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Ultradifferentiable Fundamental Kernels of
Linear Partial Differential Operators on
Non-quasianalytic Classes of Roumieu Type

By

Angela A. ALBANESE* and José BONET**

Abstract

Let P be a linear partial differential operator with coefficients in the Roumieu
class £(,}(€2). We prove that if P and its transposed operator P are {w}-hypoelliptic
in  and surjective on the space £¢,,1(12), then P has a global two-sided ultradifferen-
tiable fundamental kernel in €2, thus extending to the Roumieu classes the well-known
analogous result of B. Malgrange in the C'™° class. This result is new even for Gevrey
classes.

81. Introduction and Preliminaries

Ehrenpreis [5] and Malgrange [17] proved that every linear partial differ-
ential operator with constant coefficients has a fundamental solution; therefore
the inhomogeneous equation Pu = f admits always C'°/Ey,3-solutions for each
right hand side f in the class C>° /&y, respectively, and with compact support.
However, it is well-known that this is not longer the case for linear partial dif-
ferential operators with variable coefficients, i.e., see the Lewy’s operator. The
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condition of hypoellipticity of the operator P on an open set {2 ensures that
its transposed operator ‘P is locally solvable, as it was proved in [7] in the C>°
case and in [2] in the frame of Gevrey classes. On the other hand, under the
assumptions that P and !P are both hypoelliptic in an open set Q and sur-
jective on C'*°(Q)), Malgrange [17] showed that P has a two-sided fundamental
kernel, thereby obtaining that the inhomogeneous equation Pu = f admits a
linear continuous solution operator on the space of C'°° functions with compact
support.

The purpose of this paper is to extend the classical result of Malgrange
[17] to the setting of ultradifferentiable function spaces £,y of Roumieu type,
in particular for Gevrey classes (see Theorem 2.2). The topological structure
of these spaces is much more involved than that of Fréchet spaces of C'*° func-
tions. The main result is based on Theorem 2.1 about the existence of local
two-sided kernels, which extends (and improves) the work of Morando [20]
from Gevrey classes to the case of general non-quasianalytic classes as defined
by Braun, Meise and Taylor [3]; see the details below. Our results are obtained
as an application of topological tensor products and spaces of vector valued
ultradistributions and ultradifferentiable functions to linear partial differential
operators. Several authors, like Gramchev or Rodino, had asked the authors
about the validity of Malgrange result for Gevrey classes. We believe that it
might have useful consequences; compare with [1]. This research continues work
of A. Corli, L. Rodino, A. Morando and the first author. In particular, certain
estimates from [2] are essential. The paper concludes with a few examples of
partial differential operators with variable coefficients to which our results can
be applied.

We refer the reader to [10, 14, 24] for functional analysis, to [8, 9] for the
theory of linear partial differential operators, and [6, 10, 14, 24] for properties
of topological tensor products. We fix notation and give some definitions and
results which will be useful for the sequel. Following Braun, Meise and Taylor
[3], we introduce the classes of non-quasianalytic functions of Roumieu type.

Definition 1.1. A continuous increasing function w: [0, oo[— [0, oof is
called a weight function if it has the following properties:

(a) there exists K > 1 with w(2t) < K(1 4+ w(t)) for all t > 0,

B) [ et < o,

(7) logt = o(w(t)) for t — oo,



ULTRADIFFERENTIABLE FUNDAMENTAL KERNELS 41

(8) ¢:t — w(e?) is convex on R.

For a weight function w we define ©: C — [0, 0o[ by @(2) := w(|z|) and again
denote this function by w. The Young conjugate p*: [0, 00— R of ¢ is defined
by
©*(y) := sup(zy — ¢(x)).
@>0

Example 1. The following functions w: [0, 00[— [0, co[ are examples
of weight functions: w(t) = t*, 0 < a < 1; w(t) = (log(1 + t))?, B > 1;
w(t) = exp(B(log(1 +1))%), 0 < a <1, 3> 0; w(t) =t(logle+1)~", 3> 1.

We point out that for w(t) = t¢ the classes of functions defined below
coincide with the Gevrey class G® for s = 1/a. This is the most important
example we have in mind.

