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Radon Transforms of Constructible Functions
on Grassmann Manifolds

By

Yutaka MATSUT*

Abstract

P. Schapira studied Radon transforms of constructible functions and obtained a
formula related to an inversion formula. We generalize this formula to more compli-
cated cases including Radon transformations between any Grassmann manifolds. In
particular, we give an inversion formula for the Radon transformation and characterize
images of Radon transforms of characteristic functions of Schubert cells.

81. Introduction

A constructible function ¢ on a real analytic or complex manifold X is a
Z-valued function which is constant along a stratification. We can choose a
stratification according to the problem under consideration, so we work with
subanalytic stratifications here.

In [11], P. Schapira defined Radon transforms of constructible functions.
This is a kind of integral transformations. We consider the following diagram:

S
2y
X Y.
Here X and Y are real analytic or complex manifolds, S is a locally closed
subanalytic subset of X x Y, and f and g are real or complex analytic maps,

respectively. Then we can define the Radon transform Rg(¢) of a constructible
function ¢ on X by

Rs(9) = /g 1.
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In [11], P. Schapira obtained a formula for Rg in general situation. This
formula gives an inversion formula for Radon transforms of constructible func-
tions from a real projective space to its dual in the case where the whole di-
mension is odd. Here inversion means left inverse. We can, that is, reconstruct
a constructible function ¢ on the projective space from its Radon transform
Rs(p). As a result, we can reconstruct the original subanalytic set K from
the knowledge of the topological Euler numbers x(K N H) for all affine hyper-
planes H.

Many mathematicians have been working on topological Radon transfor-
mations. Topological Radon transforms of constructible sheaves were dealt with
in [2] and topological Radon transforms of constructible functions were dealt
with in [3], [4], [13]. They considered Radon transformations from a projective
space to a Grassmannian and obtained many results.

In this paper, we study these topological Radon transforms of constructible
functions from X = F,11(p) to Y = F,;1(q). We denote it by Rnt1,p.q)-
Here F,,4+1(p) is the Grassmann manifold, that is, the set of all p dimensional
subspaces in an n+ 1 dimensional vector space. Moreover, we consider not only
real cases but also complex cases. We obtain the following main results.

First we prove an inversion formula for the Radon transformation R, 11,5,
(Theorem 3.1 in this paper).

Theorem 1.1. We consider the case where p < q. We obtain an inver-
sion formula for R, 41,p.q) if either one of the following conditions are satisfied;

(i) p+q <n+1 under the complex Grassmann case,
(ii)) p+ g <n+1 and g — p is even under the real Grassmann case.

We concretely construct an inversion transformation R~ as a left inverse
in Section 3.2. We remark that the assumption (2.4) of Schapira’s formula is
not satisfied in the case where p is not equal to 1. So our situation is more
general. Moreover we prove the following inverse theorem (Theorem 4.1):

Theorem 1.2.  In the case where p+ q = n+ 1, an inversion formula
obtained in Theorem 1.1 is the inverse formula for Rn41,p,q)-

Namely, we show that R~ is also right inverse.
Second we characterize the images of Radon transforms of characteristic
functions of Schubert cells of the Grassmannian (Theorem 5.1).
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Theorem 1.3. Leta € Ap,—p.

(i) In the complex case, we have
Z log forp<gq,

R(er;pﬂ)(lﬂi) =
Z log forp>gq,

where B ranges through sequences in Ay, containing (or contained by) &.

(i1) In the real case, we have

D (—1)ailg forp <gq,
acp

Rin+1p.9)(Lag) =
D (—1)Belg forp>gq,

asp
where [? ranges through sequences in Ay, containing (or contained by) é.

Here A, 4 is the set of the complement of Young diagrams and 9, is the
Schubert cell corresponding to a € A, 4. For precise definitions of the sequence
& and the constant Cq 0 SCC Section 5; the sequence & depends on « € A4
and the constant Ca only depends on o, 3 € A 4.

The plan of this paper is as follows.

We first recall basic properties of Grassmann manifolds, constructible func-
tions and Schapira’s formula in general case in Section 2.

In Section 3, we construct an inversion formula for R, 41,p,4) in each Grass-
mann case. In Section 3.1, we modify Schapira’s formula in general case under
the almost same assumptions as Schapira’s. This gives an inversion formula
for the Radon transformation Rg (Proposition 3.2). We can apply this for-
mula to the Radon transformation R(,11;1,4) (Proposition 3.3). Moreover,
in Section 3.2 we concretely construct an inversion transformation R~! for
R(nt1;p,q) (P # 1) by modifying the kernel function of this inversion transfor-
mation under suitable conditions of p and ¢ (Theorem 3.1).

In Section 4, we prove that an inversion transformation R~! constructed
as a left inverse in Section 3.2 is right inverse in the case where p +q¢=n+ 1.
This show that the Radon transformation R(,41,pn41-p) is the non-trivial
isomorphism between CF(F,41(p)) and its dual CF(F,,+1(n+1—p)) (Theorem
4.1). Here CF(X) is the set of constructible functions on X.
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In Section 5, we calculate the images of Radon transforms of characteristic
functions of Schubert cells. We characterize these images by Young diagrams.

We have some remarks on this topics.

