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An Operator-theoretic Approach to Invariant
Integrals on Quantum Homogeneous
SU,, 1-spaces

By

Klaus-Detlef KURSTEN and Elmar WAGNER*

Abstract

An operator-theoretic approach to invariant integrals on non-compact quantum
spaces is introduced on the examples of quantum ball algebras. In order to describe an
invariant integral, operator algebras are associated to the quantum space which allow
an interpretation as “rapidly decreasing” functions and as functions with compact
support. If an operator representation of a first order differential calculus over the
quantum space is known, then it can be extended to the operator algebras of integrable
functions. The important feature of the approach is that these operator algebras are
topological spaces in a natural way. For suitable representations and with respect to
the bounded and weak operator topologies, it is shown that the algebra of functions
with compact support is dense in the algebra of closeable operators used to define
these algebras of functions and that the infinitesimal action of the quantum symmetry
group is continuous.

§81. Introduction

The development of quantum mechanics at the beginning of the past
century resulted in the discovery that nuclear physics is governed by non-
commutative quantities. Recently, there have been made various suggestions
that spacetime may be described by non-commutative structures at Planck
scale. Within this approach, quantum groups might play a fundamental role.
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They can be viewed as g-deformations of a classical Lie group or Lie algebra
and allow thus an interpretation as generalized symmetries. At the present
stage, the theory is still in the beginning. Before constructing physical mod-
els, one has to establish the mathematical foundations—most important, the
machineries of differential and integral calculus.

In this paper, we deal with integral calculus on non-compact quantum
spaces. The integration theory on compact quantum groups is well established
and was mainly developed by S. L. Woronowicz [22]. He proved the existence of
a unique normalized invariant functional (Haar functional) on compact quan-
tum groups. If one turns to the study of non-compact quantum groups or
non-compact quantum spaces, one faces new difficulties which do not occur in
the compact case. For instance, we do not expect that there exists a normal-
ized invariant functional on the polynomial algebra of the quantum space. The
situation is analogous to the classical theory of locally compact spaces, where
one can only integrate functions which vanish sufficiently rapidly at infinity.

Our aim is to define appropriate classes of quantized integrable functions
for non-compact g-deformed manifolds. The ideas are similar to those in [15]
and [17], where a space of finite functions was associated to the the quantum
disc and to the quantum matrix ball, respectively (see also the review article
[20]). However, our treatment will make this construction more general and
will allow us to consider a wider class of integrable functions. Furthermore,
the invariant integral resembles the well-known quantum trace—an observation
that provides us with a rather natural proof of its invariance. Admittedly, we
do not elaborate harmonic analysis on quantum homogeneous SU,, ;-spaces.
For this, one needs additional properties, for instance the self-adjointness of
Casimir operators.

Starting point of our approach will be what we call an operator expan-
sion of the action. Suppose we are given a Hopf *-algebra U and a U-module
*_algebra X with action ». Let 7 : X — L£1(D) be a *-representation. (Precise
definitions will be given below.) If for any Z € U there exists a finite number
of operators L;, R; € LT (D) such that

(1) w(Zvx) = ZLiﬁ(x)Ri, z e X,

then we say that we have an operator expansion of the action. Obviously, it is
sufficient to know the operators L;, R; for the generators of . The operators
L;, R; are not unique as it can be seen by replacing L; and R; by (—L;) and
(—Ri).

Let us briefly outline our method of dealing with invariant integrals on
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non-compact quantum spaces. Assume that g is a finite-dimensional complex
semi-simple Lie algebra. Let U,(g) denote the corresponding quantized univer-
sal enveloping algebra. With the adjoint action ad,(X)(Y) := X1)Y S(X(2)),
U, (g) becomes a U, (g)-module *-algebra. It is a well-known fact that, for finite
dimensional representations p of U,(g), the quantum trace formula Tr ,(X) :=
Trp(XK5}), X € U,(g), defines an ad,-invariant linear functional on U, (g).
Here, the element Ky, € U,(g) is taken such that KQ_leng = S?2(X).

Now consider a U, (g)-module *-algebra X and a *-representation 7 : X —
L1(D). In our examples, the operator expansion (1) of the U,(g)-action on
X will resemble the adjoint action. Furthermore, it can be extended to the
*-algebra £1(D) turning £ (D) into a U, (g)-module *-algebra. The quantum
trace formula suggests that we can try to define an invariant integral by replac-
ing Ky, by the operator that realizes the operator expansion of Ky, and taking
the trace on the Hilbert space completion of D. Since we deal with unbounded
operators, this can only be done for an appropriate class of operators, say B.

First of all, the invariant functional should be well defined. Next, we wish
that B is a U, (g)-module *-algebra. This means that B should be stable under
the action defined by the operator expansion. If we choose B such that the
closures of its elements are of trace class and that multiplying the elements of
B by any operator appearing in the operator expansion yields an element of B,
then B is certainly stable under the action of U, (g) on £ (D) and the invariant
functional is well defined on B. Our intention is to interpret B as the rapidly
decreasing functions on a ¢-deformed manifold. For this reason, we suppose
additionally that B is stable under multiplication by elements of X.

Clearly, the assumptions on B are satisfied by the *-algebra F of finite
rank operators in £7(D). The elements of F are considered as functions with
finite support on the g-deformed manifold. If we think of U,(g) as generalized
differential operators, then we can think of B and F as infinitely differentiable
functions since both algebras are stable under the action of U,(g).

The algebras B and F were mainly introduced in order to treat invariant
integration theory on g-deformed manifolds. Nevertheless, our approach also
allows to include differential calculi. By means of an operator representation
of a first order differential calculus over X, one can build a differential calculus
over the operator algebras B and F. In this case, we view the differential
calculus over B and F as an extension of the differential calculus over X.

Our approach has the following advantage. The algebras X' (more exactly,
(X)), B, and F are subalgebras of £*(D). In particular, they are subspaces
of the topological space £(D,D"). Therefore we can view this algebras as
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topological spaces in a rather natural way. As a consequence, it makes sense
to discuss topological concepts such as continuity, density, etc.

In this paper, we study the quantum ball algebra O, (Mat,, 1) as aly(suy, 1)-
module *-algebra [16]. Since our approach to invariant integrals is based on
Hilbert space representations, we shall specify *-representations of O, (Mat,, 1).
We do not require that they are irreducible. It is another notable fact that our
approach works also for non-irreducible representations.

When n =1, Oy(Mat,, 1) is referred to as quantum disc algebra O, (U) [15].
As the algebraic relations and the *-representations of O,(U) are comparatively
simple, it will serve as a guiding example in order to motivate and illustrate
our ideas and, therefore, we shall discuss it in a greater detail.

§2. Preliminaries
§2.1. Algebraic preliminaries

Throughout this paper, ¢ stands for a real number such that 0 < ¢ < 1,

and we abbreviate A = ¢ — ¢ L.

Let & be a Hopf algebra. The comultiplication, the counit, and the an-
tipode of a Hopf algebra are denoted by A, e, and S, respectively. For the
comultiplication A, we employ the Sweedler notation: A(x) = x(1) ® x(2). The
main objects of our investigation are A/-module algebras. An algebra X is called
a left U-module algebra if X is a left U-module with action » satisfying

(2) fe(zy) = (fapz)(fopy), zyeX, fel.
For an algebra X with unit 1, we additionally require
(3) fl=e(f)1, feu.

Let X be a *-algebra and U a Hopf *-algebra. Then X is said to be a left
U-module *-algebra if X is a left U-module algebra such that the following
compatibility condition holds

(4) (fex)" =5(f)ea”, zeX, fel.
By an invariant integral we mean a linear functional A on X such that
(5) h(frz) =e(f)h(z), ze€ X, fel.

Synonymously, we refer to it as U-invariant.
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A first order differential calculus (abbreviated as FODC) over an algebra
X is a pair (I',d), where T" is an X-bimodule and d : X — I a linear mapping,
such that

d(zy) =z -dy+dz-y, z,yelX, I'=Lin{zdy-z; z,y,2 € X }.

(T',d) is called a first order differential *-calculus over a *-algebra X if the
complex vector space I' carries an involution * such that

(z-dy-2)"=z"-d(y*) - 2", =z,y,z€ X.

Let (a;;)i;—; be the Cartan matrix of sl(n + 1,C), that is, a;; = 2 for

j=1...,n, 0541 =aj1; = —1for j=1,...,n—1 and a;; = 0 otherwise.
The Hopf algebra Uy(sl,+1) is generated by Kj, Kj_l7 E;, Fj, j=1,...,n,
subjected to the relations

6
(1(in = K;K;, K;'K;=K;K;'=1, K;E;=q""E;K;, K;F;=q “iF;K,,
(7) EE;—E;E;=0, i#j+1, E!Ej11—(q+q "E;Ejn1Ej+Ej+1E; =0,
(8) FFj—FjF,=0, i#j+1, F'Fju1—(q+q VFjFj21F;j+F;1F; =0,
(9) E;F;—E;F;=0, i#j, E;jF;—F;E;=\""K; —Kj_l), j=1,...,n.
The comultiplication A, counit &, and antipode S are given by
A(E)j) = E;©1+ K;®E;, A(F))=F,0K;'+19F;, A(K;)=K;®Kj,
e(Kj) =e(K; ) =1, e(E)) =e(F) =0,
S(K;)=K;', S(E;)=-K;'E;, S(F;)=-FK;

Consider the involution on U, (sl,+1) determined by
(10)
K =K;, B; = K;F;, Ff = E;K; ', j#n, B} = —-K.F,, F; = —E,K.".
The corresponding Hopf *-algebra is denoted by U, (suy, 1)

If n =1, we write K, K~', E, F rather than K, Kl_l, FE4, Fi. Then the
algebraic relations read
(11) KK '=K'K=1, KEK'=¢’E, KFK!'=q?F,
(12) EF —FE=)XYK-K™1),
(13) K*=K, E*=-KF, F*=-EK %

For n > 1, the generators Kj, Kj_l, E;, F;,j=1,...,n—1 with relations
(6)—(10) generate the Hopf *-algebra Uy (su,).
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82.2. Operator-theoretic preliminaries

We shall use the letters H and K to denote complex Hilbert spaces. If I
is an index set and ‘H = @;c; H;, where H; = K for all i € I, we denote by 1,
the vector of H which has the element n € K as its i-th component and zero
otherwise. It is understood that 7; = 0 whenever i ¢ I.

