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On the Morawetz—Keel-Smith-Sogge
Inequality for the Wave Equation
on a Curved Background

By

Serge ALINHAC*

Introduction

In their paper [8], Keel, Smith and Sogge establish an improved standard
energy inequality for the wave equation, where the energy right-hand side con-
trols the energy and also

llog(2 + )] ~1/2 (/ /Ot(l + r)1|8u2dacdt')1/2.

They obtain this inequality in space dimension n = 3 using the strong Huy-
gens principle and clever cut-offs. In particular, the inequality shows that, for
energy data, the local energy of the solution in, say, r < 1, is almost inte-
grable in ¢ (and not just bounded as it is close to the light cone). Similar ideas
where introduced long ago by Morawetz [15] and have been also developed by
Mochizuki and Matsuyama [12], [14]. This improved energy inequality, which
we call Morawetz/KSS inequality from the names of the mathematicians who
found it, has been used by them to solve semilinear and quasilinear exterior
boundary value problems [8], [9]. It has been also extended to higher dimen-
sions by Metcalfe [12] and used in the context of quasilinear wave equations or
systems by Metcalfe [12] and Hidano and Yokoyama [6].

In [2] (developing an idea from [1]), we also proved an improved standard
energy inequality, in which the “good derivatives” T; = 9; + (x;/r)0; are shown
to behave better close to the light cone. We display this inequality in two
slightly different settings : a pure coordinate approach, and a more geometric
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approach in the spirit of Christodoulou and Klainerman [5], Klainerman and
Nicolo [10]. This inequality plays also a crucial role in the work of Lindblad
and Rodniansky [11], and in Alinhac [3], [4].

Thus it seemed interesting to us to try to obtain both inequalities on a
curved background; since many bad terms of one inequality have to be con-
trolled by good terms of the other, both inequalities have to be proved to-
gether. The remarkable fact here is that the conditions on the metric to obtain
one or the other inequality are essentially the same, thus allowing relatively
light assumptions. In this paper, using a multiplier technique in the spirit of
the original Morawetz paper [13] and of [12], [14], we present two versions (co-
ordinate and geometric) of this inequality. It turns out that very little decay of
the perturbed metric is required close to the light cone or to the t-axis, while
we still have to require rather strong decay for r >> ¢ or inbetween the t-axis
and the light cone. We hope that this variable coeflicients extension will turn
out to be useful for nonlinear problems as well.

8§1. Perturbed Wave Equations : the Coordinate Approach
Let us consider an operator with real coefficients in R}, x Ry (n > 3)
Pu= 8fu — Elgi’jgngijafju + Yo<a<na®Oqu,
where as usual

xg=t,x = (x1,...,Tpn),r = |2,z = rw,wy = —1,

c=0+@Fr -2 =<r—t>.

In the following, we will sometimes omit the sum sign, and write for instance
gijafju instead of Egijafju, etc. We denote

gij =6 —l—’yijﬁ” = ’yji,c2 = Egijwiwj =1+ Z7ijwiwj,c > 0,
and assume, for some constant 0 < K < 1,
IZnE85] < K€
For a real u we define the energy
B)(0) = E®) = [ ((0)? + 0.
We will also use the standard Lorentz fields Z

8Q,R:a:/\81,H1-=t8i+xi8t,S:t8t+r8T
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and the special derivatives
T; = 0; + wi0, To = 0,

which span the tangent space to the outgoing cones r — ¢t = C. Remark that
we have the relations

ar = Ewl&,az = wiar — (w AN R/T)i,
(t + 7“)(3,5 =+ 3T) = S =+ EwiHi7R/’)" = tilw A H’
T; = (0; — wiOr) + wi (0 + Oy).

These imply the pointwise estimate

(1.1) |Tyu| < C(1+t+7)"'2|Zul,
while the following estimate follows from [6] (p. 118)
(1.2) |ou| < Co™ S| Zu.