The meaning of our integration is not usual one but topological one based
on the Euler-Poincaré indices of slices. On the other hand, in [8], T. Kakehi
constructed an inversion formula for Radon transforms of C'°°-functions on
F,+1(p). In spite of the difference of definition of Radon transforms, the suf-
ficient condition under which we obtain an inversion formula in both cases
coincide with each other; namely in the real Grassmann case only when ¢ —p is
even, we obtain both inversion formulas. It would be interesting to investigate
the reason why the condition coincides. Moreover, in [7], recently, E. Grinberg
and B. Rudin constructed an inversion formula of Radon transforms of C'*°-
functions on F,11(p) for any p, ¢. We might construct an inversion formula for
our topological Radon transformation in the real Grassmann case where ¢ — p
is odd.

Moreover, in [12], we have succeeded in proving of Hergason’s support
theorem for Radon transforms of constructible functions .

Finally, the author would like to thank Professor Kiyoomi Kataoka of
University of Tokyo and Professor Kiyoshi Takeuchi of University of Tsukuba
for several useful discussions and advice.

§2. Preliminaries
82.1. A cell decomposition of Grassmann manifolds

We recall the notation and well-known results on a cell decomposition of
the Grassmann manifold, that is Schubert decomposition. For more details, we
refer to [1], [5], [6].

Definition 2.1. Let E be an n—dimensional vector space over k = R
or C, and p, ¢ integers satisfying 1 < p < ¢ < n. We set

(i) Fo(p) ={z | =z is a linear subspace of E, whose dimension is p.},
(i) Fnlp,q) = {(z,y) € Fulp) X Fulg) | ©Cy },
(iii) Fn(q,p) ={(y,x) € Fulq) X Fulp) | yDz },
(iv) pn(p) = x(Fn(p)) : the topological Euler-Poincaré index of F,(p).

We calculate p, (p) concretely in A.
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We fix a basis ey, es,...,e, of E. We set V; = spanfey,ea,...,¢;] for
i=1,2,...,n. Then we have a complete flag of vector spaces;
Wwcvac---CcV,, dimV;=qi.

We recall a cell decomposition of F,(p), which is called Schubert decom-
position.

Definition 2.2.
(i) Let A = (a1, as,...,a,) be a sequence of integers such that

n—p>a >ay>--->ap>0.

This sequence corresponds to what is called a Young diagram with at most
p rows and n—p columns. We identify this sequence with a Young diagram.

ii) For a Young diagram A\ = (a1, as,...,a,), we define its complement \°¢ =
P
(bl, bQ, ey bp) by

bj=n—-p—a; forj=12,...,p.

(iii) For a sequence A = (a1, as,...,ap), we set

p
|/\| = Z ag.
k=1

Definition 2.3.  Let X be a Young diagram, and A® = (b1, be, ..., b,) its
complement. Then we define the Schubert cell corresponding to A by

dim(z N Vi, 44) =1,
dlm(l‘ n VE)H»ifl) =¢—1

K{CEGFn(p)

(1§i§p)}-

Proposition 2.1.  Let A\ be a Young diagram with p rows and n — p
columns. Then we have

(i) OF ~ BN — kp(n—p)—lx\\’ (ii) F,(p) = HQ;
A
Definition 2.4. Let A be a Young diagram. We define the Schubert
variety for A by
Oy ={z€ Fu(p) | dim(@N Vi) 20 (1<i<p)},

where A\° = (b1, b2,...,bp). Note that Q) is an analytic submanifold of F,(p).
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Proposition 2.2.  Let A be a Young diagram A. Then we have

o =] 9.

ACu

where . ranges through Young diagrams containing A as a subset.

§2.2. Constructible functions

We recall the notation and results on constructible functions without
proofs. For more details, we refer to [9].
Let X be a real analytic manifold.

Definition 2.5. A function ¢ : X — Z is set to be constructible if:
(i) For any m € Z, ¢~ *(m) is subanalytic,
(i) the family {¢~1(m)}mez is locally finite in X.

We denote by CF(X) the abelian group of all the constructible functions
on X, and by €.% x the sheaf U — CF(U) on X.

It follows from the Hardt triangulation theorem that ¢ is constructible
if and only if there exists a locally finite family of compact subanalytic con-
tractible subsets {K;}; of X such that

(;5 = ZCilKi'

Here ¢; € Z and 14 is the characteristic function of the subset A.

Example 1. Let D%fc(X ) be the derived category of the category of
complexes of R-constructible sheaves and F € Ob(D%_ (X)) (the base ring is
a field k with characteristic zero). Then its local Euler-Poincaré index

X(F)(z) =) (~1)/dimH(F),

J
is a constructible function.

From now on, x denotes the local Euler-Poincaré index.
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Proposition 2.3.

(i) Let F, G € Ob(D%_.(X)). Then we have

(a) x(F&G)=x(F)+x(G), (b) x(F®G)=x(F)- x(G).

(ii) Let F' — F — F” 1} be a distinguished triangle in D% (X). Then we
have

X(F) = x(F') + x(F").

We denote by Kg_.(X) the Grothendieck group of D _(X). This group
is obtained as the quotient group of the free abelian group generated by
Ob(D%_ (X)) under the following equivalence relations: F = F’ + F” if there

exists a distinguished triangle F/ — F — F” .

Theorem 2.1 ([9, Theorem 9.7.11)).  The group homomorphism in-
duced by the local Fuler-Poincaré index x

X : Kr_o(X) — CF(X)
is an isomorphism.

Next, we recall operations on constructible functions [9]. These operations
are induced by operations of Kg_.(X) through the Euler-Poincaré index .

