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On the Occupation Time on the Half Line
of Pinned Diffusion Processes

By

Yuko YANO*

Abstract

The aim of the present paper is to generalize Lévy’s result of the occupation
time on the half line of pinned Brownian motion for pinned diffusion processes. An
asymptotic behavior of the distribution function at the origin of the occupation time
T'4(t) and limit theorem for the law of the fraction I'y (¢) /¢t when t — oo are studied.
An expression of the distribution function by the Riemann—Liouville fractional integral
for pinned skew Bessel diffusion processes is also obtained. Krein’s spectral theory
and Tauberian theorem play important roles in the proofs.

80. Introduction

P. Lévy’s arc-sine law is a well-known result for a Brownian motion: Let
B = {By, P,} be a standard Brownian motion on R and ', (t) = f(; 110,00)
(Bs)ds, i.e., the occupation time on [0, 00). Then, for each ¢ > 0, we have

(0.1) PO(%m(t) < x) =PI (1) <z) = %arcsin vz, 0<z<1

and
1
(0.2) PO(Zm(t) <z ‘ B, = o) =P (1) <az|Bi=0)==2, 0<z<l.

Many authors have been interested in these results and tried to extend them
for more general stochastic processes. In the present paper we shall confine
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ourselves to the case of one-dimensional diffusion processes and we are inter-
ested in the following two results: The first one is due to S. Watanabe [10].
He proved that all possible limiting laws of the fraction I'y (¢)/t as t — oo are
Lamperti’s laws (3.1), which can be identified with the laws of the the time
spent on the positive side by skew Bessel diffusion processes. The second one is
due to Y. Kasahara and the author [5], which studies the relationship between
the asymptotic behavior of the distribution function of I'; (¢) and that of the
speed measure at z = 0.

However, we notice that these results are only concerned with (0.1) and
it might be natural to study similar problems for (0.2). Thus the aim of this
article is to study the same problems as above for pinned diffusion processes.
First, we shall determine the asymptotic behavior of the distribution function
at = 0, which explains how it depends on the positive and negative sides
of the speed measure (Theorem 2.1). Secondly, we shall obtain an expression
of the distribution function by the Riemann-Liouville fractional integral for
pinned skew Bessel diffusion processes (Theorem 3.1). Finally, we shall study
a limit theorem for pinned diffusion processes (Theorem 3.2).

The idea of the proofs for the pinned diffusion processes are essentially the
same as for non-pinned cases. The key to our proofs is the double Laplace trans-
form formula (2.4) and Tauberian theorems for Laplace transform. However, it
should be emphasized here that the proofs cannot be carried out completely in
parallel. The difficulty is that we cannot apply the continuity theorem directly,
because, unlike the non-pinned case, the index of the regular variation of the
functions appearing in the double Laplace transform (2.4) is out of the range.

In Section 1, we shall introduce some notations and a brief review of Krein’s
correspondence and the generalized diffusion processes. Although they might be
cumbersome to readers who are familiar to these materials, they are necessary
to state and to prove our results. We shall state the asymptotic result with
the proof in Section 3, where the double Laplace transform formula is also
proved. Section 4 is devoted to our limit theorem. In Appendix, we shall give a
simple version of the inversion formula for the (generalized) Stieltjes transform
of arbitrary order.

8§1. Preliminaries

We adopt the same notation as in [5] but we state it here for the complete-
ness of the paper. See [6] and [4] for details.

