1 — VR;.
The estimates are similar to those performed when estimating || v’ |2 and
the Strichartz norms of v’ (see the proof of (2.42) (2.44)), with an additional
gradient acting on each factor in each term, thereby producing the replacement
of Ny by Ny/s, of Ny by N{/2, of N{/2 by N and of Ny by Ng at suitable
places. More precisely, the terms containing v’ are estimated by

| A V20 [+ < I A locll A0 J2]l1< 30N A(2),
| VAg - Vav' ||+ <[l VAg [looll Vav' [l2]l1< 3aNT 5 h(t),
1AZVY I+ <l Aa 30 Vo' ll2lli< a® Ny ot~ (),
I B-V20's Y51, LY72) || <[l B |lall A0 |lzlls/s< CN2Ng h(1)R(2),
T VAU ) > 4 AV 2][8/5
I VB -Vav's L2, L) || <) VB [lall Vav' [l2ls
< CNgNj 5 h(t)h(1),
| B*Vo's L2, L9%) | < € | B VB I V' Jall2
3/2 nr1/2
< ON2/ NG/ {/2 h(t)?,
|9 (g(lual®)e') Il < Ce® (Ng+ Vi j5) (),
| V (g(Tav)v') s LY3(J, L32) || < Cc (NON{) + NolNy o + Nl/gNé) t4n(t)?,
|V (g(|v|*)v") CLAB(J L) || < ON (NON{/2 + Nl/ZN(g) tY2n(t)?

where we have used again Lemmas 2.2 and 2.3 in the estimates of the terms
containing g.
The terms from VG, are estimated by
| VBV aquq ||+ < Ng (Cea + cat™ ) h(t),
| B-VVaqug ||+ <CcNy (1+at™) h(t),
I B*Vua ||+ < eNGt=" h(t)?,
| B(VB)u, ||+ < cNaNgt™ h(t)?.
IV (9(T@av)ua) ||+ < Cces (e3N1 o +cNo) hi(t),
IV (g(|v[*)ua) |+ < CNy (esN1jz + cNo) £/ 4R (t)>.
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Collecting the previous estimates yields

(2.62)
N < C4{a (Ng + Kq/z) +a®N{ )T~ + e (Ng + No) (L +aT )
+c? (No + Ny + Nijo + N{/2> + 7y
+ (NQN;) + NN/ /2) R(T) + eNo(Ng + No)T = h(T)
+c ((N1/2 + No) (N1 + Ng) + No {/2) T~ 3R(T)

+N32NYANY ph(T)? + Ny (NON{ 12+ Nija Né) T71/45(T)2}
which is of the form

(2.63)
N; < Ca(a (Ng + N{jg) +e(No + Na) 2 (No + Ng + Nijp + Nl jp) 471

+(O(]‘);]\707]\féa]\7'17]\]'1/27]\]'{/27 ~{/27NE'/>7N27N6))'

From the previous estimates, more precisely from (2.42) (2.44) (2.46) (2.49)
(2.54) (2.59) (2.62), it follows that the N/, 0 < ¢ < 6 are estimated in terms
of the N;, 0 < i < 6, provided T is sufficiently large. In fact (2.42) (2.46)
(2.49) provide estimates of Nj, N} and N{§. Denoting by C' a general constant
depending on T and on the N, it follows from (2.44) (2.59) and from the

definition of N’ .., N’ . that

172> tV1/2

(264) N} <C(14+N]p5) Nijo v Npjp <C (14 N2

,NL <4Ni+C
so that it remains only to estimate N5 and Nj. Substituting the previous
estimates into (2.54) (2.62) yields

N} < C3NgN,h(T) + terms sublinear in N
(2.65) ~
Nj; < 4CyNj (a + Noh(T)) + terms sublinear in Nj

which ensure the required estimate of N}, Nj provided T is sufficiently large
so that

(2.66) 4C5Cy (a + Noh(T)) Neh(T) < 1,
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which we assume from now on. Note that the terms responsible for that
large T condition are the terms §;B - Vo' from (2.51) and A - V%' from
(2.61). No such condition was required at this stage in the simpler case of the
(WS)3 system [8]. The estimates obtained for the N/ are obviously uniform in
to.