If T is a closable densely defined operator on H, we denote by D(T),
o(T), T, and T* the domain, the spectrum, the closure, and the adjoint of T,
respectively. A self-adjoint operator A is called strictly positive if A > 0 and
ker A = {0}. We write 0(A4) C (a,b] if 0(A)CJa,b] and a is not an eigenvalue of
A. By definition, two self-adjoint operators strongly commute if their spectral
projections mutually commute.

Let D be a dense linear subspace of H. Then the vector space

LT(D):={z€End(D); DC D(z*), 2*DC D}

is a unital *-algebra of closeable operators with the involution z + zt :=
2*[D and the operator product as its multiplication. Since it should cause no
confusion, we shall continue to write z* in place of 2. Unital *-subalgebras of
LT(D) are called O*-algebras.

Two *-subalgebras of £ (D) which are not O*-algebras will be of partic-
ular interest: The *-algebra of all finite rank operators
(14)

F(D) :={x € LY(D); # is bounded, dim(zH) < co, H C D, T¥H C D}

and, given an O*-algebra 2,
(15)
By (A):={tcLT(D); tH C D, t*H C D, atb is of trace class for all a,bc2 }.

It follows from [11, Lemma 5.1.4] that By () is a *-subalgebra of £ (D). Ob-
viously, we have F(D) C By () and 1 ¢ B () if dim(H) = co. An operator
A € F(D) can be written as A = > | aze; ® fi, where n € N, oy € C,
fiye; € D, and (e; ® fi)(x) := (fi, x)e; for x € D.

Assume that 2( is an O*-algebra on a dense domain Dg. A natural choice
for a topology on Dy is the graph topology ty generated by the family of semi-
norms

(16) {1l lla Yaex, l@lla = llagll; ¢ € Da.

2 is called closed if the locally convex space Dy is complete. The closure 2 of
2A is defined by

(17) Dy = NueaD(@), A:={a[Dg;acA}.



INVARIANT INTEGRALS ON QUANTUM SPACES 7

By [11, Lemma 2.2.9], Dg is complete.

Let D} denote the strong dual of the locally convex space Dg. Then the
conjugate space D; is the topological space D} with the addition defined as
before and the multiplication replaced by « - f := af, a € C, f € Dj. For
[ € Dy and ¢ € Dy, we shall write (f, ¢) rather than f(). The vector space of
all continuous linear operators mapping Dy into D; is denoted by L(Dsy, D; ).
In the case A = L1(D), we write ¢ instead of ty and L£(D,D") instead of
L(Dy, D). We assign to £(Dg, Dy) the bounded topology T, generated by the
system of semi-norms

{prm; M C Dy, bounded },  pas(A) :=sup, yen[(Ap, ¥)|, A€ L(Dy, DY)
and the weak operator topology T, generated by the system of semi-norms

{prr;s M C Dy, finite },  prr(A) :=sup, yen[(Ap,¥)], A € L(Da, Da).

Note that A C L(Dgy, D) for any O*-algebra 2. Furthermore, it is known
that £+ (Dg) C L(Dg, DY) if Dy is a Fréchet space.

We say that 2 is a commutatively dominated O*-algebra on the Fréchet
domain Dy if it satisfies the following assumptions (which are consequences
from the definitions given in [8, 11]). There exist a self-adjoint operator A on
‘H and a sequence of Borel measurable real-valued functions r,, n € N, such
that 1 < 71(t), r(t)? < rps1(t), 7 (A)[Dg € A, and Dy = NpenD (1, (A)).

By a *-representation 7 of a *-algebra 2l on a domain D we mean a *-ho-
momorphism 7 : 2 — L£T(D). For notational simplicity, we usually suppress
the representation and write  instead of m(2) when no confusion can arise. If
each decomposition m = m @ 7y of 7 as direct sum of *-representations m; and
7o implies that m; = 0 or mo = 0, then 7 is said to be irreducible.

*_representation m, it follows from [11, Proposition 8.1.12] that

Given a
the mapping

7 %A — LY(D(R)), 7(a):=7(a)[D(7),

defines a *-representation on D(7) := Ngeag D (7(a)). 7 is called the closure of
m and 7 is said to be closed if 7 = 7.

If we consider *-representations of *-algebras, we shall restrict ourself to
representations which are in a certain sense “well behaved”. This means that
we shall impose some regularity conditions on the (in general) unbounded op-
erators under consideration. The requirements will strongly depend on the sit-
uation. For further discussion on “well behaved” representations, see [13, 2, 1].

Suppose that X is a *-algebra and 7 : X — LT(D) a *-representation.
Each symmetric operator C € LT (D) gives rise to a first order differential
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*-calculus (I'z ¢, dx ) over X defined by

(18) 'y c:=Lin{n(z)(Cr(y) — n(y)C)7n(z); z,y,2 € X} and
(19) dec: X =T, drc(z) =i(Cnr(z)—n(z)C), zeli,

where i denotes the imaginary unit (see [12]). Let (I',d) be a first order dif-
ferential *-calculus over X. Then (I'; ¢,dx ) is called a commutator repre-
sentation of (I',d), if there exits a linear mapping p : I' — I'z ¢ such that
p(x-dy-z) = m(x)dr c(y)m(z) and p(v*) = p(y)* for all z,y,z € X, y € T.

We close this subsection by stating three auxiliary lemmas.

Lemma 2.1. Let A be a self-adjoint operator and let w be an unitary
operator on a Hilbert space H such that

(20) quwA C Aw.

i. Then the spectral projections of A corresponding to (—o0,0), {0}, and
(0,00) commute with w.

ii. Suppose additionally that A is strictly positive. Then there exists a self-
adjoint operator Ay on a Hilbert space Hy with o(Ag) C (g, 1] such that,
up to unitary equivalence, H = $°2 Hy, Hn = Ho, and

n=—oo
Ann = anonn; WTn = Mn+1,

where n € Hy and n € Z.

Proof. (i): Let e(u) denote the spectral projections of A. Since w is
unitary, (20) implies that A = qwAw* and hence e(qu) = we(p)w*. This
proves (i).

(ii): Let H, := e((¢"™,¢"])H and A, := A[H,, n € Z. Since A is
strictly positive, H = 22 _ _ H,,. Now e((¢"*1,¢"]) = we((q™, ¢"~])w* yields
wH, = Hp+1.- Up to unitary equivalence, we can assume that H, = Hy and
Wy, = Npy1 for n € Hy. Moreover, An, = ¢"w"Aw™n, = q"w"Agny =
q" AoTn- 0

Lemma 2.2.  Let A be a self-adjoint operator and let w be a linear isom-
etry on a Hilbert space H such that

(21) swA C Aw

for some fixed positive real number s # 1. Suppose that A has an eigenvalue
A such that the eigenspace Hy := ker(A — ) coincides with ker w*. Then the
eigenspace Hy, := ker(A — s™ \) coincides with w™"Hg for each n € N.
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Proof. Taking adjoints in (21) gives s 1w*A C Aw*. Let n € Ny, p € H,,,
and 1 € H,y1. Then Awp = swAp = s"T A wp and Aw*p = s~ lw* Ay =
s"Aw*y. Hence wH,, C Hpt1 and w*H,4+1 C Hy. Since Hy41 L Ho, we have
ww*yY = . This together with w*w = 1 implies that w[H,, is a bijective
mapping from H,, onto H, 11 with inverse w*[H, 1. O

Lemma 2.3. Let e € {£1}. Assume that x is a closed densely defined
operator on a Hilbert space. Then the coincidence of domains D(xx*) = D(x*x)
and the relation

(22) rr* — ¢*rx = e(1 — ¢°)

hold if and only if x is unitarily equivalent to an orthogonal direct sum of
operators determined as follows:

e=1:
(I) xn, = (1 —¢*>") 20,1 on the Hilbert space & Hy, Hy, = Ho.
(I

I)a x is the minimal closed operator on &2 _  H,, H, = Ho, with

0, = (1 + ¢*" AV 20,1, where A is a self-adjoint operator on H
such that o(A) C (¢3,1].

(III), x = u, where u is a unitary operator.

e=—1:
x is the minimal closed operator on the Hilbert space ®5° 1 Hy, Hy =
Hi, with xn, = (¢ — 1) 25,,1.

Proof. Direct calculations show that the operators described in Lem-
ma 2.3 satisfy (22). Suppose now we are given an operator x satisfying the
assumptions of the lemma. Recall that x*x is self-adjoint for every closed
densely defined operator x. Let e(u) denote the spectral projections of the
self-adjoint operator Q = ¢ —z*z. For p € D(Q?) = D((z*z)?), it follows from
(22) that

(23) Qr*p =1a"(e—aza*)p =" (e — ¢*z*z — (1 — ¢*))p = ¢*z* Qy,
(24) 2Qp = (e — 12%)zp = (€ — "7 — €(1 — ¢°))zp = °Quep.

The cases ¢ = 1 and € = —1 will be analyzed separately.
€ = 1: Let * = ua be the polar decomposition of x*. Note that

(25) A=zt =1-¢F+¢Fr"z=1-¢4Q>1-¢,
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which implies, in particular, that ker a = keru = 0, so u is an isometry. Insert-
ing ¢ = a4 in (23), where ¥ € D(Q?), one obtains Quy = ¢*uaQa~‘t =
*u@Qy. Since D(Q?) is a core for @Q, it follows that ¢?u@ C Qu. By taking
adjoints, one also gets u*Q C ¢>Qu*. Furthermore, ¢ € kerz = kerz*z =
ker v* if and only if (Q — 1) = 0. If keru* # {0}, Lemma 2.2 implies that
K = @ Hn, where H,, = ker(Q — ¢°"), is a reducing subspace for u and Q.
Moreover, z[K = (1 —¢*>Q)"/?u*[K is unitarily equivalent to an operator of the
form (I).

It suffices now to prove the assertion under the additional assumption that
keru* = {0}. By Lemma 2.1(i), we can treat the cases where @ is strictly
positive, zero, or strictly negative separately.