Theorem 1.  Assume that the coefficients of P satisfy, for some n > 0,

N

Y| <CA4t+r)""al +10y] <CA+t+r)2"(1+r)t<r—t ~=1/2,
029 < CL+t+7)2 (1 +7) 2 <r—t >3
and, for (1+1t)/2 <r <2(1+t) and all fields Z,
1Z7] < C(L+1),|Z07] < C(L+) 2" <p—t>"1/2,

Then, for any € > 0, there exists C¢ such that, for allt > 0 and all u sufficiently
vanishing at infinity, we have the inequality

(1.3)
E(t) + 2/ o Hlog(1 4 )] | Tyu(w, t') Pdadt’

Dy
+2/ (1+7)"log(2 + )] | 0qu(x, t') Pdxdt!
D,

u2

1
E - o i 2 /
+ /Dt (1+r)‘6lu w;Oru|*dxdt —l—/Dt F0 5 r)2log( £ 1)

-1
< C.E(0) +c€/ Pl {|8tu| + n
D

dzdt’

Oru+ u/r

] dxdt’

t
+C. / AYE{)dt'.
0
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Here, Dy is the strip
Dt - {(x,t/),O S t/ S t}a
while the amplification factor A is
A(t) = |0'_1(C — 1)|L3° + |8tC‘L;o + |0'1+68t20‘L;o + |aawa\L;o.
It is understood here that the L norms in the definition of A are taken only

for (14+1)/2 <r <2(141).

Proof. 1In the whole paper, we will distinguish the three regions
I={r<+t)2LIT={(1+t)/2<r<2(0+O}IIT={r>2(1+1¢)}.

We use € > 0 to denote any strictly positive number, which may vary from one
line to another.

1. We have to revisit the proof of Theorem 1 of [2], since the assumptions
on v are now weaker. We have, with p = b(r —t),
2¢? Pudyu = 0y[eP((9yu)? + g™ (0pu) (95u))] + £0i(...) + €PQ,
Q = b’gijﬂuTju — at'yijTiuTju + 2T7;'yijTju3tu + 24" Tudpu
+(0pu) [ —2T iy w; + Oy wiw; — 2a%we — 'y wiwj].
We choose here b/ (s) = Cp < s >~! [log(1+ < s >)] 717
a. In region I,

la| + |07 + Yy < C(L+7) (1 +1)7,

so that
|Qul?
1+7r

/ ePQdxdt’ > / et g TuTjudrdt’ — C / (1+t)"dadt’.
I I I

b. In region III,
lal +109] + by < C(A+7)71 7,
so that

/ ePQdxdt’ > / et g TiuTjudrdt’ — C / (1 +t)"1¢|oul*dzdt’.
117 117 III

c. In region II, with a small € to be chosen later,

(|a| + |0v)|Tudu| < C'o™=(Tu)? 4 (C/€)(1 + )~ ¢(du)?.
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On the other hand, [Ty| < C(1 +#)~17¢, hence finally for ¢ > 0 small enough
/ erQ > (1/2)/ e? g TyuTjudrdt’ — C/ (1+t)"'¢\0u|?dzdt’.
Ir II IT
Putting together the three inequalities, we obtain

E(t) +/ o log(1+ o))~ ¢ |Tu*dxdt’ < C. {E(O) Jr/ | Pu||Opu|dzdt’
Dy Dy

2
+ ‘18+| (1+¢")"dzxdt’ +/ (L+¢) "1 B(t)dt’ +/ A(t)E( )dt'}a
0

with
Aq(t) = 0] + |a“wa| + |O'_1(C = 1)

2. We turn now to the Morawetz type argument yielding the additional
inside control. We compute

/ Pu( ( _ 1u> dadt’
D,

for some ¢ = ((r) to be chosen. For simplicity, we give the proof only for

n = 3, the case n > 4 being exactly similar and yielding slightly better terms.
Integrating by parts as usual, we find

Pulrdyu = 0y (rdudru) + 20;(...)
+ (rO)[0;7" Oiudru — (1/2) (0,77 diud;u + a®Opud,ul
+ (1/2)(3¢ + r¢") (D) = (1/2)(¢ = 1¢")g" dudju — 1¢' g du(Dju — w;d,u).
Similarly, we find
PuCu = 9;(Cudyu) + £0;(. .. ) + C[~(0pu)? + g¥ 0;udju + ua®d4u] + Du?,
where
(2.4) 2D = —(1/r)(r{)" — ¢0;7"7 — 2¢'w; 07"
+ (C,/T)(’Yijwiwj o E’Y“) CH'Y”W WJ
Adding the two expressions, after some rearrangements, we obtain
(2.5) Pul(rdyu + u) = 0:[(r¢) (Opu) (O + u/7)] + X0i(. .. ) + Du® + (1/2)(r¢)’
x [(0pu)? + g 9iud;u] — ¢’ g% (Oju — wiOpu) (Oju — w;0pu)
— 7'y Opuw; (Ou — wjOpu) + (1¢)
X [8j'yij8iu6,«u — (1/2)8r'yij8iu8ju + a®Opudru] + Cua® D u.
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3. We choose now
()= (/) [ F2-+5)ds,flo) = logo) 1
0
It is easy to check the following properties of ¢:
i) ¢>0,r(<C,
i) ¢! <0,(1/C)1+7)2< ¢ <C(1+7r)72,
iii) ¢ >0,(1/C)(1+r) <" <O +7)7%,
iv) (r()" = f'(2+r) <0, and

(1/C)(1 +r)2llog(2 + )] 717 < =(r()" < C(1+ 1) *[log(2 +7)] 7' 7.