We now take the limit ¢y — oo of (v}, Bj ), restoring the subscript tg
for that part of the argument. Let T' < to < t; < oo and let (v, By ) and
(v,,B;,) be the corresponding solutions of (1.7). From the L? norm con-
servation of the difference v; — v;, and from (2.42), it follows that for all
te [T, to]

(2.67) 105 () = w5, (£) ll2=I| v, (to) [l2 < Koh(to)

where Kj is the RHS of (2.42), while from (1.7) (2.8) (2.9) (2.46) (2.49) and
the initial conditions, it follows that

(2.68)
| By = Bi,s LY([Ts to], W) | V|| 8:(By, — By, ); LY([T, o), LY) ||
< C || Gz — Ry; L3 ([to, t1], Wy j3) 1< (K2 + Ko)h(to)

where Ky and Kg are the RHS of (2.46) and (2.49) respectively.
It follows from (2.67) (2.68) that there exists (v', B') € L ([T, 00), L?) &

loc

T,00),W}) with 9;B" € L} ([T, 00),L*) such that (v, , B ) converges
4 tor Ptg

loc

L?LOC
to (v/, B’) in that space when ty — co. From the uniformity in ¢ of the esti-
mates (2.42) (2.46) (2.49), it follows that (v’, B’) satisfies the same estimates in
[T, 00), namely that (2.43) (2.47) (2.50) hold with N/ defined by (2.33) (2.35)
(2.39) with I = [T, 00). Furthermore it follows by a standard compactness ar-
gument that (v, B') € X ([T, 00)) and that v’ satisfies the remaining estimates,
namely (2.45) (2.55) (2.60) (2.63) with the remaining N; again defined by
(2.34) (2.36) (2.37) (2.38) with I = [T, 00). Clearly (v, B’) satisfies the system
(1.7).

From now on, I denotes the interval [T, o0). The previous construction
defines a map ¢ : (v, B) — (v, B') from X (I) to itself. The next step consists
in proving that the map ¢ is a contraction on a suitable closed bounded set R
of X (I). We define R by the conditions (2.25)-(2.31) for some constants N; and
for all t € I. We first show that for a suitable choice of N; and for sufficiently
large T', the map ¢ maps R into R. By (2.43) (2.45) (2.47) (2.50) (2.55) (2.60)
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(2.63), it suffices for that purpose that

Col(caNo + 3N + 11 + 0(1)> < No

N{ )Cx (eaNa + 3o + N + N, + 71 +0(1)) < Ny

Ca(eaNo + 72+ 0(1)) < Ny

Co(ealaya + 72+ 0(1)) < No

C3(al{jy + caNo + eNa + N3 + (No + N{) + 71 + 0(1)) < N,

Cyla (Ng + N{/2> +¢(No + No) + > (No + Ny + Nijz + N )
1+ o(l)) < Ny

(N )4(Nj +71 +0(1)) < Ns

where we have omitted the dependence of the o(1) terms on N; and N;. We
know in addition that

- 1/2
(2.70) N{ VN, < Q(N(g(Ng T 0(1))) .
In order to ensure (2.69), we proceed as follows. We first choose Ny and N by
imposing
(2.71) N0:CO(C4N2+C§N0+T1+1)
' NQZCQ(C4N0+T2+1)

which is possible under the smallness condition on c3 , ¢4
(2.72) Co (Caci +¢3) < 1,

and we impose the condition that o(1) < 1 in (2.43) (2.47) by taking T suffi-
ciently large (depending on Ny, Na just chosen and on Ny /3, Ny to be chosen
later). This ensures the Nj < Ny and Nj < Ny parts of (2.69). Furthermore
one can replace N by Ny in all the remaining estimates. We next impose

(2.73)

Ns =4 (N3 +r1 +1)

Ng = Cg (C4(N0N5)1/2 + 79+ 1) =Cg (204 (No(Ng +7r+ 1))1/2 +7ro + 1)
and we impose o(1) < 1 in (2.50) and (2.60) by taking T sufficiently large

depending on the relevant IV;. This ensures the IV} < Ng part of (2.69) together
with the inequality

(2.74) N, <4(Nh+7r1+1)
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which will ensure the Nf < Nj part of (2.69) as soon as the Ni < Nj part
holds. Furthermore, under the choices and assumptions made so far, (2.74)
implies

(2.75) Ni oV Ny <2 (No(Nj +ry + )2

We now substitute (2.75) into (2.44), we substitute (2.74) (2.75) into (2.62)
and we substitute the results and (2.75) again into (2.54), thereby obtaining
an estimate of the form

(2.76) Nj < f (N, {N:}) = Ca (20 (No(Nj + 71 +1))"/?
+c4Cq (264 (No(Ng +r + 1))1/2 +7ro + 1)
+CN2 —+ C%Ng + 202N0 + 1 —+ 0(1))

where f(N§,{N;}) is a positive increasing concave function of Nj for fixed T
and N;. It follows therefrom that (2.76) will imply N} < N3 provided we ensure
that

(2.77) N3 > f (N3, {Ni}).