Let m : [0,1) — [0, 00) be a right-continuous, nondecreasing function where
0 << o0. Weput m(0—) = 0 and m(z) = oo for x > [ when [ < oo so that the
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Borel measure dm is defined on [0,1). Such dm is referred to as an inextensible
measure. Let M be the class of all such functions m. m € M is sometimes
called a string. To a given m € M, we assign a function h(X) defined on (0, co)
in the following way: If m(x) = oo, then h(A) = 0. Otherwise, for A > 0, we
consider the following integral equations:

¢5x)\—1—|—)\/ d§ ¢>u/\)dm()

(x, ) —:E—i—)\/ 13 ; w(u A)dm(u)

0

on the interval [0,1). The equations have unique continuous solutions ¢(-, \)
and ¢ (-, A) on [0,1) for each A > 0. We then define

() /l dx
h(A) = lim = —.
( ) z1l (;b(ma A) 0 (b(xa )‘)2
We note that, if m(z) = 0 for 0 < x < I, then h(A) = I. The correspondence
m € M — h()) is called Krein’s correspondence. h(X) is called the spectral

characteristic function of the string m.
The spectral characteristic function h()), h # oo, has a unique represen-
tation

(1.1) h()\)ch/[O );fg

U

for some 0 < ¢ < oo and nonnegative Radon measure do on [0, 00) such that

do(€)
/[0700) T < o0.

The measure do is called the spectral measure and the function o (¢) = || [0.4] do(§)

is called the spectral function associated with the string m. In fact, it holds that

(1.2) lim h(X\) = ¢ =inf{x > 0;m(z) > 0} = inf Supp(dm).

A—00

Let H be the class of all functions h of the form (1.1) and A = co. An important
result is that Krein’s correspondence

meMm—heH

is one-to-one and onto and defines a homeomorphism if suitable topologies are
introduced on M and H.
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Let m* := m~! € M be the right-continuous inverse of m € M. If

m <« h is Krein’s correspondence, then

(1.3) m*(z) «— — = h*(N) (Z ¢+ /[0 ) d/\al(?)

is also Krein’s correspondence. The function m* is called the dual string of m.
Put ¢ = 1/h. The function ¢ is called the spectral characteristic exponent
of the string m. We remark that t(\), A > 0, is known to have the form

oo
(1.4) ) =+ ar+ [ (e Mn(dn
0
where ¢g = 1/1, ¢; = ¢* and
nw = [ e el (o)
(0,00)
Now let m4, m_ € M such that
m4 [O,Zi) — [0,00)

and m_(0) = 0. We define a Radon measure dm(z) on (—I_,1;) by

_Jdmy(xz) on [0,14),
dm(””)_{dmf(x) on (-lf,@)

where drn_(x) is the image measure of dm_ under the mapping = — —z.

Then a strong Markov process X = {X;, P,} on E,, = (Supp(dm) U {-I_} U

d_d
dm(z) dx
constructed from the Brownian motion B on R! by the time change. Here

{l4+}) N (—o0,00) associated with the Feller generator A = can be
the boundaries [ and —[_ are traps for the Markov process X. This process
is called the generalized diffusion process corresponding to the pair of strings
{m4,m_}. We denote the transition probability density of X with respect to
dm as p(t, z,y), i.e.,

Px(Xt € dy) = p(t,l‘, y)dm(y)

We remark that

o 1
(1.5) / e Mp(t,0,0)dt = ——————, A>0.
0 Vi (A) + - (A)
Let X = {X;, P,} be a generalized diffusion process on (—I_,l) corre-
sponding to the pair {m, m_} so that my € M with m_(0) = 0 and let hy
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be the spectral characteristic functions and ¥4 be the spectral characteristic
exponents associated with strings m., respectively. We call a process X the
skew Bessel diffusion process of dimension 2 —2a, 0 < a < 1, with the skew pa-
rameter p, 0 < p < 1, and denote it as SKEW BES(2 — 2a, p) if it corresponds
to the pair {m,m_} given by

my(z) = p!/ @1y = oo,

m_(z) = (1—p)/ezt/*71 . =,

We remark that, if p = 0 or p = 1, the process X is the Bessel process in its
canonical scale which is reflecting at 0. The conditions for m4 is equivalent to
the following:

hi(N) = Dap™*A7%,  h_(\) = Do(1 —p)~tA@
and
V() =pD'A%, p_(A) = (1—p)DS'A"

where Dy = {a(l — )} °T'(1 + a)/T(1 — ). When p = a = 1/2, it is a
Brownian motion with a multiplicative constant.