Definition 1.2. Let w be a weight function.
(a) For a compact set K in RY which coincides with the closure of its
interior and p > 0 let

Eu (K, )

= {f € O%(K) + [[fllxu = sup sup |f ()] exp (—pg™(|al/u)) < OO}

ze€K aeN}Y

which is a Banach space endowed with the || ||k, ,-topology.
(b) For a compact set K in RY which coincides with the closure of its
interior let

g{w}(K) = ind (‘;W(,K7 1/m)

which is the strong dual of a nuclear Fréchet space (i.e., a (DFN)-space) if it is
endowed with its natural inductive limit topology [3].
(c) For an open set  in RY we define

5{w} (Q) = }?é%]g 5{w} (K)

and we endow &(,,1(2) with its natural projective topology. The elements of
&1y (Q) are called w-ultradifferentiable functions of Roumieu type on Q. By
[3, Proposition 4.9] £7,3(Q2) is a complete, nuclear and reflexive locally convex
space. In particular, £(,1(€) is also an ultrabornological (hence barrelled and
bornological) space as it follows from [25] (or see [26, Theorem 3.3.4]) and [4,
Lemma 1.8]). We denote by £7_,(€2) the strong dual of £, (€2).
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(d) For a compact set K in R which coincides with the closure of its
interior let

Dy (K) = {f € S{W}(RN) : supp f C K},

endowed with the induced topology. In [3, Remark 3.2 (1) and Corollary 3.6 (1)]
it is shown that Dy, (K) # {0} is the strong dual of a Fréchet nuclear space
(i.e., (DFN)-space). For an open set  in RY let

The elements of its strong dual Df{w}(Q) are called w-ultradistributions of
Roumieu type on (.

Let S, := {0 : o is a weight function satisfying ¢ = o(w)}. By [19, Corol-
lary 3.3] the family of seminorms defined by

[fllx.0 = Sup. sup |F @) exp(=¢5(lal), [ € Euy(9),

z€K aeN)Y

where K CC Q, 0 € S, is a fundamental system of continuous seminorms
on &,1(R2) and hence on Dy, (K) for all compact subset K of Q. From [3,
Lemma 3.3 and Proposition 3.4] it follows that the family of seminorms

R 1/2
oo = (/ If(t)2e2°'“)dt) . ces,
RN

is also a fundamental system of continuous seminorms on Dy} (K).

I/

For each o € S, we now introduce the space
HS :={ueS'RY): a(t)e”® e LHRN)}.

It is easy to show that HJ is a Hilbert space with respect to the inner product
defined by

(U, V) g0 ::/ a(t)o(t)e** ®dt, u,v e H,
RN
and the following inclusions
(1.1) Dy (K) — HZ — L*R")

are continuous with dense ranges. Actually, (D, (K), | [|2,0) is continuously
included in L?(RY) too, as

Il = @m) NI fll2 < @) V| fll2,0
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for every f € Dy, (K). Denoting by wa} (K) the closure of Dy (K) in HT, we
have that (H{”w}(K), I ||2’J) is a Hilbert space and its strong dual (H,, (K))’

may be continuously embedded in Df{ w}(K ) with dense image. In particular,
by (1.1) we have

(1.2) H,(K) — L*(RY) continuously with dense range.

Vector-valued ultradifferentiable function and ultradistribution spaces of
Roumieu type are defined as it follows. Let F' be a locally convex space. A
vector-valued function f: 2 — F is said to be an wltradifferentiable function of
Roumieu type if it is infinitely differentiable as an F-valued function [10], see
also [22, 23], and if for each continuous seminorm g on F' and each compact set
K C Q there exists m € N such that

1
(13 sup sup (1) (a))exp - (mla) ) < o.

€K aeNy m
We denote by £,y (€2, F') the space of all F-valued ultradifferentiable functions
of Roumieu type on €2 endowed with the locally convex topology defined by the
following family of seminorms

1£llq 5.0 := sup sup q(f ) (x)) exp(—¢;(|al)),

zeK aeN}Y

where ¢ € cs(F), K C Q is a compact set, o € S,. If F is complete, by

[13, Theorem 3.10] a function f: ©Q — F belongs to £,y (Q2, F) if and only if
uo f € &y () for all u € F' and we have the following isomorphism

(14) g{w}(Q, F) ~ g{w}(Q)@)ﬂF ~ LE(F,;, g{w}(Q)),

where ¢ denotes the topology of uniform convergence on the equicontinuous
sets in F’ and F! denotes the topological dual of F' equipped with the Mackey
topology.