4. To control the u terms by the energy, we will use the two following
lemma.

Lemma 1.1.  For n > 3 and u vanishing at infinity, we have

/\u|2r*2dx§C/|8ru|2dm.

We have also the identity

/[(@U +u/r)? + (n — 3)u?/r’]dx = /(&u)de.

Lemma 1.2.  For n > 3, u vanishing at infinity, v > 1, and A > 0, we
have

/ lu(x)]? <r—t>""de < C\)(1+1) / |0pu|?da.
r<At

Proof of the lemma.
a. The inequality of Lemma 1.1 is well known. To prove the identity, we
note that

E&;(wiuz/r) = 2ud,yu/r + qua,;(xi/TQ),

and this last term is (n — 2)u?/r?.
b. If u is supported for r < C(1 + t), an easy adaptation of Lemma 9.1.3
of [3] gives the result of Lemma 1.2. Finally, let 0 < x(s) <1 a smooth cut-off
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supported for s < 2, and being one for s < 1. From the previous statement
applied to uy(x) = X(/\(++t))u(x), we obtain

/<A 2 < r—t > de < C(1+1) / Oz + C(1 + )1 /(X’)2|u\2dx
r<At
and the last integral is less than
C(1+7¢) /|u| [ridx < C(1 /|8u\ dx
by Lemma 1.1, which finishes the proof. U

5. We are now in a position to bound the bad terms in (2.5).

a. (region I). The bad terms in (Gu)? in (2.5) are bounded by C(1 +
)71+ t)7¢|0u|? as in 1l.a. Also

|Cua®dqu| < C(147)"2(1 + )~ |udul
u? |Ou|?

= T

(1+1)7c

We consider now Du?. We have

C

I¢"y] < CI¢ Jry] < EIENSE T

/ 2 C
1" Oy| + [¢0*y| < (e

Hence, in region I, all bad terms are controlled by

ce / Y e+ (/) / O
rr(l4r)2te 1 T+ +t)

2
u
dxdt’.
* C/, rA 12t )"

b. (region III). There, the coefficients of the bad terms in (Ju)? are all
bounded by C(1 + r)~1~¢. We also have

|Cua®dou| < C(1+7) 2" udu| < C(1+ )" ¢|oul> + C(1 + )~ ~u?/r?

All the bad terms in D are bounded by C(1 + r)~37¢. Hence, in region II1, all
bad terms are controlled by

C | (A+t) 1 |ou*dedt’ + C/ (1+t)" 1 u? /ridadt’.
1 I
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c. (region II). First, we consider the quadratic terms in du in (r{)[...].

We write
9,77 0;u = Ty 0u — w; (0y") (Tyu — w;Ou)
= (8:¢)Ou+ Tj7" Oyu — w; (0,77 ) Thu,
8T'yij8iu8ju = —wiatuar'yij(Tju —w;ou) + 8T7ijTiu8ju
= [=0® + (0 + 0,:)7" wiw; | (Bru)* + (97"
x(T;u0ju — w;OpuTju),

a®0,u0u = a®*Tuud,u — a®we,0pud,u.

Thus

/ (rO)[(B) (D377 Dt — (1/2)0,7 D1) + a® B udy]
Dy
t
< (C’/e/)/ 1+t B(t)dt’ + C/ [|0sc| + |a®we]|Oul?dzdt!
0 Dy
+ Ce'/ o 7 T dxdt’,
Dy

since, in this region,
la| + 07| < CJ_1/2(1 + t)_l/g_e, |Ty| < C(1+t)~ 1.
The other quadratic terms in du have the good sign, except
F = (r )y w;0,u(05u — w;Opu),

which is bounded by C(1 + t)~1=¢|ul?.
We have finally

—1—eu2

Cua®dau| < C(1+1t)"1—<Z F O+l

(1+1)
We turn now to D. We have first
<"+ 1 y/r| < CL+1) 73

Also

|C/57\ S CU—1/2(1+t)—5/2—e S C(1+t>—1—e

To handle the term Q@fj’yij , We write

COFy'T = C[07c® + Tid" — wiT;0i),
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and the last two terms can be handled as before since they are bounded by
Co1/2(1 4 t)75/2¢
Now
02c? = 2(0;¢)* + 2cd?c
and ((0;¢)? < Co~ (1 +t)~27¢. We write finally
/|u2C8tzc|dx < 0/07176(1 + )Mo 02 c|d
< Clot ok c| e / |Ou|*dx

by Lemma 1.2.