82. Asymptotic Behavior of the Occupation Time Distribution
Function

Our main result of this section is the following:

Theorem 2.1.  Let X = {X;, P.} be a generalized diffusion process on
(—00,00) corresponding to {my,m_} and let Ty (t) = fot Lj0,00) (Xs)ds. Let
o(z) vary regularly at 0 with exponent 1/a, 0 < av < 1. If

(2.1) my(x) ~ %x)’ r — 0+,
then
DX —ggi(t),
(2.2) Po(To(t) < x|X;=0) ~ o . dt {7 (@)}, -0+

L(1+2a) p(t,0,0)

where

(2.3) g*(rf)z/[0 )e‘tgda*,(f).
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Remark.  If p(x) is a regularly varying function at 0 with exponent 1/c,
then the asymptotic inverse ¢ ~!(y) is defined and varies regularly with expo-
nent c.

Remark.  g* (t) is equal to the transition density p* (¢, 0,0) of a diffusion
process on (—oo, 0] corresponding to {0, m* } (0 is a reflecting barrier).

To prove Theorem 2.1, we prepare the following formula:

Theorem 2.2.  Let X = { X, P,} be a generalized diffusion process cor-
responding to {my,m_} on (—l_,1}) and T, (t) = fot Ljo,00) (Xs)ds. Let 1+ be
the characteristic exponents of my, respectively. Then, for A > 0, pu > 0,

1
YA+ p) + - ()

(2.4) / e M Eole M+ X, = 0]p(t,0,0)dt =
0

Proof. Put

*1 X
) = B[ [ HeAE 0]
0 m[(),g)

for A > 0, 4 > 0. Then, according to Feynman—Kac formula, the function z.(x)
satisfies the equation

d d Lo,e) ()
Al — e ze(x) = — .
(,u + [0:20) ™ dm(z) dx)z (z) m|0,€)
The value at = 0 of the unique bounded solution of the preceding equation is
1 1
z:(0) = / uz(y, A + p)dm(y
RIS PR mE S

where ug is the positive non-increasing solution of (4 A — #(z)d%)u(x) =0
with «(0) = 1. Then, letting ¢ — 0, we have
1

(0) = V(A4 )+ (p)

On the other hand,

(2.5)
Oo]-[Oe)(‘Xt) —pt—
i - B ) pt=AL1 () 7p
2:(0) o[/o e ]
_ /00 e‘”tEO[il[O’s) (Xt)e_“+(t)}dt
0 ml0, )

0 1
= e M / Eole M+®)|x, = ylp(t,0,y)dm(y).
/0 m[0,€) Jio,e) [ Xt = y]p( Jdm(y)
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Now let
pt,2,y) = By [e M+ D)X, = y]p(t, 2, y).

Then p(t T y) is the transition density of the diffusion process with generator

A= dm(z) dz —A-1jg,0). It is shown by McKean [8] that j(t, z,y), as a function

of y, belongs to the domain of A, in particular, it is continuous in y. Hence
the RHS of (2.5) — / e M Eole M+®| X, = 0]p(t,0,0)dt, & — 0+.
0

Therefore we obtain

1
YA+ p) +9(p)

o0
| e Eale 0L, = (e, 0.0)d =
0

Now we give the proof to our theorem.

Proof. By Theorem 2.2, we see

1
YN+ p) + Y- (p)

for A > 0, > 0. Differentiating the both sides with respect to u, we have

/ e M Eole M+ W) X, = 0]p(t,0,0)dt =
0

g)u(er()‘""M +Y_ (M))
(b O+ )+ v ()

oo
(2.6) / e M Eo[e M+ ®| X, = 0]p(t,0,0)tdt =
0

We note by [4] that (2.1) is equivalent to

1
Y (A)

Thus, ¥4 (\) varies regularly at co with exponent 0 < « < 1 and hence
%1/4()\ + p) — 0 as A — oo. Therefore, as A — oo,