Definition 2.6. Let X and Y be two real analytic manifolds, and f:
Y — X a real analytic map.

(i) The inverse image: Let ¢ € CF(X). We set

[ro(y) = o(f(y)).
Note that if ¢ = x(F), then f*¢ = x(f~1F).

(ii) The integral: Let ¢ € CF(X). Assume that ¢ is represented as ¢ = x(F) =
>, cilk,. Here F € Ob(DY_ (X)), and {K;} is a locally finite family of
compact subanalytic contractible subsets. Assume moreover that ¢ has
compact support. Then we set

/}(qb:Zci:x(RF(X;F))
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(iii) The direct image: Let ¢ € CF(Y). Assume that f: supp(v) — X is
proper. Here supp(¢) denotes a support of . We set

(/fw) @ = @10

Note that if ¥ = x(G) and f is proper on supp(G), then ff Y = x(RAG).

Remark 1. Let A be a locally closet subset of a manifold X. Then the
integral [ « 14 is not the usual integral, but a kind of topological integrals. By
Theorem 2.1 and the definition, we have the following equalities:

/X 14 = X(RI(X;ka)) = X(RIO(X; 00 'kx)) = X(RT.(A;5ka)) = xc(A).

Here kis Ror C, i : A — X is an inclusion morphism and . is the topological
Euler-Poincaré index with compact supports.

Let A1, As be two locally closed subsets of a manifold X such that As C
A;. Then we have distinguished triangles

41
Capna, = Ca, — Cay, —,

RTL(X;Cap\a,) — RE(X;Ca,) — RIL(X;Ca,) &

Therefore we have the additivity of x.;
Xe(A1) = Xe(Ar \ A2) + xc(A2).

By this additivity of x., we have some examples;

/ 1oy =1, /1[0,1) =0, /1(0,1) =-—1.
R R R

Proposition 2.4.
(i) The following operations are well-defined morphisms of sheaves;
(a) f :f_kgcgzx — CFy, (b) / fCFy - C€F x.
f

(ii) Inverse and direct images have functorial properties. Precisely, if f:Y —
X and g: Z — 'Y are real analytic maps, then we have;

(© g of =(fog), () /f/f/
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(iii) Consider a Cartesian diagram of morphisms of real analytic manifolds:

Y/ _f/> XI

Lo

y L x

Let p € CF(Y). Suppose that f is proper on suppy. Then we have
g [v=[ o).
! I’

§2.3. Radon transforms of constructible functions and
Schapira’s formula

We recall the definition of Radon transforms of constructible functions and
Schapira’s formula ([11]).

Let X and Y be two real analytic manifolds, and S a locally closed sub-
analytic subset of X x Y. Denote by p; and ps the first and second projections
defined on X xY | and by f and g the restrictions of p; and p3 to S respectively:

XxY
U
(2.1) P1 S P2
I
X Y.
We assume;
(2.2) pa is proper on S (the closure of S in X x Y).

Definition 2.7. For a ¢ € CF(X), we set
Rs(@)= | ffo= [ L1s(pio).
sto)= [ o= [ 15010

We call Rg(¢) the Radon transform of ¢.

Let S’ C Y x X be another locally closed subanalytic subset. We denote
again by po and p; the first and second projections defined on Y x X, by f’ and
g’ the restrictions of p; and ps to S/, and by r the projection S x S" — X x X.

Y
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Then Schapira posed the following assumptions:

(2.3) py is proper on S’ (the closure of S" in Y x X),
] Ao # ),

2.4 I\ €Zst. N# pand x(r~H(z,2')) = ,

(2.4) = A2

where x is the topological Euler-Poincaré index. We use the same symbol x as
the local Euler-Poincaré index.
In this paper, we refer to the assumption (2.4) as Schapira’s condition.
Under the notation above, Schapira’s formula is stated as follows.

Theorem 2.2 ([11, Theorem 3.1]).  Assume (2.2), (2.3) and (2.4).
Then, for any ¢ € CF(X), we have

R@onaw(uM¢+<AA@1x

Proof. For the convenience of readers, we recall the proof of this theorem.
Denote by h and I/ the projections from S x S’ to S and S’ respectively.
Y

Consider the following diagram:

S xS

2N

S X xX S’

Since the square

Sxs Mg
Y

hy O lg'
S —9 .y

is of Cartesian, we have

Rsors@)= [ 0" [(ron=[ (ome=[ [rao
— [ Kw.w)aio.

q2

Here we have

k(x,z") Z/T*l){xx :/1S><S’-
r r Y
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By Schapira’s condition (2.4), we have

/1S1>§SI = /’Lle +)\1X><X\AX = (lu’_ A)le +)\1X><X;
T

where Ax is the diagonal of X x X.
Since fq2 1a, qf¢ = ¢ and fqz lxxx ¢i¢ = [y ¢, we obtain the result. [

In [11], Schapira applied this formula to correspondences of real flag man-
ifolds; that is, we consider the following diagram called the correspondence;

Fn 1(1aq)
(25) / e
Fria(1) Fri1(q),

where f and g are projections.

We set Rint1;1,9) = Rs and Rp41;4,1) = Rs, where S = F,1(1,q) and
S’ = F,41(g,1). Then this situation satisfies the assumptions of Schapira’s
formula, because we have

7‘71(1} (E/) ~ anl(q_2) (l‘#xl)a
’ F.(¢—1) (z=2a').