d. When integrating over Dy, we also get boundary terms on ¢’ = 0 and
t' =t

[ @@+ e

By Lemma 1.1, these integrals are control by energy integrals. Putting together
all inequalities, and using Lemma 1.1 and Lemma 1.2,we finally get

\8u|2 / / 1 2 /
dxdt’ + 32 —|0;u — w;Opul*dxdt
/Dt (1 + r)[log(2 + r)] -+ x . 1+r| u — w;Opul*dx

2
zdt' < C, {/ | Pu||0yu +
Dy

n—1
2

* /D L+ )2 [log(@ + 1))

+mw+mm+/ i

u/r|dzdt’

2

dedt +¢ | —L dzat’
x +6/Dt(1+r)3+ex

u
rr(l+r)2(1+¢)e

—l—e’/ 0717€|Tu|2da:dt’+(l/e’)/
D, I

|Oul?
1+ (1 +t)e

dxdt’
+(1/e’)/t(1+t’)1GE(t’)dt’+/tA2(t’)E(t’)dt’}
0 0
where

Ay(t) = |Osc| + |01+56t20\ + |a%wq.

To finish the argument, we add the above inequality to a large amount of the
energy inequality, in order to regain control of E(t). Then we fix ¢ > 0 small
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enough to absorb in the left-hand side the terms which are multiplied by €.
The terms

|Oul? / / u? ,
/I(1+r)(1+t’)€dxdt T A ey

will be absorbed by the left-hand side for ¢’ > Ty big enough. For ¢t < Ty, the
corresponding integrals over D; are, by Lemma 1.1, bounded by

t
C / E(t')dt'.
0
Using finally Gronwall’s Lemma, we obtain the theorem, with A = A; +
As. |
8§2. Wave Equation on a Curved Background :
Geometric Approach
We consider now a split metric on R?” x Ry (n > 3)
g=—dt’ + gijdxid:cj,

where as usual xg = ¢, greek indices run from zero to n and latin indices run
from 1 to n. We use the standard notation of geometry and assume as before

gij =4 +'Yija H'Y” <K K<1,

where ||.|| denotes the operator norm associated to the standard euclidean norm
on R™. We assume, as in part III of [3], that the standard spheres, defined by
t = to,r = |z| = ro, play an essential role in our problem (this is what we call
a quasiradial situation ). Defining

T =-Vt=0,c=<Vr,Vr>=glww;, N = (1/c)Vr,
we will use the null frame
€1,... ,en,leT—N,L:T-f—N,

where the e;’s are an orthonormal basis on the spheres. We will use the notation
¥ for the rotation part of Vu, and write

|X7u\2 = Eea(u)Q.

Recall also that the second fundamental form k(X,Y) = — < DxT,Y > of the
hypersurfaces

E = A{(z, 1)}
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satisfies
kij = —1/20:gij, k(N, N) = d;c/c.

We also use the second fundamental form (X,Y) =< DxN,Y > of the stan-
dard spheres in ¥;. The traces of k and 6 will be denoted by

k= Ykoo + kNN,é = Y044

We define the energy at time ¢ to be
E(t) = 1/2/ [(Tw)? + (Nu)? + 2(equ)?]dv.
PO
We state the analogue of Theorem 1 for the d’Alembertian [J associated to g.