This is obtained by imposing

(278)  N3=Cj (2 (a+ Csc2) (No(Ns + 11+ 1))/% + ¢4C(ry + 1)
+¢Ny + c3N3 + 262Ny + 1 + 1)

which is possible under the smallness condition C3c3 < 1, and by imposing that
o(1) < 11in (2.76) by taking T sufficiently large depending on the N;.

It is then a simple matter to choose N; and N4 in order to ensure the
Ni{ < Ny and Nj < Ny parts of (2.69), since all the N/ in the RHS of (2.44)
and (2.62) are now under control. It suffices to choose

(279) Ny =C4 <C4N2 + 262N0 + a(N0N5)1/2 +ry + 1)
(2.80) Ny = C4 (aN5 + (a+ 2¢2) (NoNs)/2 + ¢(Ng + Na) + 2¢ Ny + 1 + 1)

and to impose that o(1) < 1 in (2.45) (2.63) by taking 7' sufficiently large
depending on the N; (with the N/ in the o(1) terms being estimated by the
N).

We now show that the map ¢ is a contraction on R for a suitable norm
defined on X (I). Let (v;, B;) € R and (v}, B}) = ¢((v;, B;)), @ = 1,2. For any
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pair of functions fi, fo, we define fo = (1/2)(f1 & f2) so that f1 = fy + f_,
fo=fo—fand (fg)e = frge+f gz In particular uy = uq+vy, u_ = v,
AL =A.+By, A =DB_, (Ax)- = —2iB_-V 4, and similarly for the primed
quantities. Since R is convex and stable under ¢, (vy, By ) and (v/,, B, ) belong
to R, namely satisfy (2.25)-(2.31). Corresponding to (1.7), (v__, B") satisfies

the system

i0p” = —(1/2)(Aa) 40" 4+ g(Ju|)v" +iB_ - Va, (uq +0))
(2.81) +9 (2Re (Ug + T4 )v—) (uq + V')
OB. =2PIm (0_Va, (g +v4)) = PB_ (Jug + vy > + [v_?) .

Here however, in contrast with the case of the (WS)3 system where the
corresponding map ¢ can be shown to be a contraction for the whole norm of
X(I), we encounter a difficulty due to the derivative coupling in the covariant
Laplacian. In fact if D is a differential operator of order m, a straightforward
energy estimate of || Dv’ ||z from (2.81) yields

O || Dv_ ||2<|| B - DV 4, v/, ||2 + other terms

and requires therefore a control of v/, at order m + 1, so that one can hope
to contract norms of v of degree at most one less than those occurring in the
definition of X (I). Fortunately, because of the special algebraic properties of
the equations, it turns out that the lowest two semi norms of X (I) for the
differences, namely those corresponding to Ny and Ns, can be decoupled from
the higher ones and can be contracted on the bounded sets of X(I). This
follows from the fact that the symmetry of the quadratic form PIm (v1V sv2)
has made it possible to avoid having a gradient acting on v_ in the equation
for B’ in (2.81). Thus we shall show that ¢ is a contraction for the pair of
semi norms

No = Sup h(t)™" [ v(t) [|2,
tel

2.82
(252 No = Sup (t)™ || B L ([h,00), 14 |

tel
Let (No—, No_) and (N{_, Nj_) be the corresponding semi norms of (v_, B_)
and (v_, B”) respectively. We have to estimate (Nj_, Nj_) in terms of (No_,
Ny_). We first estimate N)_. From (2.81) we obtain