Similarly to Komatsu [13] we define the space of vector-valued ultradistri-
butions of Roumieu type on €2 as

f{w}(Q7F) = Lﬁ(D{w}(Q)vF)a

where ( denotes the topology of uniform convergence on the bounded sets in
Dy)(R2). An element u € D’{w}(Q,F) is said to be an ultradistribution of
Roumieu type on Q. If F is complete, then we have the following canonical
isomorphism

(1.5) (o (U F) = D) (&, F =~ L.(FL, D), ().
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§2. {w}-ultradifferentiable Fundamental Kernels of Hypoelliptic
Partial Differential Operators

§2.1. {w}-ultradifferentiable fundamental kernels

The theory of kernels of L. Schwartz can be extended to the setting of the
classes of {w}-ultradifferentiable functions and {w}-ultradistributions. Indeed,
using well known results of Grothendieck [6] on topological tensor products one
can prove the following results (see, e.g., [12, 13, 3]).

Let Q ¢ RN, ' ¢ RM be open sets. The bilinear map which assigns
to each pair of functions ¢(z) on Q and ¥ (y) on ' the product ¢(x)y(y) on
Q x ' induces the following canonical isomorphisms

(2.1) 5{w}(Q)®W(€{w}(Q') ~ 5{w} (Q X Q/)

(2.2) D{w}(ﬂ)®wD{w}(Q/) ~ 'D{w}(Q X Q/)

(see [12, Theorem 2.1]). Moreover, compare with [6, Théoréme, Chap. II]
(see [12, Theorem 2.3]). We have also the following canonical isomorphism
(24) Dy (2 x Q) = Lg(Diy (), Dy () = Lp(Dyuy (), Dy (),

which maps every {w}-ultradistribution K (z,y) on € x €’ onto the linear con-
tinuous map K: Dy, () — D'{w}(Q) defined by

(2.5) (K(¢), ¢) == (K, o @ ¢)

for all ¢ € Dy3(Q2), ¥ € Dy (), where (¢ @ ¥)(x,y) = p(x)P(y) for all
x €0,y e (see [12, Theorem 2.3]). Formally, we can write

(26) (K0)@) = | K)oy

Under the correspondence (2.5) the following isomorphism holds
(2.7) Erwy(Q x Q) = Ly(Ery (), E10) ()

Following Malgrange [17] (see also [13, 21]) we introduce the following
properties.
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Definition 2.1. Let Q c RY, Q' ¢ RM be open sets and let K(z,y) €
{w}(Q x Q). The kernel K is said to be {w}-semiregular in x if (2.5) defines
a linear continuous map from Dy,,1 (') to &g} (2); while the kernel K is said
to be {w}-semiregular in y if the corresponding map K defined in (2.5) can
be extended as a linear continuous map from S}LW}(Q’ ) into Df{w}(Q) or equiv-
alently, the transposed map !K is semiregular in z. We say that the kernel K
is {w}-regular if it is {w}-semiregular in x and y. The kernel K is said to be
{w}-regularizing if it is an element of £,y (Q x Q) ~ E,) (V) @Ey () or
equivalently, see (2.7), the corresponding map K can be extended to a linear
continuous map from ng}(Q’) into £;,3(2). Finally, a kernel K € D{w}(Q x )
is said to be {w}-very regular if it is {w}-regular and it is also a £g,y-function
in the complement of the diagonal A in £ x Q.

Remark.  Via the following isomorphisms
Lﬁ (D{w} (Q/)r g{w} (Q)) = 5{0.1} (Qv Df{w} (Q/))r

Lp(E,y (), Dy () = Erp (2, Dy ()
(compare with [13, Theorem 5.2]), the kernels which are {w}-semiregular in
z € ) can be identified with the &£, }-functions of x € Q) valued in Dy, (€)
with respect to y, while the kernels which are {w}-semiregular in y can be
identified with the &f,}-functions of y € ' valued in D}, (2) with respect to

x.
§2.2. {w}-hypoelliptic partial differential operators
Let
P=P(z,D)= Y a.D"
la<m
be a partial differential operator, where D% = D{* ... DN, D; = —i0/0z;,

la] = a1 + ...+ ay for any multi-index o € N) and m € N. Suppose that
the coefficients aq of P belong to £g,}(2), Q an open set of RY. Then P
continuously maps each of the spaces (.} (H), £, (H), D,y (H) and DY, (H)
into itself for every open or compact subset H C Q. We denote by N(w, P, Q)
(by N(w, P, H), with H C €, respectively) the kernel of P acting on £¢.3(€2) (on
Eqwy(H) respectively). The transposed operator 'P of P is deﬁned by (Pp, ) =
(@,!Py) for all @, 1 € Dy, (), where (@, 1) := [, p(z

