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A Torres Condition for Twisted Alexander
Polynomials
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By

Takayuki MORIFUJT*

Abstract

As a generalization of a fundamental result about the Alexander polynomial of
links, we give a description of a Torres condition for the twisted Alexander polynomial
of links associated to a unimodular representation.

81. Introduction

The theory of twisted Alexander polynomial was introduced by Lin [13]
and Wada [18]. Lin defined it for knots in the 3-sphere using regular Seifert
surfaces. On the other hand, Wada defined the twisted Alexander polynomial
for finitely presentable groups, which include the link groups. In particular,
as an application, Wada told the Kinoshita-Terasaka knot from the Conway
knot by means of his invariant. Shortly afterward, several significant results
on the original Alexander polynomial were generalized to the twisted case. For
example, equivalence of the twisted Alexander polynomial and the Reidemeister
torsion, and its symmetry [9], [7], sliceness obstruction for knots and a relation
to the Casson-Gordon invariant [7], [8], monicness of the twisted Alexander
polynomial for fibered knots [1], [2] and so on. Recently the twisted Alexander
polynomials are extensively investigated. See for instance [3], [4], [5], [6], [10],
[11], [12], [14], [15] and [16].
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However, almost all results mentioned above are basically about knots in
the 3-sphere and it seems that there are few generalized results on links. The
purpose of the present paper is to give a generalization of the following well-
known formula for the Alexander polynomial of links.

Theorem 1.1 (Torres [17]).  The Alexander polynomial Ar(t1,...,t,)
of a p-component link L = L, U ---U L, satisfies

th —1
A (t ] =2

ALty ..ty 1) =< -1 w(t) i w
(0t = DAL (. t) if p> 2,

where L' = L1 U---U L,_1 is the link obtained from L by removing L, and ;
denotes the linking number of the components L; and L,,.

More precisely, we give a description of a Torres condition for the twisted
Alexander polynomial of links associated to a unimodular representation. In the
next section, we briefly recall the definition of the twisted Alexander polynomial
for a link group. The precise statement and the proof of the main theorem of
this paper are given in Section 3.

§2. Twisted Alexander Polynomial for Links

Let L = L1U---UL, be a y-component link in the 3-sphere. We denote the
fundamental group of its exterior F by G(L). Namely, we put G(L) = m(F)
and call it the link group. We choose and fix a Wirtinger presentation of G(L).
That is, given a regular projection of the link L, we assign to each overpass
j—1
obtain a presentation of G(L) with u generators and u relators,

a generator x; as in Figure 1, a relator mixkxflx or xi_lxjxixlzl. Thus we

(T1yee oy Ty | T2y e ey )
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After some reordering of the indicies, the relators rq,...,r, satisfy
u
Hr;tl =1.
i=1

This means that any one of the relators is a consequence of the other u — 1
relators. We remove one of the relators and call the resulting presentation

G(L)= (1, Ty | T2y ey Tue1)

a Wirtinger presentation of G(L).
The abelianization homomorphism

a:G(L)— H(E;Z) = 7K — )@@ <tu>

is given by assigning to each generator x; the meridian element t;, € H1(E;Z)
of the corresponding component Ly of L. In this paper, we consider a linear
representation p : G(L) — SL(n; F'), where F denotes a field.

These maps naturally induce two ring homomorphisms p : Z[G(L)] —
M(n; F) and & : Z[G(L)] — Z[tE!, .. ., t£1, where Z[G(L)] is the group ring
of G(L) over Z and M(n; F) is the matrix algebra of degree n over F. Taking
the tensor of p and @, we obtain a ring homomorphism

p@a:Z[G(L) — M (n; Flty", ..., t51]) .
Let F, denote the free group on generators x1,...,x, and
®:Z[F,) — M (n; F[tF,... t5))

the composite of the surjection Z[F,] — Z[G(L)] induced by the presentation
and the map p ® a.