Therefore we can apply Theorem 2.2 to this case.

Proposition 2.5 ([11, Proposition 4.1]).  Consider the correspondence
(2.5). For any ¢ € CF(F,4+1(1)), we have

Rn+1:9,0) © R(n+1;1’q)(¢)
= (pn(q —1) = pn—1(q = 2))¢ + pn-1(q — 2) (/ ¢> 1r, )
nt1(1)
In particular, if n is odd, we obtain an inversion formula for Rn41;1,n)-

83. Inversion of Radon Transforms of Constructible Functions

We generalize (2.5); that is, we consider the followmg diagram:

><F‘nJrl

n+1
(3.1) / n+1(p, g S
n+1 n+1

We set X = FnH(p), Y =F,11(q) and S = F,,11(p, q).
We consider the following problems;
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(i) an inversion formula for R(,41;1,4) in the case where n is even or q # n,
(ii) an inversion formula for R, 11y ) in the case where 1 < p and 1 < g.

Namely, we consider the reconstruction of ¢ from Rg(¢$) on Grassmann
manifolds.
We remark that Schapira already considered this diagram (3.1) in [11], but
he could not obtain results for these problems.
83.1. A minor modification of Schapira’s formula

We modify Schapira’s formula. We inherit the notation from Section 2.3.

Definition 3.1. For a ) € CF(Y), we set

Rom:/pl 1YXX<pzw>=/pl<p;w>= (/Yw) 1.

Definition 3.2.  We define the transposed set of S by
'S={y. )€Y xX|[(z, y) €S}

In this section, we assume Schapira’s assumptions (2.2), (2.3), (2.4) and
the following assumption:

(3.2) s =49

Proposition 3.1.  Let ¢ € CF(X). Then we have
RooRs(é) = [ (nd)Lx.
p's

Proof. A constructible function ¢ is represented by ¢ = > ¢;1k,, where

{K;} is a locally finite family of compact subanalytic contractilile subsets. By

the linearity of transformations, it is enough to show this formula only for a

characteristic function 1x of a compact subanalytic contractible subset K.
Since the square

XxYy 2,y

pho 0 o

X — {pt}
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is of Cartesian, we have

RooRs(Lx) = / P} / (1s - pilx) = ak / / (s pilx)
P1 P2 ay v p2
=a}/ /<1s-p1‘1K>.
ax v pi1

For any ¢ € CF(X), we have

(X/as) (r) = (/ 0) () = [ 9N @) = ([ 6) 1000

Since the Euler-Poincaré index of
{z} xYNS~{yeY | (z,y) €S}

is v defined in (2.4), we have

(/ 1s ~p’{1K> (r) = / L(({23nK)xy)ns (@', y') = plk.
pP1 XxY

Therefore we obtain the desired result. O

Definition 3.3. For a ¢p € CF(Y), we set

RL(w) = / (4ls — My x) (030) = R () — XRo(¥).

p1

Proposition 3.2. Let ¢ € CF(X). Then we have

R oRs(9) = ulp — M.

In particular, if p(p — A) is not zero, we can reconstruct the original con-
structible function ¢ from its Radon transform Rg(¢) by dividing the last term
by this constant pu(pu — A).

Proof. By Theorem 2.2 and Proposition 3.1, we have

R~ oRs(¢) = uRs 0 Rs(¢) — ARo 0 Rs(d) = p(p — A
|

We apply this result to the complex or real Grassmann manifolds. We
recall the Euler-Poincaré index of the Grassmann manifold. For more detail
calculation, see A.
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In the complex case, we have

(33) i) = (7))
In the real case, we have
0 (if p(n—p) is odd),
(3.4) ptn) =4 (Z(3)
£(3)

Here FE (%) denotes the integral part of 7, (b) is the binomial coefficient.

(if p(n — p) is even).

We consider the correspondence (2.5). Then the assumptions (2.2), (2.3),
(2.4) and (3.2) are satisfied. We remark that

p=pn(g—1), A=pn_1(q—2).

We consider the conditions of ¢ that pu(p — A) # 0 from (3.3) and (3.4).
Therefore we can apply Proposition 3.2 to the Grassmann cases.

Proposition 3.3.  We have u(u — X) # 0 if either one of the following
conditions are satisfied,

(i) ¢ > 1 under the complex Grassmann case,
(ii) ¢ s odd and 1 < ¢ <n+ 1 under the real Grassmann case.

In particular, then we obtain an inversion formula for Ri,41;1,q)-

83.2. Inversion formulas on Grassmann manifolds

For p < ¢q, we consider the diagram (3.1).

We remark that Schapira’s condition (2.4) is not satisfied if 1 < p. This is
because we consider (p+1) cases according to dim(x1Nag) to study r—1(z1, z2).

We introduce new sets in order to construct to an inversion transformation

for R(nt1:p.9)-
Definition 3.4. We set
(i) S;={(y,x) e Y x X | dim(ynz) =1 }fori=0,1,...,p,

(i) Z; ={(z1,22) e X x X | dim(z; Nay) =7 }for j=0,1,...,p.
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Remark 2. We have
D
xxx=]]%
j=0

Consider the following diagram:

/ w”\

Denote by h and I’ the projections from S x S; to S and S’ respectively.
Y

Note that Z, = {(x1,22) € XxX | 21 = z2} and we have qu 12,476 = ¢.
In order to apply the same argument as in the proof of Theorem 2.2 and Section
3.1, we modify the kernel such that [ (kernel) is equal to 1z, .