If @ were strictly positive, then it would be unbounded by Lemma 2.1(ii),
which contradicts (25). Hence we can discard this case. If @ = 0, then z = u*
is unitarily equivalent to an operator of the form (II71),. When @ is strictly
negative, Lemma 2.1(ii) applied to the relation ¢?u(—Q) C (—Q)u shows that
r = (1 —¢*>Q)"/?u* is unitarily equivalent to an operator of the form (I7)4.

e = —1: In this case, we use the polar decomposition x = vb of . From

(26) V=x'z=-1-Q=q *(zz*+1-¢*)>q¢>—-1,

it follows that kerb = kerv = {0} so that v is an isometry. Using (24) and
arguing as above, one obtains ¢ 2vQ C Qv and ¢®>v*Q C Qu*. Note that, in the
present case, Q < —¢~2 by (26). Therefore ker v* # {0} since otherwise Lem-
ma 2.1 would imply that 0 belongs to the spectrum of Q). Now ¢ € kerv* =
ker * = ker zz* if and only if Qp = (=1 —z*2)p = (=1 — ¢~ 2(1 — ¢?))p =
—q %p. From Lemma 2.2, it follows that K := ©2°; ‘H,, where H,, = ker(Q +
q~?"), is a reducing subspace for v and Q. In particular, z[K = v(—1—Q)'/?[K
is unitarily equivalent to an operator of the form stated in the lemma. Finally,
we conclude that H = IC since the restriction of v* to a non-zero orthogonal
complement of I would be injective, which is impossible as noted before. O

Remark. For e = 1, a characterization of irreducible representations of
(22) can be found in [10] as a special case of the results therein. For e = —1,
the irreducible representations of (22) were obtained in [3] by assuming in the
proof that x*x has eigenvectors.
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83. Quantum Disc Algebra
§3.1. Invariant integrals associated with the quantum disc algebra

The quantum disc algebra O,(U) is defined as the *-algebra generated by
z and z* with relation [5, 9]
(27) 22— Pzt =1- ¢~
By (27), it is obvious that O4(U) = Lin{z"2*™; n,m > 0}. Set
(28) y:=1-—2zz"

Then y = y* and

2

(29) yz = q’zy, y*=q %"y

From zz* =1 —y, 2*2 = 1 — ¢*y, and (29), we deduce
(30) 2 = (Y e 2 = (Y4,

where (t;q)o := 1 and (¢;q)p = Z;é(l —¢*t), n € N. In particular, each
element f € Oy(U) can be written as

N M
n=0 n=1

with polynomials p,, in y.
The left action » which turns O,(U) into a U, (su; 1)-module *-algebra can
be found in [15, 19] or [5]. On generators, it takes the form
(32) K*loy = %22, Evz = —¢'/?22, Foz = ¢'/2,
(33) Kilbz* _ q:|:2z*7 Evz* = q—?)/27 Foz* = —q5/2z*2.
Recall our notational conventions regarding representations. For instance,
if 7:O04(U) — L1(D) is a representation, we write f instead of 7(f) and X»f

in instead of w(Xvf), where f € O,4(U), X € U,(suy,1). The key observation of
this subsection is the following simple operator expansion.

Lemma 3.1.  Let m : Oy(U) — L1(D) be a *-representation of Oy4(U)
such that y~" belongs to LY (D). Set A :=q~'/? 7'z and B := —y~'A*. Then
the formulas
(34) Kef=yfy™t, K '»f=y'fy,

(35) Eof=Af —yfy ' A,
(36) Fof = Bfy—q°fyB
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define an operator expansion of the action > for f € Oy(U). The same formu-
las applied to f € L1(D) turn the O*-algebra L1 (D) into a Uy(suy 1)-module
*_algebra.

Proof. 'We take Equations (34)—(36) as definition and show that the action
> defined in this way turns £1(D) into a U,(suy 1 )-module *-algebra. To verify
that > is well defined, we use the commutation relations

(37) yA=q¢’Ay, yB=q ’By, AB—BA=-\"'y"!
which are easily obtained by applying (27) and (29). For f € LT (D), we have

(EF —FEyf=ABfy+yfBA—- BAfy—yfAB
— (AB — BA)fy — yf(AB — BA)
=AMyfy T -y fy) = MK - KTef
The relations (11) are handled in the same way, so we conclude that the action
is well defined.

We continue by verifying (2)—(4). Since the action is associative, it is
sufficient to prove (2)—(4) for generators. Let f,g € £L1(D). Then

(Exf)g+ (Ko f)(Erg) = (Af —yfy " A)g+yfy~ " (Ag — ygy~ ' A)
=Afg—yfgy 'A = Er(fg),

(Bof)* = f*A" — A*y ' f*y = —f*yB+ ¢ °Bf*y = ¢ *Fof* = S(E)*s f*,

and Fr1 = A —yy 'A = 0 = ¢(E)1. The generators F, K and K~ ! are
treated analogously. Summarizing, we have shown that the action > defined by
(34)—(36) equips LT (D) with the structure of a U,(su; ;)-module *-algebra.

It remains to prove that (34)—(36) define an operator expansion of the ac-
tion > given by (32) and (33). Since 7(O4(U)) is a *-subalgebra of the U, (suy 1)-
module *-algebra £1(D), it is sufficient to verify (34)—(36) for the generators
of Uy(suy 1) and O4(U) (see Equation (2)). From the definition of A and y, it
follows by using (27) and (29) that

(38) BEvz= Az —yzy 'A = ¢ VPAT (22 — 222) = —¢1/222,
(39)  Ee2t = At —yrty A= AT (Pa - 22) = ¢

The other relations of (32) and (33) are proved similarly. This completes the
proof. O
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Recall that the left adjoint action ady, (a)(b) := a1)bS(a(2)), a,beUy(suy 1),
turns U, (suy,1) into a U, (suy 1 )-module *-algebra. For the generators E, F', and
K, we obtain adp(E)(b) = Eb— KbK~'E, ady(F)(b) = FbK — ¢*bKF, and
adr (K)(b) = KbK~!. There is an obvious formal coincidence of this formulas
with (34)—(36) but A, B, and y do not satisfy the relations of E, F, and K
because the last equation of (37) differs from (12).

We mentioned that for a finite dimensional representation p of U,(suy1)
the quantum trace

Tr,a:= Tr p(aK ™)

defines an invariant integral on U, (su; 1) (see [6, Proposition 7.1.14]). The proof
does not involve the whole set of relations of U, (su; 1) but the trace property
and the relation K~!fK = S?(f) for all f € Uy(suy,1). The last relation reads
on generators as K 'KK = K, K"'EK = ¢ ?E, K"'FK = ¢*F and these
equations are also satisfied if we replace K by y, E by A, and F by B.

The main result of this section, achieved in Proposition 3.1 below, is a
trace formula for an invariant integral on the operator algebras B, () and F(D)
from Subsection 2.2 by using above observations. Note that we cannot have a
normalized invariant integral on O, (U); if there were an invariant integral h on
0,(U) satisfying h(1) = 1, then we would obtain

(10) 1= h(1) = ¢ /2h(Foz) = g~ 2e(F)h(2),
a contradiction since g(F) = 0.

Proposition 3.1.  Suppose that m : O,(U) — L1(D) is a *-representa-
tion of O4(U) such that y=' € LT(D). Let 2 be the O*-algebra generated by
the operators z, z*, and y~'. Then the *-algebras F(D) and By () defined in
(14) and (15), respectively, are U,(suy,1)-module *-algebras, where the action
is given by (34)—(36). The linear functional

(41) h(g):=cTrgy=t, ceR,

defines an invariant integral on both F(D) and By ().

Proof. Obviously, by the definition of F(D) and B;(2(), we have afb €
F(D) and agb € B (2A) for all f € F(D), g € By (), a,b € 2, so both algebras
are stable under the action of U,(suy1). By Lemma (3.1), this action turns
F(D) and B; () into U,(suy 1 )-module *-algebras.

The proof of the invariance of h uses the trace property Tr agb = Tr gba =
Tr bag which holds for all g € B; () and all a,b € 2 (see [11]). Since the action
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is associative and € a homomorphism, we only have to prove the invariance of
h for generators. Let g € By (). Then

h(Erg) = Tr (Agy=' —ygy=1Ay=!) = Tr Agy=! — Tr Agy=! =0 = ¢(E)h(g).

Similarly, h(Frg) = 0 = (F)h(g) and h(K*'>g) = h(g) = e(K*!)h(g). Hence
h defines an invariant integral on By (2(). It is obvious that the restriction of h
to F(D) gives an invariant integral on F(D). O

Commonly, the algebra O, (U) is considered as the polynomial functions
on the quantum disc. Observe that agb € By () for all g € By () and all
polynomial functions a,b € O,(U). Note, furthermore, that the action of E and
F satisfies a “twisted” Leibniz rule. If we think of U, (su; 1) as an algebra of
“generalized differential operators”, then we can think of By () as the algebra of
infinitely differentiable functions which vanish sufficiently rapidly at “infinity”
and of F(D) as the infinitely differentiable functions with compact support.

2. opological aspects of *-representations
3.2. Topological ts of * tati

This subsection is concerned with some topological aspects of representa-
tions of O, (U). The “well behaved” operators satisfying the defining relation of
0,(U) are described in Lemma 2.3. Here we restate Lemma 2.3 by considering
only irreducible *-representations and specifying the domain on which the al-

L exists, we exclude the case (I11), in which

gebra acts. As we require that y—
y = 0. Let {n;};es denote the canonical basis in the Hilbert space H = l5(J),

where J =Ny or J =Z.

(I) The operators z, z*, and y act on D := Lin{n, ; n € Ny } by
2N = Ak 1Mt 1, 2 00 = Aalln—1, Yl = q2n77n-

(II)s Let a € [0,1). The actions of z, z*, and y on D := Lin{n, ;n € Z} are
given by

Mn = )\a,n+l77n+17 Z*nn = )\amnn—la Yhin = —q2(“+")77n.

Here, \,, = (1 — ¢*)¥/? and Ay, = (1 4 ¢>@+™)1/2. Obviously, y=* € L*(D)
in both cases.