Let us consider the (u — 1) x u matrix M = M(ty,...,t,) whose (¢, j)th
component is the n x n matrix

or;
<I>< ’) e M (n; Flit, ... t51),
81,‘]‘ #
where 9/0x denotes the free differential calculus. This matrix M is called the
Alexander matrix of G(L) associated to the representation p.
For 1 < j <, let us denote by M; = Mj(t1,...,t,) the (u—1) x (u—1)
matrix obtained from M by removing the column corresponding to a generator

xj. We also regard M; as an n(u — 1) x n(u — 1) matrix with coefficients in
Ft, .. ).
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Then Wada’s twisted Alexander polynomial of a link L for a representation
p:G(L) — SL(n; F) is defined to be a rational function

| M|

A t1y...,t,) = —/——,
Lopltrs - t) = ]

where | M| denotes the determinant of the matrix M, and it is well-defined up
to a factor 7% .. ~tZk“ (k; € Z) if n is odd and up to only 7% .. -tzk“ if n is

even (see [18] Section 5 for details).

Remark 2.1.  In general, the twisted Alexander polynomial for a finitely
presentable group is a rational function, but it is actually a polynomial for a
link group (see [18] Proposition 9 and [10] Theorem 3.1).

83. A Torres Condition

In this section, we state and prove a generalized Torres condition for the
twisted Alexander polynomial of links. An advantage of our description here is
that we need not separate the case for p = 2 from the one for p > 2. We first
prove the theorem in the case of an SL(2; F)-representation. After reading the
proof for it, one can easily show the similar result for general cases.

Theorem 3.1. Let L=LyU---UL, be a pu-component link and L' =
LiU---UL,_1. For a given representation p’ : G(L') — SL(2; F), it holds that

Lo l—
ALm(tla s tu—t, 1) = {(tlll o 't/f—ll)2 + Ep’tlll e t/f—ll + 1}AL"P’ (t1, ... 7tu—1)a

where p : G(L) — SL(2; F) is the composite of the natural surjection G(L) —
G(L') and p', l; denotes the linking number of L; and L,,, and €, is an element
of F.

Proof. For the link group G(L), we choose a Wirtinger presentation:
G(L) = (@ij | ),

where 2,1, Z;2, ..., xi;, (1 <1 < p) are generators corresponding to the compo-
nent L; and the relator

-1 ,.-1 —1 -1
Tkl — xk'l'xklxk’l/xk,url or xk’l/xklxk’l'xk,url

corresponds to a crossing of Ly over Li. In the above presentation, we arrange
the generators and relators in lexicographic order, which is determined by the
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order of components Li,...,L, and the orientation of each component L;.
We should note that the link group G(L) has the deficiency one (namely, the
number of relators is less than that of generators).

Let us consider the Alexander matrix of G(L) associated to the represen-
tation p: G(L) — SL(2; F):

-(+(5))
8xij
(I> <8rkl> (13 (87%1)
Oij ) )iy OLpj ) pppr<i<i,

. (aw> o (arm)
%5 ) iy 1<i<5, 9t ) 1<ji<y,

Then we know that if we remove the column corresponding to a generator

wij (1 # ),

N

M(ty,....t,

|Mij(ta, .. t)| = [@(@s; — DAL p(t, .- Ty)
holds. Thus setting ¢, =1 in M(t1,...,t,), it follows that
‘Mij(tla . 7tﬂ—17 1)| = ‘(I)(JTZJ — 1)|AL7p(t1, e ,tﬂ_l, 1)
if © # p.
Now the generators {z,;} (1 < j < j,) appear in the following two kinds
of relators:

: o1, oFl, -1 . _ 41 F1,.-1
(1) s = TywZpiTyw®y, j4+1 and (i) rpg = Tyt Loy Tpg+1s

where the relator (i) corresponds to crossings of L,, over L, and (ii) corresponds
to that of L, over L,. Let us see which are the contributions of these relators
to the matrix M (t1,...,tu—1,1).