1

(2.7) hi(\) = ~ Do <X) A — oo,

the RHS of (2.6) ~ —11; (1) [ w3V
and we obtain

28) WAO) [ e BT O, = 0lp(t, 0,00t — 2y (1), Ao
0 H
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On the other hand, by (1.3), 1/(uh— (@) = ¥—(p)/p is the characteristic
function of the dual string m* and hence there exists a nonnegative Radon
measure do* on [0,00) such that fooo do* (£)/(14 &) < 0o and

Vi) L det©) [ e [ e
n uh(u)/o B+ € /0 dt/o do~(6)

= / e Mg* (t)dt.
0
We note that the constant ¢* = 0 by m_(0) = 0 and (1.2). Therefore, we have
d e d
—_(p) = THES——g* (t) ptdt.
o) = [ e {=Fat )

Since p(t,0,0) = Eole ' +®)| X, = 0]p(t,0,0) is monotone in ¢, (2.8) implies

d
in‘)EO[e_)\FJr(t”Xt = O]p(t, 0, O) - _Egi(t% A — 00
by the continuity lemma (see Lemma 2 of [5]). Therefore

N A0
(A p(t,0,0)

By (2.7) and Karamata’s Tauberian theorem, we have

Eole M+®| X, = 0] A — 00.

D? - %gi (1)

P () < @lXe = 0) ~ 532555 5(t.0,0)

{o~ (@)}, = —0+

which completes the proof of the theorem. O

Example 1.  When X = {X;, P,} is SKEWBES(2—2a,p),0 < a < 1,
0 <p<1, weput

(2.9)  Gapla) = Po(Ty(1) < X1 = 0) = PO(%FJr(t) <o|x=0).

As is shown in the proof of Theorem 3.1 below, G, ,(z) is characterized by

LdGy () 1
(2.10) /0 E+2)  pl+é°+ (1-piEe

By inverting this, we obtain an expression (3.2) by the Riemann-Liouville frac-

tional integral as given below. When a = 1/2, that is, the case of skew Brown-
ian motions, we have a more explicit formula: G1 () has the density g1 ,(z)
given by

p(1—p)

(2.11) 91 ,(x) = {1=2p)z+p*}"2, O<az<l
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It is readily verified by an elementary calculus that this satisfies (2.10). In
particular, G%é(x) = x, which is just Lévy’s result (0.2).
Theorem 2.1 implies that the asymptotic behavior of G, () is as follows:
F(l + a) 1- P 2a

This can be obtained from the expression (3.2) given as below.

83. Limit Theorem

In the case of non-pinned SKEWBES(2 —2a,p), 0 < a<1,0<p<1,
the density formula of the fraction of the occupation time is given by the form

(3.1)

fapla) = 20T p(1—p)ao—}(1 = z)o-!

7 p?(1—x)% + (1 —p)2x2> 4+ 2p(1 — p)a®(1l — x)* cosarm

for 0 < z < 1 (see [7] and [10]). This is Lamperti’s density formula. In the
pinned SK EW BES(2—2a, p) case, we can determine the distribution function
of the fraction I'y (t)/t, i.e., Gop(z), 0 < a < 1,0 < p < 1, by inverting double
Laplace transform formula (2.10).

Theorem 3.1. For0<z <1,
(3.2)
Gap(r) =

sin a / (1 —p)(x —s)* 1s¥ds
T Jo p?(1—8)%*+(1—p)2s2 +2p(1 —p)s*(1 —s)*cosan’

Proof. Applying Theorem 2.2, we have

o D, D,
3.3 / e M E[e M+®)| X, =0 dt = o
B3 ) ol X = Oyt = e+ A=

for A > 0, > 0 in the SKEWBES(2 — 2a,p) case. By the self-similarity of
the Bessel process, i.e., (I'y(t), X¢) 4 (tr'4(1),t“X1), we have

et

o0 D
the LHS of (3.3) = / e M Eyle M+ X, = 0] —=2
( ) o 0[ ‘ 1 ]F(Oé)