(2.83)
102 (@) 2=l B - Va, (ua +04) |+ + | 9 (2Re (Ta +04) v-) (wa + 04 ) [+ -
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The terms not containing v/, are estimated as in the proof of (2.42), namely

|| B_- Vua ||+ S CC4N2, h(t),
| B_ - Aqug |3 < caNo_t™1 h(t),
|| B,B+ua ||+ S CszNQt_l h(t)Z,
| g @av-) ua |+ < CENo- (),
| g (@rv_)uq |4 < CesNo_ Nitt/* h(t)2.
We next estimate the terms containing v/, .
I B—- Vv |lx < Il B lla || VO [la llx < C Na— Ny h(t) h(t)

by Lemma 2.2,

I B+ Aavly [+ < B= llall Aa llsoll v/ llallx
< aNoo Nih? || t71 [[s/3< aNa— N1t /8 h(t)?,
1/4
| B-B1vy [l+ < CII B= Nla (I B+ llall VB4 [3) " [ 0 llalla
< C Ny_(Ny NGM4 Ny /8 h(t)?

by Lemma 2.2,

I g (@av-) V) I+ < C Il wa lIsll v [l2ll ¥y [l3ll1< CesNo— N1t*/* h(t)?,
I g @)V I+ < C Nl v sl v ll2]l v sl < CNo— NEtY2 h(t)?,

by Lemma 2.3, part (1) and Lemma 2.2.
Collecting the previous estimates yields

(2.84)
N, < CO{NQ, (04 +acT™ + eNoT™1 W(T) + NR(T) + aNyT5/8 h(T)

F(NoNZ)VAN, T~1/4 h(T)E(T)) + No_ (c§ + N T™Y3R(T)
+N12T‘1/4E(T)2>}

which is of the form

(2.85) N,_ < Cy (Nz,(c4 +0(1)) + No_(c2 + 0(1))).

We next estimate Nj_. From (2.8) (2.81) we obtain

(2.86)
I BL: LI LY < C (1 7-Va, (wa + 1) [l + || B=(Jual® + o4 ) [|) -
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The linear terms are estimated as in the proof of (2.46), namely

|| v_Vug H* < 2¢4Ng_ h(t),
| - Aqug ||+ < acNo_t~1 h(t),
| B_fual? [l < N> 71 R(2).

The non linear terms are estimated in a slightly different way. The quadratic
terms are estimated by

[ 7-Vop [« <l v— ll2ll Vot llalla/s< CNo—Ny h(t)h(1),
10— Aqvs [l < I Aa ool v lloll v llallays< aNo- N1t~/ h(t)?,
| V-Byua [« <[l v- ll2ll B+ 4]l va lloollass
< eNo_ Noh || t73/2h ||o< eNo_ Naot ™t h(t)2.

The cubic terms are estimated by

_ 1/4
| v-Bivy |« <C o= [l2 (Il Be llall VB4 I12)" | vy [lallayz
< C No_ (NoNSYVAN /8 h(t)?

by Lemma 2.2,

3/2 x71/2
| B-[vs 2 o< CNa- NY2NYJS h(t)?.

Collecting the previous estimates yields

(2.87)
N, < CQ{NO_ (C4 +acT~Y + Noh(T) + aNy T3 W(T) + eNoT— 1 W(T)

+ (No N34 N, 71/ h(T)E(T)) + Ny (c2T—1 + Nf’/QNll//;h(T)Q) }
which is of the form

(288) Néf < Oy (04 + 0(1)) No_ + 0(1)N2,.

It follows from (2.85) (2.88) that the map ¢ is a contraction for the pair of semi
norms (N, Nz) on the set R under the smallness condition

(2.89) Co (Caci+¢3) <1

and for T sufficiently large. Since the set R is closed for the norm defined by
the pair (Ng, N2), it follows therefrom that the system (1.4) has a solution in
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R. This proves the existence part of Proposition 2.2. The uniqueness part
follows from (2.85) (2.88) again with N/_ = N,_.

We remark at this point that the constants Cy, Cy appearing in (2.89)
can be taken to be the same as in (2.72) so that the two smallness conditions
actually coincide. In fact those constants are determined by the linear terms
in the estimates, and those terms are the same in both cases. There may occur
additional, different constants coming from the non linear terms. They have
been omitted in (2.84) (2.87).