Claim 1.  The contributions of r,; are as follows:

. Orp; _
(1) ® (8mvw)tu=1 B O’

(11) (P (arﬂj> — tlzjtlp(xv'w)il Zf ,U # v
6$Mj t,=1 I Zf 0=,

(iii) @ <M> _—
8x“’1j+1 tu:].

where O and I denote the zero and the identity matrix respectively.
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Proof. (i) An easy calculation shows that

3Tﬂj
Oy

_ -1 -1, -1
=1 = Tow®pjTyy O = Ty + Ty Ty

Putting t,, = 1, we obtain

O

or,; _ _
B (F) = It ool o)

or

or,; - - - -
® <5$M ) =~ plavw) T+ p(ww) T o) = O,
vw /¢, =1

because p(z,;) = I for 1 < j < j,. (i) and (iii) follow from the similar
calculation. This completes the proof of Claim 1. O

Claim 2.  The contributions of rpq are as follows:

<n@<&“>wﬂ=iu—%m%@x

81,‘“[

(i) @ (8’7"1) ~1,
Opq )y,

i) @ (o) = =plamlplapar) ™ if 01
t,=1

Oxp,q+1

and the case p = p has already been considered.

Proof. 'We only show (iii). Since

or
Pq +1 F1,_ -1
= =X Lpgl X
pul P9 ul “p,q+1
Op,q+1 !

putting ¢, = 1 and using p(z,;) = I, we have

or - B
P (afri) = —tpty 1p(xul)ilp(qu)p(xul)ilp(xp,q-‘rl) '
Patl/ ¢, =1

= *P(qu)P(fUp,qH)_la

if p # p. The proof of Claim 2 is completed. O

From the above two claims, we see that the matrix M (tq,...,t,-1,1) has

the following form:
A B
= (32)
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where
a=(o(5) Joizmn=(e(g) ) etursizi
.’Ijij tH:1 xU'j tH:1
and
or 1
C= <I>(—’“‘> (1<4,1 <)
( Oy t,=1 8
67}
tvllp($vlw1)6vl s -1
toy” P(Tvgw, )%v2 -1
6'u
= tvsg p(xvg’w?, )6v3
i
vy Sy
.y tvju“p(xvj“wm) In

Here §,, = 1 or —1 according to crossings of L,, over L,.
Claim 3.  The determinant of the submatriz C' is given by
O] = (- ) et o) + 1,
where €, is an element of F.

Proof. By definition of the determinant of a matrix, we have

m
268, - o b
‘C| = H |p(xvi’wi)6ui ‘tvz ‘ (_1)]“ Z(Sgn U)Vf T V;Htvll e tvji“
i=1 ceS

+ (sgn o¢)(—1)%r,

where 7¢ € F denotes a component of the 2 x 2-matrix p(2.,w, )% determined
by a permutation o, S is a subset of the symmetric group &s;, consisting of
permutations which choose just one component from each submatrix p(z.,, )%
and

oo = (135...2j, — 1)(246...2j,) € Gyj,.

For example, when j, = 2, the permutation ¢ = (1342) € S C &, assigns the
coefficient

Y1 s = ciba,

where c¢1, b are components of the images

8o a; b; .
viw; )V = , =1,2).
P(x i 1) (Ci di) (Z )
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On the other hand, in the matrix C, there is an appearance of tfi for each

crossing of L; over L, (1 <i < p)and §; =1 or —1 according as L; crosses

over L, from left to right or from right to left. Thus tf, tq,J’“ =t tif__ll

holds. Since sgn oo = 1, if we put

o = (=1) ) (sgn o)y -], € F,

oces
we obtain
l ly—1\2 l ly—
Cl= (81 -ty 7)" Fepty -t + 1.
This completes the proof of Claim 3. ]
Next the matrix A is equivalent to the Alexander matrix M'(t,...,t,—1)

of G(L') associated to the representation p’ : G(L') — SL(2; F). Hence if we
remove a column corresponding to a generator x;; (i # p), then we have

|Mij(t1"' M 1 )|—|A”HC|
—1 L, —
= {(t - tlj_l )2 ettt LMt )]

where A;; is the matrix obtained from A by removing the column corresponding
to x;5. Therefore, by definition of the twisted Alexander polynomial, we see
that

App(ti,. ooty 1) = {(t7 o) b epth 0l + ALy (tr, . tus).
This completes the proof of Theorem 3.1. O

Remark 3.2.  The fact that Ar ,(t1,...,t,—1,1) is divisible by Azs (¢4,
.,tu—1) also follows from a recent result of Kitano, Suzuki and Wada in [12].
However, we can have no detailed information on the quotient from their result.