We calculate [ 1 5%

p
(/r]-S;jSI) .2?1,.7}2 Z /SXS r~Hzy,x2)Nr—1(Z;) '1Zj~

7=0

We consider 7~ (z1,22) NS x S; when we fix (21, 22) € Z;. We have
1%

1 - F,
r (m,u)ﬂsész {ye +1(q) dim(zo Ny) =1

ey _ } (dim(z Nx2) = 7).

Here we consider conditions in the quotient space E/z;. Then we have

0 (@ <),
V€ Fupiplg —p) [dim(eny) =i —j | (i 2 )

r 1 NS xS;~
(IL’l,ZL’Q) X {

_ o <)
Qi \ Qiv1 (@2 7),

where we set
(35 Qij={y€Fny1p(g—pldim@@ny) >i—j} (dimz=p-j).

This set is nothing but a Schubert variety of F,11_,(¢ — p).
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Therefore we calculate the Euler-Poincaré index x.(€2; ;\i+1,;) with com-
pact supports. It is enough to calculate x.(€; ;), because we have the additivity

Xe(Qij \ Qiv15) = Xe(Qij) = Xe(Qig1,j)

We can calculate x.(€2; ;) by using a cell decomposition of €2; ; and the
Young diagram corresponding to €2; ;. For more details, see A.

(i) If we consider complex Grassmannians, i.e. E = C""!, then we obtain

0 (1 <3,
xc(rfl(xl,:cg)m*l(Zj)ﬂséSi): (p—j><n+1—2p+j) P>
i=j/\g-p—it] -

=Gy

(ii) If we consider real Grassmannians, i.e. E = R"*1 then we obtain

(—1)(q_p)("+1_q)xc<7”_l($1,-732) N r_l(Zj) NS x Sl)
Y

0, (i <)
p—1
Z(_l)l;U'lJri*j*l(l)/f“nJrlfpfiJrjfl(q —p—i+j)
=1 i (i > )

,Ufl+7. —7 l)ﬂn—p—i—‘—j—l(q 2 { +J - 1) )

=0

Pn+1-2p+5(q — D) (i=17)
—. (—1)(‘1_1’)("“_‘1)@-]-.

We can unify these two cases. Note that ¢;; is independent of the choice
of (x1,22) in Z;. Therefore we have

<‘/T]-S'§Sl> xlaxQ ZCU]‘Z

Here, we denote by CP*¢ the square matrix (c;;)o<s,j<p Of size (p+1). Since
this is the lower triangular matrix, we have

P
= H Hn+1-2p+5(q — p)
=0

(3.6)

in both cases. In particular it is Z-valued.
In the argument here after, we consider the case where det CP9 # 0. We
derive the following conditions for det C?*¢ # 0 from (3.3) and (3.4):



RADON TRANSFORMS ON (GRASSMANN MANIFOLDS 567

(i) p+ ¢ <n+1 in the complex Grassmann case,
(ii) p+¢<n+1and g — pis even in the real Grassmann case.

Under the preliminaries above, we define the kernel function of an inversion

formula for R, 41,p.9)-

We obtain the equation

1Z0 fr 13530
Cpa 121 = fT 1S‘>§S1
1z, /. 15551,

When det CP # 0, we can solve this equation with respect to 1z, by
Cramer’s formula:

Coo 0 ce 0 fr ]-SXSO
Y
o C11 - : J 1sxs,
Y
detC?9.15 =det
P 0
Cp—1,0Cp—1,1--- Cp—1,p—1 fr 1S}>§Sp_1

Cp’() cp,l Cp’p,1 f'r’lsésp
Definition 3.5. If det CP9 £ 0, we set

Coo 0 o 0 ]‘SO

Ky 4 = det

Cp—1,0 Cp—1,1 - - - Cp—1,p—1 Ls,
Cpo0  Cpl --- Cpp-1 1lg,

Then we can define R™1(¢)) for a ¢ € CF(F,+1(q)) by
RY) = | Kpq- (039).
)= [ Ko 030

The main result in this paper is:

Theorem 3.1.  Consider the diagram (3.1). If det CP? # 0, then for
any ¢ € CF(F,41(p)) we have

R to Rn+1ip,q) (@) = det CP1 - ¢,



568 YUTAKA MATSUI

This means that we can reconstruct the original constructible function ¢
from its Radon transform R, 1,p.q)(¢) by dividing the last term by the constant
det CP1. In particular, we obtain an inversion formula for R, y1,p.q) if €ither
one of the following conditions are satisfied,

(i) p+q <n+1 under the complex Grassmann case,

(ii) p+g¢<n+1 and g — p is even under the real Grassmann case.

Proof. 1In the same way as in the proof of Theorem 2.2, we have

R OR(H+1;p,q)(¢) :/ Kpq- <p§/ 1s pT¢>
p1 P2

Coo 0 PN 0 fr 1S)>§So
o o1 - fr 1S§51
= det : S : o
Cp=10 Cp—11 - Gp-1p-1 [ Lsxs, s
Cp0 Cp1 --- Cpp-1 fr 15557)
:/ detC?17,q1¢
q2
= detCP4 - ¢,
Note that fq2 12,476 = ¢. O

Remark 3.  In the argument above, we consider only the case where p <
q. However, we obtain results in other cases.