The operator P is said to be {w}-hypoelliptic in € if Pu E S{w}( ") implies
u € E,y () for every open set ' C Q and for every u € D{w}(Q ).
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We denote by P, (by P, respectively) the operator P acting on the spaces
Ery (2 x Q) and Df{w}(Qx x ,) with respect to the z-variables (to the y-
variables respectively). For example

Pzéﬁ(fﬂay) = Z (la(l')DggD(.T,y), ¥ € g{w}(Qm X Qy)a

laf<m

where D¢ denotes the derivative of order o with respect to the z-variables.
The operators Py : £y} (R X y) — Eqy (R x Qy) and Po: DY, (U x ) —
D'{w}(ﬂx x €)y) correspond to the extended tensor products

P®]: g{w}(Q)é@ﬂg{w}(Q) i g{w}(Q)é@ﬂg{w}(Q)
and
P&I': Dy (2)&xDy (2) — Dy (@D, (Q)

via the canonical isomorphisms.

Definition 2.2.  Let Q C RY be an open set and let K (x,y) € Dy (2
x€y). The kernel K is said to be {w}-ultradifferentiable fundamental kernel of
the differential operator P, if

P.K(z,y) —d0(x —y) =0.

Here 6(x — y) denotes the Dirac measure on the diagonal A of Q x 2 and corre-
sponds to the canonical inclusion i: Dy, (€2) < DY, () via the isomorphism
given in (2.5). The kernel K is said to be a {w}-ultradifferentiable parametriz
if PK(x,y) —0(z —y) € Eruy(Qe x Q). Finally, the kernel K is said to be a
two-sided {w}-ultradifferentiable kernel in Q of the differential operator P if

PK(w,y) =0z —y), 'PK(z.y)=d(z—y),
or equivalently, if the corresponding map K defined in (2.5) satifies
KPp=PKp=1¢p
for all ¢ € D,y ().
The next result is due to Morando [20] for Gevrey classes.

Theorem 2.1.  Let P be a linear partial differential operator defined in
an open set @ C RN with coefficients in Eq,y (). If P is {w}-hypoelliptic in
Q, then every point of Q0 has an open neighborhood in which ‘P has a {w}-
ultradifferentiable fundamental kernel. If 'P is also {w}-hypoelliptic in Q, then
every point of Q has an open neighborhood where P has a two-sided {w}-
ultradifferentiable fundamental kernel, which is {w}-very regular.
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We recall the following consequence of [2, Lemma 2.3 and Proof of Theo-
rem 2.1].

Proposition 2.1.  Let P be a linear partial differential operator defined
in an open set @ C RN with coefficients in Eq,y (). Suppose that P is {w}-
hypoelliptic in . Then for every x € Q) there is a compact subset K C  with

o
x € K such that for every o € S, there exist o' € S,,, 0 < o', and ¢, > 0 for
which

(2.8) ell2,0 < collPoll2,0r
for all ¢ € Dy (K).

Remark.  If 'P is also {w}-hypoelliptic in €, for a fixed z €  we can

find a compact subset K of 2 with z € K such that for every o € S, there
exist o’ € S,,, 0 <¢’, and ¢, > 0 for which inequalities (2.8) and

(2.9) ”‘»0”2,0 < cg||tPg0||2’J/, Vo € D{w}(K)a
are both satisfied.

The proof of Theorem 2.1 is inspired by the one of [24, Theorem 52.2] and
relies on the projective description of the Roumieu classes given in §1.
Proof. Fix x € Q. Since P is {w}-hypoelliptic in Q, by Proposition 2.1

there exists a compact subset K C Q with x € K such that for every o € S,
there exist o’ € S,,, 0 < ¢/, and ¢, > 0 for which