It remains to prove the last statement of Proposition 2.2 and for that
purpose we need to estimate the energy norm of B’. From (1.7) (2.10) it
follows that for all t € T

(2.90) IVB'(t) ll2 V[ 0:B'(t) ll2<] G2 = Rz ||+

where G5 is defined by (1.5). We estimate the various terms of G successively.
The linear terms in v are estimated by

10Vua |+ <l v ll2ll Via [looll2
<e No || t732h |1 < 2eNot =2 h(t),

| TAatq [+ < Il v [|2l] Aa loll ta lloollx
<acNy || t75/2h ||y < acNot=3/2h(t).

The linear term in B is estimated by

I Blual® I+ <l B llall ta llall wa lloollx
< ENoh || 734732 )|, 3 < ANt =%/2 h(t).

The quadratic terms in v? are estimated by
1250 | <[l v lall Vv a1 < ONiNgt'/* h(t)?
by Lemma 2.2,

I Aalv® I+ < NIl Aa llooll v 13111
<aNZR? || 7 ||a< aNZ 374 h(t)2.

The quadratic terms in Bv again need not be considered. The cubic term B|v|?
is estimated by

| Bl I+ < C || Bs L*(L*) |[]| w; LY3(L*) P4 Vo; LY3(L*) |*/*
< CNRNYANP™ n(t)?,
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Collecting the previous estimates and using (2.23), we obtain

(2.91)
| VB'(®) ll2 V| B'(t) [l2< C (eNot ™% + acNot ™32 + 2Nyt ~5/2

FNI NG h(t) + aN2E3/4 h(t) + NoNYAND S h(t)? + er*W’) h(t)

which proves that the solution of (1.4) constructed previously satisfies (2.24).
O

Remark 2.2.  The only smallness condition on w is the condition
(2.72), coming from Ny and from its coupling with No. The subsequent condi-
tion C3c? < 1 needed for the choice of N3 comes in fact from exactly the same
estimate as the ¢3 contribution to N{, so that the latter condition is actually
the ¢4 = 0 special case of (2.72) and is therefore weaker than (2.72). That fact
is hidden by the use of overall constants Cy and C3 in the estimates of Nj and
Nj.

83. Remainder Estimates and Completion of the Proof

In this section, we first prove that the choice of asymptotic functions
(g, Ag) made in the introduction satisfies the assumptions of Proposition 2.2
for the choice of h made in Proposition 1.1, under suitable assumptions on the
asymptotic state (uy, AL, Ay). We then combine those results with Proposi-
tion 2.2 to complete the proof of Proposition 1.1.

We first supplement the definition of (u,, A,) with some additional prop-
erties of a general character. In addition to the representation (1.13) (1.14) of
A1, we need a representation of 9;A;. From (1.12) it follows that

(3.1) O AL (t) = — /OO dt’ cos(w(t’ — 'L Px|ug(t')]?

so that upon substitution of (1.8) we obtain

(3.2) QA (1) = t2Dy(t) Ay
where
(3.3) 21 =— /too dvv =3 cos(w(v — 1)) Do(v) Px|w, 2.

On the other hand, from (1.13)

(3.4) VA (t) = t72Do(t)VA;.
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We shall need the operator
(3.5) J=J(t)=x+itV.

The asymptotic form A, for A has been chosen in order to make Ry small. In
fact Ry can be rewritten as

(3.6) Ry =0A, + P (t ' RetaJu, + (A — z/t)|ug|?)

and A, has been chosen in such a way that

(3.7) 04, = P(x/t)|ua|2
so that
(3.8) Ry = P (t7' ReUgJug + Aalual®) .

Under general assumptions on (ug4, A,), of the same type as in Proposi-
tion 2.2 (see especially (2.17) (2.20)) but not making use of their special form,
we can prove that R, satisfies the assumptions needed for that proposition with
the choice of h required for Proposition 1.1.

Lemma 3.1.  Let (uq, Ag) satisfy the estimates

(3.9) | g (t) || < et for2 <r < oo,
(3.10) | Vo t) s < =9,

(3.11) | Jug(t) |2 <ei1(1+nt),

(3.12) | Aa(t) lloo V | VA(t) [l at™?

for allt > 1. Then Ry satisfies the estimates

(3.13) | Ro; LY3([t,00), L*?) || v || VRy; LY3([t, 00), L*?) ||
<ot 1+ n t),
(3.14) | Ro; LY ([t, 00), L?) || < rot™3/2(1 4 tn t)

for some constant ro and for all t > 1.