When p = g, the inversion formula is trivial because R(n41;p,q)
= 1dCP(Fyi1(p)-

When p > g, we have only to consider the result in the case of p < ¢ by
the dualities of Grassmann manifolds. Namely, we obtain an inversion formula
for Rint1,p,q) if p+¢>n+1in the complex case orif p+¢ >n+1and p—gq
is even in the real case.

84. The Inverse Radon Transformation

In this section, we show the following theorem

Theorem 4.1. Let p+q=n+ 1 hold. The inversion transformation
R~ defined in Definition 3.5 gives the inverse transformation for the Radon
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transformation R(,41.p,q)- Namely, the Radon transformation R (n41.p,q) is the
non-trivial isomorphism from CF(F,+1(p)) to CF(F,11(q)) up to constant if
either one of the following conditions are satisfied,

(i) the complex case,
(i) p+g=n+1 and g — p is even in the real case.

Moreover, through the Fuler-Poincaré index x, the Radon transformation
gives the non-trivial isomorphism between Grothendieck groups.

First, we remark that it is enough to show that R~ gives a right inverse
transformation of R, 41.p q).- Moreover, in the same argument as Section 3.2,
it is enough to consider only when p < g and p+ ¢ =n+ 1.

Before going into the proof of this theorem, we need some preliminaries.

We consider the diagram (3.1). We introduce the following sets similarly
to Section 3.2.

Definition 4.1. We set
(i) Si={(y,2) eY xX | dim(yna)=i}fori=0,1,...,p
(H) Z; = {(ylayQ) €Y xY | dlm(ylmy2) :]+(q7p) } fOI'j:O,l,...,p

Remark 4.  We have an inequality

g —p <dim(y1 Ny2) < gq.
Moreover we have that
p
Y xv =]]%
=0

We calculate Rg o R™! similarly to Section 3.2.
Consider the following diagram:

S><S

/#\

i Y xY

%N

Y.

In the same way as in the proof of Theorem 2.2, we calculate fr, 1s,x5s;
X
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Proposition 4.1.  We have

(/ 15, ><S> Z% Z}

where CP'7 = (¢;;)o<i,j<p 1S the coefficient matriz defined in Section 3.2.

Proof.

P

(/T/ 1Si;<(S) y17y2 Z /S XS = 1(y17y2)m7ﬂ/,1(z§) . ]_Z;

7=0
First, we consider r'~1(y1,y2) NS; x S for (y1,92) € Zj.
X

We have

T C Y1

dim(z Nyz) =4
={z € Fy(p) | dim(zNy Nys) =1}
:Q’ \Qzﬂj,

where we denote by

Q;; ={z € Fy(p)| dim(zNy) >4} (dim(y) =j+q—p).

This set is a Schubert variety of F,(p).
Similarly to in Section 3.2, it is enough to calculate x.(€; ;).
Here we consider the Young diagram corresponding to €2, ; in (3.5) and

that of €2 ;
These Young diagrams have the following shapes;

i—J qgq—p—i+j

ij S
q—p—1i1+]

(Figure 1)

This implies that

Xe(Qi5) = XC(QI )
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Therefore we have

Xe(r"Hy1,y2) N r’_l(Z;») nsS; % S) = cij.

Finally, we show Theorem 4.1. For any ¢ € CF(F,+1(q)), we have
R(7z+1;p,q) © Ril(w) :/ ]-S . (pik/ Kp,q P§¢>
p2 P1
Coo 0 ce 0 fr 1SO)>§S

o c11 - : [ 1s,xs
X

= det : Co- : a"
/ S

2
Cp=10 Cp—1,1 7~ Ep=1.p-1 [y L, ixs

Cpo  Cp1 """ Cpp-—1 frlsp;és

:/ detC”’qlzz/)q’l*w
%

=detCP? - 1.
The third identity is due to the result of Section 3.2 and we remark that
Sy 1z,d7 e = .

85. The Image of Radon Transform of the Characteristic Function
on a Schubert Cell

In this section, we characterize the image of the Radon transform of the
characteristic function of a Schubert cell. We consider the correspondence (3.1).
Moreover, we take account of the complement A\° of a Young diagram A when
we study the Schubert cell in this section. We set

Apn—p={(a1,0a2,...,ap) |0< a1 <az<---<a,<n-—p}

This is the set of increasing sequences like A°. We denote by Q¢ the Schubert
cell corresponding to A for A = a € Ay p—p.

Definition 5.1.

(i) For an o = (a1, a2,...,ap) € Ay n—p, we define a new sequence & € A,
by

= (a1 +1,a0+2,...,ap +p).
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(ii) Let o = (a1,a9,...,ap) € Ay, and B = (b1,ba,...,by) € Ay, for p < q.
Then we define the relation o C 8 if for each ¢ (1 < ¢ < p) there exists
Jj (1 <j <gq) such that a; = b;. We denote by o, g this correspondence
of numbers, that is, o, 5(i) = j.

Definition 5.2. Let @ = (a1,a2,...,ap) € App_p, B = (b1,b2,...,0,)
€ Agn—q such that o C 3. Then we set

p
Cap =Y Oap(k)—k.
k=1

We characterize the image of the Radon transform of 1qs .

Theorem 5.1. Leta € Ap,—p.
(i) In the complex case, we have
> 1o forp<gq,
aCpB
Rin+1p.q)(Lag) =
> 1o forp>gq,

adp
where [3 ranges through sequences in A, containing (or contained by) .