(2.10) lellz,e < CJHP‘P”ZU’

for all ¢ € Dy,1(K). Then the operator J: ({P¢: ¢ € Dy (K} [l2,00) —
(Diwy(K), || ll2,0), P — ¢, is well-defined, linear and continuous. Denoting by
M the closure of P(Dy.,y(K)) in Hf;}(K), J can be extended as a continuous
linear map Ty from M into HY ,(K) (To(Py) = ¢ for all ¢ € Dy,}(K)). Let
py be the orthogonal projection of the Hilbert space Hf‘:}}(K) onto M and
T :=Tpoppn. Then T Hf‘:}}(K) — HY,,(K) is a linear continuous operator
such that (T'(¢) = To(p) for all ¢ € M)

(2.11) T(Pp)=¢

for all ¢ € Dy} (K). Next, we consider its transposed map T (ng}(K))’ —
(HE:}}(K))’ Since Dy, (K) and (HE:}}(K))' are continuously embedded in
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(wa}(K))’ and Df{w}(K) respectively (see §1), we have

Dyoy (K) — (H]y(K)) 5 (H,(K)) — Dy, (K),

i.e. we can regard T € LDy (K), Dy y (K)) = D,y (K x K) (see [12,
Theorem 2.1], [13, §5]). Moreover, from (2.11) we obtain that ‘P("T'p) = ¢ for

all ¢ € Dy y(K). Thus, the kernel associated with 7" is a {w}-fundamental

kernel of ‘P in K, hence in the open neighbourhood U = [O( of z. Thus, the first
statement of the theorem is proved.

Assume that P is {w}-hypoelliptic in  too. By Proposition 2.1 and
Remark thereafter we can proceed as before to obtain a continuous linear map

S: H?U:}(K) — ng}(K) such that S(*Py) = ¢ for all ¢ € Dy, (K); hence, for

all u € D, (K)
(2.12) P(*Su) = u.

Since the spaces Hf;}(K ) and L?(RY) are continuously included in L?(R")
and (H,,(K))" respectively (see (1.2)), we can define the map

E :=Tpy + 'S —par),

here I denotes the identity map of Hful;} (K). Then E € Lg(Dyy (K), Dy, (K)).
By (2.11) and (2.12) we can proceed as in [24, Theorem 52.2] to show that
E(Pyp) = ¢ and P(Eyp) = ¢ for all ¢ € D,y (K). Consequently the kernel in
Dj,,(K x K) corresponding to E is a two-sided {w}-ultradifferentiable funda-
mental kernel of P in K, hence in U. It remains to show that E is {w}-very

regular. This is a consequence of the following lemma. ]

Lemma 2.1.  Let P be a linear partial differential operator defined in
an open set @ C RN with coefficients in €,y (). If P and 'P are both {w}-
hypoelliptic in Q, then every two-sided {w}-ultradifferentiable fundamental ker-
nel of P in Q is {w}-very regular.

Proof. Let K € D{,,(2 x Q) be a two-sided {w}-ultradifferentiable fun-
damental kernel of P in €. Proceeding as in [24, Lemma 52.1] and using the
closed graph theorem for webbed spaces (see e.g. [10, Theorem 5.4.1, Proposi-
tion 5.2.2 and Corollary 5.3.3]), we obtain that the kernel K is {w}-regular. It
remains to show that the kernel K is {w}-very regular.

Since the following isomorphisms of locally convex spaces

Lg(Dy(2), €10y (2) = €10y (2, Dy (2) = Dy () @r 0y ()
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hold (see e.g. [13, Theorem 5.2]), K(x,y) € E{W}(Q,D’{w}(Q)), and we can
proceed as in [24, Lemma 52.1] again to show that, given two open subsets U
and V of Q such that UNV = 0, the set H := {05 K(x,y): a€Z}, ye V} C
Df{w}(Ux) is contained in Ker P = {u € D%w}(Ux) : Pu=0} C &y (Us), where
Ker P is clearly a closed subspace both of D%w}(Ux) and of £,y (Uz). Thus,
Ker P is a Fréchet space with respect to the topology 75 induced by D%w}(Ux)
and is a webbed space with respect to the topology 71 induced by &3 (U,) (see
e.g. [10, Theorem 5.3.1]). Since the inclusion map i: (Ker P,71) — (Ker P, 72)
is continuous, 7 is then a topological isomorphism by the open mapping theorem
for webbed spaces (see e.g. [10, Theorem 5.5.2]). Since £(,}(Us) and DY, (Us)
induce the same topology on Ker P and hence on H, we conclude K(x,y) €
Eriy (Vy, Equy (Uy)) = Equy (Vy x Uy, ). Indeed, let (g;); be a fundamental sequence
of continuous seminorms on DY, (Us). As K(z,y) € £} (Vy, D'(Us)), for each
compact subset H of V and each [ € N, there is m € N so that

sup sup q;(9, K(.,y))exp (—mw* (%)) < +oo0.

yeH a€Ln

On the other hand, denoting by (p;)ic; a fundamental system of continuous
seminorms on £} (Uy), we have that

Vieldl(i)eN, ¢;>0VfecKerP pi(f)<ciq.