Again, as in 1., we distinguish three zones

T={r<(1+t)/2IT={(1+8)/2<r<20+t)},IIT={r>2(1+1)}

Theorem 2.  Assume the following for the metric g : for some n > 0,
(Region 1) Iy < CA48)""]0v] < CA+r) (1 +1)77,
(Region III) Iy <C+r) o <CA+r)~"7,

(Region II)(1) [kl +10 — (n = 1)/(rc)| + Blkan | + lea(c)]
<Co V21 4t)" 3
(Region IT)(2) Sazb|Oab| + Zlkap| + [0aa — 1/(re)| < Co™ 171,

Then, for any e > 0, there exists Ce such that, for allt > 0 and all u sufficiently
vanishing at infinity, we have the inequality

(2.1)

) +/D o~ log(1 + o)1= ((Lu)? + | Vul)dvdt’

+/ (14 7)"Hlog(2 4+ )]~ ((Tu)* + (Nu)?)dvdt'
Dy

|X7’u’|2 ! / u2 /

——duvdt dvdt
+/Dt LT b, (LT r)2[log(2 + P

-1
< C.E0)+C. [ |Oul {|Tu + ‘Nu+ z u/r}dvdt’
Dy

t
+CE/ AtYE{)dt' .

0

The amplification factor is here

At) = o e = 1)|pe + |0¢clLee + [Ne|pee.
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Remark.  We note the absence of second order derivatives in A. On the
other hand, since we did not make an assumption about Z+, we have to include
the term Nc¢ in A.

Proof. In regions I and III (the less sensitive regions), we made the same
non-geometric assumptions as in Theorem 1, and the terms will be treated in
a very similar way. In the following, we will concentrate therefore mostly on
region II.

1. We quickly revisit the proof of Theorem 4 of [2]. The energy terms in
regions I and IIT cause no problems and are handled exactly as in the proof of
Theorem 1. In region II, the term kyy|0ul? is taken care of by the definition
of A. Since

Ekaa = ]_f—kNN,

we can replace assumption (1.1), of Theorem 4 of [2] by our stronger assumption
(1), and the energy inequality holds, with the same error terms as in the proof
of Theorem 1.

2. a. As in part one, we will compute th Oud(rNu + “5u)dvdt’ for the
same (, and take n = 3 to simplify. We recall first the general formula

OuXu = —(1/2)Q*70p + DK,
where X = X“0, is any field,
1
Qa,g = aauﬁﬁu — §ga5 < Vu,Vu >,
K, = QagXﬁ and 7 stands for the deformation tensor of X defined by
X rap = DaXp+ DpXa.
Writing 5 = r(, we also have the formula
My =ixy = Wryy + XC< N,Y > +YC < N, X > .

We use now the above formula and express the double trace with the help of
our frame and its dual frame e,, —1/2L, —1/2L; ; we find, with 7 = V)7,

—Z[DU&VU — DK, =1/4Qr, 0, 7o + 1/4QLLT L, 1,
+1/2Qrr,7rr, — QriaTia — QraTria + QavTab.
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Now

Frr = Crpp + 2L, Tr, 0, = (1, — 214G,

#LL, = (mpn, — 2NC,
the other components of 7 being simply those of 7 multiplied by 5 . Thus
—2[...] =1/2L¢Qr, 1, — 1/2L1¢QrL — NCQLL, + {(Q*map).
b. We have as usual from the definition of Q

Vu = (=1/2)Liul — (1/2)Lul; + Xe,(u)e,,
< Vu,Vu > = —LuLju + | ¥ul?,
Qrr = (Lw)?,Qr,1, = (L1u)*, Qrr, = | ¥ul?,Qra = Lueq(u),
Qria = Liueg(u), Qap = eq(u)ep(u) — 1/200p < Vu, Vu > .

Hence
—9l..] = (1/2)NE(Law)? + (1/2)NE(Lu)? — NE| Ful? + E(Q % mas).
c. We can compute explicitly the components of 7 : we have first

< DyN,X > =—Nc¢c/c*X(r)+1/c < DyVr, X >
= —Nc/2X(r)+1/c < Dx(eN),N >
= —Nec/X(r) + X(c)/c,
< DyN, T > =0,< DrN,e, >=1/¢ < D,(cN), T >
=—<D,T,N >=kyn,
< DN, T >=—<D,T,N >=kun,< DN, e, >= 0.

Thus

1/2rr, =< DNN,T >=Tc/c,1/2np,1, = —Tc¢/e,mrn, =< DrN,T >= 0,
Tra =< DrN,e, >+ < DyN,e, >+ < D N, T >=2k,n + e4(¢)/c,

TLia = 2kan — ea(C)/C, Tap = 204p.
d. Replacing these values into the above expression of the trace, we find