Let 20y be the O*-algebra on D generated by z, z*, and y~! = (1 —22*)~L.
If we equip D with the graph topology ty,, D is not complete. The situation
becomes better if we pass to the closure 2 of 2. By (17), 2 is an O*-algebra
on Dy := Ngen, D(@). Some topological facts concerning 2 and L£*(Dg) are
collected in the following lemma and the next proposition.
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Lemma 3.2.  Suppose we are given an irreducible *-representation of
type (I) or (IT),. Let A be the O*-algebra defined in the preceding paragraph.

i. A is a commutatively dominated O*-algebra on a Fréchet domain.

ii. Dy is nuclear, in particular, Dy is a Fréchet—Montel space.

Proof. (i): The operator y is essentially self-adjoint on Dy and so is
(42) T:=1+y+y >

Let ¢ € Dy. A standard argument shows that, for each polynomial p(y,y~1),
there exist & € N such that ||p(y,y~1)e|| < |[T*p||. By using (30), we get the
estimates

1z"p(y, v el < 180y, v~ )@y 6*)n p(y, v~ 1ol |02 < [T ],
2"y, y™ el < (15(ys y ™) (w5 a7 2)n 2y, v~ el el < 1TV ¢

for some I,I’ € N. Since T > 2 and TF < T™ for k < m, we can find for each
finite sequence k1, ..., ky € Na ko € N such that Zjv:l ||[T%i || < ||T*o¢||. By
(31), (29), and the definition of 2, it follows that each f € 2 can be written
as f = Zgzo 2y, y~1) + Zi/[:l 2*"p_,(y,y~1). From the foregoing, we
conclude that there exist m € N such that ||fe|] < |[|[T™]|, consequently
[ -[ly < || -|lzm. This shows that the family {|| - [| 2+ }ren generates the graph
topology and Dg = ﬂkeND(TZk), which proves (i).

(ii): By (i), the graph topology is metrizable. It follows from [11, Proposi-
tion 2.2.9 and Corollary 2.3.2.(ii)] that Dy is a reflexive Fréchet space, in partic-
ular, Dy is barreled. To see that Dy is nuclear, consider E,, := (Dg, || - ||7n),
where the closure of Dy is taken in the norm || - ||7», and the embeddings
tn+1 : Eny1 — E,, where ¢, 41 denotes the identity on E, 41, n € N. It is easy
to see that the operator T~! : H — H is a Hilbert-Schmidt operator and that
the canonical basis {e;},c.7, where J = Ny in case (I) and J = Z in case (1), is
a complete set of eigenvectors. The set {f]'}je, f}' = |[T™e;||~'e; constitutes
an orthonormal basis in F,,, and we have

D Mewr DG = DT 7P = DT (I eyl )P

jed jeJ jed
=D T gl < o0
jeJ

which shows that ¢, is a Hilbert—Schmidt operator. From this, we conclude

that Dy is a nuclear space since the family {|| - ||7» } nen of Hilbert semi-norms
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generates the topology on Dg. As each nuclear space is a Schwartz space and
as each barreled Schwartz space is a Montel space, Dy is a Montel space. [

Proposition 3.2.  Suppose we are given an irreducible *-representation
of type (I) or (II)y. Assume that A is the closed O*-algebra defined above.

i. F(Dgy) is dense in L£(Dgy, D) with respect to the bounded topology .

ii. The Uy(suy1)-action on L1 (Dy) is continuous with respect to T,.

Proof. (i) follows immediately from Lemma 3.2(ii) and [11, Theo-
rem 3.4.5].

(ii): Let x € LT(Dgy) and a,b € A. According to [11, Proposition 3.3.4(ii)],
the multiplication « +— axb is continuous. By Lemma 3.1, the action of U, (su; 1)
is given by a finite linear combination of such expressions, hence it is continuous.

|

The algebra F(D) is the linear span of operators 7,, ® n,,, where n,m € Ny
for the type (I) representation and n,m € Z for type (II) representations.
Since D C Dy, we can consider F(D) as a subalgebra of F(Dgy) and, moreover,
as a Uy (suy 1 )-module *-algebra. The interest in F(D) stems from the fact that
the operators 7, ® 1, are more suitable for calculations. With a little extra
effort, we can deduce from Proposition 3.2 that the linear span of this operators
is dense in £(Dg, D).

Corollary 3.1.  F(D) is dense in L(Dgy, D) with respect to the bounded
topology Tp.

Proof. In view of Proposition 3.2(i), it is sufficient to show that F(Dgy)
lies in the closure of F(D). With T defined in (42), consider the set of Borel
measurable functions

R:={r:0(T)—[0,00); sup r(t)t>" < oo}

teo(T)

It follows from Lemma 3.2(i) and [8, Proposition 3.4] that the family of semi-
norms

{Il-ll-}rers lally = lr(D)ar(Dl, a € L(Da, Dy),

(the norm || - || being the operator norm in £(H)) generates the topology 7.
Let ¢,9 € Do Note that ||r(T)(¢ ® ¥)r(T)[| < |Ir(D)I]?|l¢ll [l With
Qn, Bn € C, write o = > niin, ¥ = > s Bulin, Where J = Ny or J = 7Z
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according to the type of representation considered. For k € N, set @i =
Dini<k ntn and Wy = 30 oy Banp. Clearly, ¢y, 9y € F(D). Now

o ® ¥ — e ® Prllr = [[r(T) (¢ @9 — o1 @ Yi)r(T)]]
< Ir@)IPlle = exll Il + [lr(D)exll 1 = pxll — 0

as k — oo for all r € R, hence ¢ ® ¢ lies in the closure of F(D). Since F(Dgy)
is the linear span of operators ¢ ® v, the assertion follows. O

Proposition 3.2 and Corollary 3.1 show how F(D) and F(Dy) are related
to the image of O4(U) in LT (Dgy): By density and continuity, F(D) and
F(Dg) carry the whole information about the action of U, (su; 1) on L1 (Dgy) C
L(Dy, D) and, in particular, on Oy (U) C L(Dg, Dy).

It would be desirable to have also the converse statement, that is, to obtain
the action on F(D) (or F(Dg)) by taking the closure of O,(U) in £(Dgy, D).
Unfortunately, this is not possible in the above setting. From [11, Theo-
rem 4.5.4], it follows that, for unbounded representations of type (II), the
bounded topology 7, coincides with the finest locally convex topology on 2.
Since 2 is complete with respect to the finest locally convex topology, it is
closed with respect to 7.

For F(D) to be in the closure of O,(U), we can consider a different locally
convex topology on D. Let D’ be the vector space of all formal series Y e QM
where J = N or J = Z. There exists a dual pairing (-,-) of D’ and D given by

<Zaj77j’ Z 6n77n>: Z Qp .

jeJ |n|<ng In|<ng

We equip D and D’ with the weak topologies arising from this dual pairing.
To L(D,D’), the vector space of all continuous linear mappings from D into
D', we assign the weak operator topology 7., that is, the topology generated
by the family of semi-norms

{p%d)}%wGD’ ptpﬂﬁ(a) = \(agp,d)}\, ac ’C(D’ Dl)'

Then O,4(U) is dense in £(D, D’) with respect to 7,,, and the action of U, (suy 1)
on LT(D) defined by (34)—(36) is continuous. This is essentially the method
for constructing the space D(U,)' (= £(D, D")) of distributions on the quantum
disc as performed in [15]. The topological space D(U,) of finite functions on the
quantum disc defined in [15] is homeomorphic to F(D) with the weak operator
topology Ty -

We now give another description of F(D).
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Lemma 3.3.  Let F(o(g)) be the set of (Borel measurable) functions
on o(g) with finite support, that is,

Flo(@) ={¢:0(m) — C; #{t € o(y);¥(t) #0} <oo}.

Fach f € F(D) can be written as

N M

F=>"2"bn(@)+ Y _ von(@z™, N,MEN,
= n=1

where ¢y, € F(o(y)), k=—-M,...,N.

Conversely, if Vv, € F(o(y)), then ZQIZO () + S0 b (5)2* €
F(D).

Proof. To see this, consider the functions

1 : for t=g¢g%
ou(t) = {O . for t # ¢**

if we are given a type (I) representation, and

1 : for t=—¢?*t?
op(t) =
k() {O . for t# —gPot?k

if we are given a representation of type (II),. Note that §x(g) is the projection
on H with range Crny, that is, dx(7) = 7k @ 1.

Each ¢, € F(o(y)) can be written as a finite sum ), 1)y 10k (t), where
Ynk = Yn(g?*) for the type (I) representation and ¥y, = ¥, (—¢**T2k) for
type (IT), representations. Furthermore, we have

20k (y) = 2" (e @ i) = (2" k) @ i, € F(D),
ok(9)2™" = (me ® M) 2™ = i ® (2"mk) € F(D),
hence Zn 02" Un(y) + Zn L Y—n(y)2*™ € F(D) whenever ¢, € F(o(y)) for

alln=-M,... N.
On the other hand, for k < n, we can write

Mo @Mk = Yok (2" F00) @ M = Yo k2" F01(7),

Nk @ M = Yn ke @ (2" k) = Y 161 (7) 2" F,

1/2 and 7y, = (—g?@TFHD;¢2) 1/2 for the repre-
sentations of type (I) and type (I1)q, respectively. Hence any hnear combina-

where v, 1 = (¢ 2kt g )

tion of 1, ® n; is equivalent to a linear combination of 2™y () and dx(7)z*"
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Summing over equal powers of z and z* yields coefficients of z™ and z*" of
the form >, ¥y 10k(Y), ¥ € C, and the functions Y, ¥y, 10k(t) belong to
F(o(y)) since all sums are finite. O

A similar result can be obtained by considering the following set of (Borel
measurable) functions

S(o(7)) :=={1:0(§) = C; sup [t"y(t)| < oo for all k € Z}.
tea(y)

Lemma 3.4.  The element f = S0 20, (§)+ 30 b (§) 2", ¥y €
S(o(g)), N,M €N, belongs to By (). The operators (y), v € S(o(y)), satisfy
on Dy the commutation rules

(43) 2(H) = 0(@*9)z ZPy) = Pla Yz
The linear space

N M
S(D):= { 2" (@) + D@2 vk € S(0()), M <k < N}
n=0

n=1

forms a U, (suy 1)-module *-subalgebra of LT (Dy).
q(Su1,

Proof. By definition of By (), ab € By (™) for all a,b € A whenever
P € By(A). Fix a € ~A. From the proof of Lemma 3.2(i), we know that
{l * ll7n nens T = 1+ y? + y~2, generates the graph topology on Dy, so
there exist n, € N such that ||ap|| < [|[T™ep|| for all ¢ € Dg. Consequently,

[laT ™ || < |||, hence aT—" and T—"ea* are bounded. The operators

Yo ()T™, Yy, € S(0(7)), m € N, are bounded by the definition of S(o (7)), and
T—1 is of trace class. From this facts, we conclude that

()b = aT =7 Gy () TreFmF T T =m0

is of trace class. This shows that the operator f from Lemma 3.4 belongs to
B, (21).