Consequently for each compact subset H of V and i € I there is m € N such
that

sup sup p;(9y K(.,y))exp <—m90* (%)) < +oo.

yeH o€l

Thus K(z,y) € Eqy(Vy, E(Us)) ~ Eguy (V, x U, ). This completes the proof. [

Proposition 2.2.  Let P be a linear partial differential operator defined
in an open set Q C RN with coefficients in E1.3(Q). Suppose that both P and
P are {w}-hypoelliptic in Q and map E10) () onto itself. Let F be a complete
locally convex space. Consider the following conditions:

(a) PRI: Ey ()@ F — 1y (V& F is surjective.

(b) POI: Dy ()& F — Dy (& F is surjective.

Then (a) implies (b), and (b) implies (a) if F is ultrabornological; for example
if F is a reflexive Fréchet or (DF') space.

Proof. Let F be a given complete locally convex space.
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(a) = (b) Let S € D’{w}(ﬂ)@)ﬂF. Since P and 'P are both {w}-hypoellip-
tic in Q and the spaces £y} (V) and Df{w} (V') induce the same topology on N (w,
P, V) for all open subset V of Q (see proof of Lemma 2.1), we can apply
Theorem 2.1 and proceed as in [24, Theorem 52.3] to construct an element
T € £ (Q)&-F such that S — (PQI)(T) € £} (Q)®-F. By assumption
there is then an element R € £,y (Q)&, F such that (PRI)R = S — (P&I)(T),
thereby implying that

(PEI)(T+R) =,

and (b) follows.

(b) => (a) if F/ is ultrabornological. Fix v € £(,}(Q)®-F, by (b) there is
u € D'{w}(Q)QA@,rF such that (P®I)u = v. By the canonical isomorphism (1.5)
u defines a continuous linear map from Dy} () into F', which we denote again
by u, such that

(2.13)  fou€eDyy(R) and P(fou)=fo(P&lu=fove (D)

for all f € F’. Since P is {w}-hypoelliptic in 2, by (2.13) we get fou € E.3(2)
for all f € F’. Therefore u : D(,1 () — F is 0(Dy}(Q), £y () — o (F, F)-
continuous, hence u’ : F. — E;,1() is well defined and continuous if we endow
0} (2) with the topology induced by DY, (€2), therefore ut 2 Fl — £,y (Q)
has closed graph. Since F! is ultrabornological, we can apply the closed graph
theorem for webbed spaces (see e.g. [10, Theorem 5.4.1, Proposition 5.2.2 and
Corollary 5.3.3]) to conclude that ' is continuous. This yields u € £,y (2, F)
and (a) follows by (1.4). O

As immediate consequence of Proposition 2.2 we obtain the following.

Corollary 2.1.  Let P be a linear partial differential operator defined in
an open set Q C RN with coefficients in E1y(Q). Suppose that both P and
P are {w}-hypoelliptic in Q and map g,y () onto itself. Then the following
holds.

(1) The operator P: Dy, () — D}, () is surjective.

(2) The operators PRI and 'PRI are surjective on the spaces Eq,} ()& F and
Df{w}(Q)é@wF for every reflexive Fréchet space F.

Proof. In order to show (1), we have only to apply Proposition 2.2,
(a)=(b) with FF = C. To show (2), let F' be a reflexive Fréchet space.

Since Dy, (1) is a Fréchet space and P is surjective, a well-known theorem
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of Grothendieck [6] implies that P&1I : Df{w}(Q)é{)wF - D’{w}(Q)é{)ﬂF is surjec-
tive, hence PRI : £,y ()@ F — Equ,) ()& F is surjective too by Proposition
2.2, (b) = (a). Similarly, one shows the result for ‘P&1. O

We note that the preceding proofs rely heavily on the {w}-hypoellipticity of
P and of 'P to establish that the surjectivity of P on the function space Ery ()
implies the surjectivity of P&, on the vector valued spaces S{w}(ﬂ)@@ﬂF and
Dl ()& F.