Proof. We estimate

I Ro(t) llays < C [l ua lla (7 Jua ll2 + | Aa llooll wa ll2)
<Ct™ e (e1(1+4n t) + ac)
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which implies the first estimate of (3.13) by integration,
I Ro(t) ll2 <l tta floo (71 1| Tt ll2 + | Aa lloo|l wa |l2)
<t792¢(e1(1 4 fn t) + ac)

which implies (3.14) by integration.
In order to prove the second estimate of (3.13), we note that the quadratic
form

PRe (t_lﬁljvz + Aaﬁlvz)
is symmetric in v, v, so that

VRy; =2 PRe (t7' (Vi) Juq + Aa(Viia)u,)
+P (V(Ag + 2/t)) |ug|?

and therefore
| Rs llajs < C( 1l Vua lla (¢ 11 Tt 12 + | Aa ll ] ta 1)
+ (I VAa oo +71) el wa 12 )
<Ct™"* (c(er(L+n t) +ac) + *(a+ 1))
from which the second estimate of (3.13) follows by integration. O

We now turn to R;. We first skim R; of some harmless terms. Expanding
the covariant Laplacian and using again J, we rewrite R; as

(3.15) Ri=Ri1+Ris

where

(3.16) Ry = i0iua + (1/2)Aug + (@ - A))ua — g(|ta|*)ta,
(3.17) Rip=t"Y(z- Ag)us —t 1Ay - Ju, — (1/2)A2u,.

In the same way as for Ry, we can show that R; o satisfies the assumptions
needed for Proposition 2.2 with the choice of h required for Proposition 1.1
under general assumptions on (ug, A,) not making use of their special form.

Lemma 3.2.  Let u,, A, and Aq satisfy the estimates
1 8] V¥uq [[2< ¢,
| IVE Jug [|2< e1(1 + In t),
= (2.20) | #/VEAg |loo< at™?,
| 07V (- Ag) oo < ant ™,



SCATTERING FOR MAXWELL-SCHRODINGER 453

for0<j+ k<1 and for allt > 1. Then R, satisfies the estimates
(3.22) | 9/VERy o (o< m10t™2(1 4 €n t),

for0 < j+k <1, for some constant r1 2 and for all t > 1.

Proof. We estimate

| Rigzll2 < =2 ((ao + (1/2)a2)c+ aci1(1+¢n t)) ,
| VRis ||l2 <t72((2a0 + (3/2)a®)c + 2aci (1 + In t)),
| OsR12 [|2 <idem + 72 ((ag + acy (1 + In t)).

We now turn to R; ;. We shall need the commutation relations

(3.23) VMD =MD (iz +t~'V) = MDV,

(3.24) iO:MD = MD (id; + (1/2)a® — it ' (x - V + 3/2)) = M Did,,
(3.25) JMD =iMDV,

(3.26)  (i0; + (1/2)A) MD = MD (i, + (2t*) ' A)..

In particular (3.23) (3.24) are taken as the definitions of V and d;. From
the choice (1.8) of u, and from (3.26), it follows that

(3.27) Ry =MD (i&t FEOTIA 4t e Ay - flg(\w+|2)) exp(—ig)wy.

The choice (1.15) of ¢ has been taylored to cancel the two long range terms in
(3.27), so that

(3.28) Ry = (2t*) 7'M DA exp(—ip)w,..

We now have to prove that the previous choice of (uq, A,) satisfies the
remaining assumptions of Proposition 2.2 and of Lemmas 3.1 and 3.2. More
precisely we have to prove that (u,, A,) satisfies the estimates (2.17) (2.19)
(2.20) (3.19) (3.21) and the analogue of (3.22) for R; ;. (Note that (3.9) (3.10)
(3.18) are special cases of (2.17) and that (3.12) is a special case of (3.20) which
is identical with (2.20)).

The contribution of Ay to A, and to R; 2 will be taken care of by the
following general estimates of solutions of the wave equation.
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Lemma 3.3.  Let Ag be defined by (1.11) and let k > 0 be an integer.
Let Ay and Ay satisfy the conditions

(3.29) VZA, VA e WF A, eL? A, eL??

Then Ay satisfies the estimates

Ao(t); WE < apt ™1
(330) {n o(t); WE ||< ag

| 0: Ao (t); WEL ||< apt™? for k> 1.

A proof can be found in [20]. As mentioned in Remark 1.2, the assumptions
A, € L? and A, € L3? serve to exclude constants in A, and A, and linear
terms in x in A, but are otherwise controlled by the W} assumption through
Sobolev inequalities.