The commutation relations (43) are satisfied if we restrict the operators
to D C Dg. Consider the O*-algebra generated by the elements (g)[D,
Y € S(o(y)), and a[D, a € A. Since the operators ¥ (g) are bounded, the
closure of this algebra is contained in £ (Dg). Taking the closure of an O*-
algebra does not change the commutation relations, hence Equation (43) holds.

Recall that 2 is the linear span of operators of the form 2"p, (y,y~!) and

p_n(y,y~H)z*", where p,, (y,y~ ') and p_,,(y, y~!) are polynomials in y and y 1.
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Note, furthermore, that p(t,t=1)(t) € S(o(y)) for all ¥(t) € S(o(¥)) and all
polynomials p(t,t~1). Now it follows from (29), (30), (43), and the definition
of S(D) that S(D) is stable under the U, (suy 1)-action defined in Lemma 3.1.
Similarly, using (30), (43), and the definition of S(D), it is easy to check that
S(D) forms a *-algebra. Therefore, by Lemma 3.1, S(D) is a Uy(suy,1)-module
*_algebra. O

The description of F(D) and S(D) by functions ¢ : o(gy) — C suggests
that we can consider the elements of F(D) and S(D) as infinitely differentiable
functions with compact support and which are rapidly decreasing, respectively.
Note that F(D) # F(Dg) (e.g., n®@n ¢ F(D) for n = 307 ja,n, € Dy
if an infinite number of «, are non-zero), and S(D) # B1(A) (e.g., f =
S o exp(—72 )0k(5) 2" € By (), f ¢ S(D)).

Clearly, F(D) C S(D). On S(D), the invariant integral can be expressed
nicely in terms of the Jackson integral. The Jackson integral is defined by

o0

/ p(t)dyt = (1—q)§:<ﬁ(qk)q’“ and / =(1-9q) Y wld")d"
0 k=0

k=—o00

Proposition 3.3.  Suppose that

) = Zzwn ) + oy +Zw )z € S(D).

Let h denote the invariant integral defined in Proposition 3.1. For irreducible
type (I) representations, we have

h(¢) = c(1 — q2)_1/0 Yo(t)t2d,et,

and, for irreducible type (II), representations, we have
() = eq (1 - q2)*1/ Yo (—q** )t 2d et
0

Proof.  Since (ni, 2" n (§)y~ ) = (N, Y—n(§)2*"y~ i) = 0 for all n # 0,
we obtain for type (II), representations

h(i/))—CTrwy 1—¢ Z nk”l/jo )y nk —=c Z w 204 2k)q—2(a+k)

k=—o0 k=—o0
=g 21— ) / So(—g* )t 2d ot
0

The proof for type (I) representations is similar. O
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83.3. Application: differential calculus

The bimodule structure of a first order differential *-calculus (T',d) over
0,(U) has been described in [15] and [12]. The commutation relations are given
by

dzz=¢?2dz, dzz*=¢22%dz, dz*z=¢%zdz*, dz*z* =q 22" dz".
Our aim is to extend this FODC to the classes of integrable functions defined in
Subsection 3.2. To this end, we use a commutator representation of the FODC.
A faithful commutator representation of the above differential calculus can be

found in [12] and is obtained as follows. Given a *-representation m of O4(U)
from Subsection 3.2, consider the direct sum p:=7@mon DHD C HO®H

and set
. _ 0 =(2)
C:= (1_(]2) 1(7’(’(2*) 0 >

Then the differential mapping d, ¢ defined in (19) is given by
, 1 0 m(zf — fz)
d = i[lC = (11— 1 O, (U).
p,C(f) 1[ ap(f)] ( q ) 1 (W(Z*f— fz*) 0 ) f € q( )
Clearly, C € L1 (D @ D), so we can extend d, ¢ to LT (D @ D), that is,
dyc(z) =i[C,2], ze€ LY (D®D).

The same formula applies to any *-subalgebra of £T(D @ D). Note that we
can consider L1 (D) as a *-subalgebra of L1 (D @ D) by identifying A € L*(D)
with the operator A ® A acting on D @ D. In particular, the algebras F(D)
and By (2l) from Proposition 3.1 become *-subalgebras of L7 (D & D). In this
way, we obtain a FODC over these algebras.

For z and z*, we have

dyc(z) =i (W?y)8> o dye(zh) =i (8 —7:)(31)> .

For functions ¢ (7), the differential mapping d, ¢ can be expressed in terms of
the g-differential operator D, defined by D, f(z) = (z — qz)~(f(z) — f(qz)).
It follows from

(1—¢*)"(z0@) — ¥(@)2) = 2y(y — ¢°y) " (7)) — ¥(¢°Y)) = 2Dg21(9)y,
(1= () —v(@)2") = y(y—a*y) " (W(*9) =) 2" = —¢ *Dgt(y) 2"y
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that
dp,c(¥(y)) = —1p(2)Dgb(9)d,,c(2) —ig 2D tp()p(2*)dp,c(27).

In particular, the “d-distributions” dx(g) are differentiable.

84. Quantum Ball Algebras
84.1. Algebraic relations

Let n € Nand ¢ € (0,1). We denote by O,(Mat,, 1) the *-algebra generated

by z1,...,2n,%],..., %, obeying the relations

(44) zZk2 = qz1zk, k<,

(45) 2ee=qakz, k#L

(46) Zian = a2 — (1 —¢%) Z zjz; + (1 - ), k<n,
j=k+1

(47) 22 =Pzt + (1= ).

Equations (44)—(47) are called twisted canonical commutation relations [10]
and O4(Mat,, 1) is also known as ¢-Weyl algebra [6]. Here we consider it as a
special case of the quantum balls introduced in [16] because the U,(suy, 1)-
action on O4(Mat,, 1) defined below is taken from the latter. A profound study
of quantum balls including results on invariant integrals can be found in [17, 18].

The following hermitian elements @ will play a crucial role throughout
this section. Set

(48) Qui=1- 225, k<n, Qui1:=1.
j=k

Equations (46), (47), and (48) imply immediately

(49) zian — Canzy = (1= ) Qrs1, zhae — 2oz = (1 — %) Qr,
(50) zrzf = Qi1 — Qs 252k = Qi1 — Q-

Furthermore, one easily shows by using Equations (44)—(48) that

(51) Qrzj = 2jQr, J <k, Qrzj = % Q, j =k,
(52) Qrzj = 2 Qk, J <k, Qrz} = q 2 Qk, j>k.

As a consequence,

(53) QrQr = QQy, forall kIl <n+1.
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For I = (i1,...,in) € NB, J = (j1,.--,7n) € N, set 2l = zilz;",
2% = 27 2%0n and define T+ J = (i1j1, ... ,injn) € N§. We write 0 instead
of (0,...,0). It follows from (51)—(53) together with the defining relations

(44)—(47) that each f € O,(Mat,, 1) can be expressed as a finite sum

(54) f=> 2'pr(Q....Qn)z"

I1-J=0

with polynomials pr;(Q1,...,Qn) in Q1,...,Qn.
The U,(suy,1)-action > which turns O,(Mat, 1) into a U,(su,,1)-module
*_algebra is given by the following formulas [16].

j#n: Epziy = q Y%z, Ejppzy = 0, k#j+1,
Ejbz; _ —q_3/22;-+1a Ejpz 0, k#j,
Fjpz; = q1/22j+1, Fppze = 0, k#7,

Fypzi, = —q3/22;, Fprzpy, = 0, k#j+1,

KjDZj = qzj, KjDZj+1 = q712j+1, KjDZk = Zk, k#]aj+17

Kippz; = q_lz]*» Kjsz_,_l = qz;_,_l, Kjpzy = zp, k#5,J+1,

j=n: Eppz, = —q1/2z72“ k<n: Epz, = —ql/Qank,
E.pz; = q_3/2, E.rz; = 0,
Forz, = q1/2, Forz, = 0,
Fopz, = *q5/2222 Fopzy = *q5/227222,
Kz, = LIQZn, Koz = qzi,
Kpzh = q_2z;§, K,rz; = q_lz,j.

If n = 1, we recover the relations of the quantum disc algebra. For n > 1,
we obtain by omitting the elements K, K;l, E,, and F, a U,(su,)-action on
0,(Mat,, 1) such that O,(Mat,, 1) becomes a U,(su,)-module *-algebra. Note
that, by Equation (2), it is sufficient to describe the action on generators.

§4.2. Representations of the *-algebra O,(Mat,, 1)

*_representations of the twisted canonical commutation rela-

Irreducible
tions have been classified in [10] under the condition that 1 — Q; is essentially
self-adjoint. In this subsection, we describe *-representations of the twisted
canonical commutation relations without requiring the representation to be ir-

reducible. The result was obtained by applying repeatedly Lemmas 2.1-2.3
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and using similar methods as in [14]. For n = 1, the outcome of Proposi-
tion 4.1 is basically the series € = 1 of Lemma 2.3.

Recall our notational conventions from Subsection 2.2 regarding direct
sums of a Hilbert space L. Let A be a self-adjoint operator on K such that
o(A) C (¢%,1]. Then the expression u;(A), j € Z, stands for the operator
pi(A) = (1 + ¢ 2 A)Y2. We shall also abbreviate \; = (1 — ¢*)'/2? and
Bj = (g% —1)Y/2 for j € N,.