_ D, {/00 e,{u+AF+(1)}tt“*1dt ‘ X = 0}
() 0

:Dan{m %=

dG
_D POf
/ ,u-l—)\x
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Setting £ = u/A(> 0), we obtain

Y dGpa(z) 1
(2.10) [ o = sarerr A

By the inversion formula for the Stieltjes transform (see Appendix or [9]), we
obtain the equality (3.2) and complete the proof. O

Now we introduce a class of random variables {ga,p}, 0<a<1,0<p<
1, as follows: Each &, , is a [0,1]-valued random variable with the Stieltjes
transform of order « given by

1 B 1
(>‘ + Ea,p)a:| N p(l + )\)O‘ —+ (1 — p))\a’

(3.4) E{ A 0.
When 0 < a < 1, the distribution function of &, , is given by Go p(z). If a = 1,
&1,p is the constant random variable such that P[§;, = p] = 1. If p = 0 or
p=1<¢0=0as and {1 =1 as.

We now state the limit theorem for the law of I'y(t)/t as t — oo for the
pinned diffusion processes. Let X = {X;} be a generalized diffusion process
corresponding to {m,,m_}. We always assume that X, = 0, that is, we
consider the probability law Py unless otherwise stated.

Theorem 3.2. Let '} (t) = fot Lio,00)(Xs)ds. If
(3.5) my(z) ~ x%_lKi(:E), x — 00

for 0 < a <1 where K1 (x) are slowly varying functions at oo with

Q=

. Ky(x)  p
(36) S K_(z)  (1—p)’

then the distribution of I'y(t)/t conditional on X; = 0 converges in law to that
of Eap ast — o0 i.e.,
1
P(Th(t) S| X =0) = Pléay < @), t— .
Remark.  The condition (3.5) with (3.6) is equivalent to the following
(see [4]):

1 1
(3.7) ha(A\) = — ~ DoA"Ly (—) A= 0+
N )\
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where L () are slowly varying functions at co with

LN p
(38) s LJ:()\) T1-p

and

1, a=1,
o= {{a(l — )} T(1+a)/T(1—a), 0<a<l.

We prove Theorem 3.2. By (1.5), for x> 0 and 8 > 0, we have

| st o0 =5 [ e rpies. 0.0
0 0

797

by the assumption that ¥, vary regularly with «;, 0 < o < 1. Hence we have

1

0

e o] 1 e o] toz—l
e Mp(t3,0,0)dt —» — = / e M dt, [ — oo.
- 5) ), oo — o= [T e

Then we obtain

1 1 to—1
(3.9) T 00 (3) pe8.0.0) = g Boee
By Theorem 2.2 and (3.7), we have

Ry S —

_ %p o (%) /OOO e BE[e 3T+ | X, = 0]p(t,0,0)dt
1 1 1
B 1—p'w_(5) Py (AFE) + 9 (4)
1 v-(p) 1
Clop (B e (o) + 1
11 1 B 1
TT1op we b0 -ppt 1l pOt )+ (L put
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as [ — oo. By (3.3),

| [ e
= e M Ele” Moer| ——dt.
T rp iy S

Combining these with (3.9), we obtain that

E[efﬁm(tm | Xi5=0] — E[e ], B— 00
and hence
1
P(Bm(w) <z ] X5 = o) s P(t€ay < 1), f— 0
for every t > 0. This clearly implies that
1
P(T4() S | Xi =0) = P(6ayp @) = Gap(a), t— o0,

which completes the proof.

84. Appendix: An Inversion Formula for the Stieltjes Transform

First we recall the Riemann—Liouville fractional integral of order p > O:

Ufle) =y [ -0 e

+

Tl / Lo,y (&) (x = €)7 71 f(€)de.

Obviously, when p > 1, the integral Z?[f](x) is well-defined and is a continuous
function on [0, 00).

Lemma 4.1. Let 0 < p < 1 and let f(x) be a Borel measurable func-
tion on [0,00) which is bounded on each compact subset of [0,00). Then the
Riemann—Liouville fractional integral of order p of the function f is well-defined
and is a continuous function on (0, 00).