The following theorem extends a well-known result of Malgrange [17] (see
also [24, Theorem 52.3]) to the setting of non-quasianalytic classes of Roumieu

type.

Theorem 2.2.  Let P be a linear partial differential operator defined in
an open set 2 C RN with coefficients in E1y(Q). Suppose that both P and tp
are {w}-hypoelliptic in Q and map E;.,3(Q) onto itself. Then P has a two-sided
{w}-ultradifferentiable fundamental kernel in Q which is {w}-very regular.

Proof. By Corollary 2.1 (2), with F' = D’{w}(Q), there exists

Ky € D,y ()&, () with (PRIKi(x,y) = L.

Here I, I, denote the identity maps in the spaces of {w}-ultradistributions
in the variables z, y and I, , denotes the canonical inclusion i: D, (2) —
Dy, () respectively. Proceeding as at the end of [24, Theorem 52.3] we put
L= Iy — (L@'Py) K1 € Dy (Q)®:DY,; (), thereby obtaining that L €
L(Dy.y(y), Ker P), when Ker P is endowed with the Fréchet-topology induced
by Df{w} (92;). Taking F' = Ker P and ‘P, instead of P, we apply again Corollary
2.1 (2), to obtain Ky(z,y) € KerP®ﬂDf{w}(Qy) (hence (P,&®1,)K2 = 0) such
that (I,®'P,) K, = L. Putting K = K; + K>, it follows that ([,®'P,)K = I,
and (P,®I,)K = I, ,. By the canonical isomorphism (2.2) this means that K
is a two-sided {w}-ultradifferentiable fundamental kernel of P in 2. By Lemma

2.1 K is also {w}-very regular and the proof is complete. O
The following consequence is also new for Gevrey classes.

Corollary 2.2.  Let P be a linear partial differential operator defined in
an open set @ C RN whose coefficients belong to G*(Q) with s > 1. Suppose
that both P and P are s-hypoelliptic in @ and map G*(Q) onto itself. Then
P has a two-sided s-ultradifferentiable fundamental kernel in Q which is s-very
reqular.
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Example 2.  Consider the elliptic partial differential operator of order
2m
P=P@,D)= Y (-1)PD’(ap(x)D?), zecR".
Ipl, lal<m
Suppose that the following conditions are satisfied: all the coefficients a,, are
real-valued and belong to G*(RY), s > 1, and the characteristic form Py(z, &)
of the operator P satisfies

Po(w,€) = > (=1)"ap(0)e"* > p(x)[e*", x, £ €RY,

[pl, lg|l=m

where infx 1 > 0 for every compact subset K of RY.

Under these hypothesis, we have that for every g € G*(RV) and n € N
there is u,, € G*(B,) N C(B,) (B, := {r € RN : |z| < n}) satisfying the
following Dirichlet problem

(2.14)

Pu, =g on B,
65;3]‘ =0,j=0,...,m—1, on 0B,,

where v denotes the normal vector field to dB,,, oriented towards the interior
of By, see [16, Ch. 8, Theorem 1.1 and Corollary 1.1] and [15, Ch. 2, §1].
Thus P is locally surjective in G*(RY) in the sense of Braun, Meise and Vogt
[4], i.e. for every ¢ € G*(RY) and n € N there exists f € G*(RY) such
that P(f)s, = 9|,- This corresponds to the concept of semiglobally solvable
operator in the sense of Treves [24, Definition 38.2, p. 392].

Indeed, if we put f := xp+41Un4+1 Where u,41 is the solution of the Dirichlet
problem on B, associated to P (here x,+1 € G§(RY) satisfies x,11 = 1 on
B, 0 < Xnt1 < 1, and suppxn+1 C Bni1), we have that f € G*(RY) and
P(f)iB, = P(unt1)i, = 9B,

Since Ker P is a nuclear Fréchet space (see proof of Lemma 2.1), we can
apply [1, Proposition 3.1] to obtain that P is a surjective map on G*(RY).
As it is easy to verify, P also satisfies all the above conditions and then P
is a surjective map on G*(RY). As P and 'P are elliptic partial differential
operators in RY, hence s-hypoelliptic in R, by Corollary 2.2 P has a two-
sided s-ultradifferentiable fundamental kernel in RY which is s-very regular.

We refer the reader to the article [1] for more examples and related results.
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