Proposition 4.1.  Assume that m,k,l € Ny satisfy m +1+ k =n. Let
K denote a Hilbert space. Set

RN oo 00
H = a; in—m+1=0 @ik:—oo @ik,l ..... illein-»-iu
where H;,, .., =K, and
D= Lin{mnmil yn e IC, Ty e 7in7m+1 €Ny, ix €EZ, ip_1,...,11 € N}

(For 1 > 0, we retain the notation 1;,..;, and do not write 0;, i, _ ... iy...i1-)

Consider the operators zi,. .., z, acting on D by
(m,0,k) :
m. . o= gl L ) if k< i<
Zjnin...zl q zj+17717,,...1j+1...11a Zf J=n,
i et 2
2K igeiy = ¢ g (AP0, i1

ZjMip..cix = q_(iHl+”'+ik)+(ik+l+m+i")ﬁij_1A77in...¢j—1...i1, if 1<j <k,
and, for 1 >0,

(m, k) :
2 i iy = @ i i1, f n—m < j <,

g1t
Zn—mMip..iy = ¢ " "UN;,, .

z; =0, fk<j<n-—m,

e AR

gt —m1 iy
ZkMipy.iy = ¢ F T mAn;,,.

Z§Nipy..iy = q_(”+1+'"H’C)HZ"””“+mz")ﬂij_1A7hn._.ij—1..,¢1, if 1<j<k.

e AR

(If k = 0, then the indices i1, . ..,1i are omitted; similarly, if m = 0, then the
indices tp_mi1,...,0, are omitted.) In both series, A denotes a self-adjoint
operator acting on the Hilbert space K such that o(A) C (q,1]. In the series
(m,l,k), 1 >0, v is a unitary operator on K such that Av = vA.

Then the operators z1,...,z, define a *-representation of O4(Mat, 1),
where the action of 27, j = 1,...,n is obtained by restricting the adjoint of
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zj to D. Representations belonging to different series (m,k,l) or to different
operators A and v are not unitarily equivalent. A representation of this series
is wrreducible if and only if I = C. In this case, v is a compler number of
modulus one and A € (q,1]. Only the representations (m,0,k) are faithful.

Proof. Direct calculations show that the formulas given in Proposition 4.1
define a *-representation of O,(Mat,, ;). Clearly, if a *-representation of these
series is irreducible, then A and v must be complex numbers and K = C. The
converse statement was shown in [10]. That the representations (m,0, k) are
faithful is proved by showing that for each x € Oy(Mat,, 1), x # 0, there exist
Mirivs Mjn...jn € H such that the matrix element <77in..‘i17x77jn“.j1> is non-zero.
The vectors can easily be found by writing « in the standard form (54) and
observing that z;, 27 act as shift operators. We omit the details. The other
assertions of the proposition are obvious. d

Remark.  The operators (); are given by

(55)  Qjni,..iy = QPlstFindp, o ifn—m<j<n,
(56) Q;=0, if k<j<n—m,
(57) Q)i ...iy = —q 2Vt )T nompaotin) g2, if 1<j<k.

)

The numbers m, [,k € Ny correspond to the signs of the operators @);, that is,
we have Qp, > -+ > Quem+1 > 01fm >0, Qe = = Q1 =0if [ > 0,
and 0 > Qf > --- > @7 if £ > 0. The only bounded representations are the
series (m,[,0).

Classically, we can view CP" as homogeneous SU,, 1-spaces. The SU,, ;-
action on CP™ has two open orbits: the unit ball and complex hyperbolic space,
the complement of the unit ball under standard embedding into the projective
space. The bounded representations (n,0,0) in Proposition 4.1 correspond to
the unit balls, thus the name “quantum ball” for the algebra O,(Mat,, 1). The
representations (m,0,k) with k # 0 correspond to the complements of balls
and are related to open leaves of the complex hyperbolic space. Note that, in
this case, Y7 zj2; > 1 since Q1 < 0 for &k # 0.

84.3. Invariant integrals associated with the quantum ball algebra

Let D be a dense subspace of a Hilbert space H and assume that we
are given a *-representation 7 : O,(Mat, 1) — LT (D). Throughout this
subsection, we shall impose the following conditions on the representation:
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Firstly, the closures Qj of the operators @), 7 = 1,...,n, are self-adjoint and
strongly commute. Secondly, the operators ); are injective and D is an in-
variant linear subspace of D(|Q,|~'/?) so that [Q,|~'/2[D € £T(D). Thirdly,
Q122 € 2]Q|"/? for j < 1 and [Q,|'/?2; C q2;|Q,|*/? for j > I. Fourthly,
each of the operators Q; is either positive or negative definite, i.e., Q; = @],
where ¢; = £1.

Note that these conditions imply that the operators |Q;|P/2 = [Q;|P/2[D,
p € Z, are elements of LT (D) since |Q;| := |Q,|[D = |Q;|7'Q* € LT(D). Note
also that the representations of type (n — k,0,k), k = 0,...,n, from Proposi-
tion 4.1 satisfy these conditions. In this case, ¢; = 1 for j > k and ¢; = —1
for j < k. The same is true for extensions of such representations obtained by

‘—1/2

taking the closure of the O*-algebra generated by z;, |Q; ,j=1,...,n.

To describe an invariant integral associated with the quantum ball alge-
bra, we proceed as in Subsection 3.1. The crucial step is to find an operator
expansion of the action. To begin, we prove some useful operator relations.

Lemma 4.1.  Define
(58) o1 = Q" ?|Quia| T Quaal' 2, 1<, pn = |Q1]"21Qnl"/?,
(59) A = —q_5/2)\_1Ql__:1zf+1zl, I <n, A, = q_l/z)\_lzn,
(60) By = p; A7, l<n, Bp,=-p,tA%.
The operators py, Ay, and By satisfy the following commutation relations:
(61) pipj = pipis Py pj=pip; =1, pidi=q" Ajpi, piBj=q "9 Bjpi,

(62)
AiAj — AJAZ = 0, 7 7& ] + 1, A?Ajil — (q + qil)AjAjilAj + AjilA? = 0,

(63)

BiBj— B;B; =0, i#j+1, BjBji1—(q+q ")B;B;+1B;+ Bj11B} =0,
(64)

AiBj — AjB; =0, i# 7], AjBj — BjA;j = X ejpaeipy —py ), G <,
(65) An By — BpA, = _/\_1107:17

where (a;;)};—; denotes the Cartan matriz of sl(n + 1,C).

Proof. Our assumptions on the representation imply that
1/2 1/2 1/2 w1 (1/2 .
(66) 1QL*z =1L, 1Qk*E = el i<l
1/2 1/2 1/2_« —1_x(1/2 )
(67) QL% = a5l QU =aT QLR izl
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Now Equations (61)—(65) are easily shown by repeated application of the com-
mutation rules from Subsection 4.1 and Equations (66) and (67). For instance,
we have

AiBi = BiAI = ¢ A o NP QL A Az i Q) — 2 QA 2 1)
= ¢ "N Q1% (Quez — Qi) (Qua1 — Q1) — (Quiz — Qui1) (Quir — Q1))
= /\_lpfl(szQllez —1) = A" Yep2ap —p; )

for I < n. O

Remark. By (65), the operators A;, B, and p; do not satisfy the defining
relations of Uy (suy,,1). If n > 1, then we get only for the series (n,0,0) a *-rep-
resentation of U, (su,,) by assigning K to p;, E; to A;, and F; to Bj, j < n.

To see this, observe that we must have €42 = ¢; by (64). But ¢,_1 =1
since Qny1 =1, and €, = 1 since €,|Qn| = Qn_1 + 2n-125_1 > 0 by (50) (cf.
the remarks after Proposition 4.1), so €, = ---=¢; = 1.

Although Equations (61)—(65) do not yield a representation of U, (su, 1),
the analogy to (6)—(9) is obvious, so it is natural to try to define an operator
expansion of the action by imitating the adjoint action. That this can be done
is the assertion of the next lemma. Again, we write f instead of 7(f) and X f
instead of m(X>f) for f € Oy(Mat, 1), X € Uy(suy).

Lemma 4.2. With the operators p;, A;, and By defined in Lemma 4.1,

set

(68) Ko f=pifo;',  Kj'»f = p;'fp;,
(69) Ej» f=Ajf —pifp;Aj,

(70) Fj>f =Bjfp; —4¢*fp;B;

forj=1,...,n. Then Equations (68)—(70) applied to f € Oy(Mat,, 1) define an
operator expansion of the action > on Oy(Mat,, 1). The same formulas applied
to f € LT(D) turn the O*-algebra LT (D) into a Uy(su,, 1)-module *-algebra.

Proof. The lemma is proved by direct verifications. We start by showing
that £7 (D) with the U, (su,, 1)-action defined by (68)—(70) becomes a U, (suy, 1)-
module *-algebra. That the action satisfies (2)—(4) is readily seen if we replace
in the proof of Lemma 3.1 y*! by pjd, Aby A;, and B by B;. By using Lem-
ma 4.1, it is easy to check that the action is consistent with (6)—(9). For
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example, (61) implies

(KiEj)ef = pi(Ajf — pifo; " App; = a9 (Ajpifo;t — pipifoi ' oyt Aj)
= (¢ E;K;)>f

forall fe £LT(D)andi,j=1,...,n.

It remains to prove that (68)—(70) define an operator expansion of the
action. That (68) yields the action of K;*' on z; and 27 is easily verified
by using (66) and (67). Let I < n. Applying (44), (45), (66), and (67), we
get pzjp; P A = Ajz; and plz;pl_lAl = A;z; whenever j ¢ {l,l + 1}, hence
Epz; = Epz; = 0. Similarly, Ejpz = Epzy,, = 0. Equation (69) applied to
z1+1 and 2z} gives

—1 —-3/2y—1—1
Epzyr = Az — ¢ LAl = —¢ 3 PATIQE, (2241 — 222
—1/2
=4q / 21,

Epzf = Az — o A= —q PP L (Pas — 5 2)Qn, = —d* P,
where we used (49). The action of E,, on z; and 27, j = 1,...,n, is calculated
analogously. The corresponding relations for the generators F}; follow by using

Fipf = —(=1)°ri¢* (B f*)*. O

Let wy,...,w, be the simple roots of the Lie algebra sl,,;. For v =
Z?lejwj, we write K., = K}'--- KP». Recall that, for a finite dimensional
representation o of Uy, (su,, 1), the quantum trace

Tryza:=Tro(aK;))

defines an invariant integral on Uy (sun,1), where w denotes the half-sum of all
positive roots (see [6, Proposition 7.14]). Ka, is chosen such that XKy, =
K5,5%(X) for all X € Uy(su,1). In Subsection 3.1, we replaced K (= Ka,)
by y and proved the existence of invariant integrals on appropriate classes of
functions. Our aim is to generalize this result to O,(Maty, 1).