(ii) In the real case, we have

D (—1)wi g forp<q,
acp

R(er;pﬂ)(lﬂg) =
> (—1)%algs forp>gq,

anh
where /3’ ranges through sequences in A, containing (or contained by) .

Proof. 1t is enough to consider the case where p < ¢ and to calculate

Rs(103)(0) = [ y-snsnsa.
‘We have
g M y)nsSn fH)
x Cuy,

>~z € Fupi(p) | dim(x NV, 44) =1,
dim(x N VahLi,l) =71—1
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Here we fix any = € Q. If z C y, then y have the same gaps of dimensions
of intersection with the complete flag of E as ones of x. Therefore 3 satisfies
8o a.

Let z € Qq, y € Qg where & C B Then we can choose the basis of the
whole space E to contain the basis of y without changing the original complete
flag. y has the complete flag which is a subflag of the complete flag of F.
Namely, we define the complete flag of y by

Vo411 CVoyg2 T C Vipyg

Vi ¢ Vg - CV =y

By considering in y, the fiber above is a Schubert cell of Fy(p);
g y)nsSn i

dim(x N Vg, 44) =1, .
:{xqu(p) +i) (z:1,2,...,p)}

)

(
dim(zNVy,4i-1)=i—1

N{xEFq(p) E

dim(z NV ol )) =1,
i =1,2,..., .
;g @=12....p)
Therefore we calculate the Euler-Poincaré index with compact supports of

oo s(i)-1) =

this Schubert cell. In the complex case, it is equal to 1. In the real case, it is
equal to (—1)%5. So we obtain the desired results. O

We can represent this formula by Young diagrams when p =1, ¢ = n.

Definition 5.3. We denote by Ay the Young diagram (k) with at most
one row and n columns (0 < k < n). For A = A\g, we define its dual with at
most n rows and one column;

A =(1,1,...,1, 1, 0,0,...,0).

Definition 5.4. Let A be a Young diagram with at most one row and
n columns. For a Young diagram p with at most n rows and one column, we
set

Cfa—Al Gorn— N < lu,
) = {n — X = 1 (for n— || > ).

Proposition 5.1.  Let A be a Young diagram with one row and n columns.
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(i) In the complex case, we have

(5.1) Rnt1:1,m)(Lag) = Z 1oo,
o

where p ranges through Young diagrams with at most n rows and one col-
umn which are not equal to X*. We can rewrite (5.1) as

011---1
Loy, o1 | [
1o, 1o,.
Rn+1;1,n) : =101 !
o/ \111. o) oy
(ii) In the real case, we have
(5.2) Rinstim(lag) = > (1) W1ge,

HAEN

where . ranges through Young diagrams with at most n rows and one col-
umn which are not equal to X*. We can rewrite (5.2) as

0 (_1)n—1 (_1)n—1 (=1 n—1 1
19,\0 (_1)71—1 0 (_1)n—2 L _1)n—2 IQAS
Q n— n— n— Qxx
Rn+1;1,m) ;A1 =| GO0 (=1)m? .Al
1 . : . :
Dan 1 1 1 ... 0 Loy,

A. The Calculation of Euler-Poincaré Indices of Schubert Varieties

In this appendix, we calculate the Euler-Poincaré indices with compact
supports of Schubert varieties straightforwardly. These calculations are ele-
mentary, but we write for the completeness of this paper. For the other more
technical calculations with characteristic classes, we refer to [6], [10].

First, we extend the definition of (;) by

(n> _ @ (n>p>0),

p 0 (otherwise).
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Let x be an m-dimensional subspace of E. We calculate the Euler-Poincaré
index with compact supports of the following Schubert variety:

Q™F .= {y e F,(p)| dim(znNy) >k},
which corresponds to the Young diagram A = (a1, ag, . .., a,) with

W AP mE k(1<) <h),
70 (k+1<j<p).

We denote the Euler-Poincaré index with compact supports by x..
First we consider complex Grassmann manifolds, i.e. F = C**+1,

Proposition A.1.  We have

tin(p) = X(Fa(p)) = (")

p

Proof. We calculate the Euler-Poincaré index with compact supports of
a Schubert cell. Since C is a real 2-dimensional vector space, we have

Xe(Q) = Xc((cp(n—p)—lul) - X(Cp(n—p)—lul) —=1.

By Proposition 2.1, we count the number of the shortest ways which con-
nect from A to B (see Figure 2).

(Figure 2)

Proposition A.2.  We have
" n—m m
. Qm,k _ .
xe () ; (p—kz—l) <k+l>
Proof. By the additivity of x., we have for a Schubert variety
Xe@™) =xe [ TT] =D xe(@) =D 1=t{u|ACp}
ACp ACp ACu

We count the number of the shortest ways which connect from A to B
through each point on the L (see Figure 3).
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n—p—m+k m —k

k A B

(Figure 3)

Next, we consider real Grassmann manifolds, i.e. £ = R"*!,
First, we calculate the Euler-Poincaré index with compact supports of a
Schubert cell. By the Poincaré duality we have

Xe(€0)) = X (RPC=PI7Inly = (—qypn=p)=lul,

By the additivity of x., we have for a Schubert variety

Xel@) =xe | [T | =3 xe(@q) = Y (—1ptnp)=lu

ACp ACp ACu

= (=1)P(n=P) Z(*l)w‘

ACp

So we count the numbers of Young diagrams; the number of Young dia-
grams containing A with at most p rows n — p columns.