—2[...] = NC((Tw)*+(Nu)?)=N¢| Wul> = 2{(Te/e)TuNu—C0 < Vu, Vu >
+¢(—mraLiueq(u) — 7L, o Lueq (u) + 204peq (w)ey(u)).
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3. We have

div(CuVu) = Culut < Vu, V(Cu) >=Culu+¢ < Vu, Vu>+u<Vu,V( >,
div(u?V¢) = uw?0¢ + 2u < Vu, V¢ >,

hence finally
OuCu = div(CuVu — 1/2u?V¢) — ¢ < Vu, Vu > +(1/2)u?0¢.
4. Putting together both formula, we obtain (still with 7 = (V)7)

(2.2)
— DuC(Nu 4 u/r) = —div(K + CuVu — 1/2u?V¢) + 1/2NC((Tw)? + (Nu)?)
—1/2N{| Yul?+ < Vu, Vu > (¢ —1/2(0) — {(T¢/e)TuNu + (1/2)u0¢
— (1/2)5(7rLaL1uea(u) + 7 aLuequ — 28 g 4p0apeq (w)ey(uw)) + fzﬂaaea(u)Q.

5. a. We study now the components of §. We have

N = (1/¢)g"w;0;
DuN = eq((1/¢)g"w;)0; + (1/¢)g7 wieh T3 On.

Now

ea(wi) = ea(a' /1) = 1/reg, ea(c) = (1/2¢)ea(g” Jwiw; + (1/re)g” equ;,
and, since the standard scalar product of e, and w is zero,
ety = yUel,
Do N = O0(0y) + O(y/r) + (1/re)2g el 0;.
Here and later, the notation f = O(g) means a pointwise bound
|f(z,1)] < Clg(z,1)]

with a constant C fixed in the region under consideration.
Thus

Oap = O(07) + O(v/r) + (1/rc)Sg" el gjnes,

and the last sum is just the standard scalar product of e, and ep, which is
dab + O(7). Finally

faa = (1/rc) + 0(87) + O(v/r), 0 = (2/rc) + O(07) + O(v/r),
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and, if @ # b, 0,5 = O(9) + O(v/r). From the expressions of 7w, and 7y, we
also have

lea(0)] + [T Lal +|7Lial = O(9y) + O(y/7).

b. We compute [I( :

divN = 0,divVr = diveN = c¢f + Ne,
¢ = div¢’Vr = {'(ch + Nc¢) + *¢”
= (*/r)(rQ)" + (' (Nefe + 8 — (2¢/r)).

We have
|(Ne/c+ 0 —2¢/r)| = O(d7y) + O(y/7).

6. We now bound the bad terms in (2.2). In regions I and III, thanks to
the above estimates, the analysis is exactly the same as in the proof of Theorem
1, and we omit it. In region II, consider first the gradient terms. We have

2~ 0= 252 {0~ 2/(re)) = 0o~ (e~ 1)) + O(1F — 2/ (7).

The first term is already taken care of by A ; since < Vu, Vu > contains at
least one good derivative Lu or e, (u), our assumption (1) gives as usual

| <Vu, Vu> (0-2/(rc))| <Co " ((Lu)*+| Yul*)+(C/) (1 + 1)~ €| 0ul?.
The same discussion applies to the terms containing one good derivative
Traliueq(w), 7r, o Lueq (u).
For the pure rotation terms, we write
Yaaea(u)? —1/(re)| Wul? = X(0aa — 1/(r¢))eq(u)?.

Thanks to (2), this last sum is bounded by Co~1~¢| ¥ul?.
Consider now the bad u? terms. They are bounded by

CA4+t)2Ne|+o(1+t) 3o e — 1)+ C(1+1)720 —2/(rc)|.

Using Lemma 1.1, we can control the integral of the first two terms by fot A(t)
E(¢')dt'. The last term is less than

C(L4+1) 20 21+ 1) 2 < Clo™  (1+t) (1 +1) '
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and, using Lemma 1.2, its integral can be bounded by fot(l +t)TIEE()dt .

7. It remains to consider the boundary integrals which are less than

/|8tu||Nu + u/r|dv §/|8tu|2dv +/\Nu\2dv +/u2/1"2dv + 2/uNu/7’dv.
We remark that
div((u®/r)N) = (u*/r)0 + 2uNu/r
= (2/c)(W?/r?) + (u?/r)(0 — 2/(rc)) + 2uNu/r.

In regions I or II1, the integral of (u?/r)@ is less than that of u?/r2, and we can
use Lemma 1.1. In region II,

(u2/7"2)|9_ —2/(ro)| < uzg*l*e(l + t)fl

and we use Lemma 1.2 to conclude.
The rest of the proof is exactly the same as in the proof of Theorem 1. [J
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