The half-sum of positive roots is given by w = 237" l(n — I + L)w;.
Consider T := [, pl_l("_lH). Inserting the definition of p; gives

(71) L=1Q17"|Qz| -+ 1Qnl, n>1, T=||™", n=1,

since —2(1—1)(n—1+2)+ln—1+1) - Ll+1)(n—1)=1for 1 <l <n.
The operator |Q1| appears in the definition of T" twice, in p; ™ and p,,™, in each
factor to the power —n/2. For n = 1, Equation (71) is trivial (cf. Equation
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(58)). The following proposition shows that I" enables us to define an invariant
functional resembling the quantum trace.

Note that z,, 2, Ki!, E,, and F, satisfy the relations of the quantum
disc algebra, in particular, Equation (40) applies. Therefore we cannot have a
normalized invariant integral on O4(Mat,, 1).

Proposition 4.2.  Let A be the O*-algebra generated by the operators
zj, 25, and Q172 j=1,...,n. Then the *-algebras F(D) and B, () defined
in (14) and (15), respectively, are Uy(suy, 1)-module *-algebras, where the action
is given by (68)—(70). The linear functional

(72) h(f):=cTr fT, c€ER,

defines an invariant integral on both F(D) and B ().

Proof. From the definition of F(D) and By (%), it is obvious that both al-
gebras are stable under the U, (su,, 1)-action defined by (68)—(70), in particular,
by Lemma 4.2, they are U, (su,, 1)-module *-algebras.

We proceed as in the proof of Proposition 3.1 and show the invariance of
h for generators by using the trace property Tragb = Tr gba = Tr bag for all
g €B1(A), a,be A Let g € B1(A). Clearly, p; commutes with I', hence

h(Ki'eg) = Tr pilgpf'T = Tr gT = (K )h(g).

It follows from the definition of I and from (61) that A;T" = ¢®T'A; for all [ since
(=1 (n—1+2)+2l(n—1+1)— (I+1)(n—1) = 2. Hence p; ' A;T =T A;p;*
and therefore

h(Ewpg) = Tr (AigT — prgp; " AiT) = Tr AjgT — Tr AjgT = 0 = e(E;)h(g).
A similar reasoning shows h(Fjrg) = 0 = e(F;)h(g). O

Remark.  As in Subsection 3.1, we consider B;(2) as the algebra of in-
finitely differentiable functions which vanish sufficiently rapidly at “infinity”
and F(D) as the infinitely differentiable functions with compact support.

84.4. Topological aspects of *-representations

Our first aim is to find a suitable topology on L(D, DT) such that the
algebras of integrable functions as well as the quantum ball algebra are dense
in LT(D) C L(D,D*) and that the U, (su,,1)-action on £ (D) defined in Lem-
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ma 4.2 is continuous. Then, by extending the action continuously from a dense
set to its closure, the U, (su,, 1)-action on the algebras of integrable functions
is completely determined by the U, (su,, 1)-action on the quantum ball algebra
and vice versa. In the case of the bounded topology 75, we have seen in Subsec-
tion 3.2 that there are obstructions. However, the next proposition shows that
the answer to this problem is affirmative in the case of the weak operator
topology Ty -

Proposition 4.3.  Let (m,l,k), D, and 21,...,2, € LT(D) be as in
Proposition 4.1. Suppose that B is the von Neumann algebra on IC generated
by A and v in the case l > 0 and k > 0, by A in the case l =0 and k > 0, by v
in the case I > 0 and k = 0, and by the identity on K in the casel = k = 0. Let
P;. i, : K — D denote the embedding P; . i,n=ni,. i and P;Z1 Dt = K
its adjoint.

i. F(D) is dense in L(D, DY) with respect to the weak operator topology Touw -
il. The Tow-closure of the O*-algebra generated by z1,...,z, coincides with

{CeL(D,D"); P ; CP;,. ; €% for all possible in,... i1, jn,...,J1 }.

W11

In particular, for irreducible representations, the O*-algebra generated by
21y, 2n 18 dense in L(D,DV).

iii. Forl =0, the Uy(supn1)-action on LT(D) defined in Lemma 4.2 is contin-
uous with respect to Toy,-

Proof. (i): By the Double Commutant Theorem (see, e.g., [4]), F(D) is
Tow-dense in the set of all norm-bounded operators, and by [7, Corollary 4.2],
there exists a 7,-dense space of norm-bounded operators belonging to L7 (D).
From this, (i) follows.

(ii): Let k,I > 0. Note that finite orthogonal sums of spaces H,; ., are
invariant under the operators (); and that the topology 7,., of operators on such
finite orthogonal sums coincides with the weak operator topology defined in the
theory of bounded operators. Therefore it follows from the Double Commutant
Theorem and Equations (55)—(57) that operators C' of the following form are
in the 74,-closure of the O*-algebra generated by Q1, ..., Qn:

Cniyyiy = Bniy iy Cnjy =0 for (jn, ..., 51) # (in, -5 01),

where B belongs to the von Neumann algebra generated by A. Recall from the
formulas of Proposition 4.1 that 2 zgm;, 4, = g~ 20n—miatetind Ayp,
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and 2}z, mNi, i, = ¢ FT20nomirtodin) Ay, So another application of
the Double Commutant Theorem shows that all operators C of the above form
with B € 9B are in the 7,,-closure of the O*-algebra generated by z1,..., 2,.
Observe that the non-zero operators z;, z7 act as shift operators (multiplied on
each of the spaces H;,, .. ;, by an invertible element of B). By taking appropriate
products, we conclude that operators C' of the form Cu;, i, = By, ..ry, B €
B, Cnj,..;, = 0 for (jn,...,j1) # (in,...,%1) belong to this closure. But the
linear span of such operators is 7,,-dense in the space defined in (ii) and this
space is T,-closed in £(D, D). This proves (ii) in the case k,! > 0. The other
cases are similar but easier.

(iii) follows immediately from the definition of 7, and the operator ex-
pansion of the action in Lemma 4.2. O

Remark. It was essential in the proof of Proposition 4.3(ii) that we con-
sidered the O*-algebra generated by z1, ..., 2z, on D and not its closure nor the
closed O*-algebra 21 defined below.

In the remaining part of this section, we shall restrict ourselves to irre-
ducible *-representations of the series (m, 0, k). As before, let D denote the lin-
ear space defined in Proposition 4.1. Then the operators |Q;]| /2 = 1Q; |=1/2[D
belong to L (D). Let 2, denote the O*-algebra on D generated by z;, \Qj|*1/2,
7 =1,...,n and let %A be the closure of 2y so that Dy is the Fréchet space
Naca, D(@). It turns out that the topological properties of the closed O*-algebra
2 are very similar to that of Subsection 3.2.

Lemma 4.3.
i. A is a commutatively dominated O*-algebra on a Fréchet domain.

ii. Dg s nuclear, in particular, Dy is a Fréchet—Montel space.

Proof. The operator
(73) T=1+Q7+ +Qr+Q7+ - +Q;°

is essentially self-adjoint on Dg, and T" > 2. Let ¢ € Dg. As in the proof of
Lemma 3.2, we conclude from a standard argument that, for each polynomial
p=p(|Q1|Y%,...,|Qnl"2,1Q17Y2,...,|Qn|~1/?), there exist k € N such that
llpel| < ||T*¢l||. Furthermore, for each finite sequence ki,...,ky € N and
real numbers 71, ...,yn € (0,00), we find kg € N such that Z;.VZI Y| T*i || <
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|[Tkop||. Let p be as above and let I, J € N such that I-.J = 0. By (44)-
(47) and (50)-(53), (2'pz*’)*(2'pz*’) is a polynomial in |Q;|'/2, |Q;]|~"/3,
j=1,...,n,say p. Thus there exist k£ € N such that

1="p2* 0l = (B, 0)'/2 < (IIBell lll) V2 < [T )],

From the definition of 2, (54), (66), and (67), it follows that each f € 2 can
be written as f = >, ;_,2'prsz*/, where pr; are polynomials in |Qj|1/2,
\Qj|_1/2, 7 =1,...,n. From the preceding arguments, we conclude that there
exist m € N such that || fo|| < ||T™ || for all ¢ € Dy, therefore ||-||; < ||-||7m.
This implies that the family {[|- ||, .+ }ren generates the graph topology on D
and Dg = ﬁkeND(TZk) which proves (i).

Note that the proof of Lemma 3.2(ii) is based on the observation that

the operator T~! is a Hilbert-Schmidt operator. One easily checks that this
holds also for the operator T" defined in (73). Now the rest of the proof runs
completely analogous to that of Lemma 3.2. O

Proposition 4.4.
i. F(Dy) is dense in L(Dg, Dy) with respect to the bounded topology Tp.
ii. The Uy(suy, 1)-action on L1 (Dgy) is continuous with respect to .

The proof of Proposition 4.4 is completely analogous to that of Proposi-
tion 3.2.

Corollary 4.1.  Let F(D) denote the O*-algebra of finite rank operators
on D defined in (14). Then F(D) is a Uy(su, 1)-module *-subalgebra of F(Dg()
and F(D) is dense in L(Dgy, Dy) with respect to .