A linear representation p : G(L) — GL(n; F) is called reducible if it has
a nontrivial invariant subspace in F™. In this case, we can obtain a piece of
information about the coefficient €.

Corollary 3.3.  Under the setting as in Theorem 3.1, if p' : G(L') —
SL(2; F) is a reducible representation, then we have

p—1 p—1
- (H N+ AJ”) :
i=1 i=1

where \; is an eigenvalue of the image of a generator x;; (i # u) of G(L').
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Proof. First we can assume that the images of generators in a Wirtinger
presentation of G(L) have the following forms:

aij by )
p('rij) = ( 6J 2]1> (Z 7é H) and P(quj) =1,
a;;

where a;; € F* and b;; € F'. Because the representation p’ has a 1-dimensional
invariant subspace in F2.

Since @z, (i # p, j # k) is an element of the commutator subgroup of
G(L), |G(L),G(L)], we see that a;; = a; holds for these generators. We then
put \; = a;; for simplicity. Each lower left component of p(z;;) is zero, so that

. . . 8y bo, .
the nontrivial terms appeared in the coefficient of ¢,5* - - tvji“ are just

50, 6,

(= 1) (sgn o)A -+ Ao+ (=1)% (sgn o) Ao ™ - Auy, "

Vi,
where o1 = (246...2j,) and 02 = (135...2j, — 1) are elements of the symmet-
ric group Sg;,. Then it is easy to check that (—1)7rsgn o1 = (—1)7#sgn oy =
—1 holds. Therefore we can have the desired formula. This completes the
proof. O

Example 3.4. Let p : G(L') — SL(2; F) be a reducible representation
of a knot L' = L;. Then the twisted Alexander polynomial of L’ associated to
p’ is given by
Apr(tr) = Ap ()\tl)ALI()\—jtl)7

(t1 = Nt — A7)
where Ay (t1) is the original Alexander polynomial of L’ and A is an eigenvalue
of the image of a generator of G(L') (see the proof of [10] Theorem 3.1 for
instance). Hence we have

Ar,(1,1) = {2 (0 4+ A7)} Ap (1)
NIy y—L
B P

= (LA A A AT AT O AL (VAL (AT,

In particular, if p’ has the eigenvalue A = 1, then we obtain Az ,(1,1) = 1,2
(because A/ (1) = £1).

Example 3.5. Let p' : G(L') — SL(2; F) be the trivial representation.
In this case €,, = —2 holds, so that we have

l,—
App(ty, oty 1) = (807 = 12 An o (tr, ).
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This formula corresponds to the square of Torres’ original formula in Theorem
1.1. In particular, Ay ,(1,...,1) = 0 holds for 1 > 2.

If we slightly modify the proof of Theorem 3.1, we obtain the following
general formula for a unimodular representation p’ : G(L') — SL(n; F). We
omit here the repetitious proof.

Theorem 3.6. Let L =L, U---UL, be a u-component link and L' =
LiU---UL,_1. For a given representation p’ : G(L') — SL(n; F), it holds that

n—1
L, — Ly— —
App(tyy.ty1,1) = {(tl; RS 7 L T (LURRR i S K (_1)"}
k=1

X AL/,p’ (tl, . 7tu—1)a

where p : G(L) — SL(n; F) is the composite of the natural surjection G(L)
G(L') and p', l; denotes the linking number of L; and L,, and i, (1 <k
n — 1) are elements of F.

N
<

Remark 3.7.  If pis arepresentation to the general linear group GL(n; F),
then the coefficient of the leading term (£ - ~tifj11)” becomes a unit element
€0,p’ € F*,

Finally, we extend Corollary 3.3 when all the images of the representation
p i G(L') — SL(n; F) are upper triangle matrices.

Corollary 3.8.  Under the setting as in Theorem 3.6, if Im(p’) are upper
triangle matrices, then the coefficient €y, is given by

epp = (—1)F Z H()\il'.'j\ijl D VIRRTED Vi LN
1<j1 < <jp<n i=1
where Aim, (1 < m < n) are the eigenvalues of the image of a generator x;; (i #
w) of G(L') and Ny, implies that iy, is removed from the product.
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