Proof. It is obvious noting the following: Let € > 0 such that ¢ < p.
Then there exists a constant C such that

27t —yP T <Ol —y[H{aP " P
for any x,y > 0. 1

It is easy to check the following:
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Lemma 4.2.  Let p1,p2 > 0 and let f(x) be a Borel measurable function
on [0, 00) which is bounded on each compact subset of [0,00). Then it holds that

I o 17 (f](x) = I7 P2 [f](x)
for any x € (0,00).

Lemma 4.3.  Let p > 1 and let f(x) be a Borel measurable function on
[0, 00) which is bounded on each compact subset of [0,00). Then IP[f](x) has
a continuous derivative given by

L@ =7 f)

dx
for any z € (0,00).

Let F(x) be a non-negative increasing function on [0,00). For 0 < p < 1
the Stieltjes transform of the Stieltjes measure dF' of order p is defined by

_ dF'(§)
S,ldF)(z) = /[O’OO) @tip

If the Riemann—Stieltjes integral of the right hand side converges at a point

x € (0,00), then it converges uniformly on any compact subset of C\ (—o0, 0]
and hence the function S,[dF] is a holomorphic function on C \ (—o0, 0].

Theorem 4.1.  Suppose that the Stieltjes transform S,[dF| converge at
a point x € (0,00). Then the limit

8(o) = lim o [ dr{S P — in) = 8, (4F) (o + )}

exists for any x € (0,00) and the equality

B(z) = =TI - FO))@)

holds for any x € (0,00). That is, the function x — ®(x) is a continuous
function in x such that

|, € - o =ripzia)e)
for any x € (0,00). Moreover, suppose the limit

8(0) i= lim (S, [F)(~o — in) ~ S,[dF)(~o + in)}
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exist for any o € (0,00) and there exist a function (ZS such that

|S,[dF)(~0 —in) — S,[dF)(~0 +in)| < ¢(o)

/(H 3(0)do < 5o

for any x € (0,00). Then it follows that F(x) is continuous and

F(z) - F(0) = T(p)Z[¢] (=)

and

for any z € (0,00).

Proof. Let x > 0 be fixed.

1 [*
i ), do{S,[dF|(—0 — in) — SpldF](—0o +in)}
“g 0 f e - s
1 : . —

“ 5y, o0 (&7 T I = (€m0 i) PR ()
+% 0+ do/[mzm Eoo—m) = (E— ot }dF ()
+L T_do'/ {(f—g_l>_/’_(£_o_+l )_p}dF(f)

2mi 0+ 2z,00) " n
=: 51+ 52 + Ss.

Then we show that

. R P
nlir(r)1+ S1 = WI [F(x) and nli%l+ Sg = hm S3 = 0.

First, we obtain that

— [ are) [ o in (o tin) o
Tt Jio,z) 0+

/ (F(€) — FO)}{(E —x— in) ™ — (6 —x +in) "}de
2m

ST [T () - FO)Ha - v
0+

_i 1—p T
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The convergence is justified by

(4.1) /OZ_(:E — )P de < o,

-+

It easily follows that Ss converges to zero from (4.1) and

lim {(z —o—in)™" —(x—0c+in)" "} =0

77*)0

ifx—0>0.
Finally, note that

n
. N —p—1
Sy = 2—7” da/hoo) /nzp(EUZC) PTRdC.

Thus,
s <2 [ @) [ et - o) o
T J[2x,00) 0+
n _ _
=— E—x) P —EPHF(E
o e FIF(E)
—0
as 1 — 0+. O

In the case of F(z) = Gap(x),0 <a < 1,0 <p <1, we have

1
p(l+ ) + (1 - p)ze

SaldF](z) =

Then we can compute ¢(o) as

sin am (1—p)o®

p(o) = 7 p2(1 —0)22 + (1 —p)202« + 2p(1 — p)o(1 — o) cos am

and hence obtain (3.2).
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