Definition A.1. We set

and n — p columns. |u| is even.

(i) en(p) =14 {u

w1 is a Young diagram with at most p rows }

(ii) on(p) =1 {#

w1 is a Young diagram with at most p rows
and n — p columns. |u is odd. ’

Proposition A.3. We have

0 e =3 {(2)rmmf @ om =5 {(7)-mo}.

where p,(p) is the Euler index of the real Grassmann manifold F,,(p).

Proof. By Definition A.1, we have

en(D) = on(p) = in(D)s  en(p) + on(p) = (Z)
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Proposition A.4.  We have

Qn (if p(n — p) is odd),
— = E(5

(A1) pn(p) = x(Fn(p)) = (]% (if p(n — p) is even).
£(3)

Here E (%) denotes the integral part of 5, (Z) 1s the binomial coefficient.

Proof. We show this proposition by induction on p.
In the case where p = 1, we have (A.1) for all n > 1 from

on(l):E(g>, en(1):E<”;Ll>.

In the cases where p > 1, we consider the following four cases.

(i) pis odd, n is even.

For each Young diagram A, we consider A°. Since the number of total
boxes with at most p rows n — p columns is odd, we have the equality
on(p) = en(p), i.e. pn(p) = 0. This proves (A.1) in the case of (i).

In the following cases, we count the number of boxes in a Young diagram
by dividing the cases according to the number of boxes in the first row.

(ii) pis odd, n is odd. Since n — p is even, we have

On(p) Onfl(p - 1) + en72(p - ]-) + 0n73(p - ]-) +---+ ep(p - 1)7
en(p) :en—l(p - 1) + On—2(p - 1) + en—3(p - 1) +e Op(p - 1) +1

Therefore we have

fn—1(p—1) = pin—2(p = 1) + pn—s(p—1) — - —pp(p— 1) + 1

N ORNE IR

k=p—1 E <pl> E p-t1 E (1—7)

pn(P)

2
(iii) p is even (= 2¢), n is even (= 2m). Since n — p is even, we have

on(p)=on-1(p—1)+en2(p—1)+on3(p—1)+ - +ep(p—1),
en(p)=en—1(p—1)+on2(p—1)+en3(p—1)+ - +o,(p—1) + 1
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Therefore we have

fn(p) = pn—1(p = 1) = pn—2(p = 1) + pn—3(p—1) = —pp(p— 1) +1
B n;l) > n;3
= . %1> —0+ . p—l =041
2 (0-0- ()
Sl ) e )

(iv) pis even (= 2q), n is odd (= 2m + 1). Since n — p is odd, we have

on(p)=en-1(p—1)+op2(p—1)+e,s3(p—1)+--+ ep(p - 1),
en(p)=on—1(p—1) +en2op—1)+o0n3(p—1)+-+op(p—1)+ 1.

Therefore we have

fin(p) = —pin-1(p = 1) + pin—2(p = 1) = ptn—3(p = 1) =+ —pp(p — 1) +1
n—2
-0+ zé 04— 0+1
2
ey ey (E(G)
-5 ()-0)- ()

Proposition A.5.  We have

m—k
e (ka) _ 1)p(n=r) ; Y btrsr—1(Dpin—r—1(p — k)| (k > 1),
(=P =Py, (p) (k=0).
Proof. We set eo,(p) = % {(Z) + (l)jun(p)}.
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Then we have
(— )p(n ) (ka)

Z 0l+k 1(Don—k—i(p—k) + eo§+k_1(l)e7l_k_l(p —k)
(k>1),

—eo} 1 (Don—k—1(p— k) — eoj ) (Den—k—i(p— k)

tin (D) (k=0)

(=D s r—1(Dpn—r—i(p = k)| (k > 1),

3
-

I
=)

fin () (k=0).
n—p—m+k m—k B
A A1 k—1
TTTTrrrrr] 1
M
Ao p—k
A
(Figure 4)

Here, A\; is a Young diagram with k rows and m — k columns. Further A, is a
Young diagram with p — k rows and n — p columns.

For example, if k(m — k) is even, we count the number of Young diagrams
which have even boxes in A; and odd boxes in A\,. We divide our problem
into cases where diagrams have m — k — j boxes at M from the left (0 <
j < m—k). If jis even, the number of Young diagrams that we count is
ek—145(k—1) X 0p_i—;(p—k). If j is odd, the number of Young diagrams that
we should count is 0p—14;(k — 1) X 0p——;j(p — k) (see Figure 4). O

At the end of this appendix, we calculate x.(2™°) — x.(22™!) in another
way, which plays an important role in Section 3.2.

Proposition A.6. We have

Xe(Q™0) = xe(Q™ 1) = (=1)P P i (p).

Proof. We denote by e)(n) (resp. o)(n)) the number of Young diagrams
containing A with p rows and n — p columns whose number of boxes is even
(resp. odd).
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Then for the Young diagram A = (n —p —m+ 1,0,...,0), we have

(=1)POP e (™) = xe(Q™ )} = pa(p) — (e () — 0p(n))

= (ep(n) = ep(n) = (0p(n) — 0y(n)

where M = (n — p—m,0,...,0) (see Figure 5).

(10]

(1]
(12]

(13]

n—p—m-+1 m—1
1 A

(Figure 5)
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