We next derive some preliminary estimates of El and Zl.

Lemma 3.4. Let k > 0 be an integer. Then the following estimates
hold.

(331) (WAL o v | o Ay o < (k4 1/2) 71 | wWrafws [ |2,

(3.52) W Al < (k- 1/2)7 ([ wbahuy? .
+2 || whaw, |2 Hz) for k>1,

(3.33) | V*A, e < C |l whaly 5 HY

(3.34) IVF A, o < C || Fafwy P HY | fork > 1,

(3.35) | VE(@ - A)) [l < C( | wra?w [ H" ||

| Wzl |3 HY | ) for k> 1.
Proof. (3.31) follows immediately from (1.14) and (3.3). From (1.14) and
from the commutation relation
[x; P] = —2w ™2V
it follows that

(3.36)
z- Ay :/1 dvv 2w sin(w(v — 1)) Do (v) {P - (2 @ 2)|wi|* 2wV - z|wy [*}
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so that
lor e Ayl < [ v o2 (Do)l I
1
+2(v = 1) || W Do) w2 )

oo
< / dv v V2 (|| PPl ? [l 42 || Fafwy]? [l2)
1

which implies (3.32). Finally (3.33)—(3.35) follow from (3.31) (3.32) and from
the fact that H' N H? C L™, O

As an immediate corollary, we obtain the following estimates of A; and
8tA1.

Corollary 3.1.  The following estimates hold.

(3.37) I Ar(t) o< C | wgs H>T |2 471,
(3.38) 1 9:AL(#) lloo V [ VAL(E) [loo< C | wos H2E | 72,

Proof. The result follows from (1.13) (3.2) (3.4) and from (3.33) (3.34).
O

We next derive the remaining estimates of u, and of R; ;. The following
proposition is slightly stronger than needed.

Proposition 3.1.  Let u, be defined by (1.8) with wy = Fuy and with
¢ defined by (1.16) (1.2) (1.14) and let Ry11 be given by (3.28). Let uy €
H>' N HY3. Then the following estimates hold for some constants c, c; and
ri1, for 0 < j4+k <1 and for allt > 1:

(3.39) = (2.17) | 8/ VFuu(t) [|,< et for2 <r < oo.
In particular

(3.40) lua(®) lla <[l ws fla ¢7/2,

(3.41) | Vua(t) lls < (| 2wy [ls +O@ n 1)) ¢73/4,
(3.42) | &7V g () ||, < et for2 <r <6,

(3.43) | &IV Jua(t) || < er(1+ fn t)t=0M for2 <r <6,
(3.44) | 87VERy 1 (1) |l2 < it 2(1+4n t)

IAIA
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Proof. From the commutation relations (3.23) (3.24), it follows that for
any differential operator Z

(345) || ¢ V*MDZ exp(—ig)wy ||lr=t"2") || 9IV* Z exp(—i)wy ||, -

From (1.8) (3.28) and from the commutation relation (3.25), it follows that in
order to derive (3.39)—(3.44) we have to estimate norms of the type

| 9] V* Z exp(—ip)ws |,

for 0 < j+ k < 1, for suitable choices of Z and r, and with suitable r-
independent time behaviour. The relevant choices are

Z =1, 2<r<oo for (3.39)
Z =VorV, 2<r<6 for(3.42) (3.43),
Z=t32A, r=2 for (3.44).

Expanding & V* according to the definitions (3.23) (3.24) and omitting the
commutators of derivatives with powers of z and t which generate terms of
lower order, we are led to estimate norms of the type || Z exp(—ip)w4 ||, for
the following choices of Z, r:

Z=12,t'V,22,0,t 'z V with 2 < r < oo for (3.39),
Z=x,22,t a2V, 23,20, t 122V, t71V,t2V2 t 719, V, t 22 V3

with 2 <7 <6 for (3.42),
Z=V,2V,t7 V2 22V, 0,V, t 12 V? with 2 <7 <6 for (3.43),
Z =AMz t7IVA 22A,0,A, t71zVA with r = 2 for (3.44),

where we have omitted an overall t~2 factor in the last case.