Proof. Since D C Dy, we can consider F(D) as a *-subalgebra of F(Dy).
It follows from Proposition 4.1 that F(D) is stable under the U, (su,, 1)-action
defined in Lemma 4.2, in particular, it is a U,(su,,1)-module *-algebra. The
density of F(D) in £(Dgy, Dg) can be proved in exactly the same way as in
Corollary 3.1. O

Recall that the self-adjoint operators Qj, j=1,...,n, strongly commute.
Set

M:=0(Q1) X - x o(Qy).
By the spectral theorem of self-adjoint operators, we can assign to each (Borel
measurable) function ¢ : 9 — C an operator 1/(Q1,...,Q,) such that

¢(Q17 SRR Qn)ninmil = '(/)(tiu s 7tin)77inmi17
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where t; = @2t Hinte) for j > k¢, = —q 20t Hi)F2(ptFinte) for
J [ERAF]

j < k,and A = ¢*>*. (A denotes the operator appearing in the type (m,0, k)

representations for k > 0. If k = 0, set a = 0.) Define

S) =

{Yp: M —>C; sup [t34 - torp(ty, ... ty)| < oo for all sq,...,s, € Z},
(t1,estn)EM

S(D) = { > Q. Qu)2 s s € S(M), #{hrs # 0} < o0 } :
I-J=0

Lemma 4.4.  With the action defined in Lemma 4.2, S(D) becomes a
Uy (sup,1)-module *-subalgebra of B1(2). The operators z;, 25, j = 1,...,n,
and P(Q1,...,Qn), ¥ € S(M), satisfy the following commutation rules

w(@la"ijij-‘rla' aQn)Zj = Zj,(/)(QQQL '7q2Qjan+17" 7@71)
Z;¢(Q_17"'7ijéj+1u' 7Q_n) = ¢(q2Q17' "7q2Qj7Qj+17' 7Q_n)z;k

The proof of Lemma 4.4 differs from that of Lemma 3.4 only in notation,
the argumentation to establish the result remains the same.

Since F(D) C F(Dgy) and S(D) C By (), we can consider F(D) and By ()
as algebras of infinite differentiable functions with compact support and which
are rapidly decreasing, respectively. It is not difficult to see that F(D) is the set
of all Y, ;o 2Mrs(Q1,...,Qn)z*’ € S(D), where the functions 1, € S(MM)
have finite support. On S(D), we have the following explicit formula of the
invariant integral.

Proposition 4.5.  Set My := o(Q1)\{0} x --- x o(Qn)\{0}. Assume
that f =3, 02 %1s(Q1,...,Qn)2* € S(D). Then the invariant integral h
defined in Proposition 4.2 is given by

h(f)=c Z Yoo(tr, - tn)[ta| 7" [t2] -+ [tal-

(1,0t ) EMo

(If n =1, then ta,...,t, are omitted.)

Proof. Recall that h(f) = cTr fT, where T is given by (71). If I #
(05 ceey 0) or J 7é (07 LS 0)7 th?n <77i”.._.i1721w1J(Q15 ceey Qn)Z*JFm‘"..‘iJ =0
since, by Proposition 4.1, 17;(Q1,...,Q,) and T' are diagonal and 2! and z*/
act as shift operator on H. Hence only 1oo(Q1, .-, Q,)[ contributes to the
trace.



34 KLAUS-DETLEF KURSTEN AND ELMAR WAGNER

For each tuple (t1,...,t,) € My, there exists exactly one tuple (i1,...,%,)
such that n;, ., € D and Q;74,..4, = t;Mi,,...ix, J = 1,...,n. This can be seen
inductively; @, determines i, uniquely, and if 4,,...,%,—k+1 are fixed, then
Qn—k determines uniquely i, _j (see the remark after Proposition 4.1). Since
the vectors n;, . ;, constitute an orthonormal basis of eigenvectors of the @Q);’s,
and since ' is given by I' = |Q1]"|Q2|™ -+ |Qn|7! for n > 1, T = |Q4] for
n = 1, the assertion follows. O

In the following, let n > 1. We noted in Subsection 4.1 that the action of
the elements E;, Fj, Kjil7 j=1,....,n—1on O,(Mat, 1) induces a U, (su,)-
action which turns O,(Mat,, 1) into a U,(su,)-module *-algebra. U,(su,) is
regarded as a compact real form of U, (sl,). Naturally, the compactness should
manifest in the existence of a normalized invariant integral on Og(Mat,, 1).
This is indeed the case. Consider a irreducible *-representation of type (n, 0, 0).
Then the operators @;, j = 1,...,n, are bounded, and @, is of trace class. In
Proposition 4.2, a U, (suy, 1 )-invariant functional h was given by h(f) := ¢ Tr 1T,
where T' = |Q1]7"|Qz2| - |Qxn|- Note that the proof of Proposition 4.2 uses
only the commutation relations of I' with A;, B;, and p;, ¢ = 1,...,n. The
crucial observation is that 1 commutes with A;, B;, and p;, j =1,...,n— 1.
Therefore the commutation relations used in proving the invariance of h remain
unchanged if we multiply I" by Q?H. Furthermore, ]."Q?+1 is of trace class.
This suggests that h(f) := ¢Tr fTQ'" defines a Uy (su,, )-invariant integral
on Oy(Mat, 1). The only difficulty is that the definitions of A;, B;, and p}tl
involve the unbounded operators Qj_l, therefore we cannot freely apply the
trace property in proving the invariance of h. Nevertheless, a modified proof
will establish the result.

Proposition 4.6.  Letn > 1 and set ¢ := [[;_,(1—¢**)~. Suppose we
are given an irreducible *-representation of Oq(Maty 1) of type (n,0,0). Then
the linear functional

(74) h(f):=cTr fFQTH =cTr fQi1---Qn, [fe€0Oy(Mat, 1),

defines a normalized Uy(su,,)-invariant integral on Oy(Maty, 1).

Proof.  First note that the vectors n;, . 4, t1,. .., %4, € Np, form a complete
set of eigenvectors of the positive operator ;1 with corresponding eigenvalues
g2lirttin) - Ag D s ineNo GlitFin) < 5o Qg is of trace class. This implies
that fFQ?+1 = fQ1---Qy is of trace class for all f € O,(Mat,, 1) since the
representations of the series (n,0,0) are bounded. Therefore h is well defined.
An easy calculation shows that h(1) = 1.
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As in the proof of Proposition 3.1, it suffices to verify the invariance of h
for the generators of U, (su, ). Recall that O4(Mat,, 1) is the linear span of the
elements 2/p;;2*/, where I,J € N3, I -J = 0, and p;; is a polynomial in Q;,
i=1,....,n. If I #£ 0 or J # 0, then the same arguments as in the proof of
Proposition 4.5 show
(75)
0= (i,.irs Py 2 P12 o' TQY i i) = Wi 2 102" TQY i, ).

Hence h(K;'o(2'prs2*')) = e(K; (2 prsz*’) = 0. It I = J = 0, then
Kf1'>p00 = Pjilpoopfl = Poo, SO h(KjﬂDpoo) = h(poo) = 5(K]i1)h(p00)-

Recall that Ay = —q_5/2)\_1Q,;llzz+lzk, kE<n MI#(0,...,1,...,0) or
J#(0,...,1,...,0) with 1 in the (k+ 1)th and kth positions, respectively, we
have similarly to Equation (75)

0=(Ni..irs A2 1y’ TQI i, i)
= Mipoir» P2 pra 2 pi P AT QT i i)
Thus h(Ex>(2'prsz*7)) = e(Ex)h(z'prs2*7) = 0.
Now let p denote an arbitrary polynomial in @;, 7 = 1,...,n. Then, by the

definition of I and repeated application of the commutation rules of @); with
z; and 2z}, we obtain

2126211025 Q1 - Qe Qrg2 - - Qn,

2k 102 Q1 QrQry2 -+ Qg 2k

—1 * * n+1
Qk+12k+1zkzk+1pzer1

—1,-1 n+1
PkZk+1DZE L), Qk+1Z;+lszQ1

All operators on the right hand sides are bounded and @ is of trace class, in
particular, the trace property applies. Therefore, the difference of the traces of
the right hand sides vanishes. Hence

W Ew(zk41p2)) = ¢ Tt (Akze4102 — przei1pzipy,  AR)TQTT =0
= e(Ex)h(zk41p25)

which establishes the invariance of h with respect to Ex, k=1,...,n— 1.

To verify that A is invariant with respect to Fy, kK =1,...,n— 1, note that
h(f*) = h(f) for all f € O,(Mat,, ;) since the operator TQ7T™ is self-adjoint.
Thus, by (4) and the preceding,

h(E>f) = h(S(Fy)*>f*) = —¢*h(Eyf*) = 0 = e(Fy)h(f)

for all f € Oq(Maty, 1). O
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Corollary 4.2.  Let f =Y, ;_2'p1s(Q1,....Qn)z"" € O;(Maty, 1).
Then the invariant integral h defined in Proposition 4.6 is given by

h(f)=c Y poold™,....a" )" g

Jise-Jn€No

Proof. Taking into account that 9 = {(¢’*,...,¢"); j1,-.-,jn € No}
for representations of the series (n, 0, 0), Corollary 4.2 is verified by an obvious
modification of the proof of Proposition 4.5. O

85. Concluding remarks

In general, the definition of quantum spaces is completely algebraic. How-
ever, our definition of integrable functions involves operator algebras. This is
not a disadvantage since operator algebras form a natural setting for the study
of (non-compact) quantum spaces. For example, Hilbert space representations
provide us with the powerful tool of spectral theory which allows to define func-
tions of self-adjoint operators. We emphasize that different representations will
lead to different algebras of integrable functions. If one accepts that represen-
tations carry information about the underlying quantum space (for instance,
by considering the spectrum of self-adjoint operators), then representations can
be used to distinguish between g-deformed manifolds which are isomorphic on
purely algebraic level. It is another advantage of our method that it works in
a unique way for different representations.

The crucial step of our approach was to find an operator expansion of
the action. At first sight it seems a serious drawback that no direct method
was given to obtain an operator expansion of the action. This problem can
be removed by considering cross product algebras. Inside the cross product
algebra, the action can be expressed by algebraic relations. Representations of
cross product algebras lead therefore to an operator expansion of the action.
Moreover, the operator expansion is given by the adjoint action so that our
ideas concerning invariant integrals apply [21]. Hilbert space representations
of some cross product algebras can be found in [14] and [21].
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