We expand the derivatives acting on exp(—ip)w4 by the Leibnitz rule and
we estimate the expressions thereby obtained by the Hdélder inequality. For
that purpose we need some control of ¢. From Lemma 2.3 it follows easily
that for w, € H?, Vg(lwy|?) € H* and in particular V*g(|wy|?) € L* for
0 < k < 3. Together with Lemma 3.4, this provides an estimate of || & V¥¢ ||,
for y = 0,1, for £k = 1,2 and r = oo and for £ = 3 and r = 6. With that
information available, we apply the Holder inequality according to the following
rules:

(1) all the explicit powers of z are attached to w,. In addition, whenever there
appears a factor d;p (with no space derivative), one power x is extracted
from the A, part of 9;p and attached to w, (since A belongs to L but
a priori 0y does not).
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(ii) The z amputated contribution of 9y generated by rule (i) and all the
factors 8/ V¥ with k = 1,2 are estimated in L. The factors V3¢ are
estimated in L% (in fact in H'). Such factors occur only from the t1z°*VA
terms in the proof of (3.44).

(iii) The previous rules generate norms of the type || z°V*w, |, for w,. Those
norms are estimated by H' norms of the same quantities for 2 < r < 6 and
by H? norms for 6 < r < oo.

(iv) The time dependence of the various terms follows from the explicit ¢ de-
pendence of the operators Z of the previous list, together with the fact
that | &/ V¥*p ||, generates a factor t=! for j = 1 and a factor ¢n t for
j=0.

With the previous rules available, the proof reduces to an elementary book
keeping exercise, which will be omitted. We simply remark that the dominant
terms as regards w, have 3V, 22V? and £V? which are exactly controlled by
the assumption wy € H'? N H3!, equivalent to the assumption uy € H>! N
H'3. As regards the time dependence, the dominant terms come from z°V¢
in the proof of (3.43) thereby generating a factor ¢n t, and from x*A exp(—i¢p)
in the proof of (3.44), generating 2°|V|? and therefore a factor (¢n t)2.

Finally (3.40) is the special case j =k =0, Z =1, r = 3 of (3.45), while
(3.41) follows from the estimate

(3.46) || Vua(t) [4< (| 2wy la + t 72 (| Vg la + || Voo [looll wy [|4)) t73/4.
O

We can now complete the proof of Proposition 1.1.

Proof of Proposition 1.1. It suffices to show that the assumptions
of Proposition 2.2 are satisfied for the choice h(t) = t=%(2 + ¢nt)? made in
Proposition 1.1. Now the assumptions (2.17) (2.19) follow from (3.39) (3.42)
of Proposition 3.1, the assumption (2.20) follows from Lemma 3.3 and Corol-
lary 3.1. The assumption (2.21) follows from Lemma 3.2 as regards R o and
from (3.44) of Proposition 3.1 as regards R; ;. The assumptions (3.11) of
Lemma 3.1 and (3.19) of Lemma 3.2 are special cases of (3.43). The assump-
tion (3.21) of Lemma 3.2 follows from Lemma 3.3 and from the fact that if Ay is
a solution of the free wave equation 0Ag in the Coulomb gauge V- Ay = 0, with
initial data (A, A, ), then also x - Ay is a solution of the free wave equation,
namely O(x- Ag) = 0, with initial data (z-A,,z-A,). Finally the assumptions
(2.22) (2.23) follow from Lemma 3.1.
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The smallness conditions needed for Proposition 2.2 bear on c3 and cy.
Now from (3.40), c3 =|| w4 ||3 while from (3.41) or (3.46)

cs =| 2wy ||la 40 (Ty Hon Tp)

Since the estimates are used only for ¢ > T, one can replace Ty by T in that
expression, and the last term can be made arbitrarily small by taking T" suffi-
ciently large, so that the smallness condition of ¢4 reduces to the smallness of

| 2wy |-
O

Remark 3.1.  The regularity assumptions on u4 or wy could be some-
what weakened. The strongest assumptions come from the Awy term in Ry 3
and from the 23, V2 and 22V operators Z in the estimate of 0;Vu,. On the
one hand the Awy term in R; ; could be eliminated by the choice

w(t) = U(L/t) ws

at the expense of generating either a more complicated and less explicit ¢ or
additional terms in Rs. On the other hand, we have obtained on L% estimate
of 9;Vu, whereas an L* estimate was sufficient. Only a minor weakening of
the assumptions on uy could be achieved along those lines, and we shall not
press that